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Fractional integro-differentiation (or, non-integer order
integro-differentiation) is a mathematical framework
that leads to efficient tools for modeling and control
many of physical systems. Nevertheless, the overall
area is commonly refereed as Fractional Calculus
(FC) and become popular during the last years. In
fact, FC can be used to describe in a solid and compact
form systems characterized by long-range temporal or
spatial dependence phenomena. Furthermore, the
extension of classical and modern control theories to
the new perspective, allows the development of algo-
rithms applicable both integer and non-integer order
systems.

The application of fractional calculus can have a
considerable impact on everyday life namely in technol-
ogy, social and health issues. Therefore, important
challenges are still posed to the scientific community
that motivate researchers to explore new features of
fractional systems.

The special issue Challenges in Fractional Dynamics
and Control Theory includes a selection of nine papers
addressing topics that recently emerged in this area and
is organized as follows.

Lopes and Machado (2015) contribute with the
manuscript entitled State space analysis of forest fires.
Burnt area, precipitation and atmospheric temperatures
are interpreted as state variables of a complex system
and the correlations between them are investigated. The
study sheds light about a complex phenomenon that
needs to be better understood in order to mitigate its
devastating consequences, at both economical and
environmental levels.

Balachandran et al. (2015) present the paper
Controllability of nonlinear implicit neutral fractional
Volterra integrodifferential systems. The control prob-
lem of non-linear neutral fractional Volterra integrodif-
ferential systems with implicit fractional derivative is
established. Sufficient conditions for controllability
are obtained by means of the notions of condensing
map and measure of noncompactness of a set.

Meerschaert, et al. (2015) have the study Anisotropic
fractional diffusion tensor imaging. Traditional diffusion

tensor imaging (DTI) maps brain structure by fitting a
diffusion model to the magnitude of the electrical signal
acquired in magnetic resonance imaging (MRI).
Fractional DTI employs anomalous diffusion models
to obtain a better fit to real MRI data, which can exhi-
bit anomalous diffusion in both time and space. The
paper describes the challenge of developing and
employing anisotropic fractional diffusion models for
DTI.

Pinto and Carvalho (2015) develop the work
Fractional complex-order model for HIV infection with
drug resistance during therapy. They propose a frac-
tional complex-order model for drug resistance in
HIV infection. The fractional complex-order system
reveals rich dynamics and variation of the value of
the complex-order derivative sheds new light on the
modeling of the intracellular delay.

Muresan et al. (2015) contribute with Design and
analysis of a multivariable fractional order controller
for a non-minimum phase system. Two control strategies
for multivariable processes are proposed, based on a
decentralised and a steady state decoupling approach.
The designed controllers are fractional order Pls. The
efficiency and robustness of the fractional algorithms is
tested and validated using a non-minimum phase
process.

Ventura et al. (2015) add the work Fractional direct
and inverse models of the dynamics of a human arm. The
paper presents a comparative study of both direct and
inverse models of the human arm at the elbow joint.
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Models of integer and fractional order are identified
from the experiments. Likewise, for comparison
purposes, neural networks models are also obtained.
It is shown that fractional models are more adequate
to describe human arm behavior, than the integer
counterpart.

Zheng et al. (2015) have the contribution Fractional-
order modeling of permanent magnet synchronous motor
speed servo system. System identification experiments
are performed on the electromagnetic part and the
mechanical part of the permanent magnet synchronous
motor speed servo system, respectively. Experiments in
open-loop and closed-loop are performed and the
advantages of the proposed fractional-order model is
demonstrated.

Jafari, et al. (2015) present On comparison between
iterative methods for solving nonlinear optimal control
problems. In the manuscript are compared the
Adomian decomposition, homotopy perturbation and
modified variational iteration methods, for solving a
type of nonlinear optimal control problem. It is
proved that these methods are equivalent and that
they use the same iterative formula to obtain the
approximate/analytical solution.

Bhrawy (2015) adds A highly accurate collocation
algorithm for 14+ 1 and 2+ 1 fractional percolation equa-
tions. The study addresses two spectral collocation
methods for fractional percolation equations (FPEs).
The proposed collocation scheme, both in temporal
and spatial discretizations, is successfully extended to
the numerical solution of two-dimensional FPEs.
Several numerical examples with comparisons are
reported to highlight the high accuracy of the proposed
method.

The Guest Editors thank the preceding and present
editors-in-chief, Professors Ali H Nayfeh and Mehdi
Ahmadian, for their support in constructing this special
issue with the latest results in the important area of
Fractional Calculus.
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State space analysis of forest fires

Anténio M Lopes' and José A Tenreiro Machado?

Abstract

This paper studies forest fires from the perspective of dynamical systems. Burnt area, precipitation and atmospheric
temperatures are interpreted as state variables of a complex system and the correlations between them are investigated
by means of different mathematical tools. First, we use mutual information to reveal potential relationships in the data.
Second, we adopt the state space portrait to characterize the system’s behavior. Third, we compare the annual state
space curves and we apply clustering and visualization tools to unveil long-range patterns. We use forest fire data for
Portugal, covering the years 1980-2003. The territory is divided into two regions (North and South), characterized by
different climates and vegetation. The adopted methodology represents a new viewpoint in the context of forest fires,
shedding light on a complex phenomenon that needs to be better understood in order to mitigate its devastating
consequences, at both economical and environmental levels.
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I. Introduction

Forest fires (FFs) have a great impact on the environ-
ment and the economy (Logan et al., 2003; Rittmaster
et al., 2006). Burnt areas correspond directly to flora
and fauna losses, ecosystem damage and soil degrad-
ation (Smith et al., 2000; Certini, 2005). Long-term con-
sequences are the modification of the water cycle,
replacement of autochthonous vegetation by invasive
species (Brooks et al., 2004), increase in carbon dioxide
emissions (Page et al., 2002) and climate change
(Flannigan et al., 2000) (e.g. global warming and
extreme weather events). In fact, wildfires can be
regarded as positive feedback loops acting on the climate
complex system (CS), simultaneously potentiating and
being potentiated by climate changes (Dale et al., 2001;
Kirilenko and Sedjo, 2007).

FF propagation depends on many factors, such as
weather conditions, terrain orography and type of
vegetation. Moreover, the effectiveness of detection
and suppression measures is fundamental in order
to mitigate fire impact (Chandler et al., 1983). Fire
size patterns and spatiotemporal distributions provide
valuable information for deciding about preventive
measures, helping in identifying possible hazards,
and in planning strategies for prevention, detection
and suppression (Tenreiro Machado and Lopes,
2014).

Standard statistical methods have proved to be inad-
equate for analyzing extreme fire events (Holmes et al.,
2008) as they are not capable of capturing all charac-
teristics underneath fire dynamics (Alvarado et al.,
1998). FFs exhibit complex spatiotemporal correl-
ations, characterized by long-range memory and
absence of a characteristic length-scale (Malamud
et al., 1998; Ricotta et al., 1999; Reed and McKelvey,
2002; Telesca et al., 2005; Song et al., 2006). Those
features are explained by the self-organized critical
(SOC) (Bak, 1990) and highly optimized tolerance
(HOT) models, proposed to explain fire behavior
(Grassberger and Kantz, 1991; Drossel and Schwabl,
1992; Carlson and Doyle, 1999; Moritz et al., 2005).

Ricotta et al. (1999) analyzed FF data for the region
of Liguria (Italy), covering the years 1986-1993. They
concluded that there is a power-law (PL) relationship
between the frequency of occurrence of the event and
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the burnt area (size). Malamud et al. (1998) analyzed
FFs in the USA and Australia and showed that FFs
exhibit a PL dependence frequency versus size, over
many orders of magnitude. A simple fire model was
proposed and it was concluded that actual FFs can
be directly associated with the model. Deviations
from PL behavior, observed in certain cases, were
explained by Song et al. (2006). They examined the
SOC and fractal characteristics of FFs in China and
hinted at actual FF protection. Reed and McKelvey
(2002) proposed empirical frequency-size distributions,
derived from real data in six regions in North America,
concluding that a simple PL distribution of sizes may
be too simple to describe the distributions over their full
range. They developed a stochastic model for the
spread and extinguishment of FFs to examine the
necessary conditions for PL behavior. FF time-scaling
was addressed by Telesca et al. (2005), who character-
ized the temporal distribution of fires occurring in
Gargano (Italy), known for its high density of fires.
They concluded that the point process of fire events is
a fractal process with a high degree of time-clusteriza-
tion. Time-scales are of the order of a few days and the
fire process tends to be less time-clustered with an
increase in the burnt area. The time-scaling properties
of yearly FF sequences occurring in the Reggio
Calabria (Italy) region were studied by Lasaponara
et al. (2005). Their results show that FFs exhibit a
strong degree of time-clusterization.

The HOT conceptual framework, as an alternate to
SOC, was used to explain the formation of scale-
invariant patterns in CSs (Carlson and Doyle, 1999). It
emphasizes that PL behavior results from optimization
of tradeoffs between system yield and tolerance to risk,
which drives the system to a specific spatial configur-
ation. Moritz et al. (2005) studied historical fire catalogs
and proposed a detailed fire simulation model. They
concluded that both are in agreement with the HOT
concept. Boer et al. (2008) showed that FF size distribu-
tions are closely related to distributions of weather
events. Zheng et al. (2008) investigated the PL scaling
behavior of FFs and weather parameters by means of a
detrended fluctuation analysis method. They verified
that temperature, relative humidity and precipitation
data reveal characteristics similar to FFs. Their reported
findings were shown to be useful for quantifying the
underlying dynamics of FF and weather parameters,
and for understanding the relationship between them.

In this paper we study FFs from the perspective of
dynamical systems. Burnt area and weather variables,
such as precipitation and atmospheric temperatures, are
interpreted as state variables of a CS and the correl-
ations between them are investigated on an annual
basis using different mathematical tools. First, we pro-
pose the mutual information concept to unveil potential

relationships in the data. Second, we adopt the state
space portrait to characterize the system behavior.
Third, we compare the state space curves and use clus-
tering and visualization tools, namely hierarchical clus-
tering and multidimensional scaling. Several long-range
patterns emerge in FF time-lines. Our study focuses on
data for Portugal (excluding Azores and Madeira), cov-
ering the time period from 1980-2003. We divide the
Portuguese territory into two regions (North and
South), as they present different climates and vegeta-
tion. The adopted methodology and tools represent a
new viewpoint in the context of FF analysis, shedding
light on a complex phenomenon that needs to be better
understood in order to mitigate its severe consequences.
The paper reveals the difficulties in forecasting future
events based on a limited set of variables. However, it
is clear that the emergence of clusters corresponds to
complex dynamical effects. In fact, the emerging pat-
terns resemble those of chaotic systems, leading to
poor predictability. On the other hand, the study dem-
onstrates that the results point towards measuring a
richer set of environmental variables and the recording
of longer time-series in order to establish a solid basis
for computer data analysis systems.

Bearing these ideas in mind, this paper is organized
as follows. Section 2 introduces some fundamental
mathematical concepts. Section 3 describes the experi-
mental dataset and characterizes the data using simple
statistics. Section 4 analyzes the data by means of state
space portrait and compares the state space curves
using clustering and visualization tools. Finally,
Section 5 presents the main conclusions.

2. Mathematical background

This section presents the mathematical tools used to
process the data, namely mutual information (MI),
state space portrait (SSP), hierarchical clustering (HC)
and multidimensional scaling (MDS).

2.1. Mutual information

The MI statistical concept originated from the area of
information theory. MI measures the statistical depend-
ence between two random variables and can be interpreted
as the amount of information that one variable ‘contains’
about the other (Shannon, 2001). Recently, MI has been
used as an approach to analyze different CSs (Fraser and
Swinney, 1986; Matsuda, 2000; Tenreiro Machado
and Lopes, 2013). Mathematically, for two discrete
random variables (X,Y), the M1, I(X,Y) is given by

p(x,y)

X, Y) =) "% plx,y)-log m) (1

yeY xeX
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where, p(x) and p(y) represent the marginal probability
distribution functions of X and Y, respectively, and
p(x,y), is the joint probability distribution function.
MI is always symmetric and nonnegative, that is,
IX,Y)=1I(Y,X)>0.

2.2. State space portrait

A n-dimensional dynamical system can be represented
by a set of first-order differential equations governing n
state variables, x;(7), x2(?), ..., x,(f), where ¢ represents
time. Such equations are obtained from the system
input—output functional relationship (i.e. the system
model), for a given set of state variables. Knowing
the state variables at time =1, and the system inputs
for t>1t,, we can determine the system behavior for
t > ty. The state space consists of the set of all possible
states, each one corresponding to a unique point. As ¢
evolves, we get sequences of points describing trajec-
tories in the state space. The set of trajectories is the
SSP. For first-, second- and third-order systems, the
SSP can be depicted on a map and the system behavior
can be inferred from the corresponding graphical rep-
resentation (Polderman and Willems, 1998).

2.3. Hierarchical clustering

Clustering analysis organizes data into groups (clusters)
such that there is a high/low intra/inter-cluster similar-
ity between objects. Clustering exposes the internal
structures of the data, underlying rules and patterns.
It has been adopted in data mining, machine learning,
pattern recognition, image analysis and bioinformatics,
among others (Hartigan, 1975).

There are two types of clustering: partitional and
hierarchical. In partitional clustering, different parti-
tions are created and then evaluated by means of
some criterion (e.g. k-means (Jain, 2010)). In HC a hier-
archy of object clusters is built. This is typically done by
means of heuristic algorithms. In agglomerative cluster-
ing the algorithm starts with each object in its own
cluster and, at each step, it finds the best (most similar)
pair of clusters to merge into a new cluster. It iterates
until all clusters are merged together. In divisive cluster-
ing the algorithm starts with all items in a single cluster,
at each step, it chooses the best way to split the cluster
into two and, recursively, operates on both new-formed
clusters. The iterations stop when each object is in its
own cluster.

Both in agglomerative and divisive clustering, the
clusters are generated by evaluating the inter-cluster
dissimilarity. A metric (i.e. a measure of the distance
between pairs of objects) and a linkage criterion (i.e. the
definition of the dissimilarity between clusters as a func-
tion of the pairwise distances between objects) are

adopted to quantify the inter-cluster dissimilarity.
Mathematically, for two clusters, U and V/, a metric is
used to measure the distance between objects,
d(xy,xy), xy € V and xp € V. Based on that metric,
the maximum, minimum, or average, linkage criterion
is adopted, that is, respectively

dmax(Ua V) = max d(an XV) (2)
xpeUxyelV

dmin(U, V) = min__d(xy,xy) 3)
xyeUxyelV

1
doclUN) =1y 2o dewx) @)

Xy€e U,.VVG V

The results of HC are usually presented in a dendro-
gram, where the similarity between two objects is
represented by the height of their lowest common inter-
nal node.

2.4. Multidimensional scaling

MDS is a set of techniques for visualizing similarities/
dissimilarities between objects in a dataset (Cox and
Cox, 2000). MDS generates maps describing the
objects’ locus in the perspective that, if they are per-
ceived to be similar/dissimilar to each other, then they
are placed on the map close/distant to/from each other.
MDS provides an intuitive and useful visual represen-
tation of complex relationships present among objects.
In metric MDS the input is an n x n symmetric matrix,
M, of object pairwise similarities/dissimilarities, where
n denotes the number of objects in the dataset. The
measure for quantifying similarities/dissimilarities
depends of the researcher’s choice and can be selected
based on multiple criteria. MDS assigns a point to each
object, rearranging the object’s coordinates in a
m-dimensional space. Using an optimization algorithm,
it evaluates different configurations and outputs a
coordinate matrix representing the configuration that
best reproduces the observed similarities/dissimilarities.
For m=2 and m = 3 the results are easily represented in
a graph, where the orientation of the axes is arbitrary.
The distances between points are always the same, inde-
pendently of any rotation or translation of the MDS
map, and can be chosen in order to get a clearer visu-
alization. Stress and Shepard plots are usually adopted
for accessing MDS results. The stress is a function of
the number of dimensions m. The corresponding dia-
gram is a monotonic decreasing chart, which is useful
to decide the ‘best’ dimension m, as a compromise
between stress reduction and number of dimensions.
The Shepard plot, maps the reproduced versus the
observed similarities/dissimilarities. A narrow scatter
around a 45° line indicates a good fit.
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3. Brief description of the dataset

This section describes the dataset used in this study (i.e.
FFs, precipitation and temperature) and complements
the presentation with simple statistics.

We consider the Portuguese continental territory
divided into the North (N) and South (S) regions as
shown in Figure 1. These regions correspond to differ-
ent climate, vegetation and orography conditions,
which influence fire behavior. The time period of ana-
lysis is limited to years 1980-2003, which is imposed by
the data available.

A catalog of FFs is compiled by the Portuguese
Instituto da Conservagdo da Natureza e das Florestas
(INCF), and is available online at http://www.icnf.pt/
portal/florestas/dfci/inc/estatisticas. Each data record
contains information about the date of the event, time

43,79°

41,87°

38,87°

35,87°
-11,76°

-1,73°

Figure 1. Location of the two Portuguese regions studied.

(with one-minute resolution), geographic location
(expressed in latitude and longitude coordinates) and
size (quantified by the burnt area, expressed in hec-
tares). All occurrences are included, independently of
their cause, namely natural factors, human negligence
and human intent.

The data is pre-processed by calculating the daily
burnt area in each region. Figure 2 shows the burnt
area for regions N and S. We adopt a circular time-
scale to represent the time evolution of fire within the
period 1980-2003. The circular time evolves along an
Archimedean spiral with its origin at the center of the
circumferences defined by

ezzn[iT+(i—1980)], r=p+g0 (5

where (r,0) denotes the radius and angle coordinates,
respectively, p=¢g =1, i =1980,...,2003 and t and T
represent time and one year. The daily burnt area, B,
expressed in logarithmic units, is related to the color of
the marks. As can be seen, most events are depicted on
the graph in the area corresponding to summer.
Moreover, region N is more prone to fire than region
S, which is justified by the availability of denser areas of
forest and vegetation.

Data on precipitation was collected at the Instituto
Portugués do Mar ¢ da Atmosfera (IPMA) https://
www.ipma.pt/en/. The database contains information
of daily precipitation for Portugal, in a regular grid
with 0.2° x 0.2° resolution, for the period 1950-2003.
The gridded data was obtained based on records from
806 meteorological stations, interpolating the ori-
ginal data using the Kriging method (Belo-Pereira
et al., 2011).

Region N

« log(B)<-2

« -2<=log(B) <0
0 <=log(B) <2

« 2<=log(B) <4

« log(B) >=4

Dec

Oct

Sep

(b)

Region S

« log(B)<-2

« -2<=log(B) <0
0 <=log(B) < 2

« 2<=log(B) <4

« log(B) >=4

Figure 2. Time evolution of the daily burnt area, during the period

1980-2003: (a) region N; (b) region S.
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Figure 3. Evolution of the annual burnt area, mean temperature and precipitation, over the time period 1980-2003: (a) region N;

(b) region S.

We pre-processed the gridded database, calculating
the total daily precipitation for regions N and S in the
period 1980-2003.

The source of temperature data was the National
Aeronautics and Space Administration (NASA) web-
site  (http://data.giss.nasa.gov/gistemp/station_data/)
Each data series consists of the average temperatures

per month, expressed in Celsius degrees, of several
worldwide meteorological stations. We use temperature
time-series of Porto and Lisbon to represent the N and
S regions of Portugal, respectively. This option is justi-
fiable by the existence of accurate data for both cities
and because Portugal is a small country, making the
inclusion of other centers unnecessary. Thus, using
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Figure 4. Evolution of the annual Ml between burnt area and precipitation, I(B,P), and between burnt area and mean atmospheric
temperature I(B,T), for region N, during the time period 1980-2003.
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Figure 5. Evolution of the annual Ml between burnt area and precipitation, I(B,P), and between burnt area and mean atmospheric
temperature [(B,T), for region S, during the time period 1980-2003.

data from one place to characterize each region is a
good approximation. We pre-processed the data, filling
occasional gaps of one month (represented on the ori-
ginal dataset by the value 999.9) by temperature values
calculated using linear interpolation between the two
adjacent points. The distinct number of days of each

month and the leap years were taken into account. The
data was then interpolated linearly in order to get daily
mean temperatures (Tenreiro Machado and Lopes,
2012; Lopes and Tenreiro Machado, 2014).

In Figure 3 we represent the evolution of the
annual total burnt area, mean temperature and
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precipitation, for regions N and S, over the time period We verify that the previous simple statistics do not

1980-2003. It can be seen that there is a correlation capture all the hidden relationships in the data.
between burnt area and both mean temperature and Therefore, in the next section, several complementary
precipitation. mathematical tools are adopted.
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4. Data analysis and results

In this section, data comprising burnt area, precipitation
and atmospheric temperatures are interpreted as state
variables of a CS and correlations between the variables
are investigated on an annual basis. In subsection 4.1, we
use MI to analyze the relationships in the data. In
Section 4.2, we adopt the SSP to characterize the sys-
tem’s behavior. Finally, in Section 4.3 we compare the
state space curves by means of HC and MDS.

4.1. Mutual information analysis

To calculate the MI, we first generate the annual time-
series of daily values

T
X0 =" Wikt — tix) (6)
k=1

leading to 24 time-series for each variable, where,
W ={B,P, T} denotes burnt area (B), precipitation
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Figure 10. Visualization tree generated by the HC algorithm,
representing similarities between SSP annual curves, for
region N.

(P) and mean temperature (7), respectively. The vari-
able Wi, represents daily values, f;; are time-instants
(i.e. days), T is the total number of days in one year,
and §(-) corresponds to the Dirac delta function.

The annual MI between burnt area and precipita-
tion, /(B,P) and between burnt area and mean atmos-
pheric temperature /(B,T) were calculated, estimating
the probabilities by means of the histograms of relative
frequencies. For constructing the histograms, we adopt
N =200 bins.

Figures 4 and 5 represent the evolution of the
annual MI between burnt area and precipitation,
I(B,P), and between burnt area and mean atmospheric
temperature /(B,T), for regions N and S, respectively.
We can see that, for the two regions, I(B,P) is lower
than I(B,T). For region N, I(B,P) is somewhat ‘noisy’,
but it stays almost constant over the period 1980-
2003, with exception of the years {1990, 2003} and
{1997}, where minimum and maximum values of MI
are registered, respectively. With respect to I(B,T), in
the early years it is almost constant. In year {1988} it
reaches a maximum value and, for more recent years,
its trend is for decreasing. For region S, I(B,P) is also
‘noisy’, but its trend reflects some increasing over
time, except for years {1980, 2003}. The evolution of
I(B,T) shows a trend to increase during the first half
and to decrease for the second half of the period of
analysis.

D

Figure |1. Visualization tree generated by the HC algorithm,
representing similarities between SSP annual curves, for region S.

4.2. State space analysis

To generate the SSP we first compute the annual time-
series of accumulated burnt area, X7(7), and accumu-
lated precipitation, X7(7), which are given by

X2(1) = / [ x?(u)du, Z = (B, P) (7)
0

where, 0 <7 < T'and =0 corresponds to the first day of
each year i = 1980, ...,2003.

Second, we analyze the annual SSP generated by the
three ‘state’ variables: accumulated burnt area, )N(,B(t),
accumulated precipitation, X7(/) and mean atmos-
pheric temperature, x/(z), leading to 24 three-
dimensional curves.

In this second analysis, to illustrate the method-
ology, we present the results for year 1993, in region
N. Figure 6 depicts the time evolution of the variables,
where we can see that the accumulated burnt area,
XB(1), reveals five distinct regimes. Period I corresponds
to 1<t<50 days (i.e. from January up to mid-
February), with negligible fire activity, low tempera-
tures (below 11.7°C) and intermittent periods with
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Figure 13. The MDS map for k=3, representing similarities between SSP annual curves, for region S.

precipitation. Period II corresponds to 50 <t <74 days
(i.e. from mid-February up to mid-March). Fire activity
increases moderately, temperatures are in the interval
[11.7°C,12.3°C] and precipitation is almost absent. In
period III, 74 <t <181 days, (i.e. from mid-March up
to end of June), fire activity is low, and temperatures
increase up to the interval [12.3°C, 21.3°C] while pre-
cipitation is quite intense. Period IV, 181 <r<250
days, corresponds to the end of June up to the end of
August. Fire activity goes up by a large increment.
Temperatures stay above 16.5°C and precipitation is
negligible. Finally, in period V, 250<¢<365
days (from the end of August up to the end of the
year), fire activity is again negligible, temperatures

decrease remains
present.

The relationships between XZ(r), X7(r) and xT(7)
(i=1993) are presented in Figures 7, 8 and 9, corres-
ponding to the SSP X2(z) vs. X¥(2), XB(¢) vs. x! (1) and
XB(1) vs. XP(1) vs. x! (1), respectively.

continuously and precipitation

4.3. Clustering analysis and visualization

In this subsection clustering and visualization algo-
rithm are adopted to compare the annual SSP curves
and to unveil relationships in the data.

To compare all SSPs we calculate a 24 x24
dissimilarity matrix M = [e;], based on the Euclidean
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distance e; (i,j = 1980, ..., 2003), between the SSP
curves

ej = \/(Xz‘ - x/)2+(yi - Y_/)2+(Zi - Z_/)Z (®)

where, (x;,y,z;) and (x;,y;,z;) represent the coordinates
of the SSP curve pairs (i,j), respectively.

Two visualization trees are generated using HC, cor-
responding to regions N and S (Figures 10 and 11,
respectively). The successive (agglomerative) clustering
and average-linkage methods are adopted. The soft-
ware PHYLIP is used for generating the graphs
(http://evolution.genetics.washington.edu/phylip.html).
For region N, we can note the emergence of six clusters:
A={1980, 1981, 1982, 1983, 1984, 1988, 1992, 1993,
1997}, B={1986, 1987, 1989, 1994, 1996, 1999},
C={1991, 1998, 2000, 2002}, D= {1985, 1990, 1995},
£=1{2003} and F = {2001}. For region S, we identify
four clusters: A={1985, 1987, 1988, 1989, 1997, 2001},
B={1980, 1981, 1982, 1983, 1984, 1986, 1990, 1991,
1992, 1993, 1994, 1995, 1998, 1999, 2000, 2002},
C={1996} and D= {2003}.

As an alternative to HC and visualization trees we
adopt MDS, feeding the algorithm with matrix M. The
MDS maps for m =3 are depicted in Figures 12 and 13,
corresponding to regions N and S, respectively. As said
previously, a shorter (larger) distance between two
points on a map means that the corresponding objects
are more similar (distinct). The clusters identified pre-
viously are also depicted. We can say that both visual-
ization trees and MDS maps allow good interpretation
of the results. However, MDS maps have an advantage
when dealing with a large number of objects, being
more intuitive.

5. Conclusions

In this paper we proposed analyzing FFs from the per-
spective of dynamical systems. We used daily data for
Portugal (excluding the Atlantic islands Azores and
Madeira), covering the time period from 1980-2003.
In the adopted methodology, burnt area, precipitation
and atmospheric temperatures were interpreted as state
variables of a CS and the correlations between them
were investigated. First, we used the MI concept to
unveil potential relationships in the data. Second, we
considered the SSP to characterize the system’s behav-
ior. Third, we compared the annual state space curves
and adopted HC and MDS techniques to unveil exist-
ing patterns. Both tools identified the same clusters and
exposed similarities between groups of consecutive
years. The proposed analysis and findings can further
contribute to better understand FF behavior and reveal
hidden features not captured by standard tools.
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Abstract

In this paper, the control problem of nonlinear neutral fractional Volterra integrodifferential systems with implicit frac-
tional derivative is established. Such kind of problems involve a number of problems on complex media. Sufficient
conditions for controllability are obtained through the notions of a condensing map and measure of noncompactness

of a set. A example to check the main results included in this paper is included.
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|I. Introduction

In recent years, fractional differential equations have
been emerging as a new branch of applied mathematics
which have been used to model many practical systems
in science and engineering (Ahmed and Elgazzar, 2007,
Bagley and Torvik, 1983; El-Sayed, 1996; Metzler and
Klafter, 2000).

Indeed fractional differential equations can be con-
sidered as a complementary tool to model classical
linear or nonlinear differential equations of the dynam-
ics of complex processes on complex media. Moreover,
Bonilla et al. (2007) have shown some fractional models
involving Riemann—Liouville fractional derivative can
contain solutions impossible for the classical differen-
tial models. The theory of fractional differential equa-
tions has been investigated extensively by many authors
(see, for example, Hernandez et al., 2010; Kilbas et al.,
2006; Lakshmikantham, 2008; Miller and Ross, 1993;
Oldham and Spanier, 1974; Podlubny, 1999). Various
types of models are reformulated and articulated in
terms of fractional differential equations and so the
physical meaning will be integrated in the mathematical
models more practically.

Controllability, observability and stabilizability are
the qualitative properties on fractional dynamical sys-
tems which are the latest issues that are dealt with by
many researchers. The fractional control theory is a
generalization of the classical control theory.

Any control system is said to be controllable if every
state corresponding to this process can be affected or
controlled in respective time by some control signals.
Controllability results for linear and nonlinear integer
order dynamical systems in finite-dimensional spaces
have been discussed by many authors (Balachandran
and Dauer, 1987; Klamka, 1993, 2008). Recently
Balachandran and Kokila (2012a); Balachandran
et al. (2012c) established the controllability results for
linear and nonlinear fractional dynamical systems using
Schauder’s fixed point theorem and extended the results
for the same systems with multiple time-varying delays
in control as well as distributed delays in control vari-
ables in Balachandran et al. (2012b,d).

It is well known that the neutral differential equation
is a very special class of ordinary differential equation
and it arises in compartmental models in which the
system can be divided into separate compartments,

IDeparcment of Mathematics, Bharathiar University, Coimbatore, India
2Departamento de Matematica, Estaditica e 1.O., Universidad de La
Laguna, Tenerife, Spain

3Departamento de Andlisis Matemtico, Universidad de La Laguna,
Tenerife, Spain

Received: 31 July 2014; accepted: 10 December 2014

Corresponding author:

J) Trujillo, Departamento de Analisis Matematico, Universidad de La
Laguna, 38271 La Laguna, Tenerife, Spain.

Email: jtrujill@ulimat.es


http://crossmark.crossref.org/dialog/?doi=10.1177%2F1077546314567182&domain=pdf&date_stamp=2015-01-26

2166

Journal of Vibration and Control 22(9)

marking the pathways of material flow between com-
partments and the possible outflow into the inflow from
the environment of the system (Gyori and Wu, 1991).
These models are frequently used in theoretical epi-
demiology, physiology and population dynamics to
describe the evolution of systems. These equations
can be remodeled as neutral fractional differential equa-
tions or neutral fractional Volterra integrodifferential
equations. The main aim of this present article is to
study the controllability for such fractional systems.
The problem of controllability of linear neutral sys-
tems has been investigated by Banks and Kent (1972)
and Jacobs and Langenhop (1976). The motivation for
neutral systems and their importance in other fields can
be found in Hale (1972). Chukwu (1987) considered the
Euclidean controllability of a neutral system with non-
linear base. Onwuatu (1984) discussed the problem for
nonlinear systems of neutral functional differential
equations with limited controls. Gahl (1978) derived a
set of sufficient conditions for the controllability of
nonlinear neutral systems through a fixed-point
method. Balachandran and Balasubramaniam (1994)
established sufficient conditions for the controllability
of nonlinear neutral Volterra integrodifferential sys-
tems. Anichini et al. (1986) studied the problem
through the notions of condensing map and measure
of non-compactness of a set. They used the fixed-point
theorem due to Sadovskii. Balachandran and Kokila
(2013b) derived a set of sufficient conditions for the
controllability of nonlinear implicit fractional dynam-
ical systems through the notion of measure of non-com-
pactness of a set and Darbo’s fixed point theorem and
extended the results for fractional integrodifferential
systems with prescribed controls (Balachandran and
Kokila, 2013a). In this paper we study the controllabil-
ity of nonlinear neutral fractional Volterra integrodif-
ferential systems with implicit derivative by suitably
adopting the technique of Anichini et al. (1986).

2. Preliminaries

In this section, we present some definitions and prelim-
inary facts that will be used in the paper (Kexue and
Jigen, 2011; Kilbas et al., 2006; Miller and Ross, 1993;
Podlubny, 1999).

Let a, B>0 with n—1<a<n, n—1<pB<n and
neN, D is the usual differential operator. Let R™ be
the m-dimensional Euclidean space, R, = [0,00) and
suppose f € Li(R;). The Riemann—Liouville fractional
integral operator is defined by

1 t
5 N0 =15 /0 (1 — 9° f(s)ds
(DE,f)(D) = D))

and the Caputo fractional derivative is defined by

“Dff() =D, (0<a<)
and, in particular, I3 D%, f(t) = /(1) — £(0).

The following is a well-known relation, for a finite
interval [a, b],

n—1 k—a
°pg, f(t)= DX, f(t)— Zr(kt——aJrl)/(k)(m)’
=0

n=NRw)+1)

The Laplace transform of the Caputo fractional deriva-
tive is

n—1
£{CD8+ f(t)}(s) = SaF(S) — ka(o+)sa—k—1
k=0

The Riemann—Liouville fractional derivatives have sin-
gularity at zero and the fractional differential equations
in the Riemann-Liouville sense require initial condi-
tions of special form lacking physical interpretation.
To overcome this difficulty Caputo introduced a new
definition of fractional derivative but in general,
both the Riemann—Liouville and the Caputo fractional
operators possess neither semigroup nor commutative
properties, which are inherent to the derivatives on inte-
ger order. Due to this fact, the concept of sequential
fractional derivatives are discussed in Kilbas et al.
(2006).

For n €N the sequential fractional derivative for a
suitable function f'is defined by

U . (pka )y — (D pE=Deag)(p)

where k = 1,...,n, (D%)(t) = f(¢) and D" is any frac-
tional differential operator, here we take it as <D
Next we give the definition of Mittag—Leffler func-
tion as E, 4(z) = tho:or(a:TAJrﬁ) fora, p> 0.
The Laplace transform of
L{PPVE, g(+ar®))(s) = £2 for

SYFa’

Re(B) > 0. In particular, for B=1,

Ea’,g(Z) iS
Re(s) > |a|é and

e k ok

Eq(az®) = E(az) = Y =2~

%= 4zeC
£ T(ak + 1)

have the interesting property ¢DYE,(az%) = aE,(az®%)
o . la—l
and E{Ea(:I;aZ )s) = Sf@a. .
For brevity, we take [§, as I and “D{, as D% In
the following, we obtain the solution representation of

various forms of integrodifferential equations.
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First, consider the following linear fractional inte-
grodifferential equation

CDx(1) = Ax(1) + /Z H(t — s)x(s)ds + f(1),
0

O<a<l),tel0,n]:=J
x(0) = xo

(D

where the state vector x(z) € R”, A4 is an n x n matrix,
H(?) is an n x n continuous matrix and f{7) is a continu-
ous function. By the Laplace transformation approach,
we have the solution as (Balachandran and Kokila,
2013a; Kexue and Jigen, 2011)

(D) = Rolt) + /0 (1= 9 Rualt — ) ()ds

where R,(?) is an n x n matrix satisfying the condition
stated in (Balachandran and Kokila, 2013a) and
R,(0) = 0'"*DI"R,(H).

Next consider the linear neutral fractional Volterra
integrodifferential equation of the form

€pe |:x(t) — /t C(t— s)x(s)dsi|
0

= Ax(t) + /t H(t — s)x(s)ds
0

x(0)=xp, O<a<l,teJ

where the state vector x(7) €R”, 4 is an n x n matrix,
C(t) and H(t) are continuous n x n matrices. By the
Laplace transformation approach, we have the
solution as

LXMW =L Hm (1)x0 }
x(1) = Zo(1)xo

where Z,(¢) is an n x n solution matrix satisfying the
following conditions:

a. Z,(0) =1,

b. CDY[Zo(t) — [y C(t — 5)Zo(5)ds] = AZo(1) + [3 H x
(t = 5)Za(s5)ds;

¢ LIZ(D)(s) = [y e Zo()dt 1= s*71(s%(] — L(C)) —
A— L)

For the fractional integrodifferential system

€pe [x(t) — -/f C(t— s)x(s)ds]
0

= Ax(t) + [y H(t — $)x(s)ds + Bu(r)
x0)=xp, teJ O0<a<l

2

the solution is given by

Sot—l

(s*(I = C(s)) — 4 — H(s))

x(t)=L"" { }(l)xo

1
e {(S“(I —C(s))— A — H(s))}(’)L_1 {BU$)}(2)

= Z()xo + /Ot(t — s)o‘_1 Zy.o(t — 5)Bu(s)

where Z,4(0) = 0'*DI*Z,(6).

Next we summarize some facts concerning conden-
sing maps; for definitions and results about the measure
of non-compactness and related topics, the reader
can refer to the papers Anichini et al. (1986) and
Sadovskii (1972).

Definition 2.1. Let X be a subset of a Banach space. An
operator 7 : X — X is called condensing if, for any
bounded subset ECX with w(E)#0, we get
W(T(E)) < u(E), where u(E) denotes the measure of
non-compactness of the set E, whose properties are
given in Dacka (1980).

Let C,(J) denote the Banach space of continuous
R"— valued functions on the interval J. For x e C,(J)
and /1> 0, let

0(x, h) = sup{|x(t) — x(s)| : t,s € Jand |t —s| < h} (3)

and write 0(E, h) =sup,c0(x, h) so that 6(E, .) is the
modulus of continuity of a bounded set £ and let 2 be
the set of functions @ : R™ — R*that are right continu-
ous and nondecreasing such that w(r) <r, for r > 0.

Lemma 2.1 (Sadovskii, 1972). Let X C,(J) and let B8
and y be functions defined on [0,7#;] such that
limy_, oB(s) =limy_,oy(s)=0. If a mapping 7:X —
C,(J) exists such that it maps bounded sets into
bounded sets and is such that

O(T(x), ) < o(0(x, B(h))) + y(h)

with w € @, x € X and for all & € [0,¢], then T is a
condensing mapping.

Lemma 2.2 (Anichini et al., 1986; Sadovskii, 1972). Let
XcC,(I), I=[0,1] and SCX be a bounded closed
convex set. Let P: I x S — X be a continuous operator
such that, for any 4 € I, the map P(4, .) : S = X is
condensing. If x# P(/, x) for any / € I and any x € 39S
(the boundary of S), then P(1, .) has a fixed point.

Finally it is possible to show that, for any bounded
and equicontinuous set £ in C([), the following rela-
tion holds:

pes(E) = i (E) = w(CDE) = pc,(“DUE)

where €D*E = (D% : x € E).
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3. Controllability results

Similar to the conventional controllability concept we
define the controllability of fractional dynamical sys-
tems as follows.

Definition 3.1. System (2) is said to be controllable on J
if, for every xo, x; € R”, there exists a control u(¢) such
that the solution x(¢) of the system (2) satisfies the con-
dition x(0) = xo and x(#;) = x;.

Define the controllability matrix

G(O, tl) = /0 | (tl - S)ail[za,a(tl - S)B][Za,a(tl - S)B]* ds

where the star denotes the matrix transpose. It is
proved that the linear system (2) is controllable on J
if and only if the controllability matrix G(0, ¢,) is posi-
tive definite, for some #; > 0 (Balachandran and Kokila,
2013a).

Consider the nonlinear neutral fractional Volterra
integrodifferential system of the form

€pe |:x(t) — /t C(t — s)x(s)ds — g(t)i|
0
= Ax(t) + /[ H(t — s)x(s)ds + Bu(t) 4)
0
+ (2, x(1), “D*x(1), u(1))
x(0) = xo

wherereJ,0<a <1, xeR", A, Barerespectively n x n,
n x m matrices and the control function u € R" ; C(7)
and H(¢) are n x n continuous matrix valued functions;
f and g are respectively continuous and continuously
differentiable n-vector functions.

The solution of (4) is given by (Balachandran and
Kokila, 2013a)

(1) = Zalt)xo + /0 (= 9 Z a1 — S)[Buls)

+ £ (5, x(s), “D*x(s), u(s))]ds + ﬁ
X At /05 (t — )" (s = 1) Zyult — 5) g (v)drds
(%)

Now we prove the main result of the paper.

Theorem 3.1. Suppose that the following conditions
hold.

(1) The symmetric matrix G(0, ¢;) is nonsingular for
some #; > 0.

(i1) There exists a continuous nondecreasing function
w: Rt — R with w(r) <r such that

Lf(t, %,y u) — f(t,x, 2, 0)| < o]y — z]);
\4 (t,x,y, u) cJx RZn « R™
(1) limyy—oo (. lxﬂl )
trollable on J.

= 0. Then the system (4) is con-

Proof. Define the nonlinear transformation

T: Cu(J) x Ci(J) = Cu(J) x CR(J)

T, x)(1) = (T1 (u, x)(1), T2 (u, x)(1))

where the pair of operators 7| and 7> is defined as
Ty(u, x)(1) = B*Z}, (1, — )G [M — Zo(11)xo

x / (= 9 Zualty = 5/ (5, X(5).
0

CD%x(s), u(s))ds

gl [

X Zya(ti — 8) g/(t)dtds:|
T (u, x)(1) = Zo(1)x0 + /t (1= )" Zyalt = 5)
0

x BTi(u, x)(s)ds + / [ (1 — )" Zyolt — 5)
0
X .f(ss X(S), CDax(S)a Tl (u’ X)(S))ds

# s o=l -«
+F(1—ot)[0/0(t ) (s —1)
X Zyo(t — ) g (t)drds

Since all of the functions involved in the definition of
the operator T are continuous, 7 is continuous.
n’ = (uODXO) € Cu(J) x Cj(J) and n = (u, x) € [Cu(J) x
C2(NINO,0).

Then the equation n°=n— AT(y), where A € [0, 1],
can be written equivalently as

u=u"+2Ti(u,x) (6)

x = x" + AT (u, x) (7)
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The condition (iii) says that, for any € > 0, there exists
R >0 such that if |x|> R then |f(z, x, y, u)| <el|x]|.
Then (6) gives

x| (®)

and from (7), by applying Gronwall’s inequality, we
have

lull < [u°) + k1 + ayadazetfo

Ixll < [1x°] + asxo + araatfa (ki + ar1a3aselx|tfa™

+ azasT (o)1) exp(tfe" aze) )

where

a) = ||B||, ay = Sup”Za,a(Zl - S)”

a3 = |G~ as = | Zo(1h)|

as = ag = |xo — g(0)]

a7 = = sup | “Dg(1)l|

ki = aiaas]|xi| + asxo + axasT(a)t]
Note that

CD"‘[TZ(u, x)(t) — /Ot C(t — 5)T>(u, x)(s)ds — g(t)i|

= AT>(u, x)(t) + /Of H(t — 5)T>(u, x)(s)ds

+ BT (u, X)(1) + £ (£, x(1), “D*x(0), T (u, x)(1))

Applying Gronwall’s inequality, we have

| T, x)(1) |
T, )0 o o
< [as +aj+ a Fl((otl—:)l()t)” i FE(LXKII)] exp(4o),
(10)
where
_ [
AO_./O T-Fc(tl_s)

e .
+m/0 (ty — 9)°H(n — $)dy|ds

Taking the Caputo derivative with respect to #, we
obtain, from (7),

“D*x(1) = D*X(1) + A D(Ta(u, X)(1))
and using Leibnitz’s rule gives

|CDax(t)| < }CDaXO
+ €lx| + a7

+ a” T>(u, x)(t)” + a; || T (u, x)(t)”

where

sup|| C(t) |~
G —a)

|CO)]rf~
2 —a)

a= 4| + + sup | H(1)| 1,

)

Thus, from (9), we have

) <|“D*X°| + ky + |x||:a azaget a‘l(at‘{‘ exp(4y)
ae|x|1§ exp(Ao)
1) 4 — 2 FART0)
+1)+ Flat ) +e
where

© A
ky = ki [al <6m + 1) + alag + a7)exp(A4y) + Clg]

From (8), (9) and (11), we have respectively

lull — a1a3azelx|tfa™" < | + K

llx|l[exp(—fa™ aze) —a a2a3et1 2 < ks + X0

where
k3 = agxo + alazt‘i‘a_lkl + arasT(a)t
and
|CD°‘x(t)} — |xX|[@ Bazetta (at® exp(Ap) + 1)
+ ﬁaet‘f exp(Ao) + €] < kr + |€D*X°|

Taking the sum of all of the above quantities, we have

llull — kllx|| + | D*x(1)|
<1+ X1+ DX + ki + ko + ks

where

k = aigetta" —exp(—aetia™) + adddazetia!

(at} exp(Ao) + 1) + a1a2a3el%°‘a_2 + €]

Then, for appropriate positive constants, k4, ks and kg,
we can write

llull — [eks — exp(—eks)]l|x|| + [|CD*x(1)
< 6] + 1x°] + 1€D*X°) + ke
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Now we divide by [ull + l|lx]| + |[“D*x(7)| and by the
arbitrariness of €, we get the existence of a sufficiently
large ball S C C,,(J) x Ci(J) such that

n—AT(n) >0 forn=(u,x)e€adS

In the next step we want to show that 7"is a conden-
sing map. To this aim, we note that 7' : C,,(J) — C,.(J)
is a compact operator(from the Ascoli-Arzela theorem)
and then, if E is a bounded set, u(7(£)) =0. Then it
will be enough to show that 75 is a condensing opera-
tor. To do this, we use the modulus of continuity argu-
ment and the fact that

i (To(B)) = (D T(E)) = 300D To(E)

We consider the modulus of

ED*T(u, x)():

continuity  of

|“D*Ty([u, x](1)) — © D" Ta([u x)(s))|
< ATy ([u. X])(1) — AT>([u. X)($)| + [ BTa([u. X])(1)

— BT ([u, x])(s)l +‘/0 H(t — 5)T([u, x](n))dn

- [0 " Hes — ) To(lu, X](n))dn‘ 1),
CD(e), u0) — £ (5, x(5), Dx(5), )|

o
r(l—a)/o(l_’)

1
'l —a)

+|“Dg(t) —“D*g(s)| +

X /S C(s — D) To[(u, x)|(r)drds —
0

x /0 (s — 1) /0 "l — o) T, ¥)](0) dor

+ 1CO) Ta[(u, ))() — CO) Ta[(u, X))(5)]

(12)

For the first and last three terms of the right-hand side
of (12), we give the upper estimate as By(|¢ — s|); and for
fourth term w(|SD*x(7) — € D*x(s)|) + Bi (|t — s|), with
lim 5,_,oB:{h)=0. Hence,

6(“ D To([u, X](1)), h) < X(O(“DE, h)) + B(h)

where B= o+ B;. Therefore, by Lemma 2.1, we get
0o(CD*T»(E)) < 6o(“D*E). Hence, from

2u(To(E)) = 21(C D* To(E)) = 6o( D* T (E))
< 00(“DE) = 2u(“ D*E) = 211 (E)

it follows that w(7T(E)) < u1(E). Then the existence of
the fixed point for operator T follows from Lemma 2.2;

that is, there exist functions u € C,(J) and x € C3(J)
such that T(u, x) = (u, x) that is

u(t) = Th(u, x)(1),  x(1) = To(u, x)(t)
These functions are the required solutions. Further it is
easy to verify that the function x(.) given above of the
system (4) satisfies x(¢1) = x; for every x(0) € R". Hence,
the system (4) is controllable.

4. Example

Consider the nonlinear neutral fractional Volterra inte-
grodifferential system involving the fractional deriva-
tive (4) with ¢ =1/2

a0 11 10
(1) = A= ) B=( )
2 11
xX2(1)
L (0
()_<tsint)
0
F(t,x(1), D' x(0), u(t)) = 5
Y tan '[CDV2x(1)]
1+u
and

1 4171/2 _t71/2 1 l71/2 0
= Va\2r2 32 ) e VAN EL
are defined and continuous on (0, #;].

The initial condition is given by x(0) = (9).

For the linear part of the above system the solution
is given by

x(1) = Z12(1)x(0) (13)
where
P(1) 0
Zip(t) =
0 Pz(l)
with
Pi(1) = ° +\/\2£9_E1/2((5 +~/29)1'7%)
o 2/_2—5/2((5 —V29)'%)
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Pr(t) = ;gEl/Z((l +V2)i'7?)
lszl/z«l VNG

where Z, (1) is the resolvent matrix and satisfies the
conditions (a), (b) and (c) for «=1/2.

The solution of the nonlinear system takes the fol-
lowing form

!
x(t) = Zip(t)xo + / (t—9)""2Z1 )51 0(t = 5)
0

x [Bu(s) + £ (s, x(s), D*x(s), u(s))]ds

1 B PN A i)
il [ @90
X Zi212(t — 5) g/ (v)drds (14)
where
Oy 0
Zipap(t) =
0 00
with
01() = [5;:/1_&/2 12((5 + +29)1'/%)
- 52\/\4_951/2 12((5 = ‘/—)11/2)}
0(1) = |: ;;;z/_El/z 12((1++/2)1'%)
- 12\/\—/—2‘E1/2 12((1 = \/—)11/2)]

By simple matrix calculation, we see that the controll-
ability Grammian matrix

1
2/ (t1 =) [ Z1 )21 )2(t1 — ) Bl Z1 2.1 2t — $)B]*ds
0

n _ 01 010:
_ Y I
_/0 (=9 <Q2Q2 203 )ds

is positive definite for any #; > 0. Further

|f(t> X, ), l/l) _f(lz X,)_/, Ll)|
=tan"'y —tan”! j|

<tan”'|y—jl ify#7y

and

lim L/ (2, x, y,u)l

=0

Ix|—>o00 | x|
So the hypotheses of Theorem 3.1. are satisfied. Hence,
the system is controllable.
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Abstract

Traditional diffusion tensor imaging (DTI) maps brain structure by fitting a diffusion model to the magnitude of the
electrical signal acquired in magnetic resonance imaging (MRI). Fractional DTI employs anomalous diffusion models to
obtain a better fit to real MRI data, which can exhibit anomalous diffusion in both time and space. In this paper, we
describe the challenge of developing and employing anisotropic fractional diffusion models for DTI. Since anisotropy is
clearly present in the three-dimensional MRI signal response, such models hold great promise for improving brain
imaging. We then propose some candidate models, based on stochastic theory.
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Diffusion tensor imaging, anomalous diffusion, fractional calculus, anisotropy, magnetic resonance imaging

|I. Introduction

The structural complexity of the human brain is
manifest at each level of functional organization:
synapses, axons, neurons, cortical layers, fiber
tracts, and cerebral convolutions (gyri and sulci)
(Schaltenbrand and Wahren, 1998). Magnetic reson-
ance imaging (MRI) in general, and diffusion tensor
imaging (DTI) in particular, exhibit contrast that
reflects tissue heterogeneity and anisotropy in both
the white and the gray matter (Mori, 2006). The
overall goal of these imaging modalities is to provide
spatial maps of structural features that correspond
to the specific neural networks that provide the
basis for sensory awareness, memory, cognition and
coordinated movement (Le Bihan, 1995). Disruption
of these neural pathways is a hallmark of trauma,
stroke, tumors and degenerative disease. Although
MRI and DTI are useful clinical tools for diagnosis
and treatment monitoring, their typical voxel reso-
lution (1mm?) is orders of magnitude above that
of a single cell (10pm® (Johansen-Berg and
Behrens, 2009). Therefore there is a need to probe
sub-voxel structure to improve both the sensitivity
and the specificity of diagnosis. Since water move-
ment within the voxel leads to MR signal attenu-
ation that reflects collisions with molecules,
membranes, and axonal fibers (Haacke et al., 1999)
we anticipate that stochastic models of diffusion

(isotropic, anisotropic, restricted, hindered,
Gaussian, nonGaussian) can be used to encode
sub-millimeter structure.

2. Fractional DTI

The connection between diffusion and magnetic reson-
ance for water protons is described by the Bloch—
Torrey equation (Torrey, 1956; Haacke et al., 1999;
Callaghan, 2011). Solving the Bloch-Torrey equation
for an anisotropic material, such as brain white
matter (WM), provides the basis for DTI (Le Bihan,
1995). In standard DTI, a pair of trapezoidal gradient
pulses is added to the MR imaging sequence (Mori,
2006). The acquired diffusion-weighted (DW) signal S
decays in a manner dependent upon the diffusion gra-
dient strength, G, gradient duration, 8, and the time
interval, A, between gradient pulses. The resultant
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decay can be modeled (Haacke et al., 1999) by the
equation
S=Syexp(—(yGd)’g - Dg-(A=5/3))  (2.1)
where S is the initial signal intensity, y is the gyromag-
netic ratio (42.57MHz/T for water protons), D is a
symmetric positive-definite matrix that defines the dif-
fusion tensor, G=Gg where g is a unit vector that
points in the direction of the applied magnetic field
gradient G. The eigenvector corresponding to the lar-
gest eigenvalue of the matrix D points in the direction
of WM fibers, since the water is maximally dispersed in
this direction. A single parameter b describes the overall
diffusion sensitivity of a sequence, and for a pair of
identical rectangular gradient pulses (height G and
width §) we find b=(yG8)*(A —§/3) (Haacke et al.,
1999). Then (2.1) reduces to
S(b,g) = Soexp(—bg - Dg) (2.2)
If the gradient pulses are of short duration (Callaghan,
2011), one can view (2.2) as the Fourier transform of
the solution to a traditional diffusion equation, and this
observation provides the essential link between
MRI and diffusion: let p(x, 7) be the probability density
of a diffusing particle, which solves the diffusion
equation
op(x, 1) =V -DVp(x, i) (2.3)
with a point source initial condition p(x, 0)=24(x).
Given a suitable function f{x), define its Fourier trans-
form f(k) = [ e **f(x)dx, and recall that (ik)/ (k) is
the Fourier transform of Vf{x) (Meerschaert and
Sikorskii, 2012, p. 150). Take Fourier transforms
in (2.3) to get the ordinary differential equation
0,p(k, 1) = (ik) - D(ik)p(k, r) with initial condition p(k,
0)= 1. Obviously the solution to this simple differential
equation is p(k, t)=exp(—tk - Dk), which is the same
form as (2.2) with b=1¢|k||> and g =k/||k]|.

Since D is symmetric and positive definite, there is an
orthonormal basis of eigenvectors vy, ..., v, with cor-
responding eigenvalues «; such that Dv;,=aw; for
I <i<d. For any keR? we can write k:Z’il kv,
where kj=k-v; Then v;-Dv;=0 if j#i and v;-Dy;=
a;. It follows easily that

2.4)

d
p(k, 1) = exp |:—t Z a,-k,{|
=1

=

The level sets of the function k+— p(k, t) are ellipsoids
a1k? + - +ask’ = C whose principal axes are the
eigenvectors vy, ..., v, The level sets are widest in the

Figure 1. Level sets of the Fourier solution (2.4) to the trad-
itional diffusion equation in d=2 dimensions with diffusion
tensor (2.5) at b=1.

direction of the eigenvector with the smallest eigen-
value. Figure 1 shows the level sets of this function at
time =1 in the case where

(1 /2 O)
D=

0 2
in d=2 dimensions. In this case, the eigenvectors of D
are the coordinate axes, which give the major and
minor axes of the elliptical level sets. As ¢ increases,
the level sets spread out at the rate ¢!/?, which is the
hallmark of traditional diffusion. This spreading rate
can easily be verified by noting that p(k, 1) = (¢"’k, 1).
This solution exhibits mild isotropy, in which the solu-
tion spreading rate is radially symmetric, but the level
sets are not. For complete details, see Meerschaert and
Sikorskii (2012, Section 6.1).

In many applications (Metzler and Klafter, 2000,
2004; Mainardi, 2010; Meerschaert and Sikorskii,
2012), a diffusing front spreads at a different rate
than the r'/? predicted by the traditional diffusion equa-
tion. This can be captured by introducing fractional
derivatives into the diffusion model. For simplicity, let
us focus on the isotropic diffusion model where D = DI
for some positive constant D, and where I is the d x d
identity matrix. Then the diffusion equation (2.3)
reduces to 9,p(x,f)=DAp(x, ), and its point source
solution has Fourier transform (k, 1) = exp(—Dt|k|%)
where ||k||>=k - k. The level sets of the solution p(x, 1)
are circles in two dimensions, or spheres in three
dimensions.

The fractional Laplacian is an isotropic space-
fractional derivative, defined so that A*f(x) has
Fourier transform  —|k||f(k) with O<a<2.

(2.5)
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This reduces to the traditional Laplacian when o =2.
The isotropic space-fractional diffusion equation

dip(x. 1) = DA p(x, 1) (2.6)
has Fourier transform 9,5(k, )= —DI|k|“(k, ), whose
point source solution is p(k, 1) =exp(—Dt||k||*). Since
(k,1)=p(t"®k, 1), solutions spread like 7% in this
model, a phenomenon called superdiffusion. This
model is also isotropic, which follows from the fact
that p(k, t) only depends on | k]|.

3. Fractional Bloch-Torrey equation

The traditional Bloch—Torrey equation

9,S=—(lyx-G)S+V-DVS (3.1)
describes magnetization S(x, 7) in a time-varying gradi-
ent G(7). Assume a solution S = Syde™™ * where S, > 0
is a constant, and A, L are functions of ¢ with

t
L= )/f G(r)dt
0
Substitute the solution into (3.1) to see that
A/
ZS_ (ix - yG)S = —iy(x - G)S+ V- DVS

Compute V-DVS=L -DLS: then it follows that the
solution with A4(0) =1 satisfies

A(t) = exp[— /Ot L(7) - DL(7) dti|

for any 7> 0. For a specified signal, it is then straight-
forward to compute the solution to the Bloch—-Torrey
equation (3.1). The Stejskal-Tanner pulse sequence
consists of two rectangular functions of length § sepa-
rated by time A, with amplitude G and direction g.
Then one can easily compute the solution (2.1), which
reduces to (2.2) with b= (yG8)*(A — §/3).
The simplest space-fractional Bloch-Torrey equation
3S = —(iyx - G)S + DyA**S (3.2)
can be solved by a similar method. Assume the solution
S=SoAe ™" as before, and compute

A/
ZS = DyAY*S
A 0

Next compute the fractional Laplacian of the solution
using Fourier transforms. It follows from the Fourier

inversion formula f{x)=(2m)"“[e* *(k)dk that the
function f{x)=e¢ "~ has the Fourier transform f(k)=
(27)8(k +a) using the Dirac delta function. Then
DoA*?S is the inverse Fourier transform of
—Dy||k||“S(k, t), which is evidently —Dy|L||*S. Hence
we have

Ar) = exp[—Do /0 ||L(r>||“dr}

in this case. For a Stejskal-Tanner pulse sequence, the
solution reduces to

S =5, exp[—Do(chS)"‘ (A _o-lt )] (3.3)

oa+1

where 8 >0 is a constant; see Magin et al. (2008) for
more details. If we take D= DyA — Do — 1)8/(a+ 1)
and b= yG94, this reduces to the stretched exponential
form

S = Sy exp(—b*D) (3.4)

where 0 <a < 2.

4. The need for anisotropic fractional
DTI models

In MRI experiments, it is often observed (Bennett et al.,
2003; Hall and Barrick, 2008; Ingo et al., 2014) that the
acquired DW signal S follows the stretched exponential
model (3.4) for high b values. In applications to brain
imaging, it is also found that the parameter o varies
with direction: an indication of anisotropy (Hall and
Barrick, 2012). For example, in one experiment (Ingo
et al., 2014), formalin-fixed brains from normal, adult
rats were soaked in Fluorinert to reduce magnetic sus-
ceptibility and imaged ex vivo in a Bruker 750 MHz
spectrometer (17.6 T, 89 mm bore). A pulsed gradient
stimulated echo diffusion sequence was used with pulse
repetition time of 2's, echo time of 28 ms, in-plane reso-
lution of 190 um and slice thickness of 1 mm. The signal
S was acquired in six different vector directions
21=(0,0,1)", g,=(0.89, 0, 0.45)", g5=(0.28, 0.09,
0.45)7, g4=(—0.72, —0.53, 0.45)7, g5=(0.28, —0.85,
0.45)", and g¢=(—0.72, —0.53, 0.45)” with 10 different
b values ranging up to a maximum value of
26,190 s/mm?. In this experiment, A (17.5ms) and §
(3.5ms) were kept constant and G was scaled to
increase with the b value. Under these conditions, the
short-pulse condition § < A holds.

Next, we validate the stretched exponential model
(3.4) using linear regression. Taking logs in the
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Figure 2. Plot of s versus In b in six different directions, to validate the stretched exponential model (4.1).

model yields In(S/Sy)=—Db*, and taking logs again
produces

s:=1In(—In(S/Sp)) =InD+alnb (4.1)
Hence, a plot of s versus In b should produce a straight
line with slope «. Figure 2 shows this plot for each of
the directions gi,...,g¢ along with the best-fitting
straight line model, found using simple linear regres-
sion. It is apparent from these graphs that the relation
between the acquired signals S and b follows the
stretched exponential model (3.4).

To illustrate the anisotropic nature of DTI, we com-
pare the slopes « from the straight line fit of s versus In
b for each direction j=1,2,...,6. The results are sum-
marized in Table 1. It is clear that the power law slope
depends on direction. For example, the slope for direc-
tion 4 (corresponding to direction vector g4) is
a=0.379 £0.023 which is significantly different from
the « =0.294 value in direction 2. To obtain a formal
confidence interval for these o values, one can use the
standard z-interval from linear regression theory. Since
the sample size is n =7, the 95% confidence interval is
a+2.571 SE where « is the estimate in the first row of

Table |. Best-fit o values via linear regression on the data in
Figure 2 for six different directions, demonstrating anisotropy.

Direction | 2 3 4 5 6

o 0318 0294 0303 0379 0305 0362

Standard error  0.007 0.014 0.022 0.023 0.018 0.0I8

Table 1, SE is the standard error in the second row of
Table 1, and 2.571 is the 97.5th percentile of the stand-
ard ¢ distribution with n—2=35 degrees of freedom.
For example, we are 95% confident that the correct «
value for direction 1 lies in the interval (0.300, 0.336).

Previous work has shown « to be a biomarker that
reflects tissue heterogeneity (Bennett et al., 2003;
Ozarslan and Mareci, 2003; Hall and Barrick, 2008;
Magin et al., 2008; Zhou et al., 2010; Palombo et al.,
2011; Ingo et al., 2014; Magin et al., 2014). In particu-
lar, the stretched exponential parameter o exhibits a
lower value in more tortuous porous materials, and
more heterogeneous tissue. Since the heterogeneity par-
ameter « also varies with direction, it would be advan-
tageous to include anisotropy in the fractional DTI
model, to capture this effect.
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5. Anisotropic fractional diffusion
models for DTI

In the previous section, we demonstrated that the
anisotropy parameter « in a DTI model can vary with
direction. An open challenge in MRI theory is to
develop a suitable anisotropic model for fractional dif-
fusion that captures this anisotropy, and can be fit to
data acquired within the constraints of a clinical MR
scan. The scan generates multidimensional data that
must be quickly and accurately presented to the radi-
ologist for analysis. Fractional order models are
attractive because they capture tissue complexity in a
small set of parameters. Within the continuous time
random walk (CTRW) paradigm, for example, the
random motion of water is hindered or restricted by
tissue heterogeneity that alters the waiting times and
jump increments in a manner simply expressed by
power laws (Metzler and Klafter, 2000, 2004;
Meerschaert and Sikorskii, 2012). In the remainder of
this paper, we survey existing anisotropic models for
fractional DTI, and also discuss some potential new
models.

5.1. Anisotropic fractional diffusion

A recent paper of Hanyga and Magin (2014) proposed
a new space-fractional diffusion model that seems well-
suited for applications to DTI. The model is

Ip(x, 1) = Qp(x, 1) (.1

where the anisotropic fractional derivative operator Q
is defined in terms of Fourier transforms. Define

~

Ok) = — / Iy K ay) (5.2)
ye

where Q:{ye[Rd . |lyll=1} is the unit sphere in d-
dimensional Euclidean space, m(dy) is a finite Borel
measure on the sphere, and «(y) is a symmetric function
a(y)=a(—y) on the sphere that takes values in the
interval (0, 2). Then one defines Qf{x) to be the function
with Fourier transform Q(k)f(k). Hanyga and Magin
(2014) continue to prove that solutions to (5.1)
remain nonnegative for a nonnegative initial condition
p(x, 0)=f(x)>0. Next we provide an alternative proof
of this fact, by showing that the solutions to (5.1) are
the probability densities of a Lévy process (Sato, 1999;
Meerschaert and Sikorskii, 2012, Section 4.3).

Proposition 5.1. There exists a Lévy process X(7) that
satisfies

Ak, 1) = E[e™*X0] = £0®) (5.3)

for all ke R and all >0, for any symmetric index
function a: Q— (0, 2) and any finite Borel measure
m(dy) on the unit sphere.

Proof. Any Lévy process {X(#):¢> 0} is determined by
the distribution of X:=X(1), which can be specified
using the Lévy representation (Meerschaert and
Scheffler, 2001, Theorem 3.1.11): a random vector X
on R is infinitely divisible if and only if we can write
E[e~* *]=exp(0(Kk)), where

A 1
Ok) = —ia-k+3 k- Ak

_ / <eﬂ(~x -1
x#0

foracR? A a nonnegative definite d x d matrix, and ¢
a o-finite Borel measure on R\ {0} such that

ik-x

/ min{1, [|x]|*}¢ (dx) < 0o (5.5)
x#0

The triple [a, A, ¢] is unique. Next we note that, in the
one-dimensional case d = 1, there exists an infinitely div-
isible random variable X such that E[e~**] = exp(—|k|%)
for any 0 <a <2, and in this case, it follows from
Meerschaert and Scheffler (2001, Lemma 7.3.10) (for
0 <a<1), Meerschaert and Scheffler (2001, Lemma
7.3.11) (for 1 <a <2), and Meerschaert and Scheffler
(2001, Lemma 7.3.12) (for « = 1) that this random vari-
able has Lévy representation [0, 0, ¢,] where

Po(dx) = %mxr“*dx (5.6)

with

l—«

= f lorl 2
Cqy 2 — o) cos(at)2) or0<a<lorl<ax<
(5.7
and C; =2/n. Then we have
o ikx 1 _ ikx
= [ () 6w

for each 0 <« <2. Next, define an infinitely divisible
random vector X on R? (e.g. let d=3) by specifying
its Lévy representation [0, 0, ¢] where x =ry in polar
coordinates r >0 and |y|| =1, and

$(dx) = pldr, dy) = Copay)r " dr ii(dy) ~ (5.9)

where m(dy) = [m(dy) + m(—dy)]/2 is the symmetrized
version of the measure m(dy). Then the random
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vector X has Lévy representation E[e™™* X] = exp(Q(k)),
where

A “ iky o, ik-y
Q(k)_/m/o (e o 41“2(](.”2)

x Coppya(Y)r =" dr 1n(dy)

L)

X %(x(y)r_"‘m_l dr m(dy)

L L-5)
yee Jo L+ 2k - y)?

X —Ca(y) oz(y)r""(”’l dr m(—dy)

fyesz/ ( - 1 +l:i€(ky y)’ )

x —C;@) ()= dr m(dy)

n / /“(e-frk-y_ _Lk-y)
vea Jo L+ r2(k-y)

x —C“(Y) a(y)r~ =1 dr m(dy)

/ / ( irkyy irk - y )
yeQ 142k y)

X —C;(y) oz(y)r""(Y)’1 dr m(dy)

v /0 (e""kv—l—4irk'y )
vee J oo 1+r2(k-y)

Ca o
x &o«y)m W1 g m(dy)

/yeQ /;eo( -t i y))

1+ 72
s A oyl i maly)

irkk-y)  ir(k-y)
_+LK;Q‘[;O< 1%—72 )

1+ r2(k- y)2
Cy o
X z(y)cl())“‘l (y) lar‘”( ))

_ / Ik - Y1 m(dy)
yeQ
(5.10)

in view of (5.8), since the integral in the next to last line
equals zero by symmetry. This shows that (5.3) holds.
Since C,, is a bounded continuous function on the inter-
val 0 <« < 2, it follows easily that (5.5) holds, so (5.9) is
a Lévy measure. ]

We say that a random vector X is full if it is not
supported on a lower-dimensional hyperplane, that is,

if there is no unit vector y € Q2 such that X-y=0 with
probability one.

Proposition 5.2. If [y cqly-w*®m(dy)>0 for every
we Q, and a(y) > ag > 0 for all y € 2, then the infinitely
divisible random variable X(¢) in Proposition 5.1 is full,
and has a density p(x, f) with respect to Lebesgue meas-
ure for any 7> 0.

Proof. Define p(k, 1) = 20 for all k e RY and all 7> 0.
The Fourier inversion theorem (Meerschaert and
Scheffler, 2001, Theorem 1.3.7) implies that

p(x, 1) =Q2n)~¢ / e*Xp(k, 1) dk (5.11)

is the function with Fourier transform p(k 1), so long as
the integral [|p(k, t)|dk < oo. Since Q(k)<0 for any
keR? it follows that 0<p(k,7)<1 for all keR?
and all 7>0. Hence it suffices to check that
Jixi=11p(k, 1)|dk < oo. Adopt the polar coordinates
k=pw where p>0 and |w|=1. Since a(y)>ap>0
for all y € 2, we have

00 = / FOly W Om(dy) = o / 1y - W m(dy)
yeQ y

eQ

for all |k||>1. It follows from the Dominated
Convergence Theorem (Rudin, 1976, Theorem 11.32)
that g(w) := [ yeQ|yow|‘)‘(”nfz(dy) is a continuous func-
tion on the compact set 2, and since g(w)>0 by
assumption, it follows that g(w)> gy >0 for all we Q.
Then —Q(k) > gop* for all |k|| > 1. Then we have

/ e~ 8" dp m(dw) < Com(S2)

weQ

/ (k. 0] dk <
IIk|[>1

where Cp = [~ e7#"dp < co. This shows that (5.11)
holds. If X(r) were not full, then we would have
X(f)-w=0 for some unit vector w, and then we
would have E(e™™ X?)=¢“™ =1, hence O(w)=0.
But this contradicts —Q(k) > gop™, and so X(7) is full
for every ¢ > 0. ]

Remark 5.3. Since p(x, ) is a probability density for
any 7> 0, it follows that p(x,7)>0 for all xeR? and
all 7> 0. With some additional work, it should be pos-
sible to show that p(x, 7) > 0 for all x € R? and all 7> 0.

Remark 5.4. It should not be hard to extend these
arguments to the asymmetric case

oK)= [ (v- K @m(dy)

yeQ

(5.12)
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which reduces to the case (5.2) if the measure m(dy) is
symmetric, that is, m(dy) = m(—dy). One just has to be a
bit careful about the centering constants.

Remark 5.5. A variety of stable-like processes have been
considered in the literature, but the process constructed
in Proposition 5.1 seems new. Bass (1988) considers a
stable-like process in one dimension with jump intensity

CO! X —a(x)—
ol dy) = D g ety

which behaves locally like an a-stable process whose
index varies in space. Bass and Tang (2009) consider
a d-dimensional stable-like process with jump
intensity ¢(x, dy) = Ax.y)|lyl "% “dy where A(x,y)>0
is bounded away from zero and infinity. That model
exhibits mild anisotropy, as opposed to the strong
anisotropy in the Hanyga model. It would certainly
be interesting to explore the mathematical properties
of the Lévy process in Proposition 5.1 in more detail.

5.2. Anisotropic fractional Bloch—Torrey equation

Here we propose a new anisotropic fractional Bloch—
Torrey equation

3,S = —(iyx - G)S + DyQS (5.13)

which can be solved by the method introduced
in Section 3. Assume the same solution form
S=SoAe ™ L as before, and compute

A/

—S=D

Y 0Q
Next compute OS using Fourier transforms. Recall that
the function f{x) =¢ " " has Fourier transform f (k)=

(27)?S(k +a). Then note that DOQS has Fourier
transform

DoO(k)S(k, 1) = —Dy / ly - kI m(dy) S(k, 1)

ye

Inverting as in Section 3, it follows that

A) = CXP[—DO /0 / Iy L@ m(dy) dr}
ye

in this case. For a Stejskal-Tanner pulse sequence, the
solution reduces to

ay) — 1
S =5 exp[—D / lyGS ~y|°‘(Y)(A — 48>m(d )
’ * fea ay)+1° )"

(5.14)

If the mixing measure m(dy) is concentrated on d point
masses on an arbitrary set of coordinate axes vy,...,v,
which need not be orthogonal, this reduces to a model
recently proposed and tested by GadElkarim et al.
(2013). That model has the solution

d
o —1
S=3S =Y DilyGs-v; |9 A —L—35
oexp[ Z i1y v,l( 04,+1>i|

(5.15)

where D;= Dym(v;), which agrees with GadElkarim
et al. (2013, equation (20)) up to an obvious change
in notation.

Remark 5.6. In practical applications, an open chal-
lenge is to fit the model (5.14) to MRI data as in
Figure 2. The statistical problem is under-specified,
since there are an infinite number of choices for a(y)
and m(dy) = M(y)dy that will agree with any finite data
set. One reasonable approach is to fit the simplest func-
tions «(y) and M(y) using spherical harmonics in d=3
dimensions. For example, the data in Figure 2 can be fit
using six spherical harmonics. The resulting functions
a(y) and M(y) will agree exactly with the measured
values of «(y) and the corresponding weights M(y)
obtained from the regression lines in Figure 2, and
smoothly interpolate in between.

6. Time-fractional models for DTI

Here we explore the challenge of developing effective
time-fractional models for DTI. These models can be
useful if the data exhibit a power law decay in S as a
function of b.

Anomalous subdiffusion can be modeled using a
fractional derivative in time. Given a function f{7)
with Laplace transform f(s) = f(;’o e *'f(t)dt, recall
that sf(s) —f(0) is the Laplace transform of the first
derivative f(s). The Caputo fractional derivative
3 f(t) is defined for 0 <B<1 as the function with
Laplace transform s°(s) — s*7'£(0), extending the trad-
itional form. Take Fourier and then Laplace trans-
forms in the space-time fractional diffusion equation

I p(x,1) = DA“Pp(x, 1) (6.1)
with point source initial condition p(k,)=0 to get
sPp(k,s)—sP~' = —D| k||*p(k,s), where p(k,s) is the
Laplace transform of p(k, t). Solve to obtain

sh-1

plk,s) = —————
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Figure 3. Plot of In S versus In b in six different directions, to validate the power law model S ~ Cb™".

and then use the fact that g(s):=s""'/(s’+¢) is the
Laplace transform of g(t):Eﬂ(—ct‘S), where the
Mittag-Leffler function

o n

X
Eglx) = ; T(1+ pn)
for >0 (Mainardi, 2010, p. 223). It follows that
Pk, t):Eﬁ(—zﬂD||k||°‘) is the Fourier transform of the
solution to the isotropic time-fractional diffusion equa-
tion (6.1). Since p(k, 1) = p(¢*®k, 1), solutions spread at
the subdiffusive rate /#% in this model when o = 2. This
model is isotropic, since p(k,?) only depends on |k|.
Recalling the asymptotic property

-1
B~ =g

(Mainardi, 2010, p. 215) we can see that p(k, ) then
falls off like * for large values of .

Figure 3 shows a log—log plot of S versus b for the
data from Figure 2, for all six directions. The straight
line behavior in Figure 3 shows that a time-fractional
model is a reasonable alternative to the stretched expo-
nential, since a power law S ~ Ch~* also gives a good
fit to the data. This is indicated by a straight line on the
log—log plot with slope —g, since In S~ InC— Blnb.

as x —> o0 (6.2)

Table 2. Best-fit B values via linear regression on the data in
Figure 3 for six different directions, demonstrating anisotropy.

Direction | 2 3 4 5 6

B 0.494 0571 0599 0676 0605 0661

Standard error  0.006 0.017 0.020 0.0/4 0.018 0.0I14

The B estimates and standard errors are listed in
Table 2.

Again, it is clear that the data exhibit significant
anisotropy, since the B values vary significantly with
direction. For example, the value for direction 1 (cor-
responding to direction vector gq) is f=0.494 4+0.006
which is significantly different from the §=0.571 value
in direction 2. Since the sample size is =9, the 95%
confidence interval is 4 2.365 SE using the 97.5th per-
centile of the standard ¢ distribution with n—2=7
degrees of freedom. For example, we are 95% confident
that the correct 8 value for direction 1 lies in the inter-
val (0.480, 0.508).

6.1. Time-fractional Hanyga diffusion

The paper of Hanyga and Magin (2014) also proposed
a time-fractional version of their anisotropic fractional
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diffusion model. Define the pseudo-differential operator
Q on the space Co(R%) of smooth functions with com-
pact support (i.e. f(x)=0 for all |x||> M for some
M=>0) such that Qf(x) has Fourier transform
Q(k)f(k) where Q(k) is defined by (5.2). This operator
can then be extended to larger spaces of functions, or
even distributions (i.e. generalized functions). Since
pk, 1) = e'9® it is obvious that this Fourier transform
solves the ordinary differential equation

d .
Eﬁ(k, = Q0®p(k,1); pk,0)=1 (6.3)

Inverting the Fourier transform shows that the probabil-
ity densities p(x, ?) of the stochastic process X(7) from
Proposition 5.1 solve the pseudo-differential equation

%p(xa N=Qpx,0; p(x,0)=38x)  (6.4)

The equation (6.4) is also called a Cauchy problem
(Arendt et al., 2001). In fact, if we define the semigroup

Tf(x) = / F(x = ¥) ply. 1) dy

on the space L'(R% of integrable functions /* R? - R,
then Q is the generator of that semigroup (Bacumer and
Meerschaert, 2001, Theorem 2.2), and 7, f(x) solves the
Cauchy problem

ap(x,1) = Qp(x,1);  p(x,0) =f(x) (6.5)
for any fe Dom(Q), the domain of the generator. It
follows from Baecumer and Meerschaert (2001,
Proposition 2.1) that this semigroup 7 is strongly con-
tinuous and uniformly bounded, and that we can write
the generator explicitly in the form

Q) = / (f(x—y) _fe 4V ))¢<dy)
Y#

L+ Ilyl?

for any fe W2, (R?), the Sobolev space of functions in
L'(RY) whose first and second partial derivatives are all
in L'(R%).

Given any 0 < g < 1, define the Riemann—Liouville
fractional derivative

By = — L A7 P
DL =i ], #9577

Then it follows from Bacumer and Meerschaert (2001,
Theorem 3.1) that the function

g(x. 1) = /0 Pt/ gswdu  (6.6)

solves the fractional Cauchy problem

Dfg(x, 1) = Qq(x, 1) + =+ f(x) (6.7

1P
{1 —pgy
whenever p(x, f) solves the Cauchy problem (6.5). Here
gp(u) is the probability density function of the standard
B-stable subordinator, most simply characterized in
terms of its Laplace transform

f egp(tydt = e (6.8)
0

for all s >0, for any 0 < 8 < 1. A simple change of vari-
able in the formula (6.6) reveals that

q(x, 1) = /()*00 p(x, u)h(u, t)du (6.9)

where

h(u, 1) = éuf“l/ﬂgﬁ(zu*/ﬂ) (6.10)

and this leads to a stochastic solution: let D(7) be the
standard B-stable subordinator, a strictly increasing
infinitely divisible Lévy process such that D=D(1)
has the probability density function gg(¢). Define the
inverse stable process (first passage time)

E, =inf{u > 0: D(u) >t} (6.11)
and apply Corollary 3.1 from Meerschaert and
Scheffler (2004) to see that the function A(u,f) in
(6.10) is the probability density function of the sto-
chastic process E, for each 7>0. Then it follows by
a standard conditioning argument that the solution
q(x,t) to the fractional Cauchy problem (6.7) with
the point source initial condition f{x)=4§(x) is also
the probability density function of the time-changed
process X(E,), where E, is independent from X(7).
For a general initial condition f{x) that is a probability
density function, the solution ¢(x, ) to the fractional
Cauchy problem (6.7) with initial condition f{(x) is the
probability density function of X, + X(E,), where the
initial particle location X, has probability density
function f(x). See Meerschaert and Scheffler (2008,
Theorem 4.1 and Remark 4.6) for more details and
extensions. Freely available R code to compute the
function A(u,t) is available (Meerschaert and
Sikorskii, 2012, Example 5.13) so that the solution
(6.9) to the fractional Cauchy problem can be expli-
citly computed by numerically integrating the formula
(6.9), once the probability density function p(x, f) has
been computed.
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The Caputo and Riemann-Liouville fractional
derivatives are related by

Boiry — MBolr) — "
9, g(1) = D;g(r) Ti—p 5(0)

Then clearly one can also write the fractional Cauchy
problem in a more compact form:

Fq(x. 1) = Qq(x, 1)

This extends the results of Hanyga (2002) for the case
where S(y) is a constant.

(6.12)

6.2. Time-fractional Bloch—Torrey equation

Let Q be the generator of some C, semigroup (Arendt
et al., 2001). The time-fractional Bloch—Torrey equa-
tion has been written in the literature as
#S = —(iyx - G)S + DyQS (6.13)
but this form is not dimensionally correct, since the
time units of 9/°S are different to the units of the
term 9,5 and, more importantly, the reaction term
—(iyx - G)S.
Using an idea from Baeumer et al. (2005), we can

write a dimensionally correct version of the time-frac-
tional Bloch—Torrey equation as

3S=—(iyx-G)S+V-DVa ’s
Equivalently, we can write
S =—iy x - 1I"P[GS]+ V- DVS

where ['# is the Riemann—Liouville fractional integral
defined by

SRR B R
IVg() := F()/)/o g(t — uyu"™ du

An alternative form is proposed by Haynga and
Seredynska (2012, equation (17)). An open challenge
in the theory of DTI is to derive an analytical solution
for a physically correct time-fractional Bloch-Torrey
equation, suitable for clinical applications.

7. Space-variable fractional DTI models

In clinical practice, the parameters of the (fractional)
Bloch-Torrey equation vary with location. Indeed,
three-dimensional maps of the parameters are an
important outcome of fractional DTI modeling; see
for example GadElkarim et al. (2013). An open

challenge is to develop the mathematical foundations
of space-variable fractional DTI models. One promis-
ing approach is to use the theory of pseudo-differential
operators (Schilling, 1998; Jacob, 2001). We can con-
sider the Cauchy problem

Tpx 0= Qo0 0= (1)

where the pseudo-differential operator Q is defined in
terms of the equation

<f(x Y-S0+ Lﬂ")) o(x. )

V) = / T+ [yl

y#0

Here the Lévy measure is generalized to a jump inten-
sity ¢(x, dy) that varies in space. Then, for example, one
can consider the Hanyga diffusion model where (5.2) is
replaced by

ok =~ [

yeQ

ly - kI*CYm(x,dy)  (7.2)

The extension to time-fractional forms follows along
the same lines as in Section 6, using the general
theory of time-fractional Cauchy problems.
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I. Introduction

The human immunodeficiency virus (HIV) is a retrovirus
that impairs the immune response system. [t targets the
CD47 helper T cells by, for example, the gp120 binding
to CD4 and CXCR4 receptors. This ability of the HIV
virus results in its vast replication during the acute phase.
The next typical stage of the HIV infection is the chronic
phase, where the viral load lowers and approaches a
quasi-steady state. This is mainly due to the balance
between virus production and clearance rates (Wei
et al., 1995). The AIDS phase follows the chronic
phase, where the number of CD4™ T cells declines stead-
ily and the viral load increases (Ho et al., 1995).

The treatment for HIV/AIDS relies on antiretroviral
drugs that suppress the HIV viral load below the limit of
detection. The major five drug classes to fight HIV/
AIDS are the reverse transcriptase inhibitors (RTI),
the protease inhibitors (PI), the fusion/entry inhibitors
(FEI), the integrase inhibitors (II), and the multidrug
inhibitors (MI). The RTI interfere with the reverse tran-
scription, preventing the HIV enzyme reverse transcript-
ase from converting HIV RNA into HIV DNA. The PI
prevent the production of infectious viral particles by the
HIV protease enzyme. The FEI interfere with the ability
of the virus to bond to the cell membrane. The II block
the introduction of virus genetic material into the host
cell. Finally, the MI combine distinct drugs of the above

classes in order to avoid virus strains becoming resistant
to specific antiretroviral drugs. The latter is known as
highly antiretroviral therapy (HAART).

Antiretroviral therapy (ART) (and HAART) may
not be effective for certain patients. There is evidence
of virus persistence during treatment, and of viral load
rebounds shortly after ART interruption (Montaner
et al., 1998; Harrigan et al., 1999). The existent virus
reservoirs, in the form of latently infected CD4™" T cells,
and infected macrophages and dendritic cells, are
responsible for this phenomenon and make the eradi-
cation of the virus extremely complex. The effectiveness
of ART may also be reduced by the appearance of drug
resistance. Drug resistance is associated with high virus
replication and mutation rates, poor adherence to ther-
apy, and poor absorption and pharmacokinetics (Wahl
and Nowak, 2000).
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Figure |. Schematic diagram of model (4).

In the last two or three decades there has been a
major breakthrough in the modeling of HIV epidemics
(Pinto and Carvalho, 2014) and the efficiency of ART
regimens. Ouifki and Witten (2009) proposed a model
for HIV-1 infection that included RTI and three intra-
cellular delays. Authors observed that introducing
delays promoted the appearance of Hopf bifurcations,
translated in the model as periodic orbits around the
endemic equilibrium. These solutions were consistent
with the viral blips seen in HIV patient data. In
Pitchaimani et al. (2013), the authors studied a model
for HIV-1 infection with PI therapy and three delays.
They showed that the delays reduced the number of
infected cells and viruses at the HIV endemic equilib-
rium, thus lowering the critical efficacy of the PI regi-
men. Wang et al. (2014) proposed a model for drug
resistance that includes intracellular delay and a general
form of target cell density, during ART. The authors
obtained sustained oscillations, promoted by variation
of the T cells’ growth rate, in a biologically reasonable
parameter space. This finding suggested the viral strains
rapidly turn over and any successful ART regimen
should take this into consideration.

In this paper, we propose a fractional complex-order
model for drug resistance in HIV infection. We consider
three distinct growth rates of the CD4" T helper cells.

Table |. Parameters used in the numerical simulations of
model (4).

Parameter Value Reference

A 75 Luo et al. (2012)

d 0.1 Althaus and Boer (201 1)

r 0.03 Wang et al. (2014)

Trmax 1500 Wang et al. (2014)

ks 24x107° Luo et al. (2012)

k, 2x107° Luo et al. (2012)

u 3x107° Sanjuan et al. (2010),
Wang et al. (2014)

8 | Althaus and Boer (2011)

N 4800 Luo et al. (2012)

N, 4000 Luo et al. (2012)

4 23 Althaus and Boer (2011)

n, 0.4 Wang et al. (2014)

n, 0.2 Wang et al. (2014)

n, 0.1 Wang et al. (2014)

nj, 0.1 Wang et al. (2014)

We numerically simulate the model for different values
of the order of the fractional complex derivative D***,
Bearing these ideas in mind, the paper is organized as
follows. In Section 2, we describe the fractional model.
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Figure 2. Disease-free equilibrium of the model (4) for the parameter values of Table | except for k,=2.4 x 107¢, k,=2.0 x 107%,

given initial conditions, and growth rate f(t).

In Section 3, we analyze several simulations of the
model, for distinct values of the order of the fractional
derivative, and for distinct growth rates. We discuss
implications of the results. Finally, we state the main
conclusions and highlight future research.

I.1. Fractional calculus: brief summary

In the last few decades, fractional calculus, that is, non-
integer-order calculus, has been widely studied by

mathematicians and engineers (Oldham and Spanier,
1974; Miller and Ross, 1993; Samko et al., 1993;
Tarasov, 2010). The fractional-order derivative is a gen-
eralization of the integer-order derivative. The models
including fractional derivatives have been applied in a
variety of research areas, such as in fluid mechanics

(Momani and Odibat, 2006), electrochemistry
(Oldham, 2010),  engineering  (Makris  and
Constantinou, 1993; Mainardi, 1996; Pinto and

Machado, 2001; Baleanu, 2009; Machado, 2009; Pinto
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Figure 3. Drug-sensitive endemic equilibrium of the model (4) for the parameter values given in Table I, except for u=3 x 1078 and

N,=2300, given initial conditions, and growth rate f;(t).

and Machado, 2012; Golmankhaneh et al., 2013), phys-
ics (Caputo and Mainardi, 1971; Nigmatullin and
Baleanu, 2010).

There are three important and well-studied defin-
itions for a fractional-order derivative, namely, the
Riemann—Liouville, the Griinwald-Letnikov (GL),
and the Caputo formulas (Oldham and Spanier, 1974;

Miller and Ross, 1993). In our work, we consider the
GL derivative, given by equation (1):

&

] o
(—1>"( )f(t—kh),

=0 k
t>a,a>0 (1)

o1
SEDYf (1) = lim =
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Figure 4. Drug resistance endemic equilibrium of the model (4) for the parameter values given in Table |, except N;=4000 and

N,=4800, given initial conditions, and growth rate f;(t).

where [x] means the integer part of x, and / represents
the time step increment.

The fractional derivatives capture the history of the
variable, or, in other words, have memory, contrary to
integer-order derivatives, which are local operators.
This characteristic makes them an important tool in
the modeling of memory-intense and delay systems.

The most often adopted generalization of the frac-
tional derivative operator consists in «a€R.

The fractional derivative of complex order a+;8¢€ C,
when applied to a system of equations, results in com-
plex-valued outcomes. The latter restricts a practical
application. In order to overcome this difficulty,
Hartley et al. (2005) and Barbosa et al. (2008)
proposed the association of two complex-order
derivatives. One of these associations is the sum of
two complex conjugate derivatives D*®” given in
equation (2). Other combinations and approximation
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Figure 5. Endemic equilibrium of the model (4) for given parameter values in Table I, given initial conditions, and growth rate f,(t).

methods are possible. In this paper, we will use

expression (2):

V4 {%[D‘”ﬁ x(6)+ D" x(1)] }

%%{sin[ﬁln(%)} [ﬁz—l +%/3(1 —2a)z—2+...]

+cos[ﬂln(;ﬂ [—1 +az! —%,8(0:2 —a—ﬂ2+---)} }X(z)

2)

2. Description of model

The model describes the dynamics of the populations of
uninfected CD4" T cells 7, drug-sensitive infected
CD4"' T cells T, drug-resistant infected CD4" T cells
T,, drug-sensitive infectious viruses V, and drug-resis-
tant infectious viruses V.

The epidemiology of the disease is as follows. The
uninfected CD4" T cells, T, are produced at a rate A
and die at a rate d. These cells, when in contact with
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Figure 6. Disease-free equilibrium of the model (4) for the parameter values of Table |, except k,=2.4 x 107¢ and k,=2.0 x 107¢,

given initial conditions, and the growth rate f,(t).

HIV, get infected, at a rate k,, by drug-sensitive viruses
and move to the Ty class. Moreover, T cells may be
infected, at a rate k,, by drug-resistant viruses and
move to the 7, class.

The proportions of T and 7 cells that, after contact
with the virus, are not eliminated by RTI are 1 —#,
and 1 — n/,, respectively. Parameters »}, and n, repre-
sent the efficacy rates of RTI for wild type and mutants,
respectively.

Throughout the infection, a proportion u, 0 <u <1,
of T, cells can become resistant to the antiretroviral
drugs and move to the class 7.

The infected CD4" T cells die at a rate § and the
viruses are cleared at a rate ¢. The V, and V, particles
are produced by the corresponding infected CD4% T
cell populations, with bursting sizes of drug-sensitive
strain, N, and of drug-resistant strain, V,. The propor-
tions of virus particles that are not eliminated by PI are
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1 —nj, and 1 — n),, where n, is the efficacy of PI for wild-

type strain, and 7, is the efficacy of PI for mutants.
We will consider three distinct growth rates for the

uninfected target cells 7, namely (Xiao et al., 2013)

i =a—dr+r(1-
SN = So(T) Zi—dT+r<l—7T+TTS+T") 3
A(D) ——dr

where A and d are as above. When f'=f}, the healthy T
cells are assumed to proliferate exponentially at a rate r
until they reach the carrying capacity 7, in the
absence of the virus or infected T cells.

The following nonlinear system of ordinary differen-
tial equations describes the dynamics of the fractional

In Figure 2, we observe that the model (4) asymp-
totically approaches the disease-free equilibrium for
growth rate f(7).

In Figure 3, the dynamics of the variables of system
(4) for the drug-sensitive endemic equilibrium for
growth rate f1(¢) is shown.

The dynamics corresponding to the drug-resistant
endemic equilibrium of system (4) for growth rate

f1(¢) can be seen in Figure 4.

Figure 5 depicts the dynamics of the endemic equi-
librium of the model (4) for the growth rate f1(¢).

3.2. Growth rate f,

In this section we simulate the model for the growth

model of complex order: rate fr(t) =/ — dT+p(l — %‘IJ’T’), fix B=0.8 and
% D*HIP D‘”’S; () =1 — k(1 = )VOTQ) — kT =)V, ()TT7)
b DU D) T (1) = (1 = whky(1 = m)V()T(r) — 8T(1)
LD 4 D)V (1) = N3(1 = m)T(0) — eV (1) 4
% D*HP 4 DYIPVT(1) = uky(1 — )V () T(1) + k(1 — n ) V() T(1) — 8T (1)
5 (D*HF + D* PV, (1) = N,8(1 — n)T,(t) — cV,(r)

The schematic diagram of the proposed model can
be seen in Figure 1.

3. Numerical results

In this section we present the numerical results for
model (4). The parameters used in the simulations are
given in Table 1 and the initial conditions are set to
7(0) = 1000, T40)=1 and V(0)=T,.0)=V,(0)=0.01.

We simulate the model (4) for different values of the
complex-order fractional derivative D We fix
B=0.8 and vary «<€{0.4,0,5,0.6,0.7,0.8,0.9,1.0}. We
also distinguish the three functions A7) for the
growth rate of the uninfected CD4" helper T cells.

We adopt the Power Series Expansion (PSE) method
for the approximation of the complex-order derivative in
the discrete-time numerical integration. Several experi-
ments demonstrated that a slight adaption to the stand-
ard approach based on a simple truncation of the series is
required. The latter corresponds to a diminishing of the
gain (Machado, 2009) and, consequently, leads to diffi-
culties in the promotion of periodic orbits. Therefore, in
order to overcome this limitation, we decided to include
a gain adjustment factor corresponding to the sum of the
missing truncated series coefficients.

3.1. Growth rate f,

We consider f(T) =/ —dT+ pT(1 — Ti\), fix B=0.8
and vary « €{0.4,0.5,0.6,0.7,0.8,0.9,1.0}.

f(=f(t)=1—dT, fix

a €{0.4,0.5,0.6,0.7,0.8,0.9,1.0}.

In Figure 6, we observe that the model (4) asymp-
totically approaches the disease-free equilibrium, for
the growth rate f5(¢).

In Figure 7, the dynamics of the variables of system
(4) for the drug-sensitive endemic equilibrium, for the
growth rate f5(¢), is shown.

The dynamics corresponding to the drug-resistant
endemic equilibrium of system (4) can be seen in
Figure 8, for the growth rate f>(¢).

Figure 9 depicts the dynamics of the endemic equi-
librium of the model (4), for the growth rate f5(¢).

3.3. Growth rate f;3

In this section we simulate the model (4) for
B=0.8 and vary
a €{0.4,0.5,0.6,0.7,0.8,0.9,1.0}.

In Figure 10, we observe that the model (4) asymp-
totically approaches the disease-free equilibrium, for
the growth rate f3(7).

In Figure 11, the dynamics of the variables of system
(4) for the drug-sensitive endemic equilibrium is shown.
The growth rate of the helper T cells is f3(z).

The dynamics corresponding to the drug-resistant
endemic equilibrium of system (4) can be seen in
Figure 12, for the growth rate f3(¢).

Figure 13 depicts the dynamics of the endemic equi-
librium of the model (4), for the growth rate f3(¢).
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In all figures, we observe faster transients for
decreasing values of «. Moreover, we verify that for
a=1.0 we have the slowest evolution to the steady
state, while « =0.4 yields the fastest transient. This
property of complex-order fractional systems is similar
to the patterns seen for distinct values of the delays in
integer-order models (Wang et al., 2014). Those pat-
terns reveal that the delay prolongs the time to peak
for every oscillation and decreases the amplitude of the
oscillations (Wang et al., 2014). We conjecture that
varying o may thus promote patterns similar to varying
the delay in integer-order systems.

3.4. Variation of the proliferation rate r

In this section we vary the proliferation rate r for the
growth functions f¥¢), i=1,2,3. We fix $=0.8 and vary

a €{0.4,0.7,1.0}. We observe that increasing the prolif-
eration rate r affects the stability of the dynamical pat-
terns of the model. Moreover, we observe that
increasing r leads to an endemic state (see Figures 14
and 15). Thus, the stability of the endemic equilibrium
depends on the target cell density, leading to sustained
oscillations, the so-called blips, as r increases (Wang
et al., 2014) (Figure 15). We only show the figures con-
cerning o = 1 and f{r) = f;(¢) since analogous behavior is
seen for « =0.4 and « =0.7, and for the other growth
rates.

4. Conclusions

In this paper we propose a fractional complex-order
model for drug resistance during HIV therapy, that
includes three distinct growth rates for the CD4"
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T cells. We simulate the model for different values of
the fractional complex-order derivative and for dis-
tinct rates. We observe that the variation of the com-
plex-order fractional derivative may be compared to
the variation of the delay in integer-order systems, in
biologically meaning intervals. This happens for all
growth rates. We also observe the appearance of sus-
tained oscillations (blips) as the proliferation rate
increases. Future work will focus on the inclusion of
cytotoxic T lymphocytes (CTLs) cells in the model,
since it is believed that they play a major role in the
prevention of HIV virus replication. CTLs are acti-
vated by the HIV virus and kill infected (virus-specific
and nonspecificy CD4" T cells. Additionally, we will
include a term concerning cell-to-cell transmission of
the virus. It is known that HIV infects not only CD4"
T cells but also monocytes/macrophages. These cells
travel throughout the host circulatory and lymphatic
systems. T cells and macrophages interaction may help
the HIV to spread from cell to cell. We will study the
effect of this on the dynamics of the model.
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Abstract

Two control strategies for multivariable processes are proposed that are based on a decentralised and a steady state
decoupling approach. The designed controllers are fractional order Pls. The efficiency and robustness of the proposed
strategies is tested and validated using a non-minimum phase process. Previous research for the same non-minimum
phase process has proven that simple decentralised or decoupling techniques do not yield satisfactorily results and a
multivariable IMC controller has been proposed as an alternative solution. The simulation results presented in this paper,
as well as the experimental results, show that the proposed fractional order multivariable control strategies ensure an
improved closed loop performance and disturbance rejection, as well as increased robustness to modelling uncertainties,

as compared to traditional multivariable IMC controllers.
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I. Introduction

The large majority of chemical processes are multivari-
able in nature, exhibiting some strong couplings and
occasionally a non-minimum phase character that
makes the control design problem a challenging task
(Bequette, 2003; Kantera et al., 2002). In general, for
such chemical processes, the objective of a control
system is to maintain several controlled variables at
independent set points. Despite the coupling problems
associated with multivariable systems, a non-minimum
phase system is even more difficult to control. None of
the techniques that are based upon model inversion can
be used since such an inversion leads to an unstable
closed loop system. Multivariable controllers have
been previously designed for such systems. However,
centralized controller design for multiple-input-
multiple-output (MIMO) systems is associated with
possible problems concerning the complex computa-
tions, maintenance due to the size and a high risk of
failure even though it provides better performance.
Simplified algorithms are generally preferred as an
alternative solution. In contrast to the centralised

multivariable control, decentralised control is widely
preferred in practice and industrial applications espe-
cially because of its main advantage that allows for an
easy implementation and tuning, if a sufficient number
of sensors and actuators exist. It is also highly reliable
and flexible. If properly tuned, it can lead to excellent
closed loop results.

Nevertheless, for highly interacting processes, a
decoupling control is usually preferred instead of a
decentralized algorithm. Decoupling is a procedure
that reduces multivariable interactions (Astrom et al.,
2002) and sets the premises for an improved design of
the decentralized control. The mathematical procedure
to decouple a MIMO system consists in a
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transformation of the original transfer function matrix
of the process into a diagonal one. This is achieved by
using an additional controller, also called a decoupler,
which is designed in order to compensate for process
interactions. Then, for the resulting pseudo-plant, con-
sisting of the original model of the multivariable pro-
cess and the decoupler, single-input-single-output
(SISO) techniques can directly be used in designing
the controllers.

The quadruple tank process is the case study con-
sidered in this paper. These particular processes have
been the focus of numerous papers, since they exhibit
elegantly complex dynamics of interest in both control
and research education. They have been widely used in
chemical engineering laboratories to illustrate the per-
formance limitations for multivariable systems due to
strong interactions, right-half plane transmission zeros
and model uncertainties (Suja and Thyagarajan, 2008).
The most extensively employed method for controlling
the quadruple tank system has been the classical PID
(Proportional plus Integral plus Derivative), either in a
decentralised or a decoupling approach (Ramadevi and
Vijayan, 2014). The choice for traditional PID control-
lers has been based upon their general acceptance in
both academic and industrial domains, with more
than 95% of the control loops in process control indus-
try being of PI/PID type. For example, a recent paper
compares the decentralised and decoupling techniques,
while the tuning of the PI controllers is performed in
several ways, ranging from direct synthesis, sequential
relay with ZN settings, to more advanced methods such
as the Internal Model Control (IMC) (Ramadevi and
Vijayan, 2014). A robust decentralized PID controller is
also the selected option for dealing with nonlinearities,
non-minimum phase characteristics and modeling
uncertainties (Rosinov and Markech, 2008). The prop-
erties and control have been analysed in a decentralised
approach for similar quadruple tank processes that
exhibit also multiple dead times, with the experimental
results portraying some of the control difficulties
related to the presence of non-minimum phase zeros
(Shneiderman and Palmor, 2010). The performance of
PID controllers, in various control configurations,
has been analysed over a quadruple tank process, con-
sidering the shifting of the system configuration from
minimum to non-minimum phase (Govinda Kumar
et al., 2014).

To enhance the closed loop performance and to
reduce the interaction effects, a partial decoupling
method for MIMO systems has also been proposed
and implemented for the non-minimum phase quadru-
ple tank system (Garelli et al., 2006a, 2006b). For
example, an approach to design auto tuned

decentralized PI controller using ideal decouplers and
adaptive techniques have been developed (Vijula
and Devarajan, 2014). The initial multivariable non-
minimum phase quadruple tank system is transformed
into two single-input-single-output systems, while the
controller’s parameters are adjusted using the Model
Reference Adaptive reference Control. The proposed
controller can adjust the controller parameters in
response to changes in plant uncertainties and disturb-
ances based on the specified reference model and pre-
vent the system from interaction between process
variables.

Other more advanced methods have also been
employed for the quadruple tank process, such as
fuzzy control algorithms implemented in a decentra-
lised version (Suja and Thyagarajan, 2008). The results
obtained prove that the closed loop performance is
improved when compared to the traditional decentra-
lised PI control. Fuzzy logic has also been used to tune
a combined state-feedback sliding-mode controller for
quadruple tank system (Mirakhorli and Farrokhi,
2011). The simulation results showed that the proposed
version achieved better closed loop performance than
the stand alone versions of state-feedback controller or
sliding-mode controller. Sliding mode control has been
designed and tested on an experimental setup, provid-
ing increased robustness and excellent set point track-
ing (Pani Biswas et al., 2009). Neural networks have
also been used to effectively tackle the problems con-
cerned with multivariable non-minimum phase systems,
such as the neural network based disturbance observer,
proposed as a solution to overcome the limitations of
traditional disturbance observers (Li et al., 2014).

For the particular setup considered in this paper, the
quadruple tank system from Quanser, decentralised,
decoupling and multivariable IMC strategies have
been previously proposed (Maxim et al., 2013).
However, the experimental results obtained showed
the necessity of more complex control algorithms,
when stringent performance is envisaged and coupling,
as well as RHP zeros need to be tackled efficiently. For
this particular process, both decentralized and decou-
pling controls achieved poor performance for disturb-
ance rejection tests, which motivated the application of
the more advanced IMC control and even a possible
future work regarding model predictive control.

The purpose of this paper is to design a simple con-
trol algorithm that is based on combining fractional
order controllers with a decentralised as well as decou-
pling approach that allow for a SISO interpretation of
the controller tuning, but that can also achieve
improved performance compared to the multivariable
IMC control (MIMO IMC). The fractional order PID
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(FOPID) controller was proposed as a generalization of
the traditional integer order PID controller. The use of
fractional order controllers is expected to enhance the
performance of the closed loop system and increase the
robustness of the system (Podlubny, 1999; Oustaloup,
1991; Li et al., 2010), being used in a wide area of
applications (Gutiérrez et al., 2010). Several fractional
order techniques have been proposed in literature for
controlling multivariable processes, such as the exten-
sion of the CRONE algorithm (Gruel et al., 2009),
MIMO-QFT robust synthesis methodology combined
with CRONE control (Yousfi et al., 2012), sliding mode
control based on the selection of a special fractional-
order sliding variable (Pisano et al., 2010). Different
methods for tuning multivariable fractional PID have
been developed, such as an approach to consider the
tuning formulated as an Hoo problem with a controller
structure constraint (Chenikher et al., 2012), the Linear
Matrix Inequalities (LMI) approach (Song et al., 2011),
as well as a genetic algorithm for determining the gains
and orders of the fractional order PID controllers
(Moradi, 2014). Contrary to these multivariable frac-
tional order control algorithms, the present paper pro-
poses simpler approaches, also based on robust
fractional order control algorithms that enable the use
of SISO control techniques for multivariable processes.
Thus, the main contribution of the paper resides in the
tuning of simple fractional order controllers, in both
decentralised and decoupling approach, for a specific
non-minimum phase system, the quadruple tank
system, as well as the implementation, the experimental
testing and analysis of the final control algorithms.
The paper is structured as follows. The first section
contains the alternative designs of the multivariable
fractional order controllers, including a decentralised
as well as a decoupling approach. Then, the controller
designs are applied to the specific case study, the non-
minimum phase water tanks system. The third section
presents the experimental results, while the main con-
clusions are stated in the final section of the paper.

2. Alternative designs of a fractional
order controller for multivariable
processes

The two alternative designs for the fractional order

controller proposed in this paper consist in a decentra-
lised, as well as a steady state decoupling approach.

2.1. Decentralised approach

The decentralised approach in controlling MIMO sys-
tems consists in a proper selection of the input-output

pairings, with the purpose of dividing the initial control
problem into several SISO control loops, while aiming
to reduce the amount of interaction. The first step in the
decentralised approach consists in a Relative Gain
Array (RGA) analysis of the multivariable process
that allows for a proper pairing of the input-output
signals (Bristol, 1966; Moaveni and Khaki-Sedigh,
2007). The next step consists in the design of the indi-
vidual fractional order PI controllers for each input-
output pairing by neglecting the effect of the interaction
loop. The transfer function of the fractional order PI
controller, proposed in this paper, is given as

Hro-nio) =l (1+51) (n
with u the fractional order. To tune the fractional order
PI controller, three performance specifications are
imposed: a) a certain gain crossover frequency — we,
b) a phase margin — ¢, — of the open loop system,
denoted H,(s) and c) a robustness condition to gain
variations. Considering that the open loop transfer
function is written as

Hg(s) = Hro-pi(s)Hp(s) 2

where H,(s) is the process transfer function, the tuning
of the controller is done based on the following set of
equations (Muresan et al., 2013; Monje et al., 2010;
Muresan, 2014)

‘ 1

"kp[l +k,-a);,“(cosn7ﬂ —jsin%)]) =1 (3)

K+iLl,,
ki sin(T) L

_ m\e ) — @, —atan( = 4

Wl + Krcos(ZF) ’g<” Y "““(K)) @

LK — LK

1 + 2kiwgl* cos ™ + k%wg’f“ L2+ KT

w P! gin T
pkiwg '~ sin

0 )

where K is the real part and L is its imaginary part of
the process Hp(jwe). To simplify the computation of
the fractional order PI controller parameters, the values
for k; and u are determined graphically using equations
(4) and (5) (Muresan et al., 2013; Monje et al., 2010;
Muresan, 2014), while k, is then computed using equa-
tion (3).

2.2. Decoupling approach

In case of a highly coupled MIMO system, the decen-
tralised approach may result in poor closed loop
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performance due to the multiple input-output inter-
actions. A decoupling solution could then be used
instead. In this paper, a steady state decoupling is
employed. Given the n x n MIMO system

lel(s) leZ(s) len(s)
H, H, Hyp,

G)(5) = 21(s)  Hpoo(s) p2n(5) ©
Hpnl(s) Hpn2(s) Hpnn(s)

the steady state decoupler is the inverse of the process
transfer function gain matrix in equation (6), denoted
as G . The steady state decoupled process is then com-
puted as

lel(s) leZ(S) len(s)
GD(S) _ Gﬁl Hp21 (S) Hp22(s) HpZn(S) (7)
Hpnl (S) Han(s) Hpnn(s)

The tuning of the fractional order PI controllers is then
performed for each diagonal element in the decoupled
process Gp(s) using the same tuning procedure based

on equations (3)—(5). The final multivariable FO-PI
controller is computed as

Hro_pr,(5) 0 ... 0

0  Huoom(s) ... 0

Ge(s) =G, o 0
0 0 . Hro_pr,(s)

®)

3. Case study. control strategies for
non-minimum phase quadruple
tank system

The schematic representation of the quadruple water
tanks system is given in Figure 1. The system is a multi-
variable one, with two inputs, the voltages applied to
the two pumps, denoted as V,i(¢) and V,»(7), and two
outputs, the water levels of the lower tanks, Tank2 and
Tank4, denoted as L,(7) and Ly(?), respectively. There is
a strong coupling effect between the inputs and the out-
puts. Such a coupling may be observed in Tank2 which
has two inputs: the flow from Pumpl (V),(¢)) through
Out2, marked with dashed red line, and the flow from
Pump?2 (¥ (1)) through Outl, denoted with green con-
tinuous line, that is the output flow from Tankl).

|_. Y1 Y2
. == - @ l = === :
Out 1lcm] Out 2lem) : l Out1lcm] Out 2[em] |
' L]
' : l':"l Tank 3
v | DEM T 1k » | Dt
| | .
s Lylem] : Lalem)
’ 1
: '
1 I Dq[c mj : M[cm]
1 ]
| ]
\ A + y
- - -«
- D™ Tank2 — D[ Tank 4
1D, fem) 1D, femi
u Basine H
Basins

Figure 1. Schematic diagram of the quadruple water tanks system.



Muresan et al.

2191

Hence, the controlled level in Tank2 (L,) is influenced
by the two inputs.

By a simple adjustment of the percentage of water
flow from each input, one can change the system for
having minimum phase or non-minimum phase dynam-
ics (Maxim et al., 2013). The configuration used in this
paper and indicated in Figure 1 is a non-minimum
phase one, with a greater flow coming from Pump2,
via Tankl, into Tank2, in comparison with the flow
coming directly from Pumpl. This is due to the fact
that the outlet diameter Outl is bigger than the diam-
eter Out2, while the outgoing orifices from each tank
Dol, Do2, Do3 and Do4 have the same diameter. A
similar situation occurs in the case of Tank4. Then, the
dominant flow in Tank2 and Tank4 comes from the
manner in which the physical coupling is implemented
via the choice of the setup (Johansson, 2000; Johansson
et al., 1999).

The model transfer function matrix has been previ-
ously determined experimentally to be (Maxim et al.,
2013)

1.64 2.49
18.43s 41 178.85% 4 26.74s + 1
G(s) =
2.56 1.28
172.252 +27.65 + 1 15.925 4+ 1

©)

The transmission zeros for the quadruple water tanks
system are: z;=-—0.26; 2z,=0.07; z3=-0.06;
z4=—0.05. Due to the positive zero z,=0.07, the
system is non-minimum phase.

A simple RGA analysis shows that for the configur-
ation previously described the following RGA values
are obtained (Maxim et al., 2013)

—-0.49 1.49
A=
149 —0.49
According to equation (10), 1-2/2-1 pairing is selected
and two FO-PI controllers are then computed. The fol-
lowing performance specifications are imposed for the
two loops: wg1 = 0.03, ¢,1 =70° and wgn = 0.03,

om2 = 70°. The resulting fractional order PI controllers,
to be used in the decentralised approach are

(10)

0.024
Hro_pr(s) = 0-3<1 + s1-16>

0.025 (b
HFOfPIZ(s) = 029(1 + W)

To tune the fractional order controllers for the decou-
pling control strategy, the decoupler was first

computed as

4 (—03 0.58
G = < 0.6 —0.38) (12)
Similar performance specifications were imposed to
design the fractional order controllers for the decou-
pling strategy, wg.1 = 0.02, ¢,,; = 70° and wg» = 0.02,
@m2 = 70°, in order to obtain similar closed loop per-
formance in terms of overshoot and settling time. The
two fractional order controllers are

0.022

Hpo_p[I(S) = 053(1 +Sl—16> (13)
0.018

Hpo_plz(s) = 06<1 + W) (14)

with the final multivariable FO-PI controller deter-
mined using equation (8).

To compare the results, a multivariable IMC strat-
egy has been designed according to (Maxim et al.,
2013), to yield similar closed loop performance in
terms of settling time, as compared to the decentralised
and decoupling fractional order control algorithms
given by equations (11) and (13)-(14), respectively.
The closed loop simulation results, considering step
changes in the reference signals for the levels L, and
L4, are given in Figures 2 and 3.

Since the simplified model in equation (9) was
obtained by linearizing a nonlinear model around the
operating point of 10cm (Maxim et al., 2013), the
results in Figures 2 and 3 are regarded as nominal
operating conditions. The decentralised and decoupling
fractional order control strategies ensure no overshoot
and 150 seconds settling time. The 150 seconds settling

1.6

= decoupling FO control
11.4/1 - - -MmIMO IMC
—— decentralised FO control

1.2

10.8f

10.6f

Level L2 (cm)

10.41

10.2}
10 =\ ==

9.8f

0 100 200 300 400 500 600 700 800
Time (sec)

Figure 2. Comparative nominal closed loop simulation results
considering a step change in the reference signal for L,.
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Level L4 (cm)

— decoupling FO control
===MIMO IMC H
—— decentralised FO control

0 100 200 300 400 500 600 700 800
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11.6
11.41

1.2

Level L4 (cm)

= decoupling FO control
===MIMO IMC
——decentralised FO control

200 400 600 800
Time (sec)

Figure 3. Comparative nominal closed loop simulation results
considering a step change in the reference signal for L.

——decoupling FO control
11.411 - - =MIMO IMC
| | = decentralised FO control

Level L2 (cm)
S
(2}

. . p . .
300 400 500 600 700 800
Time (sec)

0 100 200

Figure 4. Comparative robust closed loop simulation results
considering a step change in the reference signal for L,.

time will be further considered as a performance cri-
teria. The MIMO IMC algorithm ensures the same set-
tling time, but with an overshoot of 25%. It must be
noted here that zero overshoot for the MIMO IMC
strategy is possible to be obtained at the expense of a
major increase in the settling time. In terms of inter-
action, the MIMO IMC offers the best results, however
this is valid under the assumption of a perfect model.
Among the fractional order control strategies, the
decoupling approach provides better interaction
responses than the decentralised control algorithm.

To test the robustness of the designed controller,
similar step changes in the reference signals were con-
sidered, but with a variation of 30% of the gains and
time constants of the process in equation (9)

2.14 3.24
2396s+1 23252 +26.74s+ 1
Gls)= 3.3s3+ ' +1.66 o (15)
23052 +27.65+ 1 205+ 1

Figure 5. Comparative robust closed loop simulation results
considering a step change in the reference signal for L.

The closed loop comparative robustness simulation
results are indicated in Figures 4 and 5. As noted
from the two figures, for the fractional order control
strategies, the 30% change in the modeling parameters
do not affect significantly the closed loop performance
results, with no overshoot and a smaller settling time
below 120 seconds for both outputs.

Considering the performance criteria of 150 seconds
maximum settling time, both the decentralised and the
decoupling FO controllers meet this requirement. The
robustness of the decentralized and decoupling control
strategies are almost identical in terms of reference
tracking. On the other hand, the MIMO IMC results
show a degradation of the closed loop performance,
with a slight increase in the settling time of 170 seconds,
but a significant increase of the overshoot accounting to
50%. The maximum amplitudes of the interaction
responses show that the MIMO IMC and the decou-
pling FO controllers have similar performance, with the
decentralised FO controllers behaving the poorest. The
settling time is however 50% larger with the MIMO
IMC (150 seconds) compared to the decentralised and
decoupling FO controllers. Overall, the proposed frac-
tional order decentralised and decoupling strategies
offer an increased robustness as compared to the previ-
ously proposed MIMO IMC algorithm.

Previous results (Maxim et al., 2013) showed that
poor disturbance rejection performance was achieved
when using classical integer order PID controllers in a
decentralised or decoupling approach, which justified
the application of the more advanced MIMO IMC con-
trol. Figures 6 and 7 present the disturbance rejection
tests, considering the nominal conditions, while
Figures 8 and 9 present the same disturbance rejection
tests in the case of the modeling errors in equation (15).
The simulation results show that the MIMO IMC and
the decoupling fractional order controller are
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Figure 6. Comparative disturbance rejection tests considering
nominal conditions and a step change in the reference signal
for L,.

12.6 T -
= decoupling FO control
1240 - = =MIMO IMC
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Figure 7. Comparative disturbance rejection tests considering
nominal conditions and a step change in the reference signal
for Ly.
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Figure 8. Comparative disturbance rejection tests considering
modelling errors and a step change in the reference signal for L,.
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Figure 9. Comparative disturbance rejection tests considering
modelling errors and a step change in the reference signal for L,.

outperformed in terms of settling times by the decen-
tralised fractional order controller. Also, the MIMO
IMC is more oscillating with increased amplitudes com-
pared to the decoupling fractional order controller.

To evaluate the disturbance rejection tests, the fol-
lowing performance index was used

J= i (ri(0) — yi(0)?,  withi=1,2 (16)
=0

where r; is the setpoint for the corresponding output
signal y; (either tank levels L, or Ly).

The computed values are given in Table 1 and show
that the proposed fractional order control strategies
outperform the MIMO IMC in terms of disturbance
rejection, both under nominal as well as modelling
errors.

4. Experimental results

The two fractional order control strategies described
above have been tested on the coupled tanks system
by Quanser. Figures 10 and 11 show the comparative
closed loop tests for both the decentralised and the
decoupling fractional order control strategies. The
case study considered here consists in a step change
for the L, reference from 9cm to 11 cm, thus near the
linearization point. The L4 reference signal is kept at
10 cm.

In terms of interaction, the decoupling fractional
order control strategy performs better than the decen-
tralised fractional order control algorithm. Using the
same performance index as in equation (16) for the
interaction responses yields a value of J=9.14 for
the decoupled version, while for the decentralised con-
trol strategy, J=21.26. This suggests that the
decoupled control algorithm ensures a 50% reduction
of the interaction responses.
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Table 1. Performance index for the disturbance rejection tests.

Output yl Output y2
Control strategy Nominal Modelling errors Nominal Modelling errors
Decentralised fractional order control J=10.35 ]=9.37 J=11.35 J=10.03
Decoupling fractional order control ]=23.6 ]=19.57 ]=23.6 J]=193
MIMO IMC ]=34.23 ]=43.72 ]=34.22 ]=43.3I
previous section, with a slight increase in the overshoot
o
15 of 2%.
"r 5. Conclusions
105 This paper presented two alternative solutions for con-
13 trolling non-minimum phase systems and significant
;N 10 coupling. The previous traditional decentralised and
3 decoupling strategies applied for the presented case
95 study, the quadruple tank system, have shown the
. —— decentraliced FO control necessity for an advanced control solution, such as
““““ reference the MIMO IMC. The alternative solutions proposed
= decoupling FO control . . . . . .
65 . . . . , , , in this paper consist in decentralised and decoupling
0 SO D R0 ec) ) 00 380 400 fractional order control strategies. The simulation
results prove that the proposed multivariable fractional

Figure 10. Comparative closed loop experimental results for
reference tracking.
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Figure 11. Comparative closed loop experimental results for
interaction response.

In terms of reference tracking, the experimental
results in Figure 10 show that the two fractional
order control strategies achieve similar performance.
The settling time in both cases is 150seconds, as
obtained in the simulation results presented in the

order control algorithms outperform the MIMO IMC
solution previously proposed, in terms of closed loop
performance, disturbance rejection, both under nom-
inal conditions, as well as modelling errors.

The experimental results considering the decoupled
and decentralised fractional order control strategies are
in good agreement with the closed loop simulation
results. The settling time and the overshoot obtained
on the experimental quadruple tank system meet the
performance criteria specified for the simulated closed
loop system. The decoupled fractional order control
algorithm achieves similar performance in terms of ref-
erence tracking when compared to the decentralised
fractional order control strategy. The most important
contribution of the decoupled fractional order control
algorithm is the 50% reduction in the interaction
response, compared to the decentralised approach.

Further research includes the design of advanced
fractional order controllers, based on combining
advanced control algorithms with fractional calculus,
implementation and testing of the new solutions com-
pared to the decentralised and decoupling fractional
order controllers presented in this paper.
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Fractional direct and inverse models of
the dynamics of a human arm

André Ventura', Inés Tejadoz, Duarte Valério' and
Jorge Martins'

Abstract

When developing control architectures for physical human—robot interaction, it is often necessary to use a model of the
human operator. This paper presents a comparative study of both direct and inverse models of the human arm at the
elbow joint, relating the force at the hand with the arm angle and vice versa. Specifically, models of integer and fractional
(commensurable and non-commensurable) nature are identified from the experiments. Likewise, for comparison pur-
poses, neural networks models are also obtained. Taking into account their parameter variability, it is shown that
fractional models are more adequate to describe human arm behaviour; they are simpler, more exact and with less

parameter uncertainty.

Keywords

Human arm, modelling, fractional derivative, neural networks

I. Introduction

Controlling a robotic arm so that it will behave as much
as possible as a human arm seems to be a good solution
for surgical robots (Garbey et al., 2014; Park et al.,
20006). If properly designed, such robots can achieve per-
formances with an accuracy that represent a valuable
assistance even to the most seasoned surgeons.
However, to attain this goal, the surgeon has to be com-
fortable working with the robot and, consequently,
dynamic models for the human arm are needed to repli-
cate its behaviour (Fu and Cavusoglu, 2012; Potkonjak
etal.,2001; Taix etal., 2013). A robot that feels more like
another person’s arm has shown to be a better compan-
ion than a robot with some other type of behaviour.

In the literature, third-order linear models are a
usual proposal for this system (see e.g. Fu and
Cavusoglu, 2012), whose structure is shown in
Figure 1. Experimental data can be reasonably fitted,
and there is furthermore a very reasonable rationale
argument in its favour. More accurate results can be
obtained with more complicated identification tech-
niques and structures (Adewusi et al., 2012; Mobasser
and Hashtrudi-Zaad, 2006; Nagarsheth et al., 2008;
Venture et al., 2006). Whether this pays off or whether
the simpler linear option is better because it is good
enough depends, of course, on the intended use.

In a previous paper (Tejado et al., 2013), we found
fractional order linear models for the human arm,
obtained from experimental data with the measured
force at the hand as model input and the measured
arm angle as output, and compared them with the
above mentioned third-order models. There are several
reasons to expect this type of non-integer models,
because the dynamics of muscles of several animal spe-
cies (including humans) have been modelled using frac-
tional derivatives (Djordjevic et al., 2003; Sommacal
et al., 2007b,a, 2008), and because muscles show visco-
elastic behaviour, that can also be modelled using frac-
tional derivatives (Magin, 2004; Mainardi, 2010). In
their turn, fractional derivatives are expectable here
given the fractal nature of muscular tissue.

In the current paper, we present both direct and
inverse (i.e. using now the measured arm angle as
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mass—spring—damper
model of the arm

position analogous
with elbow angle

spring—damper model
of the hand elasticity
(mass neglectable)

position measured by motor encoder
(analogous with motor angle)

«—— force applied by motor

Figure 1. Third-order translation analog to elbow dynamics.

model input and the measured force at the hand as
output) models for the human arm, using the same
data from Tejado et al. (2013), comparing fractional
and third-order (integer) linear models with neural net-
works (NNs). NNs provide nonlinear models that often
obtain excellent performances (Haykin, 1999; Jang
et al., 1997, Norgaard et al., 2003) and have been
used to model different kinds of muscles (see e.g.
Bhowmick et al., 2013; Cheron et al., 2003; Jailani
et al., 2012; Rosen et al., 1999; Simunic, 2003). Hence
the pertinency of the comparison with fractional
models, to see whether they can stand the test.
Parameter variability is checked and held as an import-
ant indicator of model suitability. Preliminary results of
this work can be found in Ventura et al. (2015).

The contents of the paper are as follows. In Section 2,
the types of models considered for the human arm are
described. Section 3 briefly explains how data was
obtained. Then, Section 4 presents a comparative study
of the obtained models based on parameter variability.
Lastly, Section 5 offers comments and conclusions.

2. Types of models

This section describes which models, of a different
nature, were used to find the transfer functions

o(s)
Garm, direct($) = ——— 1
rm, direct () ) )
F, meaxurezl(s)
arm, inverse\®¥) = — 2
Garm mals) =~ @

where 6 and Fjeq50eq are the measured arm angle and
force at the hand, respectively.

2.1. Third-order integer linear models

These have already been mentioned above, together
with the reasoning behind their choice in Figure 1.

The identification methods were the same described
below for fractional transfer functions, restricting dif-
ferentiation orders to natural numbers.

2.2. Fractional linear models

From the definition of derivative

df(y . f@O—f—"h
a AT ®)
it can be shown, by mathematical induction, that
n _1\k n e
pr_ ThoD (i)t .
dem _/1~>0 h"

By allowing combinations of « things, b at a time,
defined for a.b € N as (3) = sy to be generalized
to a,b € C using function Gamma as

( )
b
(a+1)

T+ (a—b+1)°

(=)’T(b—a)
= T(h+DI(—a)’

if a,b,a—b¢Z~

ifaeZ AbeZ§
if[(beZ Vb—aeN)Aa¢Z ]

03
V(a,beZ Alal > 1|b|)

)

expression (4) can be used to define derivatives of an
arbitrary order @ € C, usually denoted as D*:

B ()=
/,loz

Dif (0= lim (6)

The upper limit of the summation was chosen so that,
when o« = —1,—-2,—3,..., equation (6) reduces to a
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Riemann integral calculated from ¢ to 7. Actually ter-
minals ¢ and ¢ are needed for all orders « save the usual
integer derivatives, « = 1,2,3,...

Definition (6) above, the Griinwald—Letnikoff defin-
ition of fractional derivatives, is one of the several pos-
sible. Whatever the case, however, if initial conditions
are zero, [ ,D%f(1)] = s*F(s), and that is how, from a
differential equation with fractional derivatives, frac-
tional transfer functions arise. Those in which all
orders share a least common multiple (the commensur-
ability order) are called commensurate. Commensurate
transfer functions with a commensurability order of 1
are integer transfer functions.

The sketch above of how fractional derivatives can
be introduced is developed, for interested readers, in
several books and papers, among which we mention
Valério and Sa da Costa (2012), Valério and Sa da
Costa (2011), Podlubny (1999), Miller and Ross
(1993), Samko et al. (1993), Magin (2004), and
Baleanu et al. (2012).

To identify a fractional transfer function from the
measured data, rather than using a method to do this
directly from a time response (Malti et al., 2008;
Valério and Sa da Costa, 2012), a frequency response
was estimated first (using Welch’s method on the fil-
tered output), and then Levy’s method was applied,
as this leads to less noisy results. Levy’s method fits
to frequency response G(jw,), p=1,..., f a commen-
surable fractional model with a frequency response
given by

Yo b)) N(jwy)
L4 Yy ax(eop)'  D(jeoy)

G(jwp) = (7
minimizing (G(jw)D(jw) — N(jw))* (which is easier
than the more obvious alternative of minimizing
|G(jw) —%lz, which leads to a nonlinear problem).
Commensurable orders of fractional models were
found sweeping the « € [0, 2] range (outside which no
transfer function is stable) with a 0.1 step, and keeping
the o for which results are better, using a heuristic
which is better described below in Section 4 after per-
formance indexes are introduced. For more details on
identification procedures of transfer functions for
this plant, see Tejado et al. (2013). Levy’s method
for fractional transfer functions is covered in Valério
et al. (2008).

The rationale for the use of these models was given
in Section 1. Fractional models can often describe com-
plex dynamic behaviours with fewer parameters than
an integer order model (Magin, 2004; Podlubny, 1999;
Valério and Sa da Costa, 2012), as a fractional deriva-
tive can more casily be fitted to data. While fractional
models can be simulated using a variety of numerical
schemes (see e.g. Bhrawry et al., 2014; Bhrawy et al.,

2015; Diethelm et al., 20006), integer order transfer func-
tions providing an approximated dynamical behaviour
are often employed (Valério and Sa da Costa, 2011,
2012). Such approximations of fractional models may
have a larger number of zeros and poles than the inte-
ger models that could also be used, but in any case
fractional derivatives are instrumental in providing
the way to actually place zeros and poles in the
desired locus.

2.3. Neural networks

A NN is a nonlinear modelling tool inspired on the way
human brain processes information. The human brain
is composed by a network of neurons interconnected by
dendrites that communicate with each other using elec-
trochemical signals at synapses. These connections are
strengthened or weakened depending on their activa-
tion frequency. Likewise, an artificial NN is composed
by neurons and weighted connections.

There are many kinds of NN configurations, the
major distinction being between feedforward and feed-
back or recursive configurations. In both, neurons are
arranged in layers (the last one being the output layer,
and all others the hidden layers), that feed one another;
but whereas in feedforward networks information flows
always from left to right, in feedback networks infor-
mation is fed back from one or more layers through
which it had already passed. Figure 2 shows a particu-
lar architecture of a feedback NN called neural network
auto-regressive with exogenous inputs (NNARX)
model. Notice how the model dynamics appears
through the delay operator z=!' to make use of past
values of both the input and the output of the system.
Maximum input and output delays, denoted as m and
n, respectively, determine the memory the model has of
the input and output signals. In particular, n defines the
model order, which, for a linear system, would coincide
with the number of model poles, which, together with
their location on the complex plane, strongly affect the
model’s behaviour. Even though a NN is not linear, a
number of poles very different from the real memory of
the physical system to be identified will likewise result
in a weak model.

As input, each neuron 7 in layer n receives a signal
vyni that is a linear combination of every output signal
of the neurons in the previous layer n — 1

Ny
Yni = bn,i + Z Wn—1,iXn—1,i (8)

i=1

where x,,_1,; is the ith input of the neuron coming from
the previous layer, w,_;; is a weight associated with
that input, N,_; is the number of such inputs, and b, ;
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(k)

E(k)

Figure 2. Neural network auto-regressive with exogenous inputs (NNARX) models. Left: Direct model, with one input and one
output, one hidden layer, n =6 output delays and m = | input delays. Right: inverse model, with one input and one output, one hidden

layer, n=2 output delays and m =4 input delays.

is a bias. Obviously, layer number 0 (which does not
exist) corresponds to the NN’s inputs themselves. The
neuron’s output x,; is determined by its transfer func-
tion f,; usually known as an activation function.
Activation functions may be transfer functions, but if
the NN already includes a dynamic elsewhere activa-
tion functions will probably be static; the hyperbolic
tangent sigmoid function is commonly used:

1— e Yni

T 1t e ©

Xn,i :::hf;,i()7n,i)

NNs employed below use the activation function
Xpi =fui(Vni) = yn;i in the output layer; in other
words, their output is a biased linear combination of
all of the inputs. For more details on NN architecture,
see the references in Section 1.

In order to have a NN as a satisfactory nonlinear
mapping between input and output data, optimal
weights must be assigned to the synapses, or connec-
tions, through the training process. Offline training of a
NN is, in fact, an optimization process in which the
weights w,; and bias factors b,,; are iteratively updated
in order to minimize the mean squared error (MSE)
between the model output signals and the output
data. Instead of using data batches to train the NN,
online training updates the network parameters recur-
sively using online measured data. In any case, the
result of this optimization, or training, process is a
NN that is a black box model of the plant under
study. Numbers of delays m and n are to be identified
along with the weights and bias of the NN.

For the system at stake, NNARX models were
trained using the Levenberg—-Marquardt backpropaga-
tion algorithm, chosen for speed and accuracy. It is,
actually, a local minimization method, therefore it is
not guaranteed that a global optimal set of networks
parameters is achieved. Because of this and the fact that

the algorithm initialization has a random basis, the
probability of two networks having equal final weights
and biases is very low, even when trained with the same
data. The data, after being resampled at 500 Hz (the
robot’s communication frequency), was then actually
split into three parts: 60% for training, 20% for valid-
ation, and 20% for testing. The best results were con-
sistently obtained for NNs with four input delays, two
output delays and a single neuron in the hidden layer:
this was thus the configuration chosen. Indeed, archi-
tectures with more than one neuron in the hidden layer
were tested, showing insignificantly better or weaker
overall results, depending on the number of input and
output delays. As to the number of input and output
delays, it was determined as discussed in Section 4.
That is why only networks with a single neuron in the
hidden layer are considered in this work. More details
on NN training can be found in Mandic and Chambers
(2001) and Marquardt (1963).

3. Experiments

As mentioned previously, the experimental data used in
this paper is that of Tejado et al. (2013); refer to this
paper for further details.

Nine female and nine male volunteers, with ages ran-
ging from 25 to 66, without any known musculo-skeletal
injuries of the higher limbs, kneeled or sat holding a
horizontal robotic arm and tried to keep it steady,
while it moved randomly. The robotic arm was moved
by a Kollmorgen direct drive D061M-23-1310 motor,
able to produce 5.3N-m continuous torque and
16.9 N - m peak torque, in current control mode. The
rotation range was limited to +0.9rad for safety rea-
sons. The measured angle was obtained from an encoder
with a resolution of 65,535 pulses/revolution. At the
end of the aluminium horizontal robotic arm there
was a handle for the volunteers to grab, a JR3
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Figure 3. Picture of the robotic arm used to obtain experimental data of human arm dynamics.

12-degree-of-freedom DSP-based force sensor, and a
laser pointer which should be kept inside a target.
Data was recorded with a 2kHz sampling frequency.
A picture of the experimental set-up is shown in
Figure 3.

Experiments, which lasted 40s to avoid fatigue, are
grouped into three types.

e Type I. Oscillations in both directions around the
zero-point.

e Type II. Oscillations only in the positive side of the
zero-point (flexion of the elbow).

e Type III. Oscillations only in the negative side of the
zero-point (extension of the elbow).

The oscillations were random to avoid anticipatory
reflexes, which would interfere with the modelling of
the arm dynamics. So the forces generated by the
motor were a sum of sinusoids with frequencies in the
[0.12, 15] Hz range (chosen because the bandwidth for
the human arm is approximated to 10 Hz), limited to
not exceed 4N. Eight volunteers of either sex per-
formed two experiments of type I, one experiment of
type II, and one experiment of type III (68 data sets in
total). The two other volunteers performed 16 add-
itional experiments: six of type I, seven of type II,
and seven of type III. The force measured by the men-
tioned sensor was practically identical to the force
input.

4. Results

Results were assessed with the following four perform-
ance indexes: MSE, mean absolute deviation (MAD),
maximum deviation (MD) and variance accounted for
(VAF), defined as

Zjlil (yj - ij)z

MSE =
N

(10)

Z]'zl |J’/'_)A’/'|
MAD === -/1 11
v (1)
MD = max|y; - Jj| (12)
o*(y — J)
VAF=1———" (13)
a*(y)

The meaning of the variables for frequency and time
responses is given in Table 1. With three series to com-
pare (gain, phase, time response) and four indexes,
there are in all 12 values to assess a model’s
performance.

4.1. Direct models

In Tejado et al. (2013), we have shown that fractional
models are better than integer order models, inasmuch
as they achieve a performance which is similar or even
slightly better, with one parameter less, and with clearly
less parameter uncertainty. For this paper, NN models
were further obtained. Model parameters are given in
Tables 2—4 and their performances are shown in Table 5
(best results are shown in bold).

4.2. Inverse models

Since integer direct models have two zeros and three
poles, inverse models with three poles and three zeros
were considered, as they ought to be causal.

In the case of fractional order models, the same prin-
ciple as above was applied. Since in Tejado et al. (2013)
fractional order direct models have one zero and two
poles, causal inverse models with two zeros and two
poles were considered. But this time there is the com-
mensurability factor. So, in a first stage, the best com-
mensurable order was found sweeping this factor in the
[0.1,1.9] range with a 0.1 step, keeping the model’s
dynamical structure (two zeros and two poles).
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Table 1. Variables in equations (10)—(13).
Frequency response
Variables Gain Phase Time response
y Gain curve estimated from mea- Phase curve estimated from Time series of measured input data
sured data for a certain fre- measured data for a certain
quency vector frequency vector
y Gain curve estimated from mea- Phase curve estimated from Time series of inverse model output
sured input and identified measured input and identified
inverse model for the same inverse model for the same
frequency vector of y frequency vector of y
N Length of the frequency vector, that must be the same for y and y Length of the time series
Table 2. Parameters for integer order direct models of the human arm (three poles, one zero).
Zeros Poles;,3
Input Re Im Polei Re Im Gain
All Nominal —21.28 +111.38 —128.63 —15.11 +30.79 0.1
Min -30.8 90.8 —1684.2 —25 -21.9 —0.6
Max —4.66 112.04 512.44 —6.27 43.09 1.52
Mean —16.79 99.64 —189.9 —14.1 31.60 0.16
Std 8.54 6.36 411.81 4.99 5.11 0.39
Type | Nominal —19.1034 +96.96 —76.59 —16.43 +35.13 0.08
Min —34.87 89.37 —268.32 —23.33 25.24 0.04
Max —6.48 107.86 —30.37 —7.47 53.57 0.28
Mean —19.30 95.78 —98.28 —15.06 36.83 0.1
Std 8.83 5.8 76.63 4.09 6.91 0.06
Type Il Nominal —17.16 +101.91 —170.71 —12.6 +27.61 0.13
Min —35.36 82.09 —645.08 —20.56 22.22 —13.15
Max —2.5 123.7 7653.4 —6 452 0.4
Mean —18.71 100.87 355.36 —11.6 29.75 —0.67
Std 11.0 12.6 1850.2 4.1 6 3.1
Type lll Nominal —10.61 +103.19 —455.59 —11.16 +28.42 0.323
Min —33.8l 90.6 —887.12 —22.77 21.27 —0.477
Max 27.16 164.08 393.36 —4.36 37.03 0.574
Mean —13.62 104.35 —152.8 —11.02 29.77 0.102
Std 14.35 16.5 247.21 4.79 427 0.207

The output of this process is a set of 19 models to
compare using the 12 aforementioned performance
indexes. The following heuristic, essentially a multi-cri-
teria optimization algorithm, was used to choose the
commensurate order.

1. Initialize P =12 lists with a length L =1.

2. Select the best L models according to each perform-

3.

ance index.
Model by model, check for its presence in any of the
P lists with length L and compute a histogram that
shows the number of presences of every model in all
of the lists.

. If one model is found to be present in every single

list, that is the best choice and the heuristic stops.
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Table 3. Parameters for fractional order direct models of the human arm (two poles, one zero).

Poles
Input Zero Re Im Gain o
All Nominal —525.73 —164.45,—143.08 0 0.32 1.4
Min —521.50 —159.01 0 0.13 1.3
Max —360.51 —74.39 93.42 0.34 1.4
Mean —451.9 —121.82 52.29 0.24 1.37
Std 49.19 22.67 22.11 0.07 0.05
Type | Nominal —502.75 —149.75 +48.24 0.27 1.4
Min —555.85 —168.87 19.69 0.07 1.2
Max —374.90 —60.87 101.95 0.34 1.4
Mean —474.40 —119.07 60.98 0.22 1.36
Std 55.50 31.73 21.85 0.08 0.06
Type Il Nominal —432.93 —127.45 +35.21 0.29 1.4
Min —528.22 —269.18 0 0.12 1.3
Max —290.58 —51.58 96.82 0.55 1.4
Mean —432.52 —118.67 45.13 0.26 1.37
Std 63.07 46.43 28.04 0.1 0.05
Type lll Nominal —418.47 —124.64 +52.1 0.29 1.4
Min —516.15 —216.62 0 0.06 1.2
Max —240.87 —33.18 94.75 0.37 1.4
Mean —417.47 —114.14 53.88 0.25 1.37
Std 82.02 48.02 26.26 0.09 0.06
Table 4. Parameters for neural network direct models of the human arm.
Input W) Wy w3 Wa Ws We wz wo b, bo
All Nominal —0.0018 6.286 —0.299 —4.298 —4.977 —3.721 0.522 —0.149 0.013 0.002
Min —0.194 —17.830 —14.502 —13.374 —14321 —12572 5281 —-0940 —1.037 —-0.623
Max 0.498 112.829 95.083 77.390 58.761 40518 23.497 1.043 0.685 0.281
Mean 0.006 1.107 0.864 0.626 0.478 0.185 0.044 —-0.103 —0.019 —0.0001
Std 0.077 13.483 I1.195 9.264 7.235 5.130 2.812 0.517 0.288 0.123
Type | Nominal 0.0008 —1.821 —0.192 0.977 1.342 2.399 0.495 0.304 —0.045 0.014
Min —0.037 —8.957 —7.390 —13.374 —13.760 —10.783 —1.180 —-0.940 —-0.382 —0.258
Max 0.031 9.450 4.653 3.6262 2.901 1.909 1.044 0.928 0.397 0.140
Mean —0.002 0.092 —0.409 —0.545 —0.585 —0.538 —-0.258 —-0.230 —-0.001I 0.009
Std 0.010 2.697 1.870 2.822 2.857 2.124 0.592 0.537 0.154 0.073
Type I Nominal —0.0002 1.020 —0.262 —0.752 —0.146 —-0.517 —-0.654 —-0.749 -0.019 -0.014
Min 0.498 112.830 95.083 77.390 58.761 40518 23.497 1.043 0.685 0.281
Max —0.058 —2.721 —8.449 —13.241 —14.321 —12572 5281 —-0.711 —1.037 —0.623
Mean 0.035 5.269 4.037 2.947 920 1.050 1.050 —0.051 0.013 0.013
Std 0.121 22.394 18.839 15.403 831 8.281 4.798 0.526 0.361 0.164
Type Il Nominal 0.0002 —0.628 —0.279 0.257 311 0.142 0.318 0.886 —0.135 0.119
Min 0.052 0.671 3.179 8.683 277 10.053 2.025 0.768 0.463 0.189
Max —0.194 —17.830 —14.502 —10.377 —7.519 —5.328 -—-2.768 —-0.780 —-0.849 —-0.849
Mean —-0.017 —2.368 —1.089 —0.471 0.263 0.177 —0.127 0.014 —0.082 —0.029
Std 0.055 5.570 4282 3.812 3.396 2.793 0.971 0.458 0.334 0.125
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Table 5. Performance comparison between identified direct models of the human arm in Tables 2, 3 and 4 (best results are shown in

bold).
Frequency response
Magnitude (dB) Phase (°) Time response
Model MSE MAS MD VAF MSE MAS MD VAF MSE MAS MD VAF
All Int. 13.78 2.78 776  92.73  273.25 .11 38.03 9431 6.38 473 13.8 49.58
Frac.  15.13 298 7.6l 9220  260.77 10.84 37.17 94.63 6.21 4.64 13.8 49.86
NN 3295 44| 21.63 8032 75447 21.41 93.67 8752 1.74 296 1.51 52.19
Type | Int. 9.38 2.29 6.94 9291 225.37 10.18 3530 95.405 722 53] 13.8 58.03
Frac. 9.66 235 6.6l 93.04  220.53 9.67 34.46 95401 7.15 525 13.8 53.74
NN 32,13 437 1863 7882  771.37 23.09 74.69  87.65 2,58 3.7l 1.88 58.35
Type Il Int. 11.32 2.6l 848 91.08  332.83 12.13 45.60 93.46 523 4.0l 1200 46.62
Frac. 11.27 262 7.80 92.18 313.96 10.81 4540 93.75 514 382 12.10  46.96
NN 30.09 4.04 2524 8355 732.83 17.80 115.69 87.03 1.35 2.58 1.4I 48.61
Type Il Int. 1042  2.64 727 9236 25275 12.55 3277 95.04 513 385 13.60 47.18
Frac. 9.6l 2.53 5.97 94.26 232.37 10.89 32.29 95.26 5.11 3.84 13.60 45.66
NN 3235 446 2068 81.19  669.88 20.71 94.00 87.34 0.96 231 1.10 48.49

5. Otherwise, increment the value of L by one and
repeat from step 2.

It may happen that more than one model comes to
appear in all P lists at the same time. In that case,
either may be selected as convenient. With this heuristic
a good value for the commensurability order may be
obtained, but a 0.1 step may be a little too rough, so a
second stage secarch was performed. In this stage, the
best model was found by sweeping the commensurable
order, with a 0.01 step, in a range defined by a neigh-
bourhood, with a 0.1 radius, centred on the best com-
mensurability value (or values) obtained on the first
stage. From this sweeping process, another set of
models arises and is, consequently, compared, again,
using the same heuristic. Therefore, this second stage
is basically a refined search around the best solution (or
solutions) of the first stage.

In the case of NNARX models, training algorithms
are rather blind when it comes to the best values of m
and n. Models with an unrealistically large (and
unnecessary) number of input and output delays may
still provide good results. So we might assume, initially,
an unrealistically large number of input and output
delays and analyze the corresponding weights, compar-
ing them to decide whether m and n should be decre-
mented, until none of the weights is lower than a certain
threshold value. But in this case it is possible to use
prior knowledge of the system to be identified,
assume a maximum value for the number of input
and output delays and try every dynamical structural

combination within that maximum number of delays;
from this process, results a set of models that should be
compared, keeping the best one. It was shown that
linear inverse models are of second or third order, so
a maximum of six input and output delays was con-
sidered, to give some margin for possible additional
nonlinear dynamics to be identified in measured data.
With this maximum value, one obtains a set of 36 NNs
to compare and a heuristic similar to the one described
above for fractional plants was employed. The only
difference here is that, as mentioned previously, very
complex networks can have slightly better results, but
at the cost of a lower computational efficiency.
Therefore, to the 12 values of performance indexes
mentioned above, two more were added: m and n them-
selves, thus providing for a NN which is a compromise
between model performance and model complexity.
Model parameters are given in Tables 6-9 and their
performances are shown in Table 10 (again, best results
are in bold). This time, models with fixed commensur-
able orders were obtained, to ascertain that parameter
uncertainty does not get unacceptable in that case.

5. Discussion and conclusions

Performance results for direct models show that while
NNs outperform both integer and fractional models in
what time responses are concerned, they do so at the
expense of a poorer fit to frequency data and more
parameters. Performance results for inverse models
show that integer models often get better results in



2248 Journal of Vibration and Control 22(9)

Table 6. Parameters for integer order inverse models of the human arm (three poles, three zeros).

Zeros 2 and 3 Poles 2 and 3
Input Zero | Re Im Pole 1 Re Im Gain
All Nominal —10.23 —46.01 +50.80 290.76 —10.62 +91.88 —1987.74
Min —195.80 —21.93 19.40 —5492.62 —68.51 68.35 —548521.81
Max —13.59 —4.58 52.08 3610.01 —12.03 141.33 167096.50
Mean —40.12 —14.62 34.69 31297.12 —38.96 8841 —68294.69
Std 33.07 3.95 8.10 11.02 11.49 606890.65
Type | Nominal —19.41 —45.03 +44.93 285.29 —10.71 +92.69 —1918.72
Min —85.48 —20.64 22.48 —5283.10 —64.53 71.33 —5485421.81
Max —16.63 —6.8l 52.08 28320.12 —16.99 141.33 136220.47
Mean —31.84 —14.66 37.78 8801.50 —39.92 90.80 —168159.62
Std 17.92 3.49 7.36 50096.81 11.65 13.7 971051.06
Type Il Nominal —5.98 —47.20 +51.68 281.92 —11.52 £91.71 —2086.99
Min —89.23 —21.93 19.40 —5492.62 —53.64 68.35 —140316.66
Max —13.59 —5.93 50.97 5941.93 —14.55 11841 167096.50
Mean —39.11 —14.93 3271 239.05 —38.60 86.26 —3261.17
Std 25.27 4.36 891 2026.21 9.27 9.76 52659.83
Type Il Nominal —6.86 —45.92 +53.78 307.94 —9.84 +91.26 —1957.36
Min —195.80 —21.70 21.87 —1625.27 —68.51 70.37 —28421.13
Max —16.38 —4.58 45.95 1924.50 —12.03 107.97 39359.73
Mean —52.83 —14.20 32.72 344.26 —38.03 87.61 —5695.89
Std 50.50 4.19 6.98 919.21 12.32 9.71 17730.88
Table 7. Parameters for fractional order inverse models of the human arm (two poles, two zeros).
Zero | Zero 2 Pole | Pole 2
Input Re Im Re Im Re Im Re Im Gain o
All Nominal —61.66 0 —605.19 0 —936.36  596.35 —936.36 —596.35 1550.49 1.52
Min —326.45 0 —119846 —79.61 —1487.65 0 —6879.69  —400.75 91390 0.75
Max 1.09 79.61 1.09 0 15.52  400.75 15.52 0 1901754 1.76
Mean —58.54 2727 —172.15 2727 —33326 12229 —1202.18 —122.29 4020.08 1.2l
Std 68.18  19.53 327.16 19.53 404.38 119.72 2072.98 119.72 316483 0.29
Type | Nominal —82.77 0 —525.77 0 —841.90 58545 —841.90 —585.45 1586.60 1.50
Min —326.45 0 —119846 —79.61 —1487.65 0 —5956.06 —400.75 93294 0.89
Max =3.17 79.61 -3.17 0 13.57 400.75 13.57 0 10984.09 1.75
Mean —66.89 35.18 —14220 -35.18 —335.79 173.16 —95522 —173.16 3764.06 1.22
Std 83.04 19.68 317.58 19.68 411.73  122.19 1876.72 122.19 2695.34 0.24
Type I Nominal —75.48 0 —936.27 0 —1509.90 563.76 —1509.90 —563.76 1800.96 1.60
Min —260.51 0 —1162.86 —45.60 —1386.18 0 —6660.02 —372.50 96440 0.83
Max —0.10 45.60 —0.10 0 13.89 37250 13.89 0 19017.54 1.76
Mean —6343 17.53 —264.01 —17.53 —402.17 7878 —1686.46 —78.78 4042.19 1.24
Std 74.06 15.20 414.17 15.20 482.59 100.34 2535.12 100.34 3676.66 0.33

(continued)
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Table 7. Continued
Zero | Zero 2 Pole | Pole 2
Input Re Im Re Im Re Im Re Im Gain o
Type Il Nominal —85.15 0 -961.72 0 —1419.68 63844 —1419.68 —638.44 1433.38 1.60
Min —164.54 0 —955.11 —62.12 —I115.75 0 —6879.69 —352.9I 91390 0.75
Max 1.09  62.12 1.09 0 1552 35291 15.52 0 14211.15 1.74
Mean —49.13  26.51 —122.28 —26.51 —27793 109.15 —1053.38 —109.15 4079.69 1.17
Std 4927 19.29 238.80 19.29 31593 118.80 1827.26 118.80 3287.26 0.28
Table 8. Parameters for fractional order inverse models of the human arm with a fixed commensurable order (two poles, two
zeros).
Zero | Zero 2 Pole | Pole 2
Input Re Im Re Im Re Im Re Im Gain o
All Nominal —61.66 0 —605.19 0 —936.36 596.35 —936.36 —596.35 1550.49 1.52
Min —-217.88 0 —595.98 0 —1534.79 0 —16268.49 —496.61 926.97
Max —61.81 0 —214.40 0 —54898 496.61 —898.58 0 24899.36
Mean —129.15 0 —396.41 0 —812.03 4251 —3619.24 —42.51 7060.07
Std 33.94 0 82.49 0 20036 124.14 1918.81 124.14 3503.82
Type | Nominal —82.77 0 —525.77 0 —841.90 58545 —841.90 —585.45 1586.60 1.50
Min —231.73 0 —-527.07 2546 —1375.17 0 —4315.26 —520.87 1399.31
Max —7291 2546 21443 0 —568.47 520.87 —955.78 0 12031.24
Mean —146.47 .17 —350.22 —1.17 —828.92 51.95 —2730.80 —51.95 6091.86
Std 38.70 491 79.68 491 188.65 141.46 1001.68 141.46 2415.18
Type I Nominal —75.48 0 —936.27 0 —1509.90 563.76 —1509.90 —563.76 1800.96 1.60
Min —201.48 0 —932.18 0 —1504.23 0 —8588.36 —275.20 1347 .41
Max —77.91 0 —429.35 0 —71095 275.20 —1486.08 0 13369.12
Mean —138.33 0 —633.01 0 —975.81 10.19 —5197.77 —10.19 6760.52
Std 34.4| 0 123.87 0 220.37 52.96 1542.85 52.96 2612.39
Type Il Nominal —85.15 0 -961.72 0 —1419.68 638.44 —1419.68 —638.44 1433.38 1.60
Min —197.11 0 —890.80 0 —1579.94 0 —18499.77 —454.14 917.06
Max —104.83 0 —425.34 0 —703.79 454.14 —1361.17 0 18691.05
Mean —150.72 0 —629.74 0 —990.39 19.75 —5515.16 —19.75 6467.75
Std 29.20 0 121.94 0 228.89 94.70 3291.45 94.70 9914.50

what the gain of the transfer function is concerned, but
not the phase, or above all the time response; NN
models, even though nonlinear, do not consistently per-
form better, and, when they do, only slightly.

Since we are dealing with different performance
indexes, it is necessary to try to make a global compari-
son. For this purpose all indexes have been normalized
between 0 (attributed to the poorest value) and 1
(attributed to the best value). Results were then aver-
aged. This composite index is shown in Table 11. It can
be seen that fractional models achieve, globally

speaking, the best performance, both for direct and
inverse models. NNs are a close runner up for inverse
models, but fractional models are linear and continu-
ous, which NNs are not. This last characteristic means
that fractional models will work for any sampling time
(while NNs will not). Linear models are a close runner
up for direct models, but fractional models use one
parameter less, and are thus the simplest possible.
Finally, there is no clear interpretation of what a
fractional derivative means, geometrically, physically
or statistically, although attempts at that have been
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Table 9. Parameters for neural network inverse models of the human arm.

Input W) wy w3 Wy Ws W wo b, b,

All Nominal 417.700 —1191.466 1136.109 —362.158 —0.083 0.167 11.471 —0.015 0.170
Min —527.180 —262.133  —1490.932 —390.051 —1.106 —2.639 —172.050 —1.847 —11.30l
Max 469.371 1534.079 361.952 483919 2.355 1.420 123.258 0.991 11.051
Mean —-5.227 23.800 —20.645 3.023 0.037 —0.029 0923 —0.048 —0.273
Std 123.701 187.432 183.509 106.781 0.463 0.482 33.056 0.381 2716

Type | Nominal —146.102 421.829 —407.494 131.713 0.028 —0.056 —33.879 —0.021 -0.710
Min —527.180 —142.773  —1490.932 —98539 0448 —-0.380 —172.050 —0.244 —4.726
Max 164.011 1534.079 167.815 483919 0.677 1.168 123.258 0.344 4317
Mean —15.094 48.261 —60.754 25.110 0.053 0.001 —0.318 0.006 —0.572
Std 124.270 277.454 268.187 105.808 0.233 0.272 49.704 0.121 1.763

Type I Nominal 1694.113 —4923.864 4780.281 —1550.272 —0.226 0.469 4013 —0.374 1.541
Min —400.669 —101.294 —96.134 —351.761 —0.859 —0.646 —30.484 —0.761 —6.142
Max 85.682 388.599 361.952 144.209 0.700 0.563 45.276 0.682 4.273
Mean —12.376 7.666 0.119 5.344 0014 0.006 4509 —0.021 0.996
Std 100.264 90.42 86.57 88.64 0.328 0.268 15.331 0.327 1.776

Type Il Nominal 43.708 —107.075 84.61 1| —21.186  —0.031 0.061 91.667 0.044 —1.455
Min —242.838 —262.133 —272.991 —390.051 —1.105 —2.639 —35.145 —1.847 —11.301
Max 469.371 232.262 249.388 259.889 2.355 1.420 33.354 0.991 11.051
Mean 16.893 8.709 10.786 —30.432 0.043 -0.110 —1.560 —0.154 —1.348
Std 148.262 98.906 99.409 122,611 0.766 0.810 15.486 0.609 3.968

Table 10. Performance comparison between identified inverse models of the

human arm in Tables 6, 7 and 9 (best results are shown

in bold).
Frequency response
Magnitude (dB) Phase (°) Time response
Model MSE MAS MD VAF MSE MAS MD VAF MSE MAS MD VAF
All Int. 15.410 2.903 11.994 92.545 1007.274 28486  69.760 74.125 0272 0371 1819 41.508
Frac. 21.632 3455 14352 88.903 628.689 18.032 58.400 86.449 0.266 0.354 1.658 47.888
NN 23028 3807 18378 90.812 559.089 16.279 101.135 87.496 1.616 1.09 2335 57.827
Type | Int. 12.294 2.587 11.398 92.703 764.852 24454 62375 82033 0421 0490 2440 51515
Frac. 18.769 3274 12.803 89.150 404.851 14.437 42.690 90.971 0423 0477 2284 55.144
NN 25354 4094 14948 90.574  467.089 16.026 76.924 88489 0.286 0.415 2.001 63.803
Type Il Int. 15315 2.842 12.230 93.656 [146.667 30209  69.054 68563 0.143 0.280 1.408 39.239
Frac. 23264 3483 17.098 88.926 624.472 17.813 59.324 85.727 0.136 0269 1267 45956
NN 22443 3908 14337 93456 920851 17971 157716 81.771 0.086 0.227 1.086 57.492
Type I Int. 16.032 3.089 10.971 93.165 1318925 31.8I3 80.725 65715 0.126 0271 1.363 31.355
Frac. 21.802 3507 14.387 89.999 687.664 19.075 67.334 84.818 0.096 0.239 1.143 45.007
NN 24498 4.129 12308 93.450 647.907 17.872 128764 84.132 0.098 0250 1.041 54.529
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Table 11. Performance indexes of Tables 5 and 10, normalized between 0 and |, and averaged (best results are shown in bold).
Direct models Inverse models
Type or domain Integer Fractional Neural network Integer Fractional Neural network
All types 0.657 0.663 0.333 0.622 0.685 0.377
Type | 0.736 0.668 0.333 0.370 0.538 0.566
Type Il 0.630 0.693 0.333 0.408 0.462 0.651
Type llI 0.663 0.668 0.333 0.392 0.671 0.682
Gain 0.966 0.982 0 0.995 0.261 0.260
Phase 0.956 0.999 0 0.178 0.967 0.659
Time response 0.092 0.038 | 0.172 0.601 0.788
Global 0.671 0.673 0.333 0.448 0.598 0.569
0.02— - Experimental data[— T T T T
—Integer model
0.015 —Fractional model
0.01+ —NNARX model
'g, 0.005
= 0
o0
=
<-0.005
-0.01
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Time /s
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1.5F —Fractional model |-
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5 L
[+
Z 05
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o 0.0
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Figure 4. Part of the responses of the several models, compared with experimental data: top, direct models; bottom, inverse
models.
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published (see e.g. Machado (2003), Podlubny (2002),
and a short review by Valério and Sa da Costa (2012)).
But still the fractional model is not the worst off: NNs
too lack a clear interpretation, and the integer model
includes a third-order derivative, which, unlike first-
and second-order ones, also lacks a clear interpretation.

So again we conclude that the dynamic behaviour we
are dealing with is best described by fractional transfer
functions (just as was seen in Tejado et al. (2013) for
direct models only). Figure 4 shows some seconds of
the responses obtained with the different models, com-
pared with experimental data, for both the direct and
the inverse plant. Figure 5 shows the same for the fre-
quency responses of inverse linear models; a similar
figure for direct models is found in Tejado et al. (2013).
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Fractional-order modeling of
permanent magnet synchronous
motor speed servo system
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Abstract

A fractional-order modeling approach for a permanent magnet synchronous motor speed servo system is proposed
applying a method combining electromagnetic part modeling and mechanical part modeling. Based on the proposed
fractional-order model and system identification scheme, system identification experiments are performed on the
electromagnetic part and the mechanical part of the permanent magnet synchronous motor speed servo system,
respectively. The fractional-order model parameters of these two parts are identified with these experimental results,
and the fractional-order model of the permanent magnet synchronous motor speed servo system is integrated from
these two parts. Simulations and experiments in open-loop and closed-loop are performed based on the obtained
fractional-order model and integer-order model. The advantage of the proposed fractional-order model for the per-
manent magnet synchronous motor speed servo system is demonstrated by the simulation and experimental results.

Keywords

Fractional-order, PMSM, servo system, modeling, Pl controller

I. Introduction

Fractional calculus has been widely studied and applied
in recent years (Kilbas et al., 2006). More and more
real-world systems can be precisely modeled using frac-
tional differential equations, such as some batteries
(Sabatier et al., 2006), thermal systems (Gabano and
Poinot, 2011) and induction machines (Petras et al.,
2009). Stability analysis of fractional systems is
proposed in some literatures (Li et al., 2010; Aguila-
Camacho et al., 2014), while fractional-order control-
lers have been designed to control real world systems
(Podlubny, 1999a; Ladaci et al., 2008; Zamani et al.,
2009; Luo et al., 2011; Hajiloo et al., 2012). Fractional-
order system identification based on continuous-order
distributions is proposed by Hartley and Lorenzo
(2003), fractional-order system modeling methods for
thermal system are proposed in Poinot and
Trigeassou (2004) and Gabano and Poinot (2011),
and a fractional-order modeling method for permanent
magnet synchronous motor (PMSM) velocity servo
system is studied by Yu et al. (2013). In Yu et al.
(2013), the overall PMSM velocity system model is dir-
ectly assumed to be a fractional-order model which is

identified using a digital simulation method. However,
without full consideration of the inherent characteris-
tics of different component mechanisms of PMSM, it is
rough to identify the PMSM model as a whole.

In this paper, a fractional-order modeling approach,
integrating electromagnetic part modeling and mechan-
ical part modeling, is proposed for the PMSM speed
servo system. The approach is based on the fact that the
PMSM speed servo system can be divided into two
parts, the electromagnetic part converting armature
voltage into electromagnetic torque, and the mechan-
ical part generating rotor rotation under the effect of
electromagnetic torque. Equation (1) can be used to
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describe the electromagnetic part and equation (2) can
be used to describe the mechanical part

. i
U-E=U-Cn=Ri+L; (1)
o GD?* &n
T—T,=Cyui—ir) =375 7F (2

In equation (1), the U is armature voltage, E is back
electromotive force, the C, is induced electromotive
force coefficient, the n is motor speed, the R is armature
resistance, the 7/ is armature current and the L is arma-
ture inductance. In equation (2), the 7 is electromagnetic
torque, the 77 is the equivalent torque of load, the C,,, is
torque coefficient, the i; is equivalent current of load and
the GD? is flywheel inertia.

The parameters of these two parts are identified
respectively and then the fractional-order mathematical
model is obtained. Open-loop simulations and
experiments are performed and the frequency response
of the proposed models and the actual PMSM are
obtained and compared. According to the obtained
integer-order model and fractional-order model, three
groups of PI controllers are designed for the PMSM
speed servo system. PMSM speed-tracking simulations
and experiments are performed using these PI control-
lers and the control performances are compared.

In this paper, firstly, fractional-order model structure
combining an electromagnetic part and a mechanical
part of a PMSM speed servo system is proposed.
Secondly, a digital simulation method is applied to iden-
tify the parameters of these two parts, and the fractional-
order model of PMSM speed servo system is integrated.
Finally, the obtained fractional-order model is verified
by open-loop frequency response tests and closed-loop
speed-tracking simulations and experiments, using the PI
controllers designed according to the traditional integer-
order model and the proposed fractional-order model.

The rest of this paper is organized as follows, frac-
tional-order model structure of PMSM is discussed in
Section 2, time-domain identification method of
fractional-order system modeling is presented in
Section 3, system identification experiments are per-
formed and the parameters of the electromagnetic
part and mechanical part are identified in Section 4,
open-loop simulations and experiments are performed
and the frequency response of the proposed models and
the actual PMSM are compared in Section 5. Three
groups of PI speed controllers are designed for a
PMSM speed servo system according to the integer-
order model and the fractional-order model obtained
in this paper. Motor speed-tracking simulations and
experiments are performed using these controllers,
and the deviations between the simulation results and

experimental results of these control systems are com-
pared respectively. The conclusion is given in Section 6.

2. Fractional-order model of the PMSM
speed servo system

Based on the motor unified theory, a three-phase static
coordinate system can be transmitted into a two-phase
rotary coordinate system after the space vector trans-
formation. Therefore, a three-phase AC motor can be
equivalent to a DC motor. Suppose that the d-axis and ¢-
axis represent the axes in a two-phase rotary coordinate
system. The direction of the d-axis is set to be the direc-
tion of the rotor flux vector and the g-axis is set to point
in the vertical direction of the d-axis. Thus, the three-
phase stator current of a motor can be decoupled into
two DC current components, the excitation component
iz and the torque component i,. For a PMSM, whose
rotor flux is generated by a permanent magnet, the exci-
tation component i, is set to be zero and the torque com-
ponent i, is equivalent to the armature current of a DC
motor. Then, the mathematical model of the PMSM is
described by equation (3) and (4) (Chen, 2003)

g
uq—Ezuq—C(,aniq+L£ (3)
GD? dn

T—T=Cn(ig—ir) =375 dr

4)

The real objects are generally fractional (Nakagava
and Sorimachi, 1992; Podlubny, 1999b). The real
inductor behavior can be better described by a frac-
tional-order model (Petras et al., 2009; Valsa, 2012).
Since inductors are the essential components of the
electromagnetic part, the model of the electromagnetic
part should also be fractional. Thus, the electromag-
netic part can be described as shown in equation (5),
where the range of fractional order @ is (0, 2)

d19.
uq—Ezuq—Ceaniq—i—LFl; (5)

The mechanical equation of the motor in equation (4)
(Chen, 2003) is generated with the assumption that the
moment of inertia is homogeneously distributed and
physical material is an ideal block. In reality, no phys-
ical component perfectly satisfies this assumption.
Thus, the mechanical part of the PMSM may also be
fractional, as shown in equation (6), where the range of
fractional order £ is (0, 2)

GD* &n

T— TL = Cm(iq_iL)Zﬁ%

©)
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Figure |. Fractional-order mathematical model of the PMSM.

Under zero initial conditions, the transfer functions of
two parts are shown in equation (7) and (8)

N iy(s) /L
Gi(s) = uq(s)q— E(s) s+ R/L ™
B n(s) 375 Cn
Gals) = i,(s) —ir(s)  GD? s ®

Then, the fractional-order mathematical model of
the PMSM is obtained as shown in Figure 1.

3. Time-domain identification for the
fractional-order system

Theoretically, the fractional-order system is infinite-
dimensional, so it is necessary to apply some special
ways to study it. One of the major methods is to con-
vert the fractional-order transfer function into an inte-
ger-order rational function using an approximation or
discretization method. The integer-order approxima-
tion method is applied to approach the fractional-
order system in this paper.

3.1. Approximation of fractional-order integrator

The fractional-order integrator 1/s% can be approached
by connecting an integer-order integrator and a frac-
tional-order differentiator approximated by an
Oustaloup filter (Oustaloup, 1995; Oustaloup et al.,
2000) in series (Poinot and Trigeassou, 2004).
Suppose that the frequency band in which the differen-
tiator needs to be approximated is (w;, wy) and the
order of the fractional-order integrator is £=1—1y,
where y is the order of the differentiator. The approxi-
mated fractional-order integrator can be described by
equation (9)

1 2N+1

1 1 1~|—s/w
]* = —=— . — !
£ £ I I 14+ s/w,

wi
D o )

2257
ﬂ G, X, 1+S/Wl'£27){2N+11+S/W2N”'X2N+3 c Y,
s 1+s/w, 145/ Wy, ¢

Figure 2. Block diagram of the approximated fractional-order
integrator.

where

g1

CUH INFT
W, = or,
wy,

z—ls

2

wy 2N+1
w, =wp| —
L

2N + 1 is the order of the filter (V is a positive integer).

Introduce two variables Gz and Cg as described by
equation (12). The values of G¢ and C¢ guarantee that
the mode of the fractional-order integrator is 1 when
the angular frequency is 1 rad/s

(10)

(11)

| ANEL
Ge=wp 5, Ce = - (12)
=1 !

Thus, the fractional-order integrator can be described
by equation (13)

G:C: gL s/w;

Ii(s) =
£) sy L+s/w

(13)

Introducing 2N +2 states, the block diagram of the
fractional-order integrator is shown in Figure 2.

Introduce a variable o described by equation (14)
(Poinot and Trigeassou, 2004)

1-¢

m/v[ wH 2N+1
o=—= —_—
w; wr,

Then based on Figure 2 and equation (14), the frac-
tional-order integrator can be approximated by a
state equation as in equation (15) (Poinot and
Trigeassou, 2004)

(14)

M]X'[ = A[X[ + B]M]

v = Cixg

(15)



2258

Journal of Vibration and Control 22(9)

where M, A;, By and C;are described by equation (16)
and (17)

m 1 0o - 0] _Gg_
o 1 : 0
Mi=| 0 —a 1 c Bi=] |
0
| 0 0 —o 1] L0
- 07
Cr=
0
L Ce |
(16)
T1 0 0
wyp —wi
Ar=10 w2 —wm : ’
0
L 0 0 WoN+1  —WaN41 (17)
S
X2
X7 =
L Xon+2

The state equation can also be converted into the
following form

Xy = A;XI + B}‘uI

(18)
yr=Crxg
where
A =M7'4
I 11 I (19)
B: = M;'B,

Thus, the approximated system of the fractional-order
integrator, [i(s), can be represented as a state space
form shown in Figure 3.

3.2. Approximation of the fractional-order system

Considering the following fractional-order model

M ~+ ay(t) = bu(r)

T (20)

u; L 1M i
— BI — CI >

Figure 3. State space representation of the fractional-order
integrator.

1:(s)

\ 4
S

Figure 4. Structure of the fractional-order model.

the transfer function can be obtained after a Laplace
transform on both sides

b
G(s) = 21
) =5 1
Introduce state x(z), satisfying
X(5) = UGs) 22)
5) = s
s§+a

Then the fractional-order model shown in equation (20)
can be described as the following state equation

&
ngt) = —ax(t) + u(r) 23)
(1) = bx(1),

with X(0)=0 and U(0)=0. The corresponding system
structure is shown in Figure 4.

Taking the state equation of the approximated
system in equation (23) into the representation of a
fractional-order integrator in equation (18), yields

)&f[:A?X]-FB?L{[:A?X[—{—B}((M—QV]) (24)
yi="byr=bCrx;

Then the integer-order state equation of the approxi-
mated system can be obtained

)if[ = (A}k - B;CIG)XI + B’,‘u

25
y = bC[X] ( )
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Since the order of the fractional-order integrator IZ(s) is
determined by variable «, all the characteristics of the
system model shown in equation (25) are determined by
o, a and b.

3.3. Identification of the fractional-order model

Suppose that the fractional-order system to be identi-
fied is described by equation (26)

b

&) =513

(26)
Known from the previous section, the system above
can be approximated by the following state equation

X = A(O)x + BOu

y = CO)x @7

where 67 = [(x a b], A(0) = A7 — BjCra, B(0) = B}
and C(0) = bC,.

The key issue of identification is the estimation
of the fractional order & in equation (26). A nonlinear
identification method (Poinot and Trigeassou, 2004)
is applied in this paper. Suppose that K pairs
of input-output sampled data (uy,y;) have been
obtained with ¢ as the measuring time, 7, as the
sampling period (t=K7,) and y; as the output
measurement.

Define 6 as the estimation of the model parameter
vector. Then based on the parameter estimation 6 and
input signal u,, the output estimation y, can be
obtained from equation (27) by software simulation.
The deviation between the estimated output and
actual output at each sampling point can be calculated
by equation (28)

e = Vi — i, 0) (28)
where k = 1,2,..., K. The sum of square deviations can
be obtained as an optimizing index with the data from
all the sampling points

K
JO) =Y ¢ (29)
k=1

The optimal value of system parameters 6,,, can be
obtained by minimizing the index J. For this purpose,
Marquardt’s algorithm (Marquardt, 1963) is applied
for iterative calculation to get the optimized param-
eters. This algorithm ensures robust convergence,
even with a bad initialization of 6, in the vicinity of
the global optimum (Poinot and Trigeassou, 2004).

Marquardt’s algorithm estimates the parameters itera-
tively by
i+1 ' o L an—1p
0 =60+ (J; + D, (30)
where ¢ and 6'"! represent the parameter vectors
obtained after /i and i+ 1 iterative calculations, 4 is a
positive damping factor determining the step size of the
iterative algorithm, / is a unit matrix, Jy and Jy; are
described as,

K
Ty =Y &0y 4 (31)
k=1
K
Jy = Z 0460y 4 (32)
k=1

where o), 4 is the output sensitivity function defined as
(Poinot and Trigeassou, 2004)

W

Opo =g o k=12...K (33)

b
0=0'

Introduce the state sensitivity function defined as
(Poinot and Trigeassou, 2004)

ox, k

O’xlﬁgfzg k=1,2,...,K

(34)

b
=0

Assume that there are m parameters in 0, taking the
derivative of equation (27) with respect to 6;, where 6,
represents the / — th parameter in 6, yields

95
X Oy = AB)oxg +wx 8B(6‘)u
U1 U1
90, 90 20, (35)
y aC(6)
8—91 — O'y’(;l = C(G)U.Y,Q/ —+ a—elx
where / = 1,2,...,m. Taking the state x and input u« as

inputs in equation (27), o o as system states and o, o; as
outputs, the state equations of o,y can be obtained

94(0) 83(6)] . |:xi|

O.')(,0/ = A(Q)G,Y.O/ + |:

90, 90,
aC(IQ) l X ' (36)
0,0 =CO)og+|——0]-
391 u
where / = 1,2, ..., m. The state sensitivity function and

output sensitivity function at each sampling point can
be calculated by solving the state equation of each o, g,
using the Isim function in MATLAB.

Based on the principle mentioned above, the proced-
ure of the algorithm is summarized as follows:

1. Select a group of parameters as the estimated ones, 6.
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2. Calculate the system states x and outputs y(u,0)
based on the sampled input u, and estimated param-
eters using the /sim function in MATLAB.

3. Calculate the sum of square deviations J and judge
whether the termination requirement is satisfied. If
the variation of J is smaller than a pre-set threshold,
terminate the iterative calculation and then go to
Step 6. Otherwise, go to step 4.

4. Calculate the output sensitivity function at each
sampling point by solving the state equations (See
equation (36)) of its elements using the /sim function
in MATLAB.

5. Calculate the new parameters using equation (30)
and take them as the current estimated ones. Go
back to step 2.

6. Present the parameters obtained in the last loop and
end the process.

The initialization of parameters is crucial for the
algorithm to allow the convergence to the global
optimum. In order to avoid convergence to the
local optimum, a variety of initial values of param-
eters should be tried and checked to see whether the
algorithm could give better results. Each initial value
is selected from the feasible region of each param-
eter vector, based on the expected value range of
each parameter.

Suppose that the parameter vector to be identified is
0={(a,b), for instance, where a,,,<a<a,,, and
bppin <b <b,ur. The value ranges of a and b can be
plotted as a feasible region of 6 in two-dimensional
space as shown in Figure 5.

The feasible region of 6 is divided into several sub-
regions. Assume that there is no more than one local
optimum in each sub-region, the initial parameter vec-
tors 0 are selected from each sub-region (located at the
median point of the sub-region). Then the identification
algorithm calculates the optimal parameter vectors
from each initial parameter vector and the best one
will be selected as the global optimum.

4. Fractional-order model identification
of the PMSM speed servo system

Using a method combining mechanical modeling and
numerical modeling, based on the fractional-order
model of the PMSM obtained in Section 2, the identi-
fication method proposed in Section 3 is applied to a
numerical approximation for the system parameters.
The model of the PMSM is divided into two parts,
the electromagnetic part and the mechanical part.
Identification experiments of these two parts are per-
formed respectively and the fractional-order model is
obtained by combining the parameters obtained in each
experiment.

(a,,b))(a,,by) +--

A A

max ‘

min

Figure 5. Selection of the initial parameters.

4.1. PMSM speed servo system platform
introduction

The PMSM speed servo system platform is shown in
Figure 6, where ASR is the speed controller and ACR is
the current controller. Speed reference setting, speed
control, current control, motor speed/angle calculation
and space vector pulse width modulation (SVPWM)
are all implemented in TMS320F2812 TI-digital signal
processor (DSP). The details of this SVPWM control
algorithm can be found in Luo et al. (2008).

The motor used in this platform is Sanyo-
P10B18200BXS PMSM. The related parameters of
this PMSM are listed in Table 1.

The equivalent DC motor control system of the
PMSM is shown in Figure 7, where C,(s) is the speed
controller, C{s) is the current controller, K, is the
voltage conversion factor, K; is the current conversion
factor, K, is the speed conversion factor, R is the resist-
ance, L is the inductor, C,, is the torque coefficient, GD>
is the flywheel inertia and C, is the induced electromo-
tive force coefficient.

4.2. System identification excitation signal

The selection of input signal is one of the key issues
affecting the identification result. Pseudo-random
binary sequence (PRBS) is the most widely used as a
system identification excitation signal because it can
persistently excite the system to be identified with
adjustable amplitude and period (Li, 1987). Besides,
the PRBS can be generated simply and will not be dis-
turbed by environmental changes. PRBS is selected to
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Figure 6. Space vector control system of the PMSM.

Table |. Motor parameters.

Parameters Symbol  Unit V alue
Rated power Pr kw 2.0
Rated speed Nr min ™' 2000
Rated torque Tr Nm 9.3
Rated current Ir A 9.5
Torque coefficient Cn Nm/A 1.32
Induced voltage coefficient C, mV/min~'  46.0
Phase resistance R Q 0.5
Electrical time constant te ms 7.5
Mechanical time constant  t,, ms 6.3
Number of poles np - 8
Moment of inertia Jm kgm? 73.08 x 107*

be the input signal of the system identification in this
paper.

4.3. Fractional-order model identification of the
electromagnetic part

4.3.1. Model identification setup. If the motor speed 7 in
equation (5) is zero during the sampling process, the
back electromotive force will also be zero and the volt-
age equation can be described by equation (37)

d’i
u; = Ri, + LW;’

(37)
In this way, the parameters of the electromagnetic part
can be identified based on the sampled g-axis voltage
and current. Therefore, the motor must be stationary

during the sampling process, which can be achieved by
the magnetic positioning technique (Li and Pi, 2010).
The mathematical model of PMSM in a two-phase
rotary coordinate (d — ¢ coordinate) is described as
follows.
The flux equation

@4 = Lgiq + ¢p

. (3%)
9q = Lyl
the torque equation
To = 1.5n,(ppig + (La — Ly)idiy) (39)
and the mechanical equation
dw
T,=J—+T, 40
e dt + 1L ( )

where ¢, is the flux of permanent magnet, iy and i, are an
stator current components on the d- and g-axis respect-
ively, L, and L, are the inductance of the PMSM on the
d- and g-axis respectively, 1, is the number of pole pairs,
J is the moment of inertia and 7 is the equivalent
torque of the load. For a surface mounted PMSM,
L,=L,, so the torque equation becomes

T, = 1.5n,0,i, (41)

Based on the principle of SVPWM control (Luo
et al., 2008), the direction of the d-axis is set to be the
direction of the rotor flux vector and the g-axis is set at
the vertical direction of the d-axis. During the rotation



2262

Journal of Vibration and Control 22(9)

C.(s) Gi(s)

C, e
1/L iq 375C 1|7
7 > zm - T
s"+R/L GD 5°

Figure 7. Equivalent DC control system of the PMSM fractional-order model.

Figure 8. Decomposition of i.

of the rotor, the DSP calculates the rotation angle and
rotor speed based on the optical encoder feedback.

Now suppose that the d-¢ coordinate in the DSP is
fixed by the servo program, represented by the d,-axis
and the g,-axis in Figure 8, while the “‘actual coordin-
ate”, synchronized with the rotor flux, is represented by
the d,-axis and the g,-axis. Suppose that the stator coil
is imported with a current vector with constant magni-
tude (i;) and direction (points to the direction of the
gs-axis), as shown in Figure 8, a static circular magnetic
field will be generated in the motor space.

Suppose that the rotor is originally stationary. From
the actual coordinate (d,-q, coordinate) point of view,
when the stator current is imported, it becomes

ig = 1iycos6
S (42)
Iy = iysin@

Thus, without load, the mechanical equation is
obtained
) d
T, = 1.5n,ppi;sin 6 = JTC: (43)

Since n,, ¢, and i; are constant, the direction of torque
is determined by the angle, 6, between the current
vector and the rotor flux. If 0 <6 <, then T, >0, the
rotor will rotate counterclockwise, if —7 <6 <0, then
T, <0, the rotor will rotate clockwise, if 6=0, then
T,.=0 and the rotor will not rotate.

Based on this principle, the experimental scheme can
be confirmed. Before the sampling process, a current
vector with constant magnitude (i;) and direction (6)
is imported into the stator coil. Then the rotor flux
direction axis (d,-axis) will be dragged close to the cur-
rent vector i, direction axis, as shown in Figure 8. After
a tiny oscillation, the rotor will eventually stop and stay
at the position corresponding to the current vector, as
shown in Figure 9. Then the PRBS is imported into the
¢s-axis input voltage, with the dj-axis voltage remaining
at zero. The motor speed will be zero in the subsequent
experiment.

The electromagnetic part is an inertia part as shown
in Figure 10, under the condition that the rotor speed is
always zero. In Figure 10, K, represents the conversion
factor from the per-unit value of the ¢ -axis stator
voltage u,; to its actual value u,, K, represents the con-
version factor from the actual g,-axis current i, to its
per-unit value i,,in the DSP. During the sampling pro-
cess, the g,-axis current is with open-loop control. The
gs-axis stator voltage u,, and current i, are sampled
respectively. The PRBS is imported into the g¢,-axis
stator voltage u,, after the rotor stops and the g-axis
current reaches a relative steady value (the current may
not be strictly steady because it is achieved without
current closed-loop control). The parameters of the
electromagnetic part are identified applying the identi-
fication method proposed in Section 3, with the gg-axis
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Figure 9. Positioning of the rotor flux.

stator voltage being taken as the input signal and the
gs-axis current as the output signal.

4.3.2. Identification procedure. Based on the principle
mentioned in the previous section, the model identifica-
tion procedure is presented as follows:

1. Disconnect the speed loop and set the rotation angle
of the rotor to be a constant value. Set the g-axis
input voltage to be a small constant (0.1 per unit
value) and the d-axis input voltage to be zero in
the servo program.

2. Sample the g-axis stator voltage and the g-axis feed-
back current.

3. Set the g-axis input voltage to be the PRBS and keep
the d-axis input voltage as zero.

4. Applying the identification method proposed in
Section 3, identify the model parameters using
MATLAB software based on input-output data.

4.3.3. Identification experiment. The current conversion
factor K; in Figure 10 can be obtained based on
the design of the servo drive. The stator current
of the motor is measured with a Hall sensor and
then converted into the input voltage signal of the
DSP’s A/D conversion module. The input voltage
of the DSP’s A/D conversion pin is described by
equation (44)

wi= 1.5 + 0.025i, (44)

Figure 10. Block diagram of the electromagnetic part
modeling.

where i, represents the actual stator current of the
motor. The input voltage range of the A/D conversion
pin of DSP is 0 — 3V, namely, 0 V'<u; <3 V. Thus

0<15+0.025/, <3 (45)
The analog input voltage is then converted into digital
value by the A/D conversion module in DSP. Then the

per-unit value of current irin the DSP is calculated by
equation (46)

i =Fui— 1 (46)

Substituting u; with its representation shown in equa-
tion (44), it becomes

.2 . I,
ir= 5(1.5 +0.025,) — 1 = a0

(47)
Equation (47) shows the relationship between the
actual stator current i, and its per-unit value ir in
DSP. So the value of the current conversion factor is
K;=1/60. Therefore, the actual g-axis current can be
obtained by

1
iy = 60iy (48)

iy =—
q K]
The conversion factor K, can be obtained by motor

experiments in open-loop. Consider the voltage
equation

dﬁ .
uy = Kottgs = Riy + L0 4 Con

dr “9)

If u, is a constant value and the motor operates with a
constant load, the g-axis current and motor speed will
eventually reach stable states. Therefore, the term
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-
Ri, + L% can be approximated to a constant. In this
way, the voltage equation can be written as

C
Uy = fen + const (50)

0

The value of K|, can be calculated by measuring u,, and
n and confirming their quantitative relation.

Eight pairs of (u,,n) are measured and plotted as
data points in Figure 11. The quantitative relation
between u,, and n is obtained by fitting the data
points using the least square method. The obtained
relation can be described by equation (51), which is
also plotted as a red line in Figure 11

ugs= 0.0003207n + 0.0487 (51)
Therefore, %:0.0003207. According to the motor

datasheet, CZ=0.046, then it gives Ky=143.41. The
actual g-axis voltage can be obtained by

uy = Kougs = 143411, (52)

Taking u, as the input signal and » as the output
signal, the transfer function of the electromagnetic
part is described by equation (53)

Gi(s) = o VL

== 53
u, s+ R/L (53)

For the integer-order model, the order of ¢ is 1, only
the inductance L and the resistance R need to be iden-
tified. For the fractional-order model, the inductance L,
the resistance R and the fractional-order ¢ need to be
identified.

1024 pairs of input-output data are sampled, with the
sampling period 7,=0.0005s. The frequency band in
which the filter needs to approximate the fractional oper-
ator is (0.01 rad/s, 10,000 rad/s). The order of the filter
determines the accuracy of the approximated fractional
operator: the higher the order, the higher the accuracy.
However, the calculation time is also longer. Therefore,
to balance the accuracy and efficiency, the order is set to
be 9, namely, 2N+ 1=9, which is time-saving and
enough for precise identification.

The sampled g-axis input voltage is shown in Figure
12. The sampled g-axis current is shown in Figure 13.

The reference model of the identification method
mentioned in Section 3 is described by equation (26).
Taking the transfer function of the electromagnetic part
(equation (53)) into account, gives a=R/L, b=K,/L
and £=19. The order & is represented by variable « in
the algorithm (See equation (14)). During the identifi-
cation of the fractional-order model, & is updated in
every iteration. In contrast, & is fixed to be 1 during
the identification of the integer-order model. In order
to improve the accuracy of the identification results, cal-
culations are performed from 7=0s to obtain the simu-
lation outputs, but only the output data from r=0.1s
are used in the identification algorithm. The iterative
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Figure 12. The g-axis input voltage.
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Figure 13. The g-axis current.
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Figure 14. The estimated and actual result of the g-axis current for fractional-order model.

calculation will be terminated when the variation of J is
smaller than 0.0001, which means the parameters con-
verge to their stable values.

Using the identification method proposed in
Section 3, the parameters of the fractional-order
model are obtained, £=0.9081, a«=127.3803 and
b=283.6368. The optimal sum of square deviations,
J is 21.9403. Then it gives ¥ =0.9081, L =11.956 mH
and R=1.52 Q. The fractional-order model of electro-
magnetic part is

/L 83.6368
s” + R/L _ s0908T 1 127.3803

Giyls) = (54)

Simulation is performed based on the obtained frac-
tional-order model of the electromagnetic part, taking
the g-axis stator voltage samples as the input signal.
The estimated result of the g¢-axis current and the
actual g-axis current samples are showed in Figure 14,
where the red curve represents the simulation output
and the blue curve represents the actual output.

The parameters of the integer-order model are
obtained, ¢ =223.6513 and b=136.4613. The optimal
sum of square deviations, J is 102.3944. Then it gives
L=7.328 mH and R=1.639 Q. The integer-order
model of electromagnetic part is

1/L 136.4613
GulS) = T RIL T 5+ 223.6513

(55)

Simulation is performed based on the obtained inte-
ger-order model of the electromagnetic part, taking the
g-axis stator voltage samples as the input signal. The
estimated result of the g-axis current and the actual
g-axis current samples are showed in Figure 15, where
the red curve represents the simulation output and the
blue curve represents the actual output.

Comparing Figures 14 and 15, and the sum of square
deviations of two identification experiments, the con-
clusion is that the simulation output of the fractional-
order model is closer to the experimental output than
that of the integer-order model, the fitting effect of the
fractional-order model is better than that of the integer-
order model.

4.4. Fractional-order model identification of the
mechanical part

4.4.1. Model identification setup. The block diagram of
the mechanical part (marked in solid lines) is
shown in Figure 16, where u,, is the per-unit value of
the g-axis stator voltage and u, is its actual value, i, is
the g-axis stator current and i, is its per-unit value in
DSP, and K, represents the conversion factor from the
speed of motor # to its per-unit value nyin DSP. During
the experiment, the d-axis input voltage is zero while
the ¢-axis current loop and speed loop are
disconnected.

At first, the g-axis input voltage is set to be a con-
stant. The g-axis current i,y and rotor speed ny are
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Figure 16. Block diagram of the mechanical part modeling.

sampled respectively. When the rotor speed reaches a
relatively steady state (the speed may not be strictly
steady because it is achieved without current and
speed closed-loop control), PRBS is added into the
g-axis input voltage. The sampled g-axis current can
be divided into two components, one is generated by
the DC component (constant) of the g-axis voltage,
while the other is generated by the PRBS. Only the
latter component is used for identification. Similarly,

the motor speed can also be divided into two compo-
nents, one is generated by the DC component of the ¢-
axis current (generated by the DC component of g-axis
voltage), while the other is generated by the AC com-
ponent of the g-axis current (generated by the PRBS).
Only the latter component is used for identification. In
order to obtain the components only generated by the
PRBS, another process needs to be performed. The ¢-
axis input voltage should be set to be constant (equal to
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the value in the previous process) again. Then the g-axis
current i,y and rotor speed ny, are sampled respectively.
This time, the g-axis current is generated by the con-
stant g-axis voltage. The motor speed is generated by
the g-axis current obtained in this process. The g-axis
current, i, only generated by the PRBS is obtained by

lof = Ign — lgp (56)

The motor speed, 1, only generated by the g-axis cur-
rent generated by the PRBS is obtained by

ng=npg —np (57)

Then the parameters of the mechanical part are identi-
fied applying the identification method proposed in
Section 3, with the g-axis current i, being taken as the
input signal and the rotor speed n as the output signal.

4.4.2. Identification procedure. Based on the principle
mentioned in the previous section, the experimental
steps are confirmed as follows.

1. Disconnect the g-axis current loop and speed loop.
Set the rotation angle of the rotor to be the value
calculated based on the pulse signal transmitted by
the optical encoder.

2. Set the d-axis voltage to be zero and the g-axis volt-
age to be a small constant (0.3 per-unit value).
Sample the g-axis current and the rotor speed.

3. Perform step 2 again. When the motor current
reaches a steady state, add the PRBS into the
g-axis voltage.

4. Remove the DC components contained in the g-axis
current by subtracting the g-axis current obtained in
step 2 from that obtained in step 3. Remove the DC
components contained in the motor speed by sub-
tracting the motor speed obtained in step 2 from that
obtained in step 3.

5. Applying the identification method proposed in
Section 3, identify the model parameters using
MATLARB software based on input-output data.

4.4.3. Identification experiment. The speed feedback
coefficient K, can be obtained based on the motor par-
ameters shown in Table 1. The rated motor speed is
2000 rpm, whose corresponding per-unit value in DSP
is 1. Therefore, K, the conversion factor from actual
speed value to per-unit value, is 1/2000.

Taking i, as the input signal and n as the output
signal, the transfer function of the mechanical part is
described by equation (58)

n  375C,
GZ(S) = ; = GDZS;

(58)

For the integer-order model, the order & is 1, only the

term 32% needs to be identified. For the fractional-

GD?
order model, both the order & and the term %

to be identified.

need

1024 pairs of input-output data are sampled, with
the sampling period 7,=0.005s. The frequency band
in which the filter needs to approximate the fractional
operator is (0.01 rad/s, 10, 000rad/s). To balance the
accuracy and efficiency, the order of the filter is also
set to be 9.

The g-axis stator voltage is shown in Figure 17. The
g-axis current, i,;, generated by both the constant volt-
age and the PRBS, and i,, generated only by the con-
stant component of u,, is shown in Figure 18.

The actual g-axis current i,, only generated by the
PRBS is obtained by equation (59)

Iq = lg1 — ig (59)

The g-axis current i, is shown in Figure 19.

The motor speeds n; generated by i, and n, gener-
ated by i, are shown in Figure 20. The motor speed
only generated by the AC component of the g-axis cur-
rent (generated by the PRBS) is obtained by equation (60)

n=mn —n (60)

The motor speed #n is shown in Figure 21.

The reference model of identification method men-
tioned in Section 3 is described by equation (26).
Taking the transfer function of the mechanical part
(equation (58)) into account, it gives a=0 and
b= % The order & is represented by variable « in
the algorithm. In the parameter vector, « is fixed to be
zero. During the identification of the fractional-order
model, & is updated in every iteration. In contrast, & is
fixed to be 1 during the identification of the integer-
order model. In order to improve the accuracy of iden-
tification results, calculations are performed from
t=0s to obtain the simulation outputs, but only the
output data from r=1.5s are used in the identification
algorithm. The iterative calculation will be terminated
when the variation of J is smaller than 0.0001.

Using the identification method proposed in
Section 3, the system parameters of the fractional-
order model are obtained, &=1.0463 and
b=1033.084. The optimal sum of square deviations,
J is 5087.6517. Then the fractional-order model of the
mechanical part is

1033.084
$1.0463

375C,,

Gls) = GD2st

(61)
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Figure 17. The g-axis stator voltage.
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Figure 18. The g-axis currents, ig; and ip. (a) q-axis current iq,. (b) g-axis current ig.

Simulation is performed based on the obtained frac-
tional-order model of the mechanical part, taking the
g-axis stator current samples as the input signal. The
estimated result of the motor speed and the actual
motor speed samples are showed in Figure 22, where
the red curve represents the simulation output and the
blue curve represents the actual output.

The system parameters of the integer-order model
are obtained, »=925.8358. The optimal sum of

square deviations, J is 15708.4198. Then the integer-
order model of the mechanical part is

375C, 925.8358
G(s) = G DQ: = (62)

Simulation is performed based on the obtained inte-
ger-order model of the mechanical part, taking the
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Figure 20. Motor speeds n| and n,. (a) Motor speed n,. (b) Motor speed n,.

g-axis stator current samples as the input signal. The
estimated result of the motor speed and the actual
motor speed samples are showed in Figure 23, where
the red curve represents the simulation output and the
blue curve represents the actual output.

Comparing Figures 22 and 23, and the sum of square
deviations of two identification experiments, the con-
clusion is that the simulation output of the fractional-
order model is closer to the experimental output than
that of the integer-order model, the fitting effect of the

fractional-order model is better than that of the integer-
order model.

5. Verification of the PMSM
fractional-order model

5.1. Experimental platform

The PMSM
Figure 24.

shown in
the

speed-control platform is
The motor to be wused is
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Figure 22. Estimated and actual result of the motor speed for the fractional-order model.
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Figure 23. Estimated and actual result of the motor speed for the integer-order model.

CCS software
PMSM
Servo drive

Figure 24. The PMSM speed-control platform.

Sanyo-P10B18200BXS PMSM. The servo drive is
laboratory-made and the DSP used in the control
board is TMS320F2812 TI-DSP. The software plat-
form used on the PC is the Code Composer Studio
(CCS) developed by Texas Instruments. The PC is con-
nected with servo drive through an emulator, control-
ling the motor to operate.

5.2. Model verification setup

The deviation between the simulation output and experi-
mental output reflects the accuracy of the mathematical

model of an actual system. Suppose that two models
have been established for an actual system. Simulations
and experiments are then performed based on these two
models under equal conditions. If the deviation
between the simulation output and experimental
output of one model is smaller than that of another,
it means that the former one is closer to the character-
istics of the actual system. Now suppose that simula-
tions and experiments are performed respectively,
based on the integer-order model and fractional-order
model of the PMSM. If the deviation between the
experimental output and simulation output of the frac-
tional-order system is smaller than that of the experi-
mental output and simulation output of the integer-
order system, it means the fractional-order model is
closer to the intrinsic characteristics of the PMSM
than the integer-order model. The rationality of the frac-
tional-order model is then demonstrated. Based on this
assumption, model verification experiments are per-
formed in open-loop and closed-loop respectively.

5.3. Model verification based on open-loop
response

The transfer function of the PMSM (see Figure 1) can
be described by equation (63)

375C,
GD?L

9+E R 375C,,C,

A o i s ey>273

G(s) = (63)
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Figure 25. Magnitude-frequency characteristic.

Based on the identification results in Section 4, the
fractional-order model of the PMSM is

86405.3895

Gr(s) = 64
1) = T 127 38035100 1 39746479 OV
The integer-order model is
126340.7569
Gils) = (65)

s> +223.6513s 4+ 5811.674

Open-loop frequency response experiments are per-
formed on the PMSM, taking u, as input signal and »
as output signal. Eight groups of (w,4,¢) are measured
and plotted as data points in a magnitude-frequency
characteristic figure (Figure 25) and a phase-frequency
characteristic figure (Figure 26).

The magnitude-frequency characteristics and phase-
frequency characteristics of the fractional-order and
integer-order models of PMSM are also plotted in
Figures 25 and 26 respectively, where the red curves
represent the characteristics of the fractional-order
model and the green curves represent those of the inte-
ger-order model. Figure 25 shows that the magnitude-
frequency characteristics of two models are close to
each other. Figure 26 shows that the phase-frequency
characteristics of two models show differences in the
middle- and high-frequency range. Specifically, the
characteristics of the fractional-order model is closer

to the actual characteristics of the PMSM than that
of the integer-order model.

5.4. Model verification based on closed-loop
response

If the current controller in Figure 7 is set to be Cy(s) =1
and the speed feedback is converted into a unit feed-
back system, the PMSM speed-control system can be
simplified as shown in Figure 27.

In Figure 27, Gy(s) is the open-loop transfer function
of the speed system, which can be described by equa-
tion (66)

375C,
KZKO GD2L

o1& 1 REKKy & | 375C,C,
ST+ TS TG

Gi(s) =

(66)

Using the parameters obtained in Section 4, the frac-
tional-order transfer function is

6195.698
Girls) = 519344 4 327.2898s1-0463 4+ 3974.6479 (67)
The integer-order transfer function is
9059.264
Guls) = (68)

s 4 549.8166s + 5811.674
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Figure 27. Simplified diagram of the PMSM speed control
system.

In order to verify the proposed fractional-order
model, three groups of PI controllers are designed
applying the gain crossover frequency and phase
margin specifications, based on the obtained frac-
tional-order and integer-order models. Then the
closed-loop speed-tracking simulations are performed,
using the controllers designed for the fractional-order
model to control the fractional-order model, and those
for the integer-order model to control the integer-order
model. Closed-loop speed-tracking experiments are
also performed on the PMSM control platform using
these controllers to control the PMSM. Taking the inte-
gral of absolute deviations as the criterion

J= /O |n0(t) — ny(0)|dt (69)

where n, represents the experimental output, ng repre-
sents the simulation output and ¢, represents the simu-
lation time, the simulation outputs of two models are
then compared with their corresponding experimental
outputs to clarify the advantage of the fractional-order
model.

The PI controller has the form shown in
equation (70)
K
C(s):Kp(l +?) (70)

The PI controller is designed based on the following
gain crossover frequency and phase margin specifica-
tions (Xue at el., 2006)

|C@)Glwo)| = 1 (71)

Arg[C(w)G(we)] = =7 + @ (72)
where w, represents the gain crossover frequency and
o, represents the phase margin.

The gain and phase of the PI controller are

K2
|C(w)| = K/ 1 +w—’2

(73)
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Arg[C(w)] = — tan_lg (74)

Assume that the plant model to be controlled has the
following form

Cc

G(s)=—— S
) s+ asP +b

(75)

Then the gain and phase of this model can be obtained

4

G(0)| = ———— (76)
JA(w)* + B(w)?
Arg[G(w)] = —tan™! % (77)

where
A(w) = o cos(%oz) + ao’ cos(g ,3) +b  (78)

B(w) = o sin (g a) + awPsin (g ,3) (79)

Based on the gain and phase margin specifications, we
get the following equations

K2 :
Ky |1 +—% < —1 (80)
@ JA@) + Blo)
Ki — B c
Ctan K qnt B9 L @
e A(wc)

Thus, according to different gain crossover frequency
and phase margin requirements, the parameters of PI
controllers can be obtained by solving equations (80)
and (81).

54.1. o, =20rad/s, ¢, = 75°. Given the gain cross-
over frequency w.=20 rad/s and phase margin
om = 15°, Cy(s) as designed for the integer-order
model and Cp(s) as designed for the fractional-order
model are

Cals) = 1.018(1 +@) (82)
Ch(s) = 1.045(1 + @) (83)

The open-loop Bode plots of two control systems are
shown in Figure 28, where the blue curve represents

the characteristics of the integer-order system and
the red curve represents that of the fractional-order
system.

With the speed reference as 1000 rpm, the speed step
response experiments are implemented on MATLAB
and the PMSM speed-control platform as shown in
Figure 24 using C,(s) and Cp(s). The comparison
between simulation output and experimental output
of the integer-order control system is shown in
Figure 29(a), where the red curve represents the simu-
lation output and the blue curve represents the experi-
mental output. The comparison between the simulation
output and experimental output of the fractional-order
control system is shown in Figure 29(b), where the red
curve represents the simulation output and the blue
curve represents the experimental output. The integral
of deviation between the fractional-order system output
and experimental output is 7.192, while that of the
integer-order system output and experimental output
is 9.839.

5.4.2. w.=35rad/s, ¢, = 75°. Given the gain cross-
over frequency w.=35 rad/s and phase margin
om = 75°, C4(s) as designed for the integer-order
model and Cp(s) as designed for the fractional-order
model are

Cals) = 1.823(1 + 233&) (84)
Ch(s) = 1.946(1 + @) (85)

The open-loop Bode plots of two control systems
are shown in Figure 30, where the blue curve repre-
sents the characteristics of the integer-order system
and the red curve represents that of the fractional-
order system.

With the speed reference as 1000 rpm, the speed
step response experiments are implemented on
MATLAB and the PMSM speed-control platform
using C4(s) and Cpg(s). The comparison between simu-
lation output and experimental output of integer-order
control system is shown in Figure 31(a), where the red
curve represents the simulation output and the blue
curve represents the experimental output. The com-
parison between simulation output and experimental
output of the fractional-order control system is shown
in Figure 31(b), where the red curve represents the
simulation output and the blue curve represents the
experimental output. The integral of deviation
between the fractional-order system output and
experimental output is 5.952, while that of the inte-
ger-order system output and experimental output is
12.382.
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Figure 28. Open-loop Bode plots of two control systems.

5.4.3. w. =50rad/s, ¢, = 75°. Given the gain cross-
over frequency w.=50 rad/s and phase margin
om = 75°, Cy(s) as designed for the integer-order
model and Cp(s) as designed for the fractional-order
model are

Cals) = 2.727(1 + %) (86)
Ch(s) = 2.964(1 + @) (87)

The open-loop Bode plots of two control systems
are shown in Figure 32, where the blue curve repre-
sents the characteristics of the integer-order system
and the red curve represents that of the fractional-
order system.

With the speed reference as 1000 rpm, the speed step
response experiments are implemented on MATLAB
and the PMSM speed-control platform using C,(s)
and Cp(s). The comparison between simulation
output and experimental output of the integer-order
control system is shown in Figure 33(a), where the
red curve represents the simulation output and
the blue curve represents the experimental output.
The comparison between simulation output and experi-
mental output of the fractional-order control system is

shown in Figure 33(b), where the red curve represents
the simulation output and the blue curve represents the
experimental output.

The integral of deviation between the fractional-
order system output and experimental output is 6.31,
while that of the integer-order system output and
experimental output is 12.073.

5.5. Analysis of simulation and experimental
results

Open-loop simulation and experimental results show
that the frequency response of the fractional-order
model of the PMSM is closer to the actual frequency
response of the PMSM than that of the integer-order
model. Speed-tracking simulation and experimental
results in closed-loop using three groups of PI control-
lers show that the deviations between experimental out-
puts and simulation outputs of the fractional-order
system are smaller than those between experimental
outputs and simulation outputs of the integer-order
system. Therefore, it is verified that the fractional-
order model proposed in this paper is more accurate
and closer to the true nature of the PMSM over the
integer-order model.

In practical applications, the identification
method proposed in this paper can be applied to
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Figure 30. Open-loop Bode plots of two control systems.

establish a fractional-order model of the PMSM, which
is more accurate than the integer-order model. The
speed controllers can be designed based on the obtained
fractional-order model and then tuned based on the
simulation results. Since the fractional-order model is
closer to the true nature of the PMSM than the integer-
order model, the actual control performance of the

controller designed based on the fractional-order
model will be more satisfying and reliable.

6. Conclusion

By applying a method combining mechanical modeling
and numerical modeling, fractional-order modeling of
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fractional-order system.

PMSM is studied. Based on the component mechanism
of the PMSM, system identification experiments and
parameter identification are performed on the electro-
magnetic part and mechanical part of the PMSM,
applying the presented system identification scheme,
obtaining the fractional-order and integer-order

models of the PMSM. Open-loop simulations and
experiments are performed, demonstrating that the fre-
quency response of the fractional-order model of the
PMSM is closer to the actual frequency response of
the PMSM compared to that of the integer-order
model. Three groups of PI speed controllers are
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designed for the PMSM speed servo system according
to the integer-order model and the fractional-order
model obtained in this paper respectively. Speed-track-
ing simulations and experiments are performed on
MATLAB and the PMSM speed-control system using
these PI  controllers. Simulation results and
experimental results show that the deviations between
experimental outputs and simulation outputs of the
fractional-order system are smaller than those between
experimental outputs and simulation outputs of the
integer-order system, indicating that the fractional-
order system model obtained in this paper is more
accurate and closer to the nature of the PMSM over
the traditional integer-order model. The identification
method proposed in this paper can be applied to estab-
lish a fractional-order model of the PMSM. The per-
formance of the control system designed based on this
fractional-order model will be more satisfying and
reliable.
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Abstract

Recently some semi-analytical methods have been introduced for solving a class of nonlinear optimal control problems
such as the Adomian decomposition method, homotopy perturbation method and modified variational iteration method.
In this manuscript we compare these methods for solving a type of nonlinear optimal control problem. We prove that
these methods are equivalent, which means that they use the same iterative formula to obtain the approximate/analytical

solution.
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I. Introduction

The theory of optimal control and its applications are
now widely used in multi-disciplinary applications such
as aircraft systems, biomedicine, robotics, etc. Optimal
control of nonlinear systems is a challenging task which
has been widely studied. It is known that a nonlinear
optimal control problem (OCP) can be converted to a
Hamilton—Jacobi—Bellman (HJB) partial differential
equation or a nonlinear two-point boundary value
problem (TPBVP). Many researchers have attempted
to solve these two problems (see Diehl et al., 2005;
Fakharian and Behshti, 2008; Fakharian et al., 2010;
Fakharzadeh, 2012; Héadméldinen and Halme, 1976;
Jajarmi et al., 2011; Manseur et al., 2005; Matinfar
and Saeidy, 2014; Nik et al., 2012, and the references
therein).

Several computational methods have been used for
solving nonlinear OCPs. Fakharian et al. used the
modified Adomian decomposition method (ADM)
(Fakharian and Behshti, 2008; Fakharian et al.,
2010), Saberi Nik et al. applied the homotopy perturb-
ation method (HPM) (Nik et al., 2012), Jajarmi et al.
used the series method (Jajarmi et al., 2011), Manseur
et al. applied the coupled Adomian/Alienor method
(Manseur et al., 2005), Fakharzadeh used differential
transformation method (DTM) (Fakharzadeh, 2012)

and so on (Diehl et al.,, 2005; Hdmaéldinen and
Halme, 1976).

Recently Matinfar and Saeidy presented a new tech-
nique for solving a class of nonlinear OCP (Matinfar
and Saeidy, 2014), which they call the modified
variational iteration method (MVIM). This method is
similar to an existing method called the variational
homotopy perturbation method (VHPM) (Matinfar
and Ghasemi, 2010; Matinfar et al., 2010; Noor and
Mohyud-Din, 2008).

In Matinfar and Saeidy,
nonlinear OCP was considered

(2014) the following

minJ = / ’ (xT(NO0x(1) + u" (£) Ru(t))dt
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1 e [lo, lf]

X = F(t, x(1)) + G(t, x(£))u(?);
s.t.{ (1)
x(ty) = xy

x(10) = Xo,

where x € R" and u € R™ are the state and control vec-
tors respectively, Q € R"”*" and Re R™*" are positive
semi-definite and positive definite matrices respectively,
and x, and x, are the given initial and final states at 7,
and ¢, respectively. Also, F and G are continuously
differentiable functions in all arguments.

According to Pontryagin’s maximum principle
(Pinch, 1993), and following the method presented in
Jajarmi et al., (2011), they converted equation (1) into
the following form of nonlinear TPBVP

X = F(1,x)+ G(1,x)[- R g7 (1, x)],
T
)
X
" 9G;
+ I;yi[—R*1 GT(t,X)y]Ta)

x(tg) =x0, y(to) =c

2

where « € R is an unknown parameter which will be
determined later by using boundary conditions.

Finally, they introduced an MVIM for solving
equation (2).

In this paper, we prove that the ADM, the HPM and
the VHPM are equivalent when used to solve nonlinear
differential equations with initial or boundary condi-
tions. Egquivalent means these methods use the same
iterative formula for solving a class of nonlinear OCP.

2. The methods

In Section 1, we saw that the nonlinear OCP (1) can be
converted to a nonlinear TPBVP (2). In this section, we
briefly recall the ADM, the HPM and the VHPM for
solving equation (2). To convey the basic idea of the
above methods, we applied these methods to the fol-
lowing nonlinear equation

Llu()] + Ru(n] + Nu(D] = g(n), >0 (3)

where L :%, m € N is a linear operator with the
highest order derivative, R[u(?)] (remainder linear
term) is the linear differential operator of lower order
than m, N[u(¢)] is a nonlinear operator and g(7) is the
source inhomogeneous term, subject to the initial
conditions

uPO)y=cr, k=0,1,2,....m—1 4)

We want to obtain a solution u of equation (3) in
Hilbert space. If equation (3) does not have a unique
solution, then these methods give only a solution
among other possible solutions.

2.1. The ADM for solving equation (3)

For solving equation (3) using the ADM (Abbaoui and
Cherruault, 1994; Adomian et al.,, 1996; Wazwaz,
2011), we apply L™'[.] = 15 fo (t — "~ "[1d7 on both
side of equation (3). Thus

m—1 tk » »
)= exg L)~ LR
— L' (Nu(@)D, 1> 0

The ADM consists of the solution to equation (5) as an
infinite series

u(x) = ) ui(x) (6)
i=0

and N(u(x)) is also decomposed as

Nu(x) =Y A4 (7)
i=0

where A4,, n=1,2,3,... are called the Adomian polyno-
mials, which are calculated by Abbaoui and Cherruault
(1994), Adomian et al. (1996), and Wazwaz (2011) as

L a & ;
)

i=0

(®)

=0

Here p is a parameter introduced for convenience.
Substituting equations (6) and (7) into equation (5)
yields

m—1

[e’e] k [e’e}
douy=) ck% + L7 (g(r) - L7 (R[Z uf(r)D
k=0 '

i=0 i=0

e (fjA,) ©)
i=0

In view of the convergence of the series into equation
(9), the components of the series in equation (6) are
computed by following formula

B m—1 lk .
uy = ;CkEﬂL L~ (g(1) (10)

un+1 = _L_I(R[un]) - L_I(A}’l)y n= 09 19 29 e

When the independent variable (time) is unbounded,
the series solution of equation (6) will diverge from
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the true solution at larger values of time. This is where
the discretization of the time axis makes itself indis-
pensable. An estimate of local error over a particular
time interval is given by Error; = » ;% .| uj = O(sh").

The global error order is one integral order fewer
than the corresponding local error order. It is
Error,=O(5 h""). So it can achieve a more accurate
solution and get a higher rate of convergence by
increasing the number of series terms (Az-Zo’bi, 2012;
Ramana and Raghu Prasad, 2014). For conver-
gence of this method we refer to Abbaoui and
Cherrvault (1994), Adomian et al. (1996), and
Az-Zo’bi (2012).

2.2. The HPM for solving equation (3)

The HPM was developed by combining two techniques:
standard homotopy and perturbation. For solving
equation (3) according to He’s HPM (He, 1999), we
first construct a homotopy as

H(v; p) = (1 = p)[L() — L(uo)] + p[L(v)

(11)
+ R(v) + N(v) —g(n)] =0

or

H(v: p) = L(v) — L(uo) + pL(uo)

(12)
+ p[R(v) + N(v) — g(1)] =0

where p €[0,1] and u is an initial guess of equation (3),
which satisfies equation (4). In the HPM, a power
series of p

v=vgtvip+vp - (13)

is considered as the solution of equation (12).
Substituting p =1 into equation (11) gives our original
equation (3). Also, as p tends to 1 in equation (13)
we have

u(t)y=lmv=vy+v;+vy+4--- (14)
p—1
Like the ADM, N(v) is decomposed as
0 .
Nw) =Y p'Hi=Hy+pH, +p*Hy+ - (15)
i=0
where H, is calculated as
1 811 n .
H,(vg, vi,v2,...,1) =<N< p’vi>> ,
n! op" ; =0
n=0,1,2,... (16)

which a few authors call He’s polynomials! It must be
mentioned here that the authors of this paper have
proved that He’s polynomials are only Adomian poly-
nomials (Jafari et al., 2013). Substituting equations
(13) and (15) into equation (11) or (12) and arranging
it according to the powers of p, we have

P’ L(v) — L(ug) =0

p': L)+ L(uo) + R(vo) + Hy — g(t) = 0

P> L)+ Rw)+ H, =0,
»®0)=0, k=0,1,2,....m—1

pn : L(vn) + R(anl) +H,_1 =0, Vn(k)(o) =0,

n=203,... (17)

By solving the above equations, we obtain the compo-
nents v;, i=0,1,2, ... of equation (13). For convergence
of this method we refer to He (1999).

2.3. The VHPM for solving equation (3)

Now we briefly describe an alternative approach of the
variational iteration method (VIM) which is called
MVIM (Matinfar and Saeidy, 2014) or VHPM
(Matinfar and Ghasemi, 2010; Matinfar et al.,, 2010).
This method is proposed as the coupling of the VIM and
the HPM. For solving equation (3) using the VHPM, first
according to He’s VIM (He, 2007; Inokuti et al., 1978), a
correction function for equation (3) is constructed as

Un1(1) = un(1) + /Ot M) Lty (7) + Ruy(7)

+ Nuy(t) — g(v)ldr,

(18)

n>0

where 4 is a general Lagrangian multiplier, which can
be identified optimally via variational theory. Here,
restricted variation is applied for the nonlinear
term Nu. Then we can determine / easily. In general
(Wazwaz, 2010), we have

(_ 1 )177

BTSN

(19)

L

After finding the value of A, unlike the VIM and similar
to the HPM, we decompose the solution of equation (3)
as the following series

V=14 vip+vpt 4 (20)

Substituting p=1 into equation (20), yields the
approximate solution of equation (18). Also, the
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nonlinear term is written as N(v) = Y o) H;p'. Now,
similar to the HPM, we have

Z vp" = up +p/ A7) |:R< Z vnp">
n=0 0 n=0
+ N< i vnp”) — g(r):| dr (21)
n=0

Finally, by sorting coefficients with respect to powers of
p, we have

P Vo=

Pl om= fo HOIR(0) + Holwo) — g(o)ldr

P ome / HOIRM) + Hy(vo, v)ld
0

P = f HORWa-) + Hyt (00, 1 - va )l
0
(22)

which is called the VHPM using He’s polynomials. For
the selective zeroth approximation vy we used the initial
values from equation (4). In the VHPM the initial
approximation vy has been selected as

m—1 cr

* (23)
< k!

vo(1) =

k=

For convergence of this method we refer to Matinfar
and Ghasemi (2010).

3. Comparison between the ADM,
HPM, and VHPM for solving
equation (3)

As we discussed in Section 2, those methods assumed
the solution of equation (3) as an infinite series, com-
puting the components of the series by using an itera-
tive formula. Now, we want to prove analytically that
the ADM, HPM and VHPM use the same iterative
formula to obtain an approximate/analytical solution
of equation (3).

Definition 1. The well-known Cauchy formula for an n-
fold integral (Wazwaz, 2011)

/ dy, / o | fGo)dx, =

x / " — o (dr

1
(n—1)! (24)

Theorem 1. The He's polynomials equation (16) is the
Adomian’s polynomials equation (8).

Proof. See Jafari et al., (2013).

Theorem 2. The HPM for solving equation (3) is equiva-
lent to the ADM when the homotopy H(vp) is considered
as equation (11).

Proof. Applying L~ to both sides of equation (17) we have
Vo = —t N

= k!

vi = =L 'R[vo] — L™"Hy + L™ 'g(2),

vy = —L'Rw] — L™ H,, (25)

vy =—L"'Rlv,1] — L' H,

According to Theorem 1 we have H,= A4,,. In view of
equations (9) and (13) we have

m—1

o0
. . i Ck ke —1
lim, ,jv=1 P = —t+ L
imy.v = lim ; =)t [g(0)]
— L 'R(v) — L7 "4y —---
o0
:u0+u1+---:Zu;:u
i=0
Theorem 3. [f we consider the homotopy H(v ;p) as equa-

tion (21) for the VHPM. Then the VHPM is equivalent
to the ADM.

Proof. Substituting equations (13) and (15) into equa-
tion (21), we have

H(V; P) = Z an)” — Up — p/() /“(t) |:R< Z Vnpn>
n=0

n=0

(St ) - a0 o =0

n=0
= vy — Uy +P|:V1 - /O AT)[R(vo)
+ H(w) — g(r)ldr |
— / I JO[RW,) + Hy — vy [ 'dr =0
0

By arranging the above equation according to the
powers of p, we have

po: vo—uy =0
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P - /0 AOIR(0) + Ho(w) — g(o))dr = 0

P v fo HOIRY) + Hy(vo, v)ldr = 0

t
p"H‘l : Vntl — / )"(T)[R(Vﬂ) + H”(U(), Vipeons l)ﬂ)]d‘l: = 09
0
n=20,1,2,... (20)
From equation (26) we have

Vo = Uo

b= /0 HOIR(0) + Ho(vo) — g(0)lde

- /0 HOIRW) + Hy(vo,v)lde

t

Va1 :/ MO[R(,) + Hy(vo,v1,...,v)]dt, n=0,1,2,...
0

(27)

According to Theorem 1 we have H,= A,,. In view of

equations (19) and (23), substituting equation (27) into
equation (20) leads us to

V= +v1p+vzp2+'”

m— cx
2;—1" - ( / HOIROw) + Ay g(r)]dr)p o8
( )L(r) R(vy) + Al]dr> P+

SO

m— 1

limv =
p—1

—l —/ A1) g(r)dr

+ ( / J(D)[R(vo) + Aoldr) (29)
0
+ ([ Horon + agar) +
0
In Jafari (2014), the first author proves that
/0 t AD)[Jdr = —L7'] (30)

Substituting equation (30) into equation (29) we have
m—1

. Ck
fmv=2 5"

k=0

— L™ '[g(0)] = L™'[R(vo) + Ao]

— L7'[R(vy) + Aj] + -
hence

m—1

limv=3Y Kpk_p
p—1 =0 k

[32]=

So, we prove that lim v=wu. In a similar way we can

p—1

prove that ¥ = lim v. In view of Theorems 2 and 3 we

p—1

have the following result.

L '[g(x)] -

]

Theorem 4. Let 1 be equation (19) and the homotopy
H(v; p) be considered as equation (21). Then the
VHPM for solving equation (3) is equivalent to the
HPM.

Proof. From equation (30) we have
fof A(t)[.Jdt = —L~'[.] and substituting it into equation

(21) we have
()
n=0
+N ( > vnp”> -~ g(t)]
n=0

We take the limit of equation (31) as p — 1 so that we have

00
> vl =y —pL”
n=0

(31

u=uo+ L' (g(1) = L (Ru()]) = L' (Nu()]) (32)

Equation (32) is equivalent to equation (5). That means
the VHPM for equation (3) is same as the HPM for
equation (5).

Example. Consider the following type of nonlinear
OCP (Fakharzadeh, 2012; Matinfar and Saeidy, 2014;
Nik et al., 2012)

!
min J:/ W (1)dt
0

x2(7) sin x(7) + u(1); (33)

t€[0,1], x(0) =0, x(1) = 0.5

1
such that x = 3

Solution. It can be transformed to the following non-
linear TPBVP according to Pontryagin’s maximum
principle (Pinch, 1993)

X = %xz(l) sin x(7) + u*(1), t€[0,1]
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y = —y(t)x(t) sin x(r) — %y(l)xz(l) cosx(t), tel0,1]
x(0)=0, y0)=«a (34)

where the optimal control law is given by
W)=~ 50

To solve equation (34) we apply L7![] = fol[.]dr on
both sides of equation (34), and obtain

x(t) = /0, [%xz(t) sin x(f) — %y(t)i| dr

yH=a+ /0[ |: — y(H)x(t)sin x(t) — %y(z)xz(t) cos x(t)]dr
(35)

If we apply the ADM (Fakharian et al., 2010) or the
HPM (Nik et al., 2012) to equation (35), we find same
iterative formula that is given in Matinfar and Sacidy
(2014) by using the VHPM.

4. Conclusions

In this paper, it has been shown that the VHPM pro-
vides exactly the same iterative formula as the ADM
and HPM for solving nonlinear OCPs. It has been
proved analytically that those methods, the ADM, the
HPM and the VHPM, are equivalent for solving non-
linear differential equations. However the volume of
calculation for the VHPM is more than for the other
two methods. Specifically we show that the modified
VIM or the VHPM which was recently proposed by
Matinfar and Saeidy (2014) (see equation (20)) is the
same as the HPM for solving integral equations or the
ADM for solving differential equations.
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A highly accurate collocation algorithm
for 1 +1 and 2 4 | fractional percolation
equations

Ali H Bhrawy

Abstract

This paper reports two successive spectral collocation methods, that enable easy and highly accuracy discretization, for
I +1 and 2 + | fractional percolation equations (FPEs). The first step depends mainly on the shifted Legendre Gauss—
Lobatto collocation method for spatial discretization. An expansion in a series of shifted Legendre polynomials for the
approximate solution and its spatial derivatives occurring in the FPE is investigated. In addition, the Legendre-Gauss—
Lobatto quadrature rule is established to treat the boundary conditions. Thereby, the expansion coefficients are then
determined by reducing the FPE with its boundary conditions to a system of ordinary differential equations for these
coefficients. The second step is to propose the shifted Chebyshev Gauss—Radau collocation scheme, for temporal
discretization, to reduce such a system to a system of algebraic equations, which is far easier to solve. The proposed
collocation scheme, both in temporal and spatial discretizations, is successfully extended to the numerical solution of
two-dimensional FPEs. An upper bound of the absolute error is obtained of the approximate solution for the two-
dimensional case. Convergence properties of the method are discussed through numerical examples. Several numerical
examples with comparisons are reported to highlight the high accuracy of the present method over other numerical
techniques.

Keywords
Space fractional percolation equations, two-dimensional fractional percolation equations, collocation method, orthog-
onal polynomials, Gauss-type quadrature

formulation of the collocation scheme, or to investigate

. Introduction the related conditions as additional constraints.

Spectral methods (Heinrichs, 1989; Canuto et al., 2006;
Doha et al., 2014b; Eslahchi et al., 2014; Kayedi-
Bardeh et al., 2014; Khalil and Khan, 2014;
Abdelkawy et al., 2015a) are often efficient and
highly accurate schemes when compared with local
methods. The speed of convergence is one of the great
advantages of spectral approximations. The spectral
collocation method is a specific type of spectral
method that is more applicable and widely used to
solve almost all types of differential equations
(Bhrawy, 2014; Doha et al.,, 2014a; Bhrawy and
Zaky, 2015b). In pseudo-spectral techniques for partial
differential equations, the boundary conditions play a
much more crucial role than for ordinary differential
equations, and it becomes important to decide whether
to satisfy the related conditions implicitly, in the

The boundary conditions were treated implicitly in
some recent pseudo-spectral approximations (Bhrawy,
2014; Doha et al., 2014a).

The development and analysis of fractional calculus
began in recent decades, when the fractional differential
equation emerged as a tool for the description of
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phenomena in nature. Fractional differential equations
(Giona and Roman, 1992; Kirchner et al., 2000;
Magin, 2006; Li and Deng, 2007; Garrappa and
Popolizio, 2011; Alipour et al., 2012; Baleanu et al.,
2012; Machado et al., 2013; Rostamy et al., 2013)
are used to model many phenomena in several fields
(Pooseh et al., 2013; Dehghan et al., 2014; Lazo and
Torres, 2014; Pinto and Carvalho, 2015; Raja and
Chaudhary, 2015; Xu et al., 2015). Numerical tech-
niques are widely used by scientists and engineers to
solve fractional PDEs. A major advantage of numerical
techniques is that a numerical solution can be obtained
even when a problem has no analytical solution.
In some cases, PDEs of fractional order can be solved
analytically, where finding their solutions in the general
case is hard and limited to the linear one. Therefore,
there has been a growing interest in recent decades in
developing numerical methods for solving FDEs.
Several numerical treatments based on the improve-
ment of finite difference schemes for FDEs are given
in Meerschaert and Tadjeran (2006), Ding et al.
(2010) and Wang and Du (2014). Also, efficient spectral
algorithms (He, 1998; Chou et al., 2006; Chen et al.,
2011b; Doha et al., 2011; Doha et al., 2012;
Chen et al.,, 2013; Bhrawy, 2014; Bhrawy et al.,
2015a; Chen et al., 2014; Irandoust-Pakchin et al.,
2014; Abdelkawy et al., 2015b; Ezz-Eldien et al.,
2015) have been designed and developed for solving
different kinds of fractional differential equation.

Percolation flow problems (Chou et al., 2006) have
been discussed in many fields including groundwater
dynamics, seepage hydraulics, and fluid dynamics in
porous media. He (1998) introduced analytical solu-
tions for fractional percolation equations (FPEs) by
using the variational iteration method. Fractional
derivatives are becoming widely used and accepted in
models of percolation flow problems. Recently, three
advanced implicit finite difference methods have been
investigated in Chen et al. (2011b, 2013, 2014) to dis-
cretize the numerical solutions of FPEs in one- and
two-dimensional spaces. Along the same line of
thought, Chen et al. (2011b) proposed a new implicit
finite difference scheme for solving the 1+1 FPE. A
developed numerical algorithm has been achieved and
analyzed by Chen et al. (2013), for solving the 2+ 1
FPE. Several authors have also improved and devel-
oped efficient numerical methods for approximating
the solution of other similar fractional PDEs (Chen
et al., 20lla; Al-Khaled and Alquran, 2014;
Irandoust-Pakchin et al., 2014; Mohebbi et al., 2014;
Bhrawy and Zaky, 2015a; Bhrawy et al., 2015a,
2015b).

The main aim of the present paper is to propose a
numerical method that improves the accuracy of the

numerical solutions of FPEs in one- and two-dimen-
sional space. The main advantage of the present
method is that it proposes a collocation scheme for
both temporal and spatial discretizations. Firstly,
the shifted Legendre Gauss—Lobatto collocation (SL-
GL-C) is proposed, with a suitable modification for
treating the boundary conditions, for spatial discret-
ization. This treatment, for the conditions, improves
the accuracy of the scheme greatly. Therefore, the
FPE with its boundary conditions is reduced to a
system of ordinary differential equations (SODESs) sub-
ject to a vector of initial values. Secondly, the SC-GR-C
is then investigated for temporal discretization, which is
more reasonable for solving initial value problems.
Thereby, the problem is reduced to a system of alge-
braic equations which makes it far easier to solve.
In addition, this algorithm is developed for the numer-
ical solution of FPEs in two dimensions. An upper
bound of the absolute error is obtained for the approxi-
mate solution for the two-dimensional case. Finally,
several numerical examples with comparisons high-
lighting the high accuracy and effectiveness of the pre-
sent method are included. By choosing relatively
limited Legendre Gauss—Lobatto and Chebyshev
Gauss—Radau collocation nodes, we are able to
obtain highly accurate solutions, confirming the applic-
ability and high accuracy of the proposed method over
other numerical schemes in the literature.

This article is organized as follows. Section 2
presents some fractional calculus preliminaries, and
shifted Legendre and shifted Chebyshev polynomials.
Spectral approximation schemes of 1+1 and 241
FPEs based on a combination of SL-GL-C and SC-
GR-C methods are presented in Sections 3 and 4,
respectively. Numerical results are introduced in
Section 5. Finally, we end the paper with some conclud-
ing remarks.

2. Preliminaries and notation

This section presents several useful fractional defin-
itions, and shifted Legendre and shifted Chebyshev
polynomials.

2.1. Fractional calculus

There are many definitions of the fractional-order
derivative, which are not necessarily equivalent to
each other (Miller and Ross, 1993; Kayedi-Bardeh
et al., 2014; Ezz-Eldien et al., 2015; Jafari and
Tajadodi, 2015). Riemann—Liouville and Caputo frac-
tional definitions are the two most popular definitions
from all the other definitions of fractional calculus
which have been introduced recently.
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Definition 2.1. The Riemann—Liouville fractional inte-
gral of order v >0 is obtained from

Jf) = % /0 -0 @ de vs0, x>0,
PF) = £(x)

o
where
(v) = / X'l ™ dx )
0
is the gamma function.
The fractional operator JV satisfies
SIS (x) = ST (),
SIS (x) = TS (%), 3)

__TBED

JxP =
YT TB+1+v)

The Riemann—Liouville fractional derivative of order u
satisfies

D)= ) 4

where n— 1 <u<n, ne N and n is the smallest integer
greater than u.

Lemma 2.1. If n—1l<u<n,neN, then

DEJFf(x) = f (%),

n—1 ) L 5
PO =00 = 3 0) j—,’ vs0 O
2

2.2. Shifted Legendre Gauss—Lobatto
interpolation

In this subsection, we recall some approximation results
for the shifted Legendre Gauss—Lobatto (SL-GL) inter-
polation, which play important roles in the proposed
collocation scheme. The Legendre polynomials P.(x)
(k=0,1...) satisfy the following Rodrigue’s formula

(=1f
2kl

Pi(x) = DF(1 = H)Y (6)

also we recall that P,(x) is a polynomial of degree k.
Accordingly, P\"(x) (the pth derivative of Py(x)) is
given by

k—p
PPx = 3 Gk Pix) (7)
i=0(i+k=even)

where

) 2p—1(21-+ I)F(p+§—i)r(p+/c3-i+l)
Cplk, i) = D ph—in A= phti
L(pIr=5—IrE5-—)

Next, denoting by ||u|| and (u,v) the norm and inner
product of space L°[— 1,1]. The set of Pi(x) is a com-
plete orthogonal system in L[ — 1,1], namely

1
(Pi(x), Pr(x)) = / PIOP) dx = Iy (8)

where h; = 525 and 8 is the Dirac function. Thus for
any ve L[ —1,1]

00 1
=Y. a=y [ P ©
i=0 b=

For any positive integer N, let Sy[ — 1,1] be the set of
all polynomials of degree at most N, due to the L-GL
quadrature. Thus, for any ¢ € Soy_1[ — 1,1] we obtain

1 N
[ ot =Y mnidten) (10)

i=0

where xy,; (0 <i<N) and wy, (0 <i<N) are the nodes
and Christoffel numbers of the L-GL interpolation on
the interval [ — 1,1], respectively. Now, it is quite useful
in the sequel to define the following norm and discrete
inner product

lully= .y )y =3 uleny) ven) oy (1)

N
J=0

Let us denote by P, «(x) the shifted Legendre poly-
nomials which are defined on the interval [0,L]. These
polynomials can be generated from the following
recurrence relation

(J+DPrjni(x)=(2j+ 1)
2x . .
X (f_ 1>PL,/‘(X) —JjPrj-1(x), j=12,...

(12)
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The analytical form of P; (x) can be written as

mm=ieﬁﬂ(”w SR
k=0

i~ (R

The Riemann-Liouville fractional integration of P, (x)
may be obtained from

d , k+1i)!
PP =Y
L) ; U S
_ Z (1 (k +i)! k!
—~ (—k 4+ ) (k) £ T(k+v+1)
x XV, i=0,1,....N
(14)
where P; (0)=(—1)".
The orthogonality condition is
L
/P¢mmmmmm:%% (15)
0
where wy(x) = I and i = 55+,

If a function u(r) € L[0,L], then one can express it by
means of P; (1) as

oo
u(t) =y eiPrLill)
i=0
where ¢; is given by
1 L
¢ = h_L/ u()yPr(x, i=0,1,2,... (16)
i Jo

In the approximation, u(x) may be expanded as

N
un(t) = Z ¢iPri1)

i=0

(17)

2.3. Shifted Chebyshev Gauss—Radau
interpolation

The Chebyshev polynomials are defined on the interval
[_ 1’1]9 by
Ti(t) = cos(k arccos(t)),

k>0 (18)

Also
Ti(—1) = (=DFT(0)

Tu(£1) = (£1), (19)

Let we(t) = %12’ then we introduce the following norm
and inner product of the the weighted space L2.[—1, 1] as

1
||u”w“ = (ua u)zv‘"

1
(U, v),e = f 1 w(t) v(yw(r)de (20)

The set of Chebyshev polynomials satisfies

ITxlle = A
o .
_ { v,k .—_], k>1
0, k#J,
@1

Now, we introduce the following norm and discrete
inner product

§0=23 g/cz 1’

N

1
e = @ufie, (V) =Y ulty) v(in) @l (22)
=0

J

Let us denote by T'7,,(#) the shifted Chebyshev poly-
nomials which are defined on the interval [0,7]. The
analytical form of T7,() is obtained from

n k=12
Tra(l) = R MTET L, 23
7! ”,Z:;( S = oy T @3)
where T7,(0)=(—1)" and T7,(T)=1.
The orthogonality condition is

L

| Tra O e dx =5, hl 4)
0

where wr(t) = \/ﬁ and hl = %7, with ¢y = 2,
¢i=1, and i > 1.
As in the previous subsection, if u(t) € L‘Z‘,T(I)[O, 11,

then one can express it by means of 77 (¢) as

W) ="y aTr,(0)

(25)
Jj=0
where
1 T
a; = %—T/ uTr(wr(H)dt, j=0,1,2,... (26)
i Jo

3. One-dimensional space fractional
percolation equation
This section outlines the key aspects of discretization

for the numerical solution of the one-dimensional FPE
using a new spectral technique.
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Consider the following 1+ 1 FPE

. 1) =03 (1 (I ux,0) +(x, ),

27)
x (x,1) € [0, L] x [0, T
subject to
u(x,0) = g>(x), x€[0,L] (28)
and
u0,0) =g3(1), u(L,t)=g4(1), 1€[0,7] (29

where v; and v, (0<vy, v,<1) are the fractional
orders, and f(x,r), gi(x), gx(x), g3(f) and gu(r) are
given functions. We discretize equation (27) for the spa-
tial variable x by the SL-GL-C method. While the SC-
GR-C method is applied to discretize the resulting
SODE:s in time advance.

3.1. SL-GL-C scheme for the space variable

We first propose the SL-GL-C method to transform the
1+ 1 FPE into SODEs. To this end, we approximate
the spatial variable using the SL-GL-C method at some
nodes. The nodes are the set of points in a specified
domain. To acquire high accuracy, the choice of
nodes is usually related to some Gaussian integration
formula, see Canuto et al. (2006) for more details. The
collocation points are taken to be the SL-GL quadra-
ture nodes which we denote by x% .

Equation (27) may be restated as

(. 1) =gs (U, 1) + @1 (I (9uCx, ) 4+ (x. 1),
0<vi,vo <1, (x,0)e[0,L] x [0, T]
(30)

where gs(x) = 3% g1(x).

Now, we present the main steps of applying the SL-
GL-C scheme to solve the FPE. Let the approximate
solution of equation (27) be

N
un(x, 1) =Y a; (P ()

J=0

(31
the unknown coefficients a/f) may be approximated by

N
L L L
a(n)=17 Z Ppi(xk Yook u(xy . )
I =0

(32)

Accordingly, the approximate solution (31) may be
expanded to

N
un(x, 1) = Z (> hiL PLyek )P Ju 0

i=0 =0 "7
(33)

where @y, (0<j<N) are the weights of the SL-GL
quadrature on [0,L].

The fractional derivative of the approximate solu-
tion up(x,?) is then estimated as

N
un(x.1) = Z (20 P )32 (i),
j=0 ]

u(xN,ja )a
(34)

For 0<vy<1, the Riemann-Liouville fractional

derivative is

1 X Xk
92Xk = 9y dy) =
Y T - ’(/o x— " )

thus

XK (1 + k)
M1+ k—vy)
(35)

82 Py i(x) =P (x)
NS, ik (k+i)T(k+1)
_,;( D (i— k) (k) T(1 +k —v») Lk
(36)

k—Vz

Consequently

N
N un(x, 1) = Z (ZhLLP RETD) P(LV",)(x)le)u(le, 1)

i=0 Jj=0"J

(37

Similarly, we obtain
oy (8V2 uy(x, t))

- Z Z LPLJ(XN DA (PYD (e ulxh 1)
h;

i=0  j=0""J
N

1 2
(D27 Ptk (P (e, Jutek 1
J=0"J

Il
AMZ

Il
S

I

(38)
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The fractional derivative of the numerical solution
un(x,t) is then computed at the collocation points as

N
(a,\?uN(xa l)) Z yuitti(t), n=12,...,N—1,
i=0

(39)

'\n

(ap (@2 un(x. 1) )

'\ut

N
an,iui(z), n=12,...,N—1
i=0

(40)

where

ui(t) = un (x5, ;» 1),

Y ok
= 71 V(PR ) (-
j=0 J

= 2 TPk 0)

Since the approximate solution and its derivatives in
equations (33)—(40) do not satisfy the FPE (27) exactly,
we enforce the approximate solution and its derivatives
to satisfy it exactly at the chosen collocation points, by
making the residuals equal to zero. In addition, the
boundary conditions (29) will be satisfied at the two
nodes 0 and L. Thus, we ensure that the boundary con-
ditions are satisfied without adding additional equa-
tions. Therefore, adopting equations (30)—(40),
enables one to write equation (27) in the form

N-1

(1) =g5(ek,) (D yaitt(t) + vioto (1) + v vun(0)
i=1
N—1

£ (5 ) + 210 ( D enatt1) + Enoto)
i=1

+ 811,N“N(t))
(41)

Obviously, the problem (27)—~(29) is equivalent to the
following SODEs

N—-1
i) =5, ) (2 vt + vaogs () + vanga(t)
i=1
N—-1
+ /(o D+ 210 (D enn) + 20830
i=1
+enga(), n=1,.. N-1
“2)

subject to the initial values

un(0) = g2(xy,); (43)

We can reformulate the previous equations in matrix
form as

n=1,...,N—1

1:11(1) F](l,ul(l‘),uz(l), .. .,uN_1(Z))
ur(1) Fy(t,ui (1), ux(0), ..., un—1(1))
un—2(1) Fy_a(t,ur(8), ua(0), . . ., un—1(2))
un—1(1) Fy-1(t,ur (1), ua(0), - . ., un—1(2))
(44)
subject to a vector of initial values
11(0) &(xy)
1(0) £(x%,)
-1 .. (45)
HN'—.z.(O) g 2(3C.§,'1v72)
un-1(0) £2(X v-1)

where
Fn(l’ ul(l)a le(l), e uNfl(t))

N—1
= gS(x]Lv,n)(Z Yuithi(2) + Vn083(0) + Vn,Ng4(l))
i=1

N—1

1000+ 1 D enitn(0) + £00g3(0) + £ v2a(1)
i=1

(46)

3.2. SC-GR-C scheme for the time variable

The second step of our algorithm is to propose an effi-
cient collocation scheme to approximate the solution of
the following SODEs

(1) Fi(t,ui (), ua(1), . .., un—1(2))
(1) F(t,uy(0), ux (1), . . ., un—1(2))
tn—2(1) Fnoa(t, uy (1), ua(2), . . ., un—1(1))
un-1(2) Fy_1(t,u (6), ux(1), .. ., un—1(1))

47
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subject to the initial values

11 (0) 2(xy.)
us(0) 2(xy,)
— (48)
un—2(0) gZ(X/Lv,N—z)
un-1(0) (X5 N1

In order to approximate the solution of the previous
system, we use the SC-GR-C method to deal with the
temporal variable . We choose the approximate solu-
tion of the form

M
un(1) =Y an; Trf(0). n=1,....N—1  (49)
=0

Furthermore, the approximation of the time derivative
can be computed as

Bty (1) = Zanz,a,(TTJ(t)) = Zanz, T 0)

M
> a1, Tr(0)
J=0 .
M &2(x N,1)
/Z(:) a TT,/'(O) gz(xhz)
= (52)
M
Z aN,z’,-TTJ(O) gZ(leV,N—2)
~ £(fy-1)
> an-1,;T7j0)
=0

In the proposed technique, the residual of equation (51)
has to be enforced to zero at M x (N — 1) collocation
points. In other words, we have to collocate equation
(51) at the M x(N—1) shifted Chebyshev Gauss—
Radau collocation nodes, which immediately yields

M M

(T T
§ :a”JT(T,)/'(tMﬂS) :F”(tM,S’ § ar Tri(tiy ),
J=0 J=0

M
x Y ay-1,;T TAH@,Q)»
=0

j=0 n=1,....,.N—1, s=1,....M
n=1,...,N—1 (33)
where T{T (1) represents the first time derivative of the In virtue of equation (52), we get
shifted Chebyshev polynomlals which can be easily
evaluated at any point t,("Y (shifted Chebyshev Gauss— M
Radau points). Z”nJTTJ(O) =% n=L.. N-1 (34)
Therefore, adopting equations (49)—(50) enables one =0
to write equations (47)—(48) in the form
M D M M
> alJT(T_/.(t) F (l, YoayTrjt), ..., ) aN—l,/‘TTJ(t))
j=0 ’ Jj=0 j=0
M N M M
Z aijT{T‘j(l) F2 (l, Z alJTT’j(t), e Z aN_]JTT’/(Z))
J=0 j=0 j=0
— , (51)

M

M
> an—a, T9H(1)
Jj=0

M
Y ay-1, T30
j=0

Fn_s (l, YoaiTrjt),. ..,
=0

M
FN—1<1, YoarTrit), ...,
=0

M
> aNfl,jTT,/([))
=0

M
> aN—lJTTJ(l))

J=0
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The set of previous equations is equivalent to a system

of (N—1)x(M+1) algebraic equations in the 0 <vi, V2, v3, va < 1 (3, 1) € [0, L]

unknowns a;,, i=1,.. ,N—1; j=0,...,M x [0, L] x [0, T] (59)
Kio ... KM &o ... & with the initial condition
20 ... KoM B0 - bm u(x,,0) =g3(x,y), (x,y) €[0,L] x[0,L] (60)

and four boundary conditions

u(ana l):g4(ya l)a u(Llaya l):gS(ya l),
(»,0) €10, Lo] x [0, T7,

(61)
KN-20 .- KN-2M En—20 - En-2m u(x,0,1) = ge(x, 1), u(x, Lo, t) = g7(x, 1)
KN-1,0 --- KN-1M En-10 - En-1m (x,7) € [0, L] x [0, T]
(55)
4.1. SL-GL-C scheme for the space variable
where
The SL-GL-C method will be extended to reduce the
M 7o (0 —0 _1 N1 solution of the previous FPE into SODEs. Let us
j;:)a’”' 0. s=0, n=1...N-1, expand the dependent variable in the form
Kns = M
an TG ), n=1,....N—1, s=1,....M M N
_/;) A uy (0.0 =Y > @i (OPLAPLAY)  (62)
(56) Jj=0 i=0
and
Ty, s=0, n=1,...,N—1,
gl’m: El(lMsi Za]ITTI(ZM_S z(:)aN I/TTI(IMJ)) nzl)""N_la SZI;"')M (57)
j=0 j=

The system of algebraic equations can be solved using The coefficients a; () can be approximated by
Newton’s iterative method. After the coefficients «;; are
determined, the approximate solution uy /(x,f) can be

1 L
computed at any value of (x,?) in the given domain from @, (1) = hL'hL’ Z Z (PLM(yMk)wM P, ,(xN ,)wN‘J>

" I=0 k=0
M N N )
un.a(x, 1) = Z Z Z afsk(M)PLJ(X)TT,k(I) X M(XN,I’yM,ka 7)
=0 i=0 j=0 Y (63)
(58)
Hence we can rewrite uy p(x,.t) as
. . . M N N M
4. Two-dlm.ensmnal space fractional (s 1) = Z Z Z Z
percolation equations =0 =0 =0 k=0
In this section, we develop the algorithm for one- < L ijuz k)wilz . Ple,‘(x]L\,' /)wszl /)
d@mens@onal FPEs to handle the following two- . g Ll’h o : '
dimensional space FPE i
X P, i(xX)Pryj(y) ui(?)
du(x,y, t) = o) (gl(x,y)ai2 u(x, y, l)) (64)

+ 8}}3 (gZ(xa y)3;4u(X, Y, t)) +f(x, V, t), where MN,M(XN,myM,ma[) - un,m(t)'
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Similarly to equations (34)—(38), we compute the
fractional spatial partial derivatives as

OV u(x, y, 1)

L L L L
PL O ) PG et

B

0
x PY2 ()P (0) ui(D),

(65)

By ux. y. 1)

PL 0w P k)

gl

) ()P (0 (1),

(66)

oy (AuCx, v, 1)

N—

I
M=
2 IM=
Mk

L L
N <PL21/(y]\42,/c)w_MkPLl r(‘CN/)wa/>
—0

=0 k=0 j=0 i hiL1 h/L2
x PR P () ui(0),
(67)
8;3 (8;4u(x, ¥, t))
N M MNP J(yMk)w L l(‘CN[)w
zzzz(z i)

Ly L
hithy

(68)

The previous fractional derivatives can be evaluated at
the SL-GL interpolation nodes for n=1,2,...,N—1,
m=1,2,...,M—1, as follows

x,{\:’ln’ N M
<3V2u(x ¥, t)) L, = an C k(1) (69)
Y=V aim =0 k=0
ervl , N M
(0 (Brucep0)) 2 =33 oltuxn  (70)
Y=V rtm 1=0 k=0
TR
(e v0) =303 e (7
Y=V aim =0 k=0
x:va'ln’ al M
(B (Brucern)) =2 wiftua (72)
Y=V rtm 1=0 k=0

where

L L L L
P 0@ P o)

hiLl h,LZ

/)/k XN:i:<

i—0 (73)
x P(LVIZ)l(A)> PLzJ(yM m)
\'n
N M (PLz,/()’ )wM/(PLl l(le)wN/)
Ulk Z Z hLI hLz
i=0 j=0 i N (74)
X ( Ij’]l;“’?)( )) PLzJ(yﬁdz,m)’
=X J\.n
. N M (PL”(yM,‘)w WPL., ,(AN,)w )
i”» = Z Z hLll L,
=0 j=0 i (75)
< (PE) i Prieiin).
M.m
n,m XN: i (PLZJ(yJL\/},k)w]%IZ,kPLI>i(x1LVl,l)w]%fl)
Lk —
pr hi by (76)
< (PR00Y) e Prici)

Y=y M,m

In the proposed SL-GL-C method, the residual of
equation (59) is set to zero at (N—1)x (M —1) SL-
GL points. Moreover, the values of wug(?), uni(?),
u;o(t) and u; N(7) can be given by

uN,k(l)zgS(yjl\l/;,ksl)y k:()aaM
u (1) = g1o(X/LV',;, n, [=0,...,N
(77

uo k(1) = g7(y§},k, 1),
() = go(xy. 1),

the combination of equations (64)—(77), with equations
(59)-(61) leads us to the (N—1) x (M — 1) SODEs

) —gg(an,me)Z Zp" () + g1 (XK V37 )
=0 k=

n,m

G ulk(l)+g9(XNn’me)

= < I

~
Il
=

in mulk(t) + gZ(Xanme)

T
=

n.m

Iy u k(1) +f(an5 me’ 0,

-

~
Il
<]
=
Il
<)

M—1

S
Il
—_

.,N—1, m=1,...,

(78)



Bhrawy

2297

subject to the initial conditions

u’“”(o) gz(YNn’me) = ﬂm’ n= la LN = 1:
m=1,....M—1
(79)
where
gS(XNn, me) = (avlgl(x })>}7}L’:” ,
M.m

T, 60

(i) = (2, y)) L

M.m

Finally, we can rearrange equations (78)—(79) to their
matrix formulation

N M
X Z ZG” Mg (t) + gg(an,yM ) Z Z A (1)

=0 k=0 =0 k=

+ gZ(XNmme) Z Z I’L” mu/k(t) +f(an»me> l),

=0 k=0

n=1,....N—1, m=1,... M—1 (83)

4.2. SC-GR-C scheme for the time variable

We are interested in using the SC-GR-C method to trans-
form the SODEs (81) subject to equation (82) into a
system of algebraic equations. To this end, we approxi-
mate the time variable using the following approximation

1 1(1) iy p—1(1) Hy(tuy, ..., uy_1) Hyiy(tuy, ... ,uy_y)
1, 1(1) r p—1(1) Hy(tuy, ... un_1) Hy pri(tuy, ... un_1)
B (81)
tn—2,1(%) un—2,m—1(1) Hy_oa(tuy, ..., un_1) Hy oy (tuy,. .. uy_1)
un-1,1() un—1,.m—1(1) Hy 1 1(tuy, ... uy_1) Hy_1p—1(tur, ... un_1)
up1(0) uy pr—1(0) gé’l oo g; M-l
u2,1(0) 1 p—1(0) g P g
fr— -. (82)
”N—2,l(0) uN—Z,M—l(O) gév 2,1 g§V72,M71
w0 @)\ gy
where
K
Hyp(tur 1, s Un—1, 1) Upm k(1) = ZaZ’mTT,k(Z)’ n=1,...,N—1,
i (84)
_g8(xN,,,me) X Zzpﬂmulk(f) +g1(x’;vin,yﬁj,m) m=1,. ... M—1

=0 k=
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This allows us to immediately obtain the time derivative
of the approximate solution in the form

K K
dtam(t) = > a"d(Tra(0) = Y d" T (1),
k=0 k=0 (85)
n=1,....N—1, m=1,..., M —1

Combining equations (81)—(85), enables us to write

K

Zazﬂl T\(’]{)k(t};g) = nn,m(llz"y)a n= 19 AR N - 1a
k=0
m=1,....M—1, s=1,....K (88)

according to initial conditions, we have another
(N—1) x (M —1) algebraic equations

K K
L1 (1) 1LM—1 1)
I;Oak T<T,k(l) k;) n T(T,k(t)
K L) Koo Ly n1,1(1) n1,m—1(1)
a; t a,;” t
kgo ¢ T ;g) k 70 n2,1(2) n.m—1(2)
= s (86)
L 70 K N2 70 nn-2.1(1) Nn—2.m—1(1)
D 4 (1) > ()
k=0 k=0 nv-1,1(8) nn—1.m—1(1)
K K
> a0 > ay M T )
=0 =0
Ko LA
> a. Trx(0) Yoa)" Tri(0)
=0 k=0 11 1L,M—1
Koo K M- & 8
> ap Tri(0) Yoar Tri(0) 2.1 : 2.M-1
k=0 k=0 &3 . 83
= .. (87)
K N;z. 1. K N2 Mfl Nl N2 M1
Z a, — Tr(0) Z a. — Tr(0) g5 N
=0 =0 N-11 N—1,M~1
K Non K Noim— &3 &
Yoa, " Tri(0) Yoay T Tr(0)
=0 =0
K
where nn,m(t) = Hn,m<ta Z/Ifzo a/l(,l TT,k(t)a cees Zl{*(:O Z az’mTT,k(O) = g’;’m, n= 1, ey N — 1, (89)
k=0

M ().

In the proposed method, the residual of equation
(86) is set to be zero at K x (N—1) x (M — 1) colloca-

tion points.

m=1,.... M—1

Finally, we can merge the previous equations (88) and
(89) in the following matrix system form

Q=w (90)
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where
~ L ~l2 S1M-2 S 1M1
3 3 3o S0
~ll ~l2 S1M-2 1M1
3 Rh 3 R
511 ~l,2 ~1M-2 %1 M—1
SE-1 SE-1 SE-1 SE-1
3}(1 S}(,z S}(,Mfz S}(,Mq
Q= : 1)
SN-11 (N-12 SN-1LM-2 SN-1M-1
~o ~o ~o ~o
~N=11 SN-1.2 ~N=1,M=2 ~N—1,M—1
3 3 3 N
1 1 1 1
~N-1,1 ~N=12 ~N—1,M=2 SN-1M-1
SE-1 SE-1 SE-1 SE-1
3%7 1 S%’ 2 %1}1 1LM—2 311\;711\4 1
9Ry! Ry R Re !
e e ml M—2 gylM-1
1 1 1 1
11 12 lM 2 M-
Rl k2, 9l gLM
i1 12 3 1M1
9l 9l gk ik
U= . 92)
q‘N 1.1 gV-12 V1M -2 g)\N 1.M—1
) 0
mzlv 11 m/lv—l,z miV—l,M—Z {N 1LM—1
qtN—11 qtN—1 2 Eﬁgili.'M—z %N—l M-1
ghzlg X %z]g 12 mzu,Mfz (hz[g V-1
n,m
Za 7.(0), s=0, n=1,....N—1, m=1,....M—1,
3 = (93)
1
Z a" T (L), n=1,... . N—1, m=1... . M-1 s=1..K
k=0
and
: ", =0, n=1,....N—1, m=1,...,M—1; 04)
Im — T
n}T,m(tl(,S)v f’l:l, ’N_la m= la 7M_1’ S—l, aK
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Finally, from equations (91)-(94), we get a system of
(N=1)x(M—1)x(K+1) algebraic equations. This
system can be solved by any iteration technique.
Then, the approximate solution uy s x(x,y,f) can be
evaluated as

MN,M,K(XJJ)

KM N N M (L»,/(yMk)w «Pri. I(le)w )

=222 ) a

r=0 j=0 i=0 /=0 k=0
X PLI,i(x)PLZJ(y)TT,)‘([)

Ly L
hFk

95)

4.3. Error bound

In this subsection, we present an analytic expression for the
error norm of the best approximation for a smooth func-
tion u(x,y,t) € Q=[0,L;] x [0,L,] x [0,7] by its expansion

unax(X, ¥, 1)

N M
Z Z ik Pr i{(X)Pr, () T (1)

i=0 j=0

Ma

=~
Il
o

(96)

where

. ( Lz,j(y )wM,PLl I(xN[)w )

N M
I}
mi=3 Y
Ly k hihj

=0 r=0

o7

at any value of (x,y,f) in the given domain. Here we
provide an upper bound on the error expected in our
approximations in the two-dimensional case and for the
one-dimensional case we refer the reader to Bhrawy
and Zaky (2015a).

Let us first consider the space

HN,M,K

- Span{PLl,i(x)PLz,f(y)TT,k([): = 07 17 e Na

j=0,1,....,M, k=0,1,...,K}
In the following analysis it will always be assumed that
Uy k(X)) € NME s the best approximation of

u(x,y,t), then by the definition of the best approxima-
tion, we have

A VMM’K(X,_)/, t) S HN’M’K,

”U(X, Vs Z) - uN,M,K(xa ) t)”oof

- VN,M,K(xa Vs [) ” 00

JuCx,y, 00 (98)

It turns out that the previous inequality is also true if
va.u.x(x,,t) denotes the interpolating polynomial for

u(x,y,t) at points (xN i yM o ZK o) where
tITgk, (0 <k < K) are the shifted Chebyshev Gauss—
Radau xk"i, (0O<i<N)
ylA‘} j» (0=<j=<M) are the shifted Legendre Gauss—

Lobatto collocation points. Then by similar procedures
to those in Bhrawy and Zaky (2015a), we can write

points and and

aN-H

“(61»% l)
AXNHI(N + 1)!1_[( _“\Nl

MHy(x, e, 1) 14
+ayM+l(M+ ),1_[( _yMJ

w(x, y, &) -
KK + 1) D l_[([ a K/»

8N+M+K+3

H(X, ) t) - VN,M,K(xa ) [) =

aK—H

B u(e), €5, €5)
8xN+18yM+18tK+1(M+ 1)'(N+ DK+ 1)!

XH(x xx‘,)]_[(y Vi )]_[(t (ki)

99)

where €1, 8/1 G[O,Ll], €2, 8/26[03L2] and €3, 8/36[097-]9
and thereby we obtain that

||M(X, Y, t) - VN,M,K(xs Y, t)”oo

N
L
X — Xy
3N+]“(€1,y, t) 1];!]( N‘l) ‘oo
T (r.0eQ OxN+1 (N+ 1)
ﬁ L
(¥ =ty
+ ma MHlu(x, 2, 1)] |[j=0 ’ N
X
(x.0.)eQ M+l M+ 1)
Kt lu(x, y, €3) ~ i)
+ max EARE 00
(xy.0€Q ork+1 (K + 1)
+ max 3N+M+K+3u(8/1, 8/2, 8/3)
(ernea|  axNH gyMl oK+
N L M B K ,
Me—il [o-%4) H (16—
i=0 oo ||7=0 o0 k=0

(K + DI(N + DI(M + 1)
(100)

Since u(x,y,t) is a smooth function on €2, then there
exists the constants Cy, C,, Cz and Cy, such that

1
A N lu(x, y, 1)
SN

< C1
(x01)EQ ’

< (,

M u(x, y, 1)
ayMJrl

(x,0,0)eQ
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Fu(x, y, 1)

max ork+1

(x,0,0)eQ

<G,

NFMHEH3 ()

<C 101
(Xr?%ég N gy k1| = 4 (101)

Here, we try to reduce the error in the polynomial
dpproximdtion by minimizing the factor
]_[(x—xN, . Let us use the one-to-one mapping

oo

X = %(z—i— 1) between the intervals [—1,1] and [0,L]
to deduce that

N
min max l_[ (x — x¥)
.15 || g ’
N
: L,
= min max l_[—(z—zi)
ze[=11] ~l==<l |5 o 2

(102)

N+1
L' N
=|—= min max
2 zie[—1,1] —1==l

l_[ (z—2z)
i=0
LN
- (_) max
2 —l=<=<l

Pyyi(2)
@2N)!

KN

where ky = TR is the leading coefficient of Py (2)
and z; are the )Legendre Gauss—Lobatto collocation
points. It is a well-known fact (Canuto et al., 2006),
that the Legendre and Chebyshev polynomials satisfy

max [Pyy1(z)] <1 and  max|Tx(2)| <1
g g ot

We can obtain

N N+1
Li/2
[Me-k| <=2— a0y
i=0 o
Also we can obtain
T 2 K+1
- lK,k = ( / /) (104)

K

where «j = 2K is the leading coefficient of T (z).
Combining equations (100), (101), (103) and (104),
yields

< ¢, L/

||M(X, Vs t) - uN,M,K(xa ) t)”

kn(N + 1))
, (LM (T/z)K+1
T Sk )

o /2 L)

*ientepie (N 4+ DM 4+ DK + 1)! (105)

Hence, an upper bound of the absolute error is
obtained for the approximate solutions. The conver-
gence of the proposed method depends basically on
the above error bound.

5. Numerical results and comparisons

After the construction of the spectral collocation meth-
ods, we now carry out some numerical examples of
1+ 1 and 2+ 1 FPEs to study the performance of the
methods, which are discussed and developed in the cur-
rent paper, and to compare our results with those pro-
posed in Chen et al. (2011b, 2013, 2014). We divide this
section into two main parts. In the first one, we intro-
duce two examples of 1+ 1 FPEs. Then, we deal with
three numerical examples of 2+ 1 FPEs in the second
part.

5.1. Examples for one-dimensional space
fractional percolation equations

Example 1. Let us start with the following FPE (Chen
etal., 2011b)

du(x, 1) = 9, ((30 — )3, z))

8_1(45\/; — 3.5X2'5)F(3) (106)
B r'(2.5)
—e'x%, (x, 1) €[0,1] x [0, 1]
subject to
— 52 —
u(x,0) = x ,71 x€[0,1], u(0,5)=0 (107)
u(l,ty=e¢", te]0,1]

The exact solution is u(x,f)=e"" x°.

Recently, Chen et al. (2011b) introduced approxi-
mate solutions to the previous problem with various
choices of N and M using a novel implicit finite differ-
ence (NIFD) method. Now, we list in Table 1 a com-
parison based on the maximum absolute error (Mp)
between the numerical method introduced in Chen
et al. (2011b), and our results with choices of N and
M, which are less than those in Chen et al. (2011b). We
observe that the error, using the present method, decays
exponentially with an increase in the collocation nodes
N,M. In Table 2, we see the high accuracy of the pre-
sent method based on absolute error at N=M =12.

A space-time graph of the error function between
the exact and approximate solutions at N=12, is
sketched in Figure 1. In addition, to confirm the high
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Table |. Comparing Mg of the proposed method with the NIFD (Chen et al,, 201 Ib) method for problem (106).

SL-GL-C Method NIFD (Chen et al., 201 Ib)
N=M 4 8 12 40 80
Mg 124 x 10~° 1.94 x 107" 6.66 x 107'® .52 x 1077 7.68x 1078

Table 2. Absolute error at N=M =12 and various choices of (x,t) for problem (106).

X t E(x,t) X t E(x,t) X t E(x,t)

0.1 0.1 3.33x107'¢ 0.1 0.5 3.05x 107'¢ 0.1 I .1l x 107'6
0.2 222 x 107'¢ 0.2 333x 107'¢ 0.2 .11 x107'®
0.3 3.05x 107'¢ 0.3 444 % 107'® 0.3 1.38 x 107'¢
0.4 416x107'® 0.4 5.03x 107'¢ 0.4 1.38x 107'¢
0.5 333x107'¢ 0.5 5.07 x 107'¢ 0.5 589 x 107"
0.6 3.54x107'¢ 0.6 461 x107'® 0.6 850 x 1077
0.7 3.05x 107'¢ 0.7 3.89x 107'¢ 0.7 1.04 x 1076
0.8 333x107'¢ 0.8 527 x107'¢ 0.8 1.39x 107'¢
0.9 1.67 x 10°'¢ 0.9 333x107'¢ 0.9 0

I .11 x107'¢ I 222 107'¢ I [.11x10°'®

Figure 1. Absolute error of problem (106).
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N
Figure 2. Convergence of problem (106).
Table 3. Comparing Mg of the proposed method and the NIFD (Chen et al., 201 Ib) method for problem (108).
SL-GL-C Method NIFD (Chen et al., 201 Ib)
N=M 6 10 14 40 80
Mg 1.77 x 1078 8.55x 107" 6.66 x 107'¢ 7.55x 107* 382x107*

accuracy and convergence of the present scheme, in
Figure 2, we plot the logarithmic graph of Mg(logi
M) at various values of N(N= M), which shows that
the proposed method provides an accurate approxima-
tion and yields exponential convergence rates.

Example 2. Consider the following FPE (Chen et al.,
2011b)

du(x, 1) =% (83;8u(x, t)) - e_’<x2 + %x(m),

(x,1) €]0,1] x [0, 1]

(108)
subject to
u(x,0) = xz,_ xe[0,1, u,7)=0, 109)
u(l,n)=e"', t€][0,1]

The exact solution is u(x,f)=e"" x.

In Table 3, the numerical results based on Mg,
obtained using the proposed algorithm, are compared
with those presented by the NIFD method (Chen et al.,
2011b). From this table, we observe that the proposed
method is more accurate than the NIFD method (Chen
et al., 2011b). A comparison of the x-directional curves
of the exact solution and the numerical solution at
t=0.1, 0.5, 0.9 is shown in Figure 3. Meanwhile, the
absolute error in the x-directional and at time value
t=0 and N=M=14, is plotted in Figure 4.
In Figure 5, we sketch the logarithmic graph of Mg
(log1gMg) at various values of N(N=M) to demon-
strate the convergence of the present method.

5.2. Examples for two-dimensional space
fractional percolation equations

Example 3. Consider the two-dimensional FPE (Chen
etal, 2013)

uCr, v, ) =00 (2 = fu(x, v, 1)) + 0



2304 Journal of Vibration and Control 22(9)

r—— T
0.8 ; - - u(x,0.1) ’/ ;
: Un M (x,0.1) ,/ :
F--  ux,0.5 a 1
0.6 - ( ) L e
i uy m (x,0.5) o I
Fl-- 0 u(x,0.9) /’o // E
0.4F -~ .
L —  uv.wm(x,09) 7 27 i
L L 17
1.0
X
Figure 3. x-Directional curves of the approximate and exact solutions of problem (108) at N=M= |4.
F - r - - T T T T T T T T T T T 17
3.x107'0 F ]
2.5x 10710 F .
2.x 1071 F ]
S r 1
2 [ h
m 1.5x107'°F .
Lx107'®F ]
5.x10717 F .
O :l L L L Il L L L Il L L L Il L L L Il L L L l:
0.0 0.2 0.4 0.6 0.8 1.0
X
Figure 4. Absolute error of problem (108) at t=0 and N=M= 14.
(@= e, ,0) — ey _e2 10 ( MG =) 2o
FG =) \I'G—a—f)
2 TG ArG—o1) 5 4
_ et ( X2 B ZF(S — sz) bmar—p
F(3—O[1) F(3—O[1—ﬂ1) _F(S—Olz—ﬂz)y )
2F(5 — Ol1) d—qy —
T SR % (x, 3, 1) € [0, 1] x [0, 1] x [0, 1] (110)
LGS —ar—p1)
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Log,, Mg

Figure 5. Convergence of problem (108).

Table 4. Comparing Mg of the proposed method and the NIFD (Chen et al., 2013) method for problem (110) at ooy =0.5, B, =1,

0, =0.5and B, =1.
SL-GL-C Method NIFD (Chen et al., 2013)
N=M=K 4 6 8 80 160
Mg 2.94x 107 6.38x 107° .44 x 107" - -
Me (at t=1) 6.00 x 107¢ 1.57 x 1078 6.82 x 1072 117 x 1073 592 x 10~*

subject to the initial condition

u(x,y,0) =x2y%,  (x,») €[0,1] x[0,1] (111)

and the boundary conditions
(»,1) €0, 1] x [0, 1],

(x,1) €[0,1] x [0,1]
(112)

u(l,y, 1) = ey,

u(x, 1,0 = e™'x%,

u(0,y,1) =0,
u(x,0,1) =0,

The exact solution is u(x,f)=e"" x> ).

In spite of using small values of N, M and K, we
obtain highly accurate solutions to this problem using
the present method. In Table 4, we present the max-
imum absolute error (Mg at t=1) obtained by our
method, at different values of N, M and K, along
with a comparison with the results given by using the

implicit finite difference method (Chen et al., 2013), at
the special values o; =0.5, By =1, 2,=0.5 and B,=1.
In Table 5, we list the absolute error at N=M=K=238
for problem (110), where oy =0.5, B; =1, oo =0.5 and
B, =1. We also plot the space graph of absolute error in
Figure 6, with the parameter values listed in its caption.
In order to demonstrate the exponential convergence of
the method, in Figure 7, we sketch the logarithmic
graphs of Mg at various values of N(N =M = K).

Example 4. Consider the two-dimensional FPE (Chen
etal., 2014)

I'3—v)3—2x)
> N u(x, y, t))

pay (T

afu(xs ys t) :8Y(

uCr..1)
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Table 5. Absolute error for problem (110) with o; =0.5, B, =1, 0, =0.5, f,=1 at N=M=K=8.

X y t E(x,yt) X y t E(x,yt) X y t E(x,yt)

0 0.5 0.1 1.60 x 103 0 0.5 0.5 331 x 107" 0 0.5 I 6.05x 107'3
0.1 2.84x107"3 0.1 8.05x 107'3 0.1 540 x 107'3
0.2 2.62x107"3 0.2 L18x 107'2 02 8.12x107"3
0.3 644x107'* 03 144x107'2 03 1.43 x 107'2
0.4 1.02x 1073 0.4 199%x107'2 04 1.36 x 10~'2
0.5 463x107"3 0.5 230x 1072 05 1.30 x 10~'2
0.6 1.04x 1072 06 223x 1072 06 1.37 x 1072
0.7 I51x107'2 07 217x 1072 07 2.16x 107"3
0.8 183x107'2 08 1.75x107'2 08 224 x 1072
0.9 224%x107'2 09 412x107"3 0.9 236 x 107'2
I 1.60 x 1073 | 33Ix 107" I 6.05x 107'3

1.0

Figure 6. The space graph of the absolute error for problem (110) at oy =0.5, B, =1, 0, =0.5, f=1 and N=M=K=8.

—e X e NPT (Vi = 3G — )+ )

+ e !X ((v = 2)(3 = 2x) +2x),
(x,y,0) €[0,1] x [0,1] x [0, 1]

subject to

u(x,y,0) = x2y3,

(x,») € [0,1] x [0, 1]

(113)

(114)

and

u0,y,)=0, u(l,y,t)= e_ty3, (y,1) €10,1] x [0,1],
u(x,0,) =0, u(x,1,7)= e X%, (x, 1) €[0,1] x [0, 1]
(115)

The exact solution of equation (113) is u(x,y,t)=
e x7y.
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Figure 7. Convergence of problem (110).

Table 6. Comparing Mg of the proposed method and IDM (Chen et al., 2014) for problem (I13).

SL-GL-C Method

IDM (Chen et al., 2014)

N=M=k 4 6 8 80 160
Me 504x 107 9.82x 107° 119 x 107" - -
Me (att=1) 590 x 107° 1.67 x 1078 1.48 x 107" 2.07 x 1073 1.06 x 1073

In order to show that our method is more accurate
than the implicit difference method (IDM) (Chen et al.,
2014), in Table 6 the numerical results for Mz using the
proposed algorithm are compared with those presented
by the IDM (Chen et al., 2014). From this table, we
observe that the proposed method is more accurate
than the IDM (Chen et al., 2014).

Example 5. Finally, consider the two-dimensional FPE

i, y, 1) = (8 7ux, 1) + 00 (95u(x, v, 1)
re)

ot 2.2 —t.,.05.2
¢V Trase Y
I'G) 1505
—_— : 1

x [0, 1] x [0, 1]
(116)

Table 7. Maximum absolute error for problem (I16).

N=M=K 4 6 8
Me 31 x 107 657x1077  783x 1072
Mg @tt=1)  578x10°° 1.59 x 1078 1.44x 107"

subject to the initial condition

u(x,,0) = x%72,  (x,y) €[0,1] x [0, 1] (117)

and the boundary conditions
(y.0) €[0,1] x [0, 1],

(x,1) € [0,1] x [0, 1]
(118)

u(l,y, 1) = e 'y?,

u(x, 1,1) = e™'x%,

u(0,y,1) =0,
u(x,0,7) =0,

The exact solution of equation (116) is u(x,y,t)=
e—t X2y2.
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6.x 10712 F

T

T T

5.%x 10712

T

T

4.%x 10712

T T

3.x 10712

T

E(0.5,0.5.t)

T T

2.x10712

T

T

1.x107'?

T T

Lovov v b b v b by a

L

0.0 0.2

Figure 8. t-Directional curve of the absolute error of problem (116) at x=y=0.5and N=M=K=8.

Table 7 lists the My of u(x,y,f) for problem (116)
with various choices of N, M, and K. The numerical
results presented in this table show that the results are
very accurate for small values of N, M and K. Figure §
demonstrates that the absolute error E(x,y,f) is very
small for even the small number of grid points taken.

6. Conclusion

As one of the few articles dealing with FPEs, we have
proposed and developed a spectral collocation method
to obtain accurate numerical solutions for one- and two-
dimensional FPEs. The core of the proposed method
was to discretize the FPE in the spatial direction by the
SL-GL-C method, along with a new treatment for the
subjected conditions, to create SODEs of the unknown
coefficients of spectral expansion in the time direction.
An efficient numerical integration process for SODEs
was investigated based on the SC-GR-C method. The
proposed method has been successfully applied to
numerically solve one- and two-dimensional FPEs.
The main advantage of the present approach is, by
adding a few terms of the shifted SL-GL and SC-GR
collocation nodes, a highly accurate solution of the
problem can be obtained. Comparison between our
approximate solutions and the approximate solutions
achieved by other methods were presented to demon-
strate the high accuracy and validity of our method.
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