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1. Introduction

One of the most important tool for studying projective schemes is the minimal free resolution of
their defining ideals. When the scheme has homological dimension 2, there is the Hilbert-Burch
structure theorem which allows a deep knowledge of these schemes (see [4]). When we study
schemes having homological dimension 3, the matter becomes a little intriguing even in the sim-
plest case of the arithmetically Cohen Macaulay schemes. In this last case, when the rank of the
last syzygy module is 1, the situation becomes analogous to the homological dimension 2 case
according to the structure theorem by Buchsbaum and Eisenbud (see [1]). These are the arith-
metically Gorenstein schemes of codimension 3.

So it seems completely natural to study all the schemes of homological dimension 3 such that the
rank of the last syzygy module is 1, i.e. schemes whose resolution is of the type 1, n,nl, even for
codimension less than 3. The goal of this paper is just to study such schemes, which we will call gen-
eralized Gorenstein schemes (of course we omit the trivial case when the codimension is 1).

In literature there are paper which deal with a similar theme. In particular, Y. Kamoi in [6],
gives a description of ideals with a resolution of type 1,#,#,1 in terms of Koszul complexes asso-
ciated to the entries of the resolution. J. Weyman in [10], in a very general context, gives a struc-
ture for the rings with a resolution of type 1,#,#,1, in terms of some maps which come from a
comparison of the resolution with a Koszul complex on the generators. P. Pragacz and J.
Weyman in [7], give a description of general rings with resolutions of type 1,n,n,1 using a suit-
able decomposition on Schur functors.
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In this paper we work on standard graded algebras and mainly we focus on the graded aspects
of their resolutions. These schemes arise frequently in different contexts. For instance the disjoint
union of two complete intersection curves in P> and some subschemes of star configurations (see
[9]) are generalized Gorenstein schemes. As in the Gorenstein case, the central map of the reso-
lution is represented by a square matrix M of submaximal rank, which is named presentation
matrix. This matrix, once more, completely determines the resolution of the defining ideals.

Therefore, in Section 2, after studying properties of presentation matrices n x m, n < m, we
give a first characterization of such matrices in Proposition 2.6.

Section 3 is dedicated to producing a structure theorem for the resolutions of the generalized
Gorenstein algebras of homological dimension 3 and the main result on this direction is
Theorem 3.8. Moreover, we study the special case in which the ideal associated to the last map in
the resolution is minimally generated by 3 elements. In Propositions 3.14 and 3.15 we give a
complete characterization of such schemes and in Theorem 3.17 we give a nice geometrical
description of these schemes.

All these results permit us to study the graded Betti numbers for generalized Gorenstein
schemes of homological dimension 3. The main result in Section 4 is in Theorem 4.5, in which
all the graded Betti numbers are characterized in the case in which the defining ideal is minimally
generated by n=3 elements. The main results of Section 5 are in Theorem 5.14, where we give a
complete description of the graded Betti sequences for those schemes which have n generators
and syzygies with concentrated degrees, with n odd, and in Proposition 5.15 where some neces-
sary conditions and some sufficient conditions are given in the even case.

2. Matrices of submaximal rank

Throughout the article k will be a field and R := k[xy, ..., x,], ¥ > 3, will be the standard graded
polynomial k-algebra.
The aim of this paper is to investigate graded minimal free resolutions of type
n

0—>R(—s)—>j€ZBl R(—bj)— iE:Bl R(—a;)—R.

We give the following definition.

Definition 2.1. Let M € R™" be a matrix with m > n. We say that M is a presentation matrix if
it is associated to a map ¢ in a presentation of type

R LR R

Note that if M € R™™ is a presentation matrix, then rank M = n—1.

At first in this section we would like to study properties of presentation matrices.

Let S be a UFD and let H € $™"'. We set g;(H) = (—1)""'H; where H; is the minor of H
obtained by deleting the i-th row of H. The following lemmas will play a key role along
the article.

Lemma 2.2. Let S be a UFD, M € "™, n < m, with rank M = n—1. Let N and N’ be two subma-
trices of M of size nx (n—1) of rank n—1. Let dy = GCD (g(N),...,g,(N)) and dy =
GCD (g1(N'),...,g.(N")). Then there exists a unit a € S such that

<g1<N> gn<N>> a(mm gn(N')>
) a0 ),
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Proof. Let Q(S) be the field of fractions of S. Let us consider

V= <g1‘§11\:]> ) ’g”d(l\l:])) € Q(S)n7v/ = (gld(fjl) ’ 7gn6§5/)> € Q(S)n7

then we have that (v) = (v/), as vector subspaces of Q(S)", since rank M = n—1. Therefore bv =
bV, with b,b' € S, GCD (b,b') =1, so b is a divisor of each component of the vector v/, hence
b is unit. Analogously ¥’ is a unit too, so v = av/, with a a unit. 0

By Lemma 2.2, using the same notation, we can set g;(M) = g;(N)/dy and we will set

y(M) = (g1(M), ..., g.(M)).

Note that y(M) is determined up to a unit and GCD (y(M)) = 1. So (M) generates an ideal
Iy, with depth Iy > 2. In the sequel I, will be called the ideal associated to M. Moreover y(M)
defines a map

y(M) : R"—R.

When F and G are graded free modules, rank F > rank G and ¢ : F—G, is a map associated
to a matrix M (with respect to some bases), with rank ¢ = rank G—1, we set y(¢) = y(M). So
7(@) : G—R. By construction we have

y(p)p =0.

Corollary 2.3. With the same notation of Lemma 2.2, if (hy,...,h,)M =0 then (hy,....,h,) =
2y(M) for some A € S.

Proof. As in the proof of Lemma 2.2 b(hy,....,h,) =ay(M) with a,b€S. Now since
GCD (y(M)) =1 we see that b divides a, so the conclusion follows. O

The following proposition deals with the special case when I, is perfect of height 2.

Proposition 2.4. Let S be a UFD and M € §"", n < m, with rank M = n—1. Let us suppose that
a submatrix M’ obtained taking n - 1 columns of M has rank n - 1 and its maximal minors are
coprime. Then I is a perfect ideal of height two and each column of M is in the module generated
by the columns of M'.

Proof. By the hypothesis, M’ is a Hilbert-Burch matrix of Iy = (g1, ...,g,), where the g/s are the
maximal minors of M. So I, is perfect ideal of height two and the columns of M’ generate the
syzygy module on (gi,...,g,). Since any column of M is a syzygy on (g1,...,4:), the conclusion
follows. |

Remark 2.5. In particular, when M € R"" n < m, is a presentation matrix with a submatrix M’
as in Proposition 2.4, then the presentation defined by M is not minimal.

Proposition 2.6. Let M € R™", m > n with rank M = n—1. Let C(M) be the module generated by
the columns of M.
M is a presentation matrix iff every syzygy on y(M) belongs to the module C(M).

Proof. If M is a presentation matrix then there exists an exact complex

R R VR, (1)



3126 A. RAGUSA AND G. ZAPPALA

where ¢ is the map associated to M. Let (fi, ..., f,) = Im . Then

(fl--'fn)M: 0

and by Corollary 2.3 (fi,...,f,) = Ay(M), for some A € R. Thus, every syzygy on y(M) is a syzygy
on (fi,...,fu) too. Since the complex (1) is exact, we are done.
Vice versa, let us consider the following complex

R 2R R, (2)
where ¢ is the map associated to M. Since, by the hypothesis, Ker y(¢) C Im ¢, M is a pres-
entation matrix. 0O

Example 2.7. Let R = k[x, y, z,t] and let

—t 0 0 X

We have that y(M) = (zt,xt,xy, yz) = (x,2) N (y,t), so it is easy to verify that M is a presenta-
tion matrix, whereas M” is not. In fact (M) = (x,y,z,t), so it does not satisfy the hypothesis of
Proposition 2.6.

3. The structure of the resolution

In this section we will deal with the case in which M is a presentation square matrix of size n >
3. Now we define the class of algebras which we will investigate along this paper.

Definition 3.1. A graded standard R-algebra R/I of homological dimension 3 is called generalized
Gorenstein algebra if the rank of the last syzygy module is 1 in a its minimal graded
free resolution.

Theorem 3.2. Let M € R™ be a presentation square matrix. Then R/Iy is a generalized
Gorenstein algebra whose a free resolution is

« 7e") ¢ (@)
—R"—

0—R R'—R"—5R—R/I)y—0, 3)

where @ is the map associated to the matrix M.

Proof. Since M is a presentation matrix, using Proposition 2.6, we get Im ¢ = Ker y(¢).
Furthermore y(¢*)¢* = 0 implies that ¢y(¢*)" = 0. Now let u € Ker ¢. It defines a map f, :
R—R". Therefore we have that ¢f, = 0, hence f;¢* = 0. Using Corollary 2.3 we deduce that
f¥ = ay(¢*), with a € R, consequently f, = ay(¢*)", i.e. u € Im p(@*)".

Finally, by Lemma 2.6 in [8], since rank ¢ = n—1, Ker ¢ is a free module of rank 1. O

Definition 3.3. Whenever the resolution of Theorem 3.2 is minimal, we say that M is a minimal
presentation matrix.

Remark 3.4. If M € R™" is a presentation matrix then ht I is either 2 or 3. When ht Iy = 3, I,
is a Gorenstein ideal. Consequently if # is even, then ht Iy = 2.

Remark 3.5. If M € R"" is a presentation matrix, by the exactness of the complex (3), then
depth (y(MT)) > 3 and depth (I,_;(M)) > 2, by the exactness criterion in [2].
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Using Theorem 3.2 we are able to characterize all the standard generalized Gorenstein algebras
of homological dimension 3.

Corollary 3.6. Let I be an ideal of R. Then R/I is a generalized Gorenstein algebra of homological
dimension 3 iff there exists a presentation matrix M such that I = Iy.

Proof. Theorem 3.2 says that every I, associated to a presentation matrix is a generalized
Gorenstein ideal. Conversely, if I is a generalized Gorenstein ideal in R of homological dimension
3 then there is a resolution of R/I of type

0—R—R" 2L R —R—R /I—0.

So M is a presentation matrix hence, again by Theorem 3.2, Coker (M) = I;. From which we
get I = I O

Thus it is important to recognize when M is a presentation matrix. The next results will give
another characterization of such matrices.

Lemma 3.7. Let M € R™ be a matrix of rank n—1. We set y(M) = (g1, ...,g:) and p(MT) =
(1, ..., hy). Let M be the cofactor matrix of M. Then M€ = u(gh;), where u € R.
Proof. Let us consider the following complex

T
0 Rl g M, 88

We denote by c; the cofactor of M in the position (i,j). Since (g...g,)M =0 and
(¢yj---€aj)M = 0, by Corollary 2.3 we get

(C1jy -5 Cnj) = (815 s &n)-
On the other hand since (h;...h,)MT = 0 and (cj...cis)M = 0, again by Corollary 2.3 we get
(City ooy Cin) = Mi(hy ooy ).
By these equalities follows that
(815 +-8n) = Hj( s ooy )3 wi(hy, s hy) = gi(Aay ey An).
Since GCD (gi, ...g») = GCD (hy,...h,) = 1, we obtain that
¢j = uhigi = Pigihj,

for some o, B; € R, so a; = f; for every i and j. Let

thus cij = ugih;. 0

Theorem 3.8. Let M € R™" be a matrix of rank n—1. Let (M) = (g1, ..., &n), Y(MT) = (hy, ..., hy)
and let ] be the ideal generated by y(M"). Let M© be the cofactor matrix of M.

The matrix M is a presentation matrix iff depth J > 3 and M = u(g;h;) where u is a unit.
Proof. We set I = (g1,...,gs). If M is a presentation matrix then by Theorem 3.2 the complex

T
0— Rl pr M, 8 ()

is exact, so by the Buchsbaum-Eisenbud criterion, we get depth J > 3 and depth I,_;(M) > 2.
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Note that I, (M) is generated by the entries of M, so by Lemma 3.7, I, (M) = ul], conse-
quently u is a unit.

Conversely let us suppose that depth ] > 3 and M© = u(g;h;) where u is a unit. To show that M is
a presentation matrix it is enough to show that the complex (4) is exact. To do this, we will use the
Buchsbaum-Eisenbud criterion. The conditions about the ranks of the modules are trivially satisfied.
We have that depth I > 2, by definition of (M), and depth J > 3 by the hypothesis. It remains only
to prove that depth I,_;(M) > 2. Since M© = u(g;h;) where u is a unit, we have that I,_,(M) = IJ.
Letf € IJ, f # 0. Since depth I > 2 and depth ] > 3, there exist ¢ € I and h € ] such that (f, g) and
(f, h) are regular sequences. Hence (f, gh) is a regular sequence in IJ and we are done. O

Remark 3.9. Let M be an alternating matrix of odd size n and of rank n—1. Then y(M) = y(MT)
and M = (p;p;), where p;, is the h-th submaximal pfaffian of M. Let Py, be the ideal generated
by the submaximal pfaffians of M. Suppose that depth Py = 3. Then M is a presentation matrix
and Py = Ip. So Theorem 3.8 allows us to recover the well known characterization of the
Gorenstein ideals of heighth 3 of Buchsbaum and Eisenbud [1].

Remark 3.10. By Theorem 3.8, let M be a presentation matrix and let (hy, ..., h,) = 7(MT). Then
h; = 0 iff the submatrix obtained from M by removing the j-th column has not maximal rank.

The following propositions put into relation a presentation square matrix M with the kernel of
the associated map.

Proposition 3.11. Let M € R™" be a presentation square matrix and let ¢ : R"—R" be the associ-
ated map. Let ] = Im y(¢*). Let us suppose that

R LR )R

is a presentation of J. Then there exists a map § : R™ —R", such that ¢ = py".

Proof. At first we dualize the resolution of Theorem 3.2. We get the complex

0 gre P g

By the exactness of the presentation we get the factorization ¢* = a for a suitable «:
R™—R™. Consequently we have ¢ = o*i/*, so o* is the required map f. 0

Proposition 3.12. Let M € R™" be a presentation square matrix and let ¢ : R*—R" be the associated
map. Let us suppose that y(M") = (hy, ..., h;,0,...,0). Let ] = (hy, ..., h;). Take a presentation of ]

RVLRE LR (5)

where t(ef) = h;, for 1 < i <t. Then there exist two maps  : R™ —R" and 6 : R""—R" such
that ¢ = (pyY*)Do.

Proof. By the hypotheses R/Iy has a resolution of the type

19=0,DS
—

0—>R*<T—’0>>Rt@R"7 R"—R—R/I)y—0.

Consequently we have ¢;7* = 0, so we get the complex

% X
R™—5RY SR

By the exactness of (5), we get the factorization ¢} = Y for a suitable o : R”*—R", so ¢, =

o*y* and ¢ = (Y™ )DI. O
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The next results will be useful for studying generalized Gorenstein algebras.

Lemma 3.13. Let M be a minimal presentation matrix and let ] be the ideal generated by y(MT).
Then there exists a resolution of Iy of the type

0—R-LR'—R"—R—R/Ijy—0

such that p(1) = (hy, ..., h, 0, ...,0) where hy, ..., hy minimally generate J.

Proof. Let (hy,...,h,) = y(MT). Let us suppose that h, = 3" a;h;. Let ¢ : R"—R" be the map
associated to the matrix M. We change the basis in the domain of ¢ from (e, ...,e,) to
(v1, ..., vn), where v; = e; + aje,, for 1 <i<n-—1 and v, = e,. Then p(1) = Zf;ll hiv;. By iterat-
ing this procedure we get the stated result. O

According to Lemma 3.13 we will use the following notation. Let I be a generalized
Gorenstein ideal I of homological dimension 3 and let

0—R-R"—R"—R—R/I—0

be a minimal free resolution. We define {(I) = v(I)—v(I(p)).

Note that 0 < {(I) < v(I)-3.

Now we would like to study minimal free resolutions for generalized Gorenstein ideals I of
homological dimension 3 with maximal {(I). Observe that in this case, using the same notation
as before, p(1) = (hy, ha, h3,0, ...,0), where (hy, hy, h3) is a regular sequence.

Using Proposition 3.12, R/I has a minimal free resolution of the type

0—>R(T—’O)>R369R”‘3(Mi>%R”—>R, (6)
where t(1) = (hy,hy,h3), k:R*—R?® is the Koszul map on hy,hy,h; and o: R*—R", §:
R"3—R" are suitable maps. Consequently I = I);, where M is a minimal presentation matrix
having the structure M = (AK|C), with

0 hs —hy
K = _h3 0 hl )
h, —h 0

for some A € R™? and C € R™" . In the next result we will give the structure of the generators
of such ideals.

Proposition 3.14. Let I=1y be a generalized Gorenstein ideal of homological dimension 3 with
maximal {(I), where M = (AK|C). Then I is generated by the maximal minors obtained by delet-
ing one by one the first n rows of the (n + 1) x n-matrix

B— A C

hy hy hs 0 ... 0

Proof. To compute a minimal set of generators for I, for instance y(M), it is enough to compute
the maximal minors of a submatrix of M obtained by choosing a submatrix of M of size n X
(n—1) of rank n — 1 (see Lemma 2.2). Note that, since rank (AK) =2, to obtain such a subma-
trix, we are forced to remove one of the first three columns.

Let M;;, be the minor of M obtained by deleting the row i and the column j. The following
computation will show that, for some s,
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Mij = (=1)h;B;,
where B, is the minor of B obtained by deleting the row i. Hence I = (B, ..., B,).
In fact we write the matrix A by columns A = (A;AA3) and M in this way
M = (—h3A; + hyAs|hs A —h Az —h Ay + hi Ay|C).
Moreover we will write AJ@ the submatrix obtained by A; by removing the i-th row. So
My = 1AV~ AVl + AV AY Cl 4 |~ A —h,AT C|+
AP AV el = by (] AV AY Cl=ho|a AT C| + s AP AV C))
= (=1)’mB;.
similarly we get M;, and M, 3. O

In order to reverse Proposition 3.14, we need to fix some notation. Let B € R*"1" be a minimal
Hilbert-Burch matrix, such that a row, say the last row, is H = (hy, hy, h3,0,...,0). Then B has
the following shape

B= . (7)
hy hy, hy 0 ... 0

Moreover we write B; for the minor obtained from B by removing the i-th row, multiplied
by (—1)".
Proposition 3.15. With the above notation let B € R""'" be a minimal Hilbert-Burch matrix, such
that the last row is H = (hy, hy, h3,0,...,0) with (hy, hy, h3) a regular sequence. Let I be the ideal

generated by By, ..., B,.
Then I is a generalized Gorenstein ideal of homological dimension 3 with maximal {(I).

Proof. Let us consider the complex
0—R-R"-ZR" TR

where p(1) = (hy, hy, h3,0,...,0), ¢ is represented by the matrix M = (AK|C), where K is the
matrix of the central map of the Koszul complex on (hy, hy, h3) and y is the map defined by the
row (By,...,B,). We have to check that this complex is exact. According to our hypotheses it is
useful to rewrite it as follows.
0— R - R@R 2 pn g )

where 1(1) = (hy, hy, h3) and o, k and J are the maps represented respectively by A, K and C.

Of course p is injective and Im p C Ker ¢.

Now we show that Ker ¢ C Im p. Let u = (u1,u;) € Ker @, u; € R®, up € R"? ie. ax(u;) =
0 and O(upy) =0. Since B is minimal, det(A|C)#0, so o is injective, therefore x(u;) = 0.
Consequently u; € Ker x = Im 1. Since B is an Hilbert-Burch matrix, C has maximal rank, hence
0 is injective i.e. up = 0, therefore u = (u;,u;) € Im p.

By Proposition 3.14 we have that Im ¢ C Ker 7, so we need to show that Ker y C Im ¢. Let
(v1,...,vy) € Ker y. Then (vy,...,v,,0) is a syzygy on (By,...,B,,det(A|C)). So (vi,...,vn,0)
belongs to the module generated by the columns of B i.e.
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Vi \ by; by
v = 2 },i bm' + 12:4: ;‘i bm' =
0 h; 0

(V1y ooy V) = (A1, A2, A3) + O0(A), where 1 = (A4, ..., 4,). Moreover, since A1h; + Lk, + Ash; =
0, we deduce that (4,42, 43) = Kk(z), for some z € R®. Therefore (v, ..., v,) = ax(z) + d(4), con-
sequently ¢(z, 1) = (v1, ..., vy). O

By Proposition 3.15 I, is generated by #n among n + 1 maximal minors of the matrix B in (7).
The next result will allow us to give a structure for I, in terms of intersection of two sim-
pler ideals.

Lemma 3.16. Let B € R™™'" with rank B = n. Let B;, 1 <i < n+ 1 be the maximal minors of B.
Let I(B) = (B, ..., By11), such that ht I(B) = 2. Let (hy, ..., hy,) be the last row in B. Then

I(B) N (hy, ...,h,) = (Bi,..., By) <= B, is regular in R/(hy, ..., h,).

Proof. Take a,i € R, such that a,1B,+; € (hy, ..., h,). By assumption there exist ay,...,a, € R
such that )" | a;B; = a,41B,+1. Since B is an Hilbert-Burch matrix, (ai,...,d,+1) belongs to the
R-module generated by the columns of B. In particular a4, € (hy, ..., hy).

Conversely we have only to prove that I(B)N (hy,...,h,) C (Bi,...,B,). Let fe€I(B)N
(h1y .., hy), so f = Z?;l a;B;. Since B; € (hy,...,h,) for 1 <i<mn, we get a,;1B,41 € (hy, ..., hy).
Then, by the assumption, a,41 € (hy,...,hy), ie. a1 => ;. uihi. For 1 <j<wmn, > b;B; =

—h;B,,11, hence > u;jb;iB; = —u;h;B, 1. Summing up we get
n n
Z Z uibiiB; = —an1Bny1,
=1 =1
0 ay+1Byt1 € (B, ..., By), ie. f € (By, ..., By). O

Using Lemma 3.16, we can give a geometric description of projective schemes having a min-
imal free resolution of type (8).

Theorem 3.17. Let X CP", r >3 be a closed projective scheme, whose defining ideal Ix has a
graded minimal free resolution of type (8). Let Z be the complete intersection defined by 1(p) =
I(1), let S= V(det(aDd)) and let Y be the scheme defined by I(0Dd, p*). If codim (SNZ) =4
then X =Y UZ.

Proof. Tt is enough to observe that since codim (SN Z) = 4, det(aDJ) is regular in R/I;. So we
can apply Lemma 3.16 to have our assertion. O

Remark 3.18. Note that when det(«Pd) is a unit, Y = 0 and X = Z. When det(«Pd) is not a
unit, then X is a union of an aCM scheme of codimension 2 and a complete intersection scheme
of codimension 3.

4. The case n=3

Now we will apply the results of previous sections and we will provide an explicit characterization
of the graded Betti numbers for generalized Gorenstein ideals having a graded minimal free reso-
lution of the type



3132 A. RAGUSA AND G. ZAPPALA

0—FF-%F LS R—R/T—0 9)

with rank F; =rank F, = 3 (and consequently rank F; = 1).

The three-generated ideals were studied initially in the article [3] by Buchsbaum and
Eisenbud. Here we focus on graded Betti numbers for such ideals.

We start by observing that, by the exactness criterion, Im p is generated by a regular
sequence (hy, hy, h3).

Let M be the matrix associated to ¢ with respect suitable bases. Since (h;,hy, h3) is a regular
sequence, its first syzygy module is generated by the rows of the following matrix

0 hs  —hy
K=1|-hs O hy
h, —h 0

As @pp =0, we get M = AK, where A € R*>. Consequently the resolution (9) can be written
in the following way

0—F-2 B F, LS R—R/T—0 (10)

where o and K are the maps associated to the mentioned matrices A and K.
Proposition 4.1. If
0—Fy P2k LR

is a graded minimal free resolution and M is the matrix associated to ¢ with respect suitable bases,
then Ip; is generated by the maximal minors obtained by deleting one by one the first 3 rows of the
4 X 3-matrix

A

hy hy, h;
where A is the matrix defined above and (hy, hy, h3) generates Im p.
Proof. This is a particular case of Proposition 3.14, when {(I) = 0. O

In order to reverse Proposition 4.1, we need to fix some notation. Let B € R** be a Hilbert-
Burch matrix. Let us consider a row of B, say H = (h;, hy, h3) and let B be the matrix obtained
from B by deleting the row H. Let By, B;, B; be the maximal minors of B including the row H.

Proposition 4.2. With the above notation let B € R*? be a Hilbert-Burch matrix, providing a min-
imal set of generators, such that one of its rows H = (hy, hy, h3) is a regular sequence. Let | be the
ideal generated by By, By, Bs. Then a graded minimal free resolution of R/] is

0—Fs—F, -2k LR

where Im p is generated by (hy,ha,h3), ¢ = ouc where o is the map associated to the matrix B, k
is the central map of the Koszul complex on (hy, hy, hs), W is the map defined by the row
(B1, B2, Bs) and Fy, F, are graded free modules of rank three.

Proof. This is a particular case of Proposition 3.15, when {(I) = 0. O

The next proposition describes the graded Betti numbers for an ideal I C R whose resolution
is of type (10).
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Proposition 4.3. Let I C R be a generalized Gorenstein ideal, ht I > 2. Then there exist six integers
di,dy, d3, a1, az, a3, with di>0 and a; > 0, such that the graded minimal free resolution of R/I is

3
@ R(ai—d,»—a)—>R,

i=1

3
0—R(—d—a)—> G}l R(d;—d—a)—

where d =d, +d, +ds and a = a; + a; + as.

Conversely if we choose six integers dy,d,,ds,a;,a;,a3, with d;>0 and a; > 0, then there
exists a generalized Gorenstein ideal, ht I > 2, such that R/I has the following minimal graded
free resolution

3 3
0—R(—d—a)— @R(di—d—a)—> 6_91 R(a;—d;i—a)—R,
where d =dy +d, +d; and a = a; + a, + as.

Proof. Since R/I has a minimal free resolution of type (10), we set dy,d,, ds, the degrees of the
complete intersection I(p) and o : @leR(—e,-)—&Bf:lR(—e]’-). We set a; = ¢;—e}, for 1 <i < 3.
By Proposition 4.1 we see that the degrees of the minimal generators of I are dy + a; + a3, d, +
a; +as, d3 +a, + a; ie. a+di—a; for 1 <i < 3. Furthermore since ¢ = ax, a simple computa-
tion shows that the shifts of the second module are e;—e| +d, + (a+di—a;) = a+d; + dy,
e—e¢,+ds+(a+dr—a)) =a+dy+ds, es—e;+di+ (a+ds—as) =a+d; +ds, consequently
they are a + d—d;, for 1 <i < 3. Since the map p is the map of the complete intersection of type
(dy,da, d3) the last graded Betti number is a + d.

Conversely let ] = (hy, ha, hs) be a complete intersection with degh; = d; for 1 <i < 3 and we
choose three forms g;, degg; = a; for 1 <i<3. I= (g, g, hsq1g) is a required ideal.
Namely if we consider the matrix

& 0 0
_|10 & 0
B= 0 0 g
hy hy h;
it satisfies the hypotheses of Proposition 4.2. O

In order to avoid trivial cases in the sequel we will use the following definition.

Definition 4.4. A Betti sequence is said to be essential if it occurs for R/I where I is a homoge-
neous ideal with ht I > 2.

The next theorem will characterize the Betti sequences for generalized Gorenstein ideals of
homological dimension 3 and ht I > 2.

Theorem 4.5. A sequence (ai, ay,as; by, by, by;s) with a; < a, < as and by > by > by is a essential
Betti sequence iff

3 3
1. N :3 Zj:l bj— Zi:l a;,
2. Zi:l a,»<b2 + b3;
3. a+b <Y a, for1<j<3.

Proof. Let (ay, az, as; by, by, bs;s) be a essential Betti sequence then there is an ideal I of height at
least two, such that R/I has the following graded minimal free resolution
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3 3
0—>R(fs)—>j6:91R(—bj)—> ® R(—a;)—R.
Trivially s = Zle bj— Z?:l a;.
Moreover the last map of the resolution is defined by a regular sequence hy,h,, h; with
degh; = s—bj, for 1 < j < 3. Consequently s—b;>0, i.e. S ai<by + bs.
Let M = (m;;) be a matrix associated to the central map of the above resolution, with
degm;; = bj—a;. We have that 21‘3:1 myh; = 0, for 1 < i < 3. Consequently

(mir, mip, miz) € ((0, h3, —hy), (=h3,0, —hy), (hy, —hy1,0)),1 < i < 3.

Therefore degm;; > deghy, with i # j # k # i, i.e.
3
bji—a; > s—by = b; < aj+ar = a;+ b SZai, for 1 <j<3.
i=1
Conversely let us suppose that the sequence (ay, a2, as; by, by, bs;s) satisfies the conditions 1, 2,
3 above. We set ¢j = s—b;, for 1 <j < 3. Then ¢3 > ¢; > ¢; and ¢;>0 by Assumption 2. Hence
¢;>0 for 1 < j < 3. Now we set t; = Zf: a;—a;—bj. By Assumption 3, t; > 0, for 1 < j < 3. Note
that st:l ti + Zj’:l G =s, SO+, ci—¢j =b; and SO ti+ ¢j—tj = aj. Now, applying
Proposition 4.3 to the integers cy, ¢, ¢3, t1, 2, t3 We get that (ay,az,as; b1, by, bs;s) is an essential
Betti sequence. 0O

5. Graded Betti numbers for ideals I,

In this section we study the graded Betti numbers for generalized Gorenstein ideals Iy, arising
from a minimal presentation matrix M = (m;;). A graded minimal resolution for such ideals can
be written in the following way

0—>R(—5)—>€9;:1R(—bj) —@ | R(—a;)—R—R/Iy—0, (11)
where a; < ...<a,, by > ..>b, and s = Z;’Zl bi—> i, ai. We will set also ¢; = s—bj, for 1 <
j < n. Note that C = (cr...ca)” is the degree vector of the leftmost map of the resolution. It is

easy to check that a;<b,;,—; for 1 <i<n, and a,<b,, a;<b,_;. Moreover b, ,<s < a; +a, +
a3. Now we set dj; = degm;;. Note that djj = bj—a;, so djj > di1j and dj; > djj; for 1 <i<n—1

and 1 <j<n-1. So if dy = 0 for some (h, k) then m;; = 0 for every i > h and j > k. The
matrix D = (d;;) € Z"" is called the degree matrix of M. The degree matrix of M does not deter-
mine, in general, the graded Betti numbers of Ij.

Example 5.1. Let us consider the ideals
I = (xyz, yzt, ztu, tuv, uvx, vxy), ] = (xyzt, yztu, ztuv, tuvx, uvxy, vxyz).
Their graded minimal free resolutions are
0—R(—6)—R(—4)°—R(—3)°—R—R/I—0
and
0—R(—6)—R(—5)°—R(—4)°—R—R/J—0.

However if we know one of the ¢;’s in addition to the degree matrix, then the graded Betti num-
bers are determined.
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Proposition 5.2. Let M be a minimal presentation matrix and let D = (d;;) be the degree matrix of
M. Let c, be the degree of the r-th component of C. Then the graded Betti numbers of R/Iy are s =
S dis bj =s+dj—ds—c,, for 1 <j<n;a;=s—dip—c, for 1 <i<n.

Proof. By the exactness of (11) s = >"" (b —a;) = Y ., di.
Furthermore
a; = a; + s—b,—(s—b,) = s—(b,—a;)—c, = s—d,i—c,.
bj =a, + drj = S—drr—Cr + drj-

Proposition 5.3. Let
(a1, .oy @n; b1y ooy by S)

be an essential Betti sequence. Let u; > 0, 1 < i < n be any integers. We set u =Y., u;. Then the
sequence

(a1 +u—uy, ..,y + u—uy; by + uy .o, by + uys + u)

is an essential Betti sequence.

Proof. By the assumptions there exists an ideal I C R = k[xy, ..., x,], ht I > 2, having a resolution
of the type
n

0—R(~=s)— & R(—b,-)Li

=

R(—a;)——R—R/I—0,

1

where ¢(e;) = (muj, ..., my;) and (ey, ..., e,) is a basis of ©R(—b;). Let S = R[y1, ..., ya], where
the y/’s are new variables. Let
n n

@' D S(=bj—u)— D S(—ai—u+ )

j=1 =1
be the map defined by
@' (€) = (muyy', .., muyir).
By Theorem 3.8 one sees that the matrix M’ = (m,-jy;" ) (matrix associated to ¢’) is a minimal
presentation matrix, so it defines an ideal I}y, whose minimal free resolution looks like

0—S(—s—u)— @1 S(—bj—u)L EBl S(—ai—u + u;)—S—S/Iyy —0.
j= i=

Moreover if Iy = (g1, ..., g), then Iy = (g1, ..., g},), where
n
g=a [

Definition 5.4. We will say that a Betti sequence (ay,...,a,;b1,...,by;s) is minimal if the n
sequences (aj,a;—1...,a,—1;b1—1,....b,—1;5—1), ..., (a1—1,a,—1...;a,;b1—1,...,b,—1;5s—1) are
not Betti sequences.

Of course, by Proposition 5.3, it is enough to find the minimal Betti sequences for determine
all Betti sequences for ideals Ip;.

In order to give more information about Betti sequences for ideals I);, we give the following
definition, which arises from perfect ideals of height 2 (see [5]).
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Definition 5.5. We will say that a sequence (a; < ... < a,;b; > ... > b,;s) is a Gaeta sequence if
s= Z}Ll bi—> " a; and b, , ;>a; for 2 <i<n.
Remark 5.6. Of course not every Gaeta sequence is an essential Betti sequence. For instance the
sequence
(3,3,3,3;5,5,5,5;8)

is a Gaeta sequence. If it were an essential Betti sequence there should be an ideal I C R =
k[x,y,z], of height at least 2, having this Betti sequence. But Hg/;(6) = 0, so R/I is an Artinian
algebra, therefore R/I is a Gorenstein algebra of codimension 3, which is a contradiction because
I has an even number of minimal generators.

Our aim is to understand when a Gaeta sequence is an essential Betti sequence.

The next result will permit us to reduce the study of the essential Betti sequences to the
Gaeta sequences.

Theorem 5.7. Let (a; < ... < a,;by > ... > by;s) be a sequence such that b, 5+ < a; for some t >
4. Weset d =" (byr1—i — a;). It is an essential Betti sequence iff

L s= Z;:l bi— >0 ais
2. (a1—d,...,a;_1—d;byy—d, ..b,—d;s—d) is an essential Betti sequence;
3. b,,+1,,<>a,» fOT’ i>t

Proof. Let us suppose that (a; < ... <a,;b; > ... > by;s) is an essential Betti sequence, so there
is an ideal I, ht I > 2, such that the graded minimal free resolution of R/I looks like

0—R(—s)—®LR(~b;) —DL,R(—a;)—R.

The conditions 1 and 3 are well known for general facts. Let M = (m;;) be a matrix associated
to the central map of the resolution, such that degm; = bj—a;. Let (gi,...,g,) = 7(M). Since
buia—t < ap, my = 0 for i >t and j > n+2—t. Let M' = (m;;) be the square submatrix of M
where 1 <i<t—1 and n+2—t<j<n and D= (m;) where t <i<mnand 1 <j<n+1-t
Note that rank M’ < t—2 since (g;...g+—1)M' = 0. Furthermore rank M’ > t—2 since rank M =
n—1. So rank M’ = t—2. Moreover detD # 0. Indeed, because of the vanishing of the maximal
minors of the submatrix of M obtained by removing a column C; with 1 <j < n+ 1—t, there is
a column C; with n+2—t <k <n such that the maximal minors of the submatrix of M
obtained by removing C; are not vanishing multiple of g, ...,g,. Since such minors are multiple
of detD we get that detD # 0. Consequently y(M’) = (detD) '(gi,...,g1). Now since every
syzygy on y(M') is also a syzygy on g, ...,g, and since detD # 0 this syzygy must be in the span
of C; for n+2—t <j<mn. So by Proposition 2.6, M is a presentation matrix and the Betti
sequence of Iy is (a1—d, ...,a;_1—d; byir—1—d, ..by,—d; s—d).

Conversely we suppose that the conditions 1, 2 and 3 are satisfied. In particular, by condition 2
there exists a presentation matrix M’ = (mjj), with degm;j = (bpp1-1-j—d)—(ai—d) = byi1-j—a;
of size t — 1 such that I)y has Betti sequence (a;—d, ..., a;_1—d; by2—¢—d, ...b,—d; s—d). Now we
define a square matrix M = (m;;), of size n, in the following way

m;ji(nﬂit) for 1<i<t-1l,n+2-t<j<n

bj—a;
i

_ fori+j=mn,t—1<i<n-1
mj; = bi—a;
z;

fori+j=n+1,t<i<n

0 elsewhere
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where y; and z; are new variables for every j. The condition 3 guarantees that the exponents of y;
and z; are positive integers. Since rank M’ =t—2, we have rank M =n—-1. We set
(&) g 1) = 7(M'). Now if we set (g1,...,g,) = 7(M), we see that g = g1, 2" for 1 <
i<t—land g =g, IHh " lyh” O i zZ”“”‘*“’“ for t <i < n. Note that degg; = a; for 1 <
i <n. In order to show that M is a minimal presentation matrix, we will use Theorem 3.8. We
set (H,,....,h,_) = p(MIT). By Theorem 3.8, the ideal J' generated by the components of y(M/T)
has depth J' > 3. Since y(MT) = (0, ...,0,H,, ..., h,_,), the ideal ] generated by the components of
7(MT) coincides with J', so it has depth greater than or equal to 3 too. By Lemma 3.7, M =
up(M)"y(MT). So we need only to show that u is a unit. To do this we compute the cofactor
M, of the entry in position (1,#).

My, = (=1)""! il HZ T = _1)n+lglh;71§

since K, _, is the n-th component of y(MT), we are done. O

Corollary 5.8. Let (a; < ... < a,;b; > ... > by;s) be a sequence such that b, , < as. We set d =
i y(bus1—i — a;). It is an essential Betti sequence iff

n n
1. s = Z b], Z a;;
2. ajtbls4d'< aj+ayt+as<b,_1+b,+d, for j=1,2,3.
3. bn+1_i>a,- fOT’ i Z 4.

Proof.  According to Theorem 5.7, we need to show that (a;—d,a,—d, az—d;
b,_»—d,b,_1—d, b,—d;s—d) is a essential Betti sequence. Now it is enough to use Theorem 4.5 to verify
this fact. |

Remark 5.9. Note that by iterating the procedure of Theorem 5.7 any sequence i = (a; < ... <
ay; by > ... > by;s) can be transformed in a Gaeta sequence ' = (a) < ... < a;b| > .. > b ;s).

Corollary 5.10. Let f = (a; < ... < au; by > ... > by;s) be a sequence. Using the same notation of

Remark 5.9, B is an essential Betti sequence iff the Gaeta sequence 8’ is an essential Betti sequence.

Proof. Taking into account Remark 5.9, it is an easy application of Theorem 5.7. O

Now we study the essential Betti sequences of the type
(a,...,a;b,...,b;s).

Definition 5.11. Let M be a square matrix of size n. The matrix M = (m;;) is said to be bidiago-
nal iff m;; = n;; = 0 for j #i,i+1, 1 < i < n (here m,, ;1 means my,).

Lemma 5.12. Let S = k[x, ..., X, y1, ..., ys|. Let M = (m;;) and N = (n;;) be two minimal presenta-
tion bidiagonal square matrices of size n such that my; are forms of degree d in kxi, ..., x|, n; are
forms of degree e in k[yi,...,ys]. Let M x N = (tij) be the matrix such that t; = myn;; and t;;,, =
—mjiy 11y and ti; = 0 otherwise.
Then M N is a presentatlon bidiagonal matrix. Moreover if y(M?') = (hy,...,h,) and
JINT) = (Ko k) then 3((M 5 N)T) = (ko k).
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Proof. Note that

n
n+1
det(M % N) Ht,, +( Hti7i+1 -

o n+1 o
= Hmiinii +(=1) Hmz i+1Mii+1 =

i=1

n n
= Hmiinii—Hmi,i+1ni,i+1 =0.

i=1 i=1

To show that M * N is a minimal presentation matrix we use Theorem 3.8. At first we need to
compute the cofactors of M x N. Such a computation can be found, for instance, in the article [9]
on page 281. From this computation follows immediately that det(M * N) = detM;;detN;; (where
with the index ij we mean the submatrix obtained by removing i-th row and j-th column).
Consequently we get that y((M % N)") = (hiky, ..., hk,). Since y((M)") and y((N)") consisting
of forms living in polynomial rings in different variables we deduce that the ideal generated by
p((M*N)") has depth at least 3. From the same computation follows also that

(M*N)< = (M +N) (M N)"). O
Proposition 5.13. If a sequence (ay, ..., an; by, ..., by;s) of positive integers, with a; = ... = a, = a,
by =...=b, =, is a essential Betti sequence then

1. s=n(b—a);

2. na<(n—1)b < (n+ 1)a; moreover, when n is even, (n—1)b<(n + 1)a.

Proof. Let us suppose that (aj,...,a,;b1,...,b,;s) with a; = ... =a,=a, by=..=b, =D, is a

essential Betti sequence. Then there exists an ideal I, ht I > 2, whose resolution is
0—>R(—s)—>R(—b)n—>R(—a)”—>R—>R/I—>0.

The condition 1 is trivial. Moreover, since s>b, n(b—a)>b, so na<(n—1)b.
Since depth (R/I) = depth (R)—3 we can reduce to a ring in only 3 variables. So we can sup-
pose that R = k[x;, x,, x3]. Of course we have that Hg/;(s—2) > 0. Therefore

0 < Hy(s-2) = (;)—H<S;a> *”(S;b>_<g>

— L no-a)[a(n + D—b(n-1)]

2
that implies (n—1)b < (n + 1)a. Moreover, when # is even, since R/I cannot be Gorenstein, hence
it cannot be Artinian, so Hg/;(s—2)>0, so for n even we have (n—1)b<(n + 1)a. O
Theorem 5.14. A sequence (ay, ..., an; by, ..., b,;s) of positive integers, with a; = ... = a, = a, b) =

..=b, = b, n odd is an essential Betti sequence iff

1. s=n(b—a);
2. na<(n—-1)b < (n+1)a.

Proof. The condition is necessary by Proposition 5.13.
Conversely let (ay,...,an;b1,...,by;s) with ay=..=a,=a, by=..=b,=b, n odd a
sequence satisfying the conditions 1) and 2).
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By subtracting (n—1)a, the condition 2) becomes
n—1

——

Now we work by induction on b—a. For b—a = 1 our condition becomes s=# and ”T’l <a<

n—2. Using Corollary 3.11 in [9] we can produce an ideal I, ht I > 2, in R such that R/I has the

requested Betti sequence. Let us suppose that we have realized an algebra R/I having the

requested Bett1 sequence when b—a = h. We need to construct algebras R/I with Betti sequence

sat1sfy1ng (h +1)<a<(n—1)(h+1)—1 and s = n(h + 1). Using Proyosmon 53 for u; =1

for every i, we realize the Betti sequences satisfying s = n(h + 1) and <a<(n-1)(h+
1)—1. So, it remains to build the Betti sequences such that

=n(h+1) and @(Hl)gag

b—a) <a< (n—1)(b—a)—

(h+2)—

(n—1)
2

ie. Z1h 41 <s—b <"1 (h+1). We are interested on the integer s — b since it is the degree of
the components of vector y(MT), where M is the presentation matrix which we will use to realize
these Betti sequences. Note that & and s — b determine all the Betti sequence. For h=1 we have
realized every Betti sequence such that 1 < s—b <=1, using bidiagonal matrices. Moreover, by
the inductive hypothesis, we have also realized every Betti sequence such that b—a =h and 1 <
s—b < h51, using again bidiagonal matrices. Now let 1 <t <51 and let M be a minimal pres-
entation bidiagonal matrix realizing the Betti sequence such that s =n, b—a=1 and s—b =1t.
Let N be a minimal presentation bidiagonal matrix realizing the Betti sequence such that s = nh,
b—a=h and s—b=h"5!. Applying Lemma 5.12 we get a matrix M N realizing the Betti

sequence such that s = n(h+ 1), b—a=h+1 and s—b = h’1 +¢. O
Proposition 5.15. A sequence (ay,...,an; b1, ...,by;s) of positive integers, with a; = ... = a, = a,
by = ... =b, = b, n even is an essential Betti sequence provided that

1. s=n(b—a);

2. na<(n—1)b < na +%52(b—a).
Proof. At first we observe that the condition 2 is equivalent to

—(b—a) <a< (n-1)(b—a)—-1<=1<s-b< n—_z(b—a).

2 - -2

We proceed analogously to the proof of Theorem 5.14. Now we work by induction on b—a.
For b—a =1 our conditions become s=# and %52 < a < n—2. Using Corollary 3.11 in [9] we
can produce an ideal I in R, ht I > 2, such that R/I has the requested Betti sequence.

Let us suppose that we have realized an algebra R/I having the requested Betti sequence when
b—a =h. We need to construct algebras R/I with Betti sequence satisfying 5(h+1) <a <
(n—1)(h+1)—1 and s = n(h + 1). Using Proposition 5.3 for u; = 1 for every i, we realize the
Betti sequences satisfying s = n(h+1) and 2h+n—1 <a < (n—1)(h+1)—1. So, it remains to
build the Betti sequences such that

s=n(h+1) and (h+1)§a§gh+n—2

ie. 2h+1 < s—b <"32(h+1). We are interested on the integer s - b since it is the degree of
the components of vector y(MT), where M is the presentation matrix which we will use to realize
these Betti sequences. Note that & and s — b determine all the Betti sequence. For h=1 we have
realized every Betti sequence such that 1 < s—b <52 using bidiagonal matrices. Moreover, by
the inductive hypothesis, we have also realized every Betti sequence such that b—a =h and 1 <



3140 A. RAGUSA AND G. ZAPPALA

s—b < h”T‘z, using again bidiagonal matrices. Now let 1 < ¢ < ”T‘Z and let M be a minimal pres-
entation bidiagonal matrix realizing the Betti sequence such that s=#n, b—a=1 and s—b=+.
Let N be a minimal presentation bidiagonal matrix realizing the Betti sequence such that s = nh,
b—a=h and s—b=h"5%. Applying Lemma 5.12 we get a matrix M * N realizing the Betti
sequence such that s = n(h+ 1), b—a=h+1 and s—b = h’2 +t. O

Remark 5.16. Unfortunately our construction does not allow building all the sequences satisfying
the conditions of Proposition 5.13. For instance the sequence (5,5,5,5;8,8,8,8;12) cannot be
built with the tools of Proposition 5.15. Nevertheless it is an essential Betti sequence. In fact,
using Macaulay 2, one can verify that the ideal I = (f1, f, f3, fs) with

fi = —X3Y4Y52425—Y1Y4y52426 + X3Y4Y52128 + Y1V4)52228

o = x1%2%32425 + X1%2)12426 + Y1Y2Y32427+
—X1X2X32128 —X1X2)12228 —)1)2)32328

3 = x3)0y32325 + Y1)2Y323Z6— X3)2Y32127— Y1) 2)3%227

f4 = —X1X2X32325—X1X2)12326 + X1X2X32127+

+ X1X%2)12227 + X3Y4)52427—X3)4)52328

has height 2 and the above Betti sequence.
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