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We introduce a new type of Hessian matrix, that we call Mixed Hessian. The mixed
Hessian is used to compute the rank of a multiplication map by a power of a linear
form in a standard graded Artinian Gorenstein algebra. In particular we recover
the main result of a paper by Maeno and Watanabe for identifying Strong Lefschetz
elements, generalizing it also for Weak Lefschetz elements. This criterion is also used
to give a new proof that Boolean algebras have the Strong Lefschetz Property. We
also construct new examples of Artinian Gorenstein algebras presented by quadrics
that does not satisfy the Weak Lefschetz Property; we construct minimal examples
of such algebras and we give bounds, depending on the degree, for their existence.

Artinian Gorenstein algebras presented by quadrics were conjectured to satisfy WLP
in two papers by Migliore and Nagel, and in a previous paper we constructed the
first counter-examples.

© 2019 Elsevier B.V. All rights reserved.

0. Introduction

The Hessian matrix of a form is the matrix of its second derivatives and its Hessian is the determinant
of this matrix. The first instance of such object goes back to the seminal paper of Gauss [8]. In this
context the Hessian describes curvature for surfaces given by an implicit function, see also Segre [27] for the
n-dimensional analog. Complete hypersurfaces with zero Gaussian curvature are also called developable.
We recall that for X = V(f) C PY, a hypersurface defined over K = R, C, we get hessy = 0 (mod f) if
and only if the hypersurface is developable, that is, the Gauss map is degenerated. In P3 only cones and
the tangent surface of a curve are developable. While the cones have hessy = 0 the tangent surfaces have
hessy # 0 (see [26, Chapter 7]).
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Hesse claimed in [14] that for arbitrary N, hess; = 0 if and only if X = V(f) C PV is a cone. Gordan
and Noether in the fundamental paper [11] showed that Hesse’s claim is true for N < 3 and they produced
series of counterexamples for N > 4. Moreover, these counterexamples can be characterized as the only
hypersurfaces in P* with vanishing hessian which are not cones. A modern proof of this fact can be found in
[12] while a very detailed account on the subject appears in [26, Chapter 7]. The so called Gordan—Noether
Theory is also treated in very different aspects in [4,6,19,12,13,31,26].

Hessians of higher degree were introduced in [22] and used to control the so called Strong Lefschetz
property (SLP). This property for a graded Artinian Gorenstein algebra was inspired by the Hard Lefschetz
Theorem on the cohomology of smooth projective complex varieties. In this paper we introduce the mixed
Hessians, that generalize the Hessians of higher order, providing a generalization of the criterion for Strong
Lefschetz elements also for Weak Lefschetz elements (see Theorem 2.4 and Corollary 2.5).

The Lefschetz properties have attracted a great deal of attention over the years, since they are phenomena
connected with Commutative Algebra, Algebraic and Tropical Geometry and Combinatorics, see [28,29,16,
15,9,10]. The first result in the area, proved by Stanley [28] and independently by Watanabe, asserts that a
complete intersection of monomials have the SLP. Here we (re)prove a special case of this result for quadratic
complete intersections of monomials, also called Boolean algebras.

A standard graded K-algebra is said to be presented by quadrics if it is isomorphic to the quotient of a
polynomial ring over K by a homogeneous ideal generated by quadratic forms. These algebras are related
with Koszul algebras and Grobner basis, see for example [5]. In [10] we disprove a conjecture posed in [21]
that Artinian Gorenstein algebras presented by quadrics have the WLP. Here we study in more detail the
family introduced in [10] to give minimal examples for those algebras failing the WLP.

We now describe the contents of the paper in more detail. In the first section we recall the basic defi-
nitions and constructions of standard graded Artinian Gorenstein algebras, and we recall a combinatorial
construction introduced in [10].

In the second section we introduce the mixed Hessians and prove the main result, Theorem 2.4, a gen-
eralization of the Hessian criterion to mixed Hessians, see also Corollary 2.5. In the third section we prove
an inductive construction (see Proposition 3.3) whose Corollary is the very well known fact that Boolean
algebras have the SLP (see Corollary 3.4).

The next section is devoted to recall a combinatorial construction introduced in [10], we associate a
homogeneous simplicial complex to a standard graded Artinian Gorenstein algebra. A special family called
Turan algebras have been used in [10] to produce counterexamples to the conjecture posed in [20,21]. The
conjecture was that Artinian Gorenstein algebras presented by quadrics have the WLP.

In the last section we deal with algebras presented by quadrics of minimal codimension failing the WLP.
For degree d = 3 we find the minimal example in codimension 8 (see Example 5.6). We also classify algebras
associated to graphs with respect to WLP (see Proposition 5.9). Applying the inductive construction we
get a lower bound for the codimension of algebras of odd degree to fail the WLP (see Corollary 5.12); this
bound is relatively sharp. For even degrees we also give a bound for the failure of the WLP, Corollary 5.17.

1. Artinian Gorenstein algebras and the Lefschetz properties
1.1. Lefschetz properties

Let K be an infinite field and R = K]z1, ..., z,] be the polynomial ring in n indeterminates.

d
If A= R/I is an Artinian standard graded R-algebra, then A has a decomposition A = @ A;, as a sum
i=0
of finite dimensional K-vector spaces with Ay # 0.

A form F' € Ry induces a K-vector space map p; p : A; — Aty defined by p; p(a) = Fa, for every
[OAS Az
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Definition 1.1. We say that A has the Strong Lefschetz property (in short SLP) if there exists a linear form
L € Ry such that rkp,; px = min{dimg A;, dimg A;1}, for every i, k.

Definition 1.2. We say that A has the Weak Lefschetz property (in short WLP) if there exists a linear form
L € R; such that rk u; ; = min{dimg A;, dimg A;+1}, for every i.

Definition 1.3. Let R = Kz1,...,x,] and A = R/I be an Artinian standard graded R-algebra, with I; = 0.
The integer n is said to be the codimension of A. If Ay # 0 and A; = 0 for all 4 > d, then d is called the
maximal socle degree of A. The Hilbert vector of Ais hy = Hilb(A) = (1, hy, ha, ..., hq), where hy, = dim Ay.
We say that h 4 is unimodal if there exists k such that 1 < h; <... < hg > hgy1 > ... > hg.

d
Remark 1.4. We recall that an Artinian algebra A = @ A,y Ag # 0, is a Gorenstein algebra if and only if
i=0
dimg Ag = 1 and the bilinear pairing
Ai X Adfi — Ad

induced by the multiplication is non-degenerate for 0 < ¢ < d. So we have an isomorphism A; =~
Homg (Ag4—;, Ag) for ¢ = 0,...,d. In particular, dimg A; = dimg A4—;, for ¢ = 0,...,d. Moreover, for
every L € Ry, rank p; 1, = rank ug—;—1,, for 0 <¢ < d.

Since A is generated in degree 0 as an R-module, if p; 1, is surjective, then u; 1 is surjective for every
j > 4. Therefore, for an Artinian Gorenstein algebra A, if y; 1, is injective, then g is injective for every
j <. Of course SLP implies WLP. Notice also that the WLP implies the unimodality of the Hilbert vector
of A. Unimodality in the Gorenstein case implies that dim Ax_; < dim Ay, for all k < %. The converse of
these implications are not true, (see Corollary 3.3 and Theorem 3.8 in [9]).

1.2. Macaulay—Matlis duality

From now on we assume that char K = 0. Let us regard the polynomial algebra R as a module over the
algebra @ = K[X1, ..., X,] via the identification X; = 9/0z;. If f € R we set

Anng(f) = {(p(X1,...,Xn) € Q| p(8/0x1,...,0/0x,)f = 0}.

It is well known that A = @Q/I is a standard graded Artinian Gorenstein algebra if and only if there exists
a form f € R such that I = Anng(f) (for more details see, for instance, [22]).

In the sequel we always assume that A = Q/I, I = Anng(f) and I; = 0.
d

When we deal with standard bigraded Artinian Gorenstein algebras A = @Ai, Ay # 0, with A =
i=0

k
@ A k—iys Ad,,ay) 7 0 for some dy, dy such that dy +ds = d, we call (dy, d2) the socle bidegree of A. Since

114’,20: Ag_i and since duality is compatible with direct sum, we get AZ‘Z.J.) ~ Ay —i,ds—j)-

In this case given a presentation of A = Q/Anng(f) with R = K[z,u] and Q@ = K[X, U] standard
bigraded, we get I = Anng(f) a bihomogeneous ideal. It is easy to see that the Macaulay dual of the
defining ideal is f € R4, 4,) @ bihomogeneous polynomial of total degree d = dy + da.

Definition 1.5. With the previous notation, all bihomogeneous polynomials of bidegree (1,d — 1) can be
written in the form
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f=x101+ ...+ Tngn,

where ¢; € Klug,...,unld—1. We say that f is of square-free monomial type if all g; are square free mono-
mials. The associated algebra, A = @/ Anng(f), is bigraded, has socle bidegree (1,d — 1) and we assume
that Iy = 0, so codim A = m + n.

2. Mixed Hessians and dual mixed Hessians

Let R = K[z1,...,2z,] and @ = K[9/0x1,...,0/0x,]. Let f € R4. Let A = Q/ Ann(f) be a standard
graded Artinian Gorenstein K-algebra,

A=A0®...® Ay, dimg Ag = 1.
Let k < be two integers, take L € A; and let us consider the K-vector space map
pr A — Ay, pr(a) = L Fa.
Let B = (a1, ...,a;) be a K-linear basis of Ay and B; = (81, ..,0s) be a K-linear basis of A;.

Definition 2.1. We call the matrix

Hess("" = ;3 (f)]

the mixed Hessian (matrix) of f of mixed order (k,!) with respect to the bases By and B;. Moreover, we

define Hessl;c = Hessgck’k), hess]; = det(Hess];) and hessy = hess}.

Now we consider the unique generator ¢ € Ag, such that ¥(f) = 1. So we can define the dual basis in
Homg (A, Aq), Bf = (B7,...,8%), in the following way

Bi (Bj) = 6iz0.

Since A is Gorenstein, the multiplication induces a non-degenerate bilinear map A; X Ay_; — Ag, so
we have an isomorphism ¢ : Ag—; — Hompg (A4;, Agq), defined by ¢(y)(8) = 7. In particular we have
e 1 (B}) =9/Bi € Ag.

Definition 2.2. We call the matrix

1"k
Hess'y ™ = [(9/81)a; (£)]
the dual mixed Hessian (matrix) of f of mixed order (k,[) with respect to the bases By and B;.

Note that Hess;k’l) € (Rg—i—r)®" and Hessgcl*’k) € (Ry—g)®".

Remark 2.3. First of all, since we are interested only in the rank of such matrices, the dependence on the
basis is not relevant.

Therefore, it is easy to see that rk Hess;l*’k) =rk Hessgcdfl’k).

We observe that, under the natural assumption that Anng(f); = 0, the notation hess; is consistent with
the classical definition of Hessian, by taking B; = {Xi,..., X, }, the standard basis of the embedding.

Moreover, the notation is also compatible with the Definition of higher order Hessians given in [22].

If A is bigraded, and if By = {au,...,as} and By = {f,...,;} are bases of the K-vector spaces A

and A 1y respectively, we can also define Hessgf(k’l)’(k/’l/)) = (a; (B (f)))sxt-
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If L =0a,0/0x1+ ...+ a,0/0z,, we set L+ = (ai,...,a,). We regard it as a point in A”. For example
it FeKlzy,...,x,], then F(L*Y) = F(ay,...,a,).

Theorem 2.4. With the previous notation, let M be the matrix associated to the map py : Ay — A; with
respect to the bases By and B;. Then

=({-kK) Hessgf*’k) (LY.

Proof. First of all note that if g € Ry then L¢(g) = d!g(L™*).
Let M = (b;;). Then

s
—k
Q5 = § bhjﬁh-
h=1

Consequently
* (Lo Zb,” = (9/B;) L' *a; = bij0 = L'7F(9/B;)a; = b0

Now we evaluate in f

LM/ B)ay (f) = bigI(f) = (L= k)Y9/Bi)e; (f)(LH) = bij. D
The previous results give us a generalization of [30, Theorem 4] and [22, Theorem 3.1].

Corollary 2.5 (Hessian criteria for Strong and Weak Lefschetz elements). Let A = Q/ Anng(f) be a standard
graded Artinian Gorenstein algebra of codimension n and socle degree d and let L = a1x1+...+apx, € Ay,
such that f(ay,...,an) #0. The map pri—» : A — Ay, fork <1< %, has mazimal rank if and only if the

(mized) Hessian matric Hessgck’d*l)(

a1, ..., ayn) has mazimal rank. In particular, we get the following:

(1) (Strong Lefschetz Hessian criterion, [30], [22]) L is a strong Lefschetz element of A if and only if
hessl;(al, cooyan) #0 forallk=1,...,[d/2].

(2) (Weak Lefschetz Hessian criterion) L € A; is a weak Lefschetz element of A if and only if either
d=2q+1 is odd and hess;(al, .oy 0pn) # 0 or d =2q is even and Hessgcqfl’q) (a1,...,an) has mazimal
rank.

Proof. Let i : Ay — A; be the map defined by the multiplication by L'~*. By Theorem 2.4,

rkpu =rk Hessgf*’k)(LL) =rk Hess(l*’k)(al, .

F ,an) = rk Hessgfk’d_l)(al, ceeyQp),

(see also Remark 2.3).
The other claims are a direct consequence of it. O

3. An inductive construction

In this section we want to study:uhe relatiqns between the algebras A = Q/ Anng(f) and A = Q/ Anng ( f)
with f € R =K[z1,...,2,] and f = uf € R = K|xy,...,2,,u]. As a Corollary we prove that the Boolean
algebras have the SLP. This result have been proved in a number of different ways, it was the genesis of the
area with the work of R. Stanley and J. Watanabe.
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Lemma 3.1. Let f € R = K|xy,...,2,] be a homogeneous polynomial of degree d and let f=ufeR=
Klz1,..., 2, u]. Let Q and Q be the rings of differential operators associated to R and R respectively. Then

Anng(f) = Anng(f)Q + U@ C Q.

In particular, if A = Q/Anng(f) is presented by quadrics, then A=0Q/ Aan(f) is also presented by
quadrics.

Proof. It is easy to see that if & € Anng(f), then a € Aan(f), and also U? € Aan(f), hence I =
Aan(f)Q +U%Q C Aan(f). To prove the equality, let @ € Aan(f)/I, then we can write:

a=fp+Uy.
Where 3,7 € Q/I C Q/I. Therefore:
a(f) = B(f) +Ur(f) =0.
This give us f =7 = 0, hence @ = 0 and the result follows. 0O
Lemma 3.2. With the previous notation we have the following decomposition as K-vector spaces:
Ay = A ® Ap1 U

Proof. Let {f1,...,8s} C Aj be a K-basis of Ay and let {y1,...,7} C Ax—1 be a K-basis of Ap_1. We
claim that {B1,..., 8, U,...,Uy} C Ay is a K-basis of Ay.

(i) Linear independence. Suppose that

blﬂl+...+b3,38+61U")/1+...+CZU’)/Z =0.

Hence, by Lemma 3.1 161 + ...+ bs8s = 0 implying by = ... = by = 0, in the same way c;U~vy; + ...+
U~y =0 implying ¢c; =...=¢ =0.

(ii) Spanning. Let o € A, by Lemma 3.1, @ = 3 + U, with 3 € Ay and v € Ay_;. Therefore § =
bifr+ ...+ bsfs and v = cyUyy + ... + qU~; since {f1,...,0s} is a K-basis of Ay and {v1,...,v} is
a K-basis of Ax_1. O

Proposition 3.3. With the same notation, if A has the SLP, then A has the SLP.

Proof. By Lemma 3.1 and Lemma 3.2, we get:

Hessk 0 Hess}k_l’k)
ess: =
f Hess}k’kfl) u Hesslfc

By hypothesis and by Corollary 2.5, hess];- = 0, hence one can apply the determinant of block matrix to get:

hess];g =u’ hess’;c det[0 — Hessgck_l’k) (u Hess]fe)*1 Hessgck’k_l)]

Multiplying by u we get:

hess’;; = hess’; det[— Hessgck_l’k) (Hess) ™! Hessgck’k_l)]
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By Theorem 2.4 we can interpret the multiplication [Hessgckfl’k) (Hess’;c)_1 Hessgck’kil)], up to a scalar mul-

tiple, as a composition of multiplication maps by a general linear form L € A; in the following way:

A1 — Ay — A = Agkn
o —  LA2ktly sy Lo L472k+2,

In fact, Hessgck’kfl)(Ll) is the matrix of the map ppa—sr+1 1 Ap_1 = Ag—p, (Hesslfc)_l(LL) is the inverse of
the matrix of the map pra-2r : Ay — Ag_p and Hess&kil’k)(LL) is the matrix of the map pra—2x+1 : Ap —
Ag_py1.

Notice that the composition is the map pipa—2x2 @ Ap—1 — Ag_(x—1) and hence, by Theorem 2.4, its

matrix is just Hess’ffl(LL) whose determinant is non zero by hypothesis. 0O

A codimension n Boolean K-algebra can be presented as the complete intersection

K[y, ...,2,)/(x%, ... 2%) ~K[X1,..., X,]/ Ann(z; ... 2,).
It is a particular case of the algebras given by the annihilator of a monomial that have been treated by
Stanley [28] and Watanabe [16]. This result motivated the entire area and has been reproved by using
different methods in [25,18,16]. As a consequence of Proposition 3.3 we give a simple proof that the Boolean
algebras have the SLP using Mixed Hessians.

Corollary 3.4. Let K be a field of characteristic zero. Then, the complete intersection algebra K[zy, ..., x,]/
(22,...,22) has the SLP.

Proof. By induction in n = codim(A), the result is trivial for n = 1. Suppose the result is true for an
n > 1, then, for f = z1 ...z, all the k-th Hessians satisfy hess}} # 0. Let us call A = @Q/ Ann(f). To prove
the result for B = K[z, ..., 2, u)/(z%,...,22,u?), we consider g = uf = uxy ...z, € K[z1,..., 25,1, by
Proposition 3.3 the result follows.

See also [17] and [18], for other methods. O

4. A combinatorial construction

Definition 4.1. Let V = {uq,...,un} be a finite set. A simplicial complex A with vertex set V is a subset
of the power set 2V, such that for all A € A and for all B C A we have B € A. The members of A are
referred as faces. Faces with the maximal dimension are called facets. If A € A and |A| = k, it is called a
(k — 1)-face, or a face of dimension k — 1. If all the facets have the same dimension d the complex is said to
be homogeneous of (pure) dimension d. We say that A is a simplex if A =2V,

In our context we identify the faces of a simplicial complex with square-free monomials in the variables
{u1,...,um}. Let K be any field and let R = K[uy,...,u;] be the polynomial ring. To any finite subset

F C {uy,...,un} we associate the monomial mp = H u;. In this way there is a natural bijection between
u; EF
the simplicial complex A and the set of the monomials m g, where F is a facet of A.

Let A be a homogeneous simplicial complex of dimension d — 2 whose facets are given by the monomials

gi € Kluy,...,um]a—1. Let f € Klz1,...,2p,u1,...,Un]1,a-1) be the bihomogeneous form of monomial
n

square free type associated to A, that is f = fa = Za:igi (see Definition 1.5). The vertex set of A is

i=1
also called the O-skeleton and we write V' = {uy, ..., us . We identify the 1-skeleton with a simple graph
Ay = (V, E), hence the 1-faces are called edges. Since, by differentiation, X;(f) = g;, we can identify each
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facet g; with the differential operator X;. We denote by ey, the number of (k — 1)-faces, hence e; = m and
eq—1 =n and we put ep := 1 and e; := 0 for j > d — 1. Let A = Q/Ann(fa) be the associated algebra, we
suppose that Iy = 0.

Definition 4.2. Let A be a homogeneous simplicial complex of dimension d—2. We will call Ax = Q/ Ann(fa)
the associated algebra to A.

Definition 4.3. Let A be a homogeneous simplicial complex of dimension d — 2. We say that A is facet
connected if for any pair of facets F, F’ of A there exists a sequence of facets, Fy = F, Fy,...,Fs = F’ such
that F; N F;y;1 is a (d — 3)-face. We say that A is a flag complex if every collection of pairwise adjacent
vertices spans a simplex.

The definition of a flag complex A is equivalent to saying that for all complete subgraphs H = K; C Ay
for I > 3, there exists a (I — 1)-face F € A; such that H is the first skeleton of F. In particular, if A is a
flag complex, then A; does not contain any Ky .

Theorem 4.4. Let A be a homogeneous simplicial complex of dimension d—2 > 1 and let Aa be the associated
Artinian Gorenstein algebra. A is presented by quadrics if and only if A is a facet connected flag complex.

Proof. This is Theorem 3.5 in [10]. O

4.1. Turan algebras

Definition 4.5. Let 2 < a; < ... < agq_1 be integers. The Turan complex of order ai,...,aq_1, A =
TK(a1,...,a4—1), is the homogeneous simplicial complex whose facet set is the Cartesian product 7 =
dff{l, 2,...,a;}. The associated algebra is called the Turan algebra of order (ay,...,aq—1) and denoted by

i=1

TA(CL1, e ,adfl).

Theorem 4.6. FEvery Turan algebra TA(ay,...,aq4—1) is presented by quadrics. Its Hilbert vector is given by
hi = Sk—1 + Sq—k—1 where s, = si(a1,...,aq—1) is the elementary symmetric polynomial of order k.

Proof. This is Theorem 3.7 in [10]. O

Lemma 4.7. Let A be a simplicial complex of pure dimension d—2 and let Ax = Q/ Ann fa be the associated

algebra. Then the map pp : Ax_1 — Ag, for k < g, is injective for a gemeral L € A; if, and only if

1k Hess((1F—2):(0:d=k)) (f(O,k—l),(l,d—k—l)) _

¥ = eq—k+1 and rk Hess €k_1-

Proof. Since Ay = A(1 1—1) ® A(o,x), and, since by Theorem 4.4, dim A ) = e, and
dim Ay 1) = dim A(g,a—r) = €d—r,

with a choice of bases consistent with the decomposition as direct sum, we have:

((1,k—2),(0,d—k))

((0,k—1),(0,d—k)) )
f (ed—k+1ter—1)X(exted—k)

(k—1,d—k) _ 0 Hess

Hess _ e
f Hess(f(o’k 1,(1,d=k=1))  Hess

where the matrices Hessgc(l’k%)’(o’d*’c

) and Hessgc(o’kfl)’(l’dfkfl)) have order eg_+1 X eq— and ex_1 X ek
respectively.
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(k—1,d—k)

The injectivity of uy, : Ax—1 — A implies eg_k1+1+ex—1 < eq—r+ex and rk Hessf =eg_k+1+er—1-

By the shape of the matrix this maximal rank can be achieved if and only if rk Hessgc(17k_2)’(0’d_k))
and rk Hesssc(o’k_l)’(l’d_k_l)) =ep_1.

Conversely, if rk Hessgc(l’k_2)’(0’d_k)) = eq—i+1 and rk Hessgc(o’k_l)’(l’d_k_l))

= €d—k+1

= ek_1, then rk Hessgck_l’d_k)

= e4—k+1 + ex—1 yielding the desired result. O
Lemma 4.8. Let d > 3 be an integer and consider the Turan complex
TKEUD) =TK(2,...,2)
of dimension d — 1. Let f be the associated form. Then
rk Hessgc(m)’(o’d_m) <241

Proof. Let us write A = 7/K(2(?~V). First of all note that the rows of Hess;(l’o)’(o’d%)) are indexed by

the 29~ facets z, of A and the columns are indexed by the (d — 2)-faces F' of A. A non zero element of

Hess;(l,o),(o,d—m)

is a degree one monomial representing the remaining vertex of the facet u, that does not
belongs to the (d — 2)-face F'. For instance, every column F' has only two non zero elements, say u;; and
uy; representing the remaining vertex of the two faces that contain F. Furthermore, the other non zero
elements of the rows ¢ and k are the same.

If we multiply the row indexed by z,, with & = (j1,...,54—1) where j; € {0,1} by (—1)7 T +Fii-1
and by all the variables that do not figure in the row, then we get a matrix M such that every column j
has only two non zero elements and they are opposite, say M; and —M;. Summing up the rows, the result

follows. 0O

Lemma 4.9. Let A be a pure simplicial complex of dimension d — 2 with n facets and let Axn = Q/ Ann fa
be the associated algebra. Let v € V(A) be a vertex and denote A’ = A\ v be the complex obtained from A
by deleting v, let n' be the number of facets of A" and let Axr = Q/ Ann fa, the associated algebra. Then

rk Hessgc(l’o)’(o’d_Q)) =n=rk Hess;(,l’o)’(o’d_m) =

Proof. Let us choose an ordered basis of A 1) such that the last n’ vectors represent the faces containing v.
Let us choose a basis of A q—2) in such a way that the first vectors represent d — 2 faces that does not

((170)7(07d_2))
f

contain v and the last vectors the faces that contain v. The matrix Hess with respect to this

basis is

((170)1(07d72)) — * *
Hessf 1o Hessgc(,l’o)’(o’d_m)
The zero sub-matrix occurs by our choice of ordered basis. In fact, if X; represents a face not containing v,
then X;(f) does not contain the variable v and since the first vector of A q_2) contains v, the derivative
is zero. The result easily follows. O

Definition 4.10. Let A be a simplicial complex of pure dimension. We say that a new complex A’ is
constructed from A attaching a leaf if we add one vertex and one facet, that is, Var = Va U {v} and

Fa = FAU{F} withv € F.

The following Lemma will be useful in the sequel.
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Lemma 4.11. Let A be a d — 2 > 2 dimensional simplicial complex and let Ax be the associated algebra.
Suppose that Aa is presented by quadrics and e; < ey and eq_1 < eq_o. Let A’ be the simplicial complex
constructed from A by attaching a leaf. Then the algebra A’ = Ax/ associated to A is presented by quadrics.
Moreover, if there is L € Ay such that py, : Ay — As is injective, then there is L' € A’ such that pur : A} —
Al is also injective.

Proof. It is easy to see that A’ is presented by quadrics by Theorem 4.4. By Lemma 4.7, since e; < ey and

eq—1 < eq_o, we have that A satisfies the injective conjecture if, and only if rk Hessgc(l’o)’(o’d_m)

= eq—1 and
rk Hessgc(o’l)’(l’d_g)) = e;1. Since attaching a leaf we still have €} < e} and e/, ; <€/, , and since it does not

alter the fact that the rank of the desired mixed Hessians is maximal, the result follows. O

Theorem 4.12. Let A = TA(aq,...,a4-1) be the Turan algebra of order (ai,...,aq—1) with d > 3 and
2<a;<as<...<ag_1. Then for all L € Ay the map pur : A1 — As is not injective.

Proof. For a; = ... = a4_1 = 2, the result follows by Lemma 4.8 and Lemma 4.7. For each a; > 2 we can
delete vertices until to obtain 7/ (297!) and by Lemma 4.9 and Lemma 4.7 the result follows. O

5. Algebras presented by quadrics

The WLP works in codimension n < 2, it is an open problem in codimension n = 3 and there are
algebras not satisfying it in codimension n > 4. Nevertheless, examples of Artinian algebras failing WLP
were sporadic and the only systematic way to produce it were making the Hilbert vector non unimodal (see
[1-3]). In recent times the first author, in [9], constructed families of algebras failing WLP. We recall the
following result:

Theorem 5.1. [9] For each pair (N,d) ¢ {(3,3),(3,4),(4,4),(3,6)} with N > 3 and with d > 3 there exist
standard graded Artinian Gorenstein algebras A = @‘LOAZ- of codimension N + 1 and socle degree d, with a
unimodal Hilbert vector that do not satisfy the WLP.

On the other hand, for algebras presented by quadrics there was a conjecture posed in [20,21]:

Conjecture 5.2 (Migliore-Nagel WLP Conjecture). Any Artinian Gorenstein algebra presented by quadrics,
over a field K of characteristic zero, has the Weak Lefschetz Property.

The conjecture has been disproved by us in [10, Cor. 3.8]. In this section we study this phenomena in
more details. We look for minimal examples of algebras presented by quadrics failing WLP.

5.1. Artinian Gorenstein algebras with odd socle degree

Let A be a standard graded Artinian Gorenstein algebra with socle degree three, then A = @/ Anng(f)
with f € R a homogeneous polynomial of degree 3. Corollary 2.5 applied to this case tells us that A satisfies
the WLP if and only if hessy # 0.

By a result due to Dimca—Papadima, see [7, Thm. 1], if f is not a reduced polynomial and f is its radical,
then hess; = 0 if and only if hessy = 0. For quadratic polynomials not defining a cone, hess 7 # 0, so we
can restrict ourselves to reduced cubic polynomials. Furthermore, if f = fif> and hessy = 0, then all the
components of X = V(f) C P™ are developable, yielding hess;, = 0 (mod f;), in this case f = l1l2l3 and X
is an arrangement of hyperplanes passing through a P2, which is a cone as soon as N > 2. So, from now
on, we can restrict ourselves to the case that f is an absolutely irreducible polynomial.
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Let us recall Perazzo’s construction which works like an atom for the constructions of forms with vanishing
Hessian not defining a cone (see the Appendix of [9]).

Definition 5.3. A Perazzo polynomial is (up to a projective transformation) a form of type:

f= ingi(g) + h(u) € K[z, u]

with g; € K[u]s—1 linearly independent and algebraically dependent and h € Klu]q4.

Theorem 5.4. [2/,15] Perazzo hypersurfaces are not cones and have vanishing Hessian. Suppose that N < 6,
and let X = V(f) C PN be an irreducible cubic hypersurface which is not a cone and such that hess; = 0.
Then, up to a projective transformation, f is a Perazzo polynomial.

Corollary 5.5. Let A be a standard graded Artinian Gorenstein K-algebra of socle degree 3. If A is presented
by quadrics and codim A < 7, then A satisfies the WLP.

Proof. Suppose that A does not have the WLP. Then by the Hessian criterion, Corollary 2.5, hessy = 0.
For N < 6, by Theorem 5.4 and by [13, Thm. 5.2,5.3,5.4], if f is an irreducible cubic polynomial such that
hess; = 0, then, up to a projective transformation, either f = zu? + yuius + zu3 + h(u) or N = 6 and
f =mogo(u)+...4+2393(u) + h(u). Let us suppose, without loss of generality, that 22 occurs as a monomial
only in go. In both cases, if we consider the associated standard graded Artinian Gorenstein one can verify
directly that X3 € Anng(f) is a minimal generator. O

The next example was treated from the geometric point of view in [13, p. 803, Example 6]. By Corollary 5.5
it is a counter-example of minimal codimension and minimal socle degree for the MN-conjecture.

Example 5.6. In P7 consider the cubic hypersurface X = V(f) C P7, given by

To T1 T2
f=lzs z4 z5|€XKzg,...,z7].
g X7 0

As pointed out in [13, p. 803, Example 6], X represents a tangent section of the secant variety of the Segre
variety Seg(P? x P?) C P8. After a linear change of coordinates we can rewrite f as a (Perazzo) bigraded
polynomial of monomial square free type:

[ = z1urug + zougus + w3usus + rausun € R = Klz1, 2, T3, T4, U1, U2, u3, ua).

Notice that fifs = wjususus = fafs, hence by the Gordan-Noether criterion, hessy = 0. Let A =
@/ Anng(f) be the associated algebra, of codimension 8 and socle degree 3. By the Hessian Lefschetz
criterion, Theorem 2.5, A does not satisfy the WLP. On the other hand, since its graph is a square, by
Theorem 4.4 it is presented by quadrics. Indeed, one can verify that

) 2 2
I= (U47U2U4,$2U47$1U4,Ug,U1U3,$4U3,961“37“2,5841627%3“2,%2%62 — T3U4,T1U2 — T4Uy4,

2 2 2 2 2
UT, TgU] — T3U3, T3UL, T2UY, L1UT — L2UZ, Ty, L3T4, T2X4, T1T4, L3, L2T3,T1T3, T, T1T2, $1)-

Example 5.7. Consider the algebras A = )/ Anng(f) of codimension r = 9,11. For r = 9, take f = zququs+
ToUgUz+T3UsUs+T4usu1 +w2uy and for r = 11, take f = 21U Us +ToUsUsz +T3UsUs +T4UsU7 +T5UsUL FW 7.
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For both we have, fif3 = fafs4, hence by Gordan—Noether criterion and the Hessian criterion, A does not
have the WLP. One can verify that in all the cases Anng(f) is generated by quadrics.

Lemma 5.8. Let R = K[uy, ..., uy] be the polynomial ring. Let G = (V, E) be a connected graph such that
V =Au1,...,um} and E is given by square free quadratic monomials. If |E| = |V|, then G has a unique
circuit C' and furthermore:

(1) If |C| is even, then det VG = 0;
(2) If |C] is odd, then det VG # 0

Proof. Recall that a graph (V, E) is a tree if it is connected and if |V| — 1 = |E|. First of all let us show
that the gradient matrix of any tree has maximal rank. Let T = (V', E’) be a tree where V' = {uy,...,um}
and E' = {¢1,...,9m-1}. By induction on m > 2, the result is trivial for m = 2. Let us suppose that for
any tree with |V’| = m > 2, the gradient matrix has maximal rank. Let T be a tree with |T| = m + 1,
T=TU gm Where g, = u;Uupm41, hence

The claim follows.

Let T' C G be a generating tree of G, then T' = (V, E’) with |E’| = |V| — 1, since |V| = |E|, G contains a
unique circuit, say C' = {ujus, ugus, ..., ug_1ug, ugug } and let us suppose that £ = B’ U ugu;.

Since G \ ujug, =T is a tree, VG = (VT'|Vgy,) where

u 0 ... 0 * uy 0 ... 0 * U
UL U3z ... 0 * UL U3 ... 0 * 0
0 wusy ... 0 * 0 wusx ... 0 * 0
VI= i i ad VG=| o0
0 0 v Uk—1 * 0 0 e Uk—1 * Uy
L0 0 ... 0 N | L0 0 ... 0 N 0 |

Where in the last row 0 represents 0(,,,_,1) and N is a square matrix of order m — k such that det(N) # 0,
since VT has maximal rank. Using the Laplace expansion, we get

det(VG) = det(N)uqus . .. up(1 + (=1)F71).
The result follows. 0O

Proposition 5.9. Let f € K[z1,...,2n,u1,...,un]1,2) be a bigraded cubic polynomial of monomial square
free type and let G = (E, V) be the associated graph. Then A is presented by quadrics if, and only if, G is
connected and triangle free, in this case we have the following possibilities:

(1) If G is a tree, then A has the WLP;
(2) If G contains only one circuit C, then either
(a) |C] is even and A does not have the WLP or
(b) |C| > 5 is odd and A has the WLP
(3) If G contains at least two circuits, then A does not have the WLP.
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Proof. The characterization of the graphs that represent algebras presented by quadrics follows from The-
orem 4.4. We recall a very well known result that a set of n monomials in n variables are algebraically
independent if and only if the incidence matrix has determinant different by zero (see, for instance, [23],
Lemma 1.1). Since the incidence matrix of a graph of monomials is the gradient matrix evaluated in
up = 1,...,u, = 1, the first and the second cases easily follow. In the last case n > m hence the g;
are algebraically dependent. The result follows from the Hessian criterion, Corollary 2.5 and the Gordan—
Noether Theorem. O

Corollary 5.10. For all r > 8 there exist standard graded Artinian Gorenstein K-algebras of socle degree 3
and codim A = r, presented by quadrics, not satisfying the WLP.

Proof. For the second one, if r = 9,11 the result follows from Examples 5.6 and 5.7.

For all r = 2¢ > 8 start with the square and then attach leaves as in Lemma 4.11 and the result follows.
For all » = 2¢+ 1 > 13 start with the hexagon together with the central diagonal and then attach leaves as
in Lemma 4.11 and the result follows. 0O

Lemma 5.11. Let f € K[z1,...,z,] be a homogeneous polynomial of degree deg(f) = 2k — 1 and such that
hessljf1 =0andlet f =wf € K[z1,...,2n,u,v]. Then hessl} =0.

Proof. Let R = K[zy,...,2,] and R = K[zy,...,2,,u,v] and let Q and Q be the associated rings of
differential operators. Let A = @/ Anng(f) and let A=Q/ Anng(f). Applying twice Lemma 3.2, we get

Ap = AUV @ AU @ A1V @ Ay

Therefore,

0 0 0 *
0 0 Hess® ™1 x

Hess® = f
o5F 0 Hessl;f1 0 *
* * * 0

Since dim Ay = dim Ay_1, using Laplace expansion on the second block row, it is easy to check that
hess’;f1 =0= hess’;; =0. O

Corollary 5.12. There exist standard graded Artinian Gorenstein algebras A presented by quadrics of socle
degree d = 2k + 1 > 3 that do not satisfy the weak Lefschetz property if codim A > d + 5.

Proof. By Corollary 5.10, for all » > 8 exist f, € R = Klx1,...,z,]s such that hess;, = 0 and A, is
presented by quadrics. Let

f:fr,k :frul...UQk,Q c R:K[l’l,...,l'r,ul,...,UQk,Q].
We have deg f = 2k + 1> 3. Let A = Q/Aan(f). Then
codimA =2k —2+r>2k+6=d+5.

By Lemma 3.1, since A, is presented by quadrics, A is also presented by quadrics.

By Lemma 3.2 and by induction on k, we get that the Hilbert vector of A are maximal.

By induction on k£ and Lemma 5.11, hessk( f) = 0, hence, by the Strong Lefschetz Hessian criterion,
Corollary 2.5, A does not have the WLP. O
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5.2. Artinian Gorenstein algebras with even socle degree

Notice that Lemma 3.2 and Lemma 3.1 together with the Hessian criterion Corollary 2.5 and the inductive
procedure allows us to produce for any socle degree d > 3 and codim A > d+5 Artinian Gorenstein algebras
presented by quadrics that do not satisfy the SLP, but this construction, in even socle degree is not enough
to failure of the WLP.

Remark 5.13. Let f € K[z1,...,2pn,u1,...,U%n]1,3 be a quartic bihomogeneous polynomial of bidegree

(1,3) of monomial square free type. By Lemma 5.8 and by Lemma 4.7, rk Hessgcl’z) is maximal if and only

if rk Hess(f(l’o)’(o’z)) =n.

Example 5.14. Let A be the algebra associated to the complex TK(2,2,3) \ e where e is an edge having two
incident faces, it has codimension 17 and it does not have the WLP. Indeed, |V| =7, |E| = 15 and |F| = 10
but the matrix Hessgc(o’l)’@’o)) does not have maximal rank.

Corollary 5.15. For all r > 16 there exist standard graded Artinian Gorenstein K-algebras of socle degree 4
and codim A = r, presented by quadrics and not satisfying the WLP.

Proof. For codimension r = 2¢ > 14, start with the Turan algebra T'A(2,2,2) of codimension 14, which
by Corollary 4.12 does not have the WLP and attach leaves as in Lemma 4.11 and the result follows.
For codimension r = 2¢ + 1 > 17, start with the Turan algebra T'A(2,2,3) of codimension 17, which by
Corollary 4.12 does not have the WLP and attach leaves to conclude the result. O

Lemma 5.16. Let A = Q/Anng(f) be a standard graded Artinian Gorenstein algebra of socle degree 2q
with f € Klzy,...,z,] and let f € Klzy,...,2,,u,0] be f = fuv. If rkHessgpq_l’Q) < dimAgy_1, then
rk Hess}q’qﬂ) < dim /qu,

Proof. Let R = K[z1,...,z,] and R = K[z1,...,z,,u,v] and let Q,Q, A, A as usual. Applying twice
Lemma 3.2, we get

Ap = AUV @ AU @ A1V @ Ay

Therefore,
0 0 0 Hess&qﬁ’qﬂ)
Hess @41 — 0 0 Hess}qil’q) V Hess'd~La+Y)
5 B 0 Hessgcq_l’q) 0 UHessgcq_l’qH)
Hess(fq’q_l) \% Hess? U Hess? 0

Multiplying the second block row by U and the third one by —V and summing up we got a block row of
type.

[0 —VHessgflfl’q) UHeSSE‘-qiLq) 0}.

Since, by hypothesis, rk Hessgcqfl’q) is not maximal, the result follows. O

Corollary 5.17. For given integers, n,d = 2k > 4 such that ¢ > d + 12, there exist standard graded Artinian
Gorenstein algebras presented by quadrics of socle degree d and codimension c.
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Proof. The result follows by induction in the same way as Corollary 5.12. O
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