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For a Hausdorff space X, let PR(X) be the Pixley–Roy hyperspace of X. Dow and 
Moore [10, Proposition 2.13] noted that no compactification of PR(2ω) has countable 
tightness. In this paper, we will discuss when PR(X) has a compactification of 
countable tightness in general. Among other things, we will show that if a Pixley–
Roy hyperspace has a compactification of countable tightness, then it will actually 
have a Corson compactification.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

Inspired by a result of Dow and Moore [10, Proposition 2.13], we consider the general problem to embed 
a Pixley–Roy hyperspace into a compact space of countable tightness. In [6] we have already investigated 
the related weaker property for a Pixley–Roy hyperspace to be productively countably tight. A space X

is said to be productively countably tight if X × Y has countable tightness for any space Y of count-
able tightness. It is well-known that a compact space of countable tightness is productively countably 
tight [13].

All spaces are assumed to be T2. For notations and terminology, we refer to [11]. The symbol N is the 
set of positive integers.
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A space X is said to have countable tightness if whenever p ∈ X and p ∈ A there is a countable subset 
B ⊂ A such that p ∈ B. A subset {xα : α < κ} of a space X is said to be a free sequence of length κ in 
X if {xβ : β < α} ∩ {xγ : γ ≥ α} = ∅ for each α < κ. It is well known that a compact space has countable 
tightness if and only if it has no free sequence of uncountable length [3] (or, [4, Theorem 2.2.13]).

For a space X, let PR(X) be the space of all nonempty finite subsets of X with the Pixley–Roy topology
[15]: for A ∈ PR(X) and an open set U ⊂ X, let

[A,U ] = {B ∈ PR(X) : A ⊂ B ⊂ U};

the family {[A, U ] : A ∈ PR(X), U is open in X} is a base for the Pixley–Roy topology. For nonempty 
basic open sets [A, U ] and [B, V ], [A, U ] = [B, V ] holds if and only if both A = B and U = V hold, and 
[A, U ] ∩ [B, V ] �= ∅ holds if and only if both A ⊂ V and B ⊂ U hold.

Let us recall some basic properties of PR(X). A space is said to be σ-discrete if it is the union of countably 
many closed discrete subspaces. A space X is said to be a Moore space if it has a sequence {Dn : n ∈ ω}
of open covers of X such that for each x ∈ X, {St(x, Dn) : n ∈ ω} is a neighborhood base at x, where 
St(x, Dn) =

⋃
{D ∈ Dn : x ∈ D}. The sequence {Dn : n ∈ ω} is said to be a development of X. For a 

space X, the symbol w(X) (resp., χ(X), πχ(X)) is the weight (resp., character, π-character) of X.

Proposition 1.1. The following assertions hold for an infinite space X.

(1) PR(X) is zero-dimensional, completely regular, and every subspace of PR(X) is metacompact [9];
(2) PR(X) is a Moore space if and only if PR(X) is first-countable if and only if X is first-countable [9];
(3) PR(X) is σ-discrete if and only if each point of X is a Gδ [12, Theorem 2.3];
(4) χ(PR(X)) = πχ(PR(X)) = χ(X) and w(PR(X)) = χ(X) |X| [18, Theorem 2].

2. Countably tight compactifications of a Pixley–Roy hyperspace

Definition 2.1. ([8]) A family A of subsets of a set is strongly point-countable if it has no uncountable 
subfamily with the finite intersection property. A space X is strongly metaLindelöf if each open cover of X
has a strongly point-countable open refinement.

A strongly point-countable family is obviously point-countable. A screenable space (i.e., every open cover 
has a σ-disjoint open refinement) is strongly metaLindelöf, in particular so is a paracompact space.

Lemma 2.2. Let X be a strongly metaLindelöf σ-discrete space and let B be a base for X. Then, every open 
cover of X has a strongly point-countable refinement consisting of the elements of B.

Proof. Let X =
⋃
{Xn : n ∈ ω}, where each Xn is a closed discrete subspace of X. Let U be an open cover 

of X. Fix n ∈ ω. For each x ∈ Xn, we take an open neighborhood Ux of x such that Ux ∩Xn = {x} and Ux

is contained in some member of U . Since {Ux : x ∈ Xn} ∪ {X \Xn} is an open cover of X, it has a strongly 
point-countable open refinement Vn. For each x ∈ Xn, we take Vx ∈ Vn and Bx ∈ B with x ∈ Bx ⊂ Vx

(then, automatically Vx ⊂ Ux). Since {Vx : x ∈ Xn} is strongly point-countable, so is Bn = {Bx : x ∈ Xn}. 
Repeating this construction for each n, we see that the family 

⋃
{Bn : n ∈ ω} is obviously what we want. �

For the closed unit interval I = [0, 1] and a set Γ, we put

Σ(I,Γ) = {x ∈ IΓ : |{γ ∈ Γ : x(γ) > 0}| ≤ ω}.

Similarly, for the space D = {0, 1}, we put
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Σ(D,Γ) = {x ∈ DΓ : |{γ ∈ Γ : x(γ) = 1}| ≤ ω}.

These spaces are usually called Σ-products. A compact space is said to be Corson compact [14] if it is 
homeomorphic to a subspace of Σ(I, Γ) for some set Γ. Since Σ(I, Γ) is Fréchet–Urysohn, so is a Corson 
compact space.

The following is a special case of Dimov’s theorem [8, Theorem 3.6]. For the readers’ convenience, we 
give a proof.

Lemma 2.3. If a space X has a strongly point-countable base B consisting of clopen subsets in X, then X
has a zero-dimensional Corson compactification K such that w(K) ≤ |B|.

Proof. Let B = {Bα : α < κ}. We define a map ϕ : X → Dκ as follows: for each x ∈ X and α < κ, 
ϕ(x)(α) = 1 if x ∈ Bα and ϕ(x)(α) = 0 if x ∈ X \Bα. It is not difficult to see that ϕ is an embedding of X
into Dκ. Let K = ϕ(X) ⊂ Dκ.

For any f ∈ K, we claim that {Bα : α ∈ f−1(1)} has the finite intersection property. Indeed, for any 
finite set α0, . . . , αn ∈ f−1(1), f ∈ K implies that there is a point x ∈ X such that ϕ(x)(αi) = 1 (i ≤ n). 
This means x ∈ Bα0 ∩ · · · ∩Bαn

. Since B is strongly point-countable, f−1(1) must be countable and hence 
K ⊂ Σ(D, κ). Thus K is a zero-dimensional Corson compact space satisfying w(K) ≤ |B|. �

The following can be easily checked.

Lemma 2.4. For finitely many nonempty basic open sets [F0, U0], . . . , [Fn, Un] in PR(X), [F0, U0] ∩ · · · ∩
[Fn, Un] = ∅ implies that there are i, j such that [Fi, Ui] ∩ [Fj , Uj ] = ∅.

Theorem 2.5. For an infinite space X, the following assertions are equivalent.

(1) PR(X) has a compactification of countable tightness;
(2) X is first-countable, and each nonempty finite set F ⊂ X is contained in an open set U(F ) ⊂ X in 

such a way that every uncountable family of nonempty finite sets of X contains some F and G with 
F \ U(G) �= ∅, or G \ U(F ) �= ∅;

(3) PR(X) is a strongly metaLindelöf Moore space;
(4) PR(X) has a strongly point-countable base consisting of clopen subsets;
(5) PR(X) has a zero-dimensional Corson compactification K such that w(K) = w(PR(X)) = |X|.

Proof. (1) → (2): Let K be a compactification of countable tightness for PR(X). Shapirovskii [19] showed 
that a compact space of countable tightness has countable π-character (the reader may refer to [4, Theorem 
2.2.20]). Using Proposition 1.1 (4), we have χ(X) = πχ(PR(X)) ≤ πχ(K) = ω. Thus X is first-countable.

For the remaining part, let F ∈ PR(X) and observe that F /∈ PR(X) \ [F,X]K , where the closure is 
taken in K. Hence, we can take an open set U(F ) ⊂ X containing F such that

[F,U(F )]K ∩ PR(X) \ [F,X]K = ∅.

Suppose that there is an uncountable family {Fα : α < ω1} of nonempty finite sets in X such that Fα ⊂
U(Fβ) and Fβ ⊂ U(Fα) hold for any α, β < ω1. Then, by Lemma 2.4, {[Fα, U(Fα)] : α < ω1} has the finite 
intersection property. By [11, 2.7.10 (c)] (the Δ-system lemma), we may assume that there are some k ∈ N

and a finite set R ⊂ X such that |Fα| = k for any α < ω1, and R = Fα ∩ Fβ for any distinct α, β < ω1. For 
each α < ω1, we put

Aα = {[Fβ , U(Fβ)] : β ≤ α} ∪ {PR(X) \ [Fγ , X] : γ > α}.
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This family has the finite intersection property. Indeed, for any choice of finitely many β0, . . . , βl ≤ α and 
γ0, . . . , γm > α, we have

Fβ0 ∪ · · · ∪ Fβl
∈
⋂

{[Fβi
, U(Fβi

)] : i ≤ l} \
⋃

{[Fγi
, X] : i ≤ m}.

Since K is compact, there is a point aα ∈
⋂
{AK : A ∈ Aα}. We claim that {aα : α < ω1} is a free sequence 

in K. Fix α < ω1. For each β < α and γ ≥ α, we have

aβ ∈
⋂

{AK : A ∈ Aβ} ⊂ PR(X) \ [Fα, X]K , and

aγ ∈
⋂

{AK : A ∈ Aγ} ⊂ [Fα, U(Fα)]K .

Thus {aβ : β < α}K ∩ {aγ : γ ≥ α}K = ∅. But, this is a contradiction, because of the countable tightness 
of K.

(2) → (3): By Proposition 1.1 (2), PR(X) is a Moore space. Next, let U be an open cover of PR(X). For 
each F ∈ PR(X), we take an open set V (F ) ⊂ X with F ⊂ V (F ) ⊂ U(F ) and [F, V (F )] contained in some 
member of U . Then {[F, V (F )] : F ∈ PR(X)} is an open refinement of U and every uncountable subfamily 
of it contains two members which are disjoint. Thus PR(X) is strongly metaLindelöf.

(3) → (4): By Proposition 1.1 (2) and (3), PR(X) is σ-discrete. Let {Dn : n ∈ ω} be a development of 
PR(X). By Lemma 2.2, each Dn has a strongly point-countable refinement En consisting of clopen subsets. 
Then 

⋃
{En : n ∈ ω} is a strongly point-countable base for PR(X) consisting of clopen subsets.

(4) → (5): Let B be a strongly point-countable base for PR(X) consisting of clopen subsets. Since PR(X)
is first-countable, we may assume |B| ≤ |PR(X)| = |X|. By Lemma 1.1 (4), w(PR(X)) = χ(X)|X| = |X|. 
Hence, we have |B| = w(PR(X)) = |X|. By Lemma 2.3, PR(X) has a zero-dimensional Corson compactifi-
cation K such that w(K) ≤ |B| = w(PR(X)) = |X|. Then w(K) = w(PR(X)) = |X| is also satisfied.

(5) → (1): Immediate, since a Corson compact space is Fréchet–Urysohn. �
We denote by nw(X) the net-weight of a space X.

Corollary 2.6. If PR(X) has a compactification of countable tightness, then nw(Y ) = w(Y ) = |Y | hold for 
any subspace Y ⊂ X.

Proof. First we show nw(X) = w(X) = |X|. Since X is first-countable, w(X) ≤ χ(X) |X| = |X|. Thus 
nw(X) ≤ w(X) ≤ |X|. Assume ω ≤ κ = nw(X) < |X|, and let N be a network for X with |N | = κ. Let Y
be a subset of X with |Y | = κ+. By Theorem 2.5 (2), each point y ∈ Y has an open neighborhood Uy such 
that any uncountable subset Z of Y contains two points z0, z1 with z0 /∈ Uz1 , or z1 /∈ Uz0 . For each y ∈ Y , 
we take an Ny ∈ N such that y ∈ Ny ⊂ Uy. Since κ+ is a regular cardinal, there are a subset Z ⊂ Y and 
an N ∈ N such that |Z| = κ+ and N = Ny for each y ∈ Z. Then we have Z ⊂ N ⊂

⋂
{Uy : y ∈ Z}. As this 

is a contradiction, we should have |X| ≤ nw(X) and consequently nw(X) = w(X) = |X|.
If Y ⊂ X, since PR(Y ) is a (closed) subspace of PR(X), PR(Y ) also has a compactification of countable 

tightness. Hence, we have nw(Y ) = w(Y ) = |Y |. �
Dow and Moore’s result easily follows from the preceding corollary.

Corollary 2.7. (Dow–Moore [10, Proposition 2.13]) PR(2ω) does not have a compactification of countable 
tightness.
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Corollary 2.8. For a countable space X, the following assertions are equivalent.

(1) PR(X) has a compactification of countable tightness;
(2) X is second countable;
(3) PR(X) has a zero-dimensional metrizable compactification.

Proof. (1) → (2): This follows from Corollary 2.6. (2) → (3): In this case, since PR(X) is a zero-dimensional 
second countable space, it can be embedded into the Cantor set. (3) → (1) is trivial. �

A compact space is said to be Eberlein if it is homeomorphic to a weakly compact (i.e., compact in the 
weak topology) subset of a Banach space. For the closed unit interval I and a set Γ, we put

Σ∗(I,Γ) = {x ∈ IΓ : for any ε > 0, |{γ ∈ Γ : x(γ) ≥ ε}| < ω}.

According to Amir and Lindenstrauss [2], a compact space is Eberlein compact if and only if it can be 
embedded into Σ∗(I, Γ) for some set Γ. For an Eberlein compact space K, c(K) = w(K) holds [17] (or, see 
[5, Theorem III.5.8]), where c(K) is the Souslin number (=the cellularity) of K. Every Eberlein compact 
space is Corson compact.

Lemma 2.9. ([16, Theorem 5.2]) For a metrizable space M , PR(M) is metrizable if and only if M is 
σ-discrete.

Lemma 2.10. ([5, Theorem IV.1.25]) Every metrizable space M has an Eberlein compactification K with 
w(M) = w(K).

Another way to obtain Dow and Moore’s result is in the following:

Proposition 2.11. For a metric space (M, d), the following assertions are equivalent.

(1) PR(M) has a compactification of countable tightness;
(2) M is σ-discrete;
(3) PR(M) is metrizable;
(4) PR(M) has an Eberlein compactification K with w(K) = w(PR(M)) = |M |.

Proof. (1) → (2): By Theorem 2.5 (2), each point x ∈ M has an open neighborhood Ux such that {[{x}, Ux] :
x ∈ M} is strongly point-countable. For each n ∈ N, let Mn = {x ∈ M : B(x, 1n ) ⊂ Ux}, where B(x, 1n ) =
{y ∈ M : d(x, y) < 1

n}. We claim that Mn is locally countable in M . Let y ∈ M , then we can easily check 
that {[{x}, Ux] : x ∈ B(y, 1

2n ) ∩Mn} has the finite intersection property. Therefore, B(y, 1
2n ) ∩Mn must be 

countable. Recall that a locally countable metrizable space is the topological sum of countable metrizable 
spaces. Hence, each Mn is the union of countably many discrete subspaces of M . Moreover, since each 
discrete subspace of M is the union of countably many closed discrete subspaces of M , M is σ-discrete.

The equivalence of (2) and (3) is Lemma 2.9. (3) → (4) is due to Lemma 2.10. (4) → (1) is obvious. �
Clearly, every countable metrizable space is σ-discrete, but there are many more non-trivial spaces of 

this kind. In addition, there is a universal space Q(τ) in the class of σ-discrete metrizable spaces of weight τ
[16, Corollary 7.5].

Next we apply Theorem 2.5 to linearly ordered spaces. In a linearly ordered space (L, ≤), a pair of points 
a, b ∈ L is said to be a jump in L if b is the immediate successor of a in L. The density of a space X is 
denoted by d(X). The following is a well-known fact.
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Lemma 2.12. Let (L, ≤) be a linearly ordered space. If d(L) = κ ≥ ω and L has at most κ-many jumps in L, 
then w(L) ≤ κ.

Proof. Let D be a dense subset of L with |D| = κ. Since the set of all jumps in L has cardinality at most κ, 
we may assume that all jumps in L are contained in D. Then, we can easily check that {(a, b) : a, b ∈
D and a < b} ∪ {(a, →), (←, b) : a, b ∈ D} is a base for L. �
Proposition 2.13. Let (L, ≤) be a linearly ordered space. If PR(L) has a compactification of countable tight-
ness, then d(L) = |L| holds.

Proof. Since |L| = w(L) holds by Corollary 2.6, we have only to show w(L) ≤ d(L). Let d(L) = κ ≥ ω and 
let D be a dense subset of L with |D| = κ. Assume that L has κ+-many jumps in L, and enumerate them 
as aα, bα, α < κ+, where bα is the immediate successor of aα in L. By Theorem 2.5 (2), for each α < κ+, 
we can take an open set Uα containing aα and bα such that every uncountable subset of κ+ contains some 
α, β with {aα, bα} \ Uβ �= ∅, or {aβ, bβ} \ Uα �= ∅. We may assume that aα and bα are not isolated in L, 
because of d(L) = κ. Then, we can take points cα, dα ∈ D such that cα < aα, bα < dα and (cα, dα) ⊂ Uα. 
Since κ+ is regular, there is an uncountable subset A ⊂ κ+ and points a, b ∈ D such that (a, b) = (cα, dα)
for any α ∈ A. Hence, we have {aα, bα : α ∈ A} ⊂ (a, b) ⊂

⋂
{Uα : α ∈ A}. This is a contradiction and so L

contains at most κ-many jumps. By Lemma 2.12, we have w(L) ≤ κ = d(L). �
Corollary 2.14. Let (L, ≤) be a separable linearly ordered space. If PR(L) has a compactification of countable 
tightness, then L is countable.

Example 2.15.

(1) As a consequence of [7, Theorem 1], if X is the Sorgenfrey line or the Michael line, then PR(X) is 
metrizable. Hence PR(X) has an Eberlein compactification. Since the Sorgenfrey line is a separable 
generalized ordered space, we cannot weaken “linearly ordered” in Proposition 2.13 to “generalized 
ordered”.

(2) Let K = {(x, 0) : 0 < x ≤ 1} ∪ {(x, 1) : 0 ≤ x < 1} be the two arrows space [11, 3.10.C]. By 
Corollary 2.14, PR(K) has no compactification of countable tightness. Alternatively, note that PR(K)
contains a homeomorphic copy of PR(I), where I is the closed unit interval: see [12, p. 151]. Since PR(I)
has no compactification of countable tightness, the same happens to PR(K).
However, K is first-countable, and for each point (x, i) ∈ K we can assign an open neighborhood U(x, i)
such that every uncountable subset of K contains some pair of points (x, i), (y, i) with (x, i) /∈ U(y, i), 
or (y, i) /∈ U(x, i). Indeed, let U(x, 0) = {(y, j) ∈ K : (y, j) ≤ (x, 0)} and U(x, 1) = {(y, j) ∈ K : (y, j) ≥
(x, 1)}.

(3) If a space X is first-countable and locally countable (resp., first-countable and scattered), then PR(X)
is metrizable [12, Theorem 3.1] (resp., [16, Corollary 3.6]). Hence, in both cases PR(X) has an Eberlein 
compactification. For example, PR(ω1) has an Eberlein compactification.

Unfortunately the authors could not answer the next question. Take into account that a compact first-
countable scattered space is countable.

Question 2.16. Let X be a compact space and assume that PR(X) has a compactification of countable 
tightness (or, an Eberlein compactification). Is X countable (equivalently, scattered)?
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A positive partial answer to Question 2.16 is in the following result. Recall that a space is said to be 
ω-monolithic if every separable subspace has a countable network. For instance, each Corson compact space 
is ω-monolithic.

Proposition 2.17. Let X be an ω-monolithic compact space. If PR(X) has a compactification of countable 
tightness, then X is countable.

Proof. By Theorem 2.5, X is first-countable. Therefore, we have only to show that X is scattered. By 
contradiction, assume that X contains a subspace Y with no isolated point. Since X is first-countable, the 
space Y contains a countable subspace Z again with no isolated point. But we have nw(Z) = ω < 2ω = |Z|, 
in contrast with Corollary 2.6. �
Corollary 2.18. Let (L, ≤) be a linearly ordered compact space. If PR(L) has a compactification of countable 
tightness, then L is countable.

Proof. Let A be a countable subset of L. Then A is separable, and linearly ordered, because L is compact. 
Since PR(A) can be naturally embedded into PR(L), it also has a compactification of countable tightness. 
By Corollary 2.14, A is countable. Thus L is ω-monolithic and we may apply Proposition 2.17. �

Theorem 4.4 in [16] establishes that, for a compact space X, PR(X) is metrizable if and only if X is 
countable. In view of Lemma 2.10, it is then very reasonable to expect a positive answer to Question 2.16.

We finish this section by considering countably tight compactifications of iterated Pixley–Roy hyper-
spaces. Let PR1(X) = PR(X) and let PRn(X) = PR(PRn−1(X)) for n ≥ 2. A characterization for an 
iterated PRn(X) (n ≥ 2) having a compactification of countable tightness is very simple.

Lemma 2.19. ([16, Corollary 7.2]) If X is first-countable, then PRn(X) is metrizable for any n ≥ 2.

Proposition 2.20. For a space X and n ≥ 2, the following assertions are equivalent.

(1) PRn(X) has a compactification of countable tightness;
(2) X is first-countable;
(3) PRn(X) is metrizable;
(4) PRn(X) has an Eberlein compactification K with w(K) = w(PRn(X)) = |X|.

Proof. (1) → (2) follows from Proposition 1.1 (2) and Theorem 2.5. (2) → (3) is Lemma 2.19. (3) → (4)
follows from Proposition 1.1 (4) and Lemma 2.10. (4) → (1) is trivial. �
3. More on Eberlein compactifications of a Pixley–Roy hyperspace

In a way similar to Theorem 2.5, we can give a characterization for PR(X) to have an Eberlein compact-
ification. Though our arguments in this section are partly analogous to those given in the preceding section, 
we will give detailed proofs for completeness.

Definition 3.1. ([8]) A family A of subsets of a set is strongly point-finite if it has no infinite subfamily with 
the finite intersection property. A family A of subsets of a set is σ-strongly point-finite if it is the union of 
countably many strongly point-finite families. A space X is σ-strongly metacompact if each open cover of 
X has a σ-strongly point-finite open refinement.

A screenable space is σ-strongly metacompact, and a σ-strongly metacompact space is strongly metaLin-
delöf.
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Lemma 3.2. Let X be a σ-strongly metacompact σ-discrete space and let B be a base for X. Then, every 
open cover of X has a σ-strongly point-finite refinement consisting of members of B.

Proof. Let X =
⋃
{Xn : n ∈ ω}, where each Xn is a closed discrete subspace of X. Let U be an open cover 

of X. Fix n ∈ ω. For each x ∈ Xn, we take an open neighborhood Ux of x such that Ux ∩Xn = {x} and Ux

is contained in some member of U . Since {Ux : x ∈ Xn} ∪{X \Xn} is an open cover of X, it has a σ-strongly 
point-finite open refinement Vn. For each x ∈ Xn, we take Vx ∈ Vn and Bx ∈ B with x ∈ Bx ⊂ Vx (then, 
automatically Vx ⊂ Ux). Since {Vx : x ∈ Xn} is σ-strongly point-finite, so is Bn = {Bx : x ∈ Xn}. Repeating 
this construction for each n, we see that the family 

⋃
{Bn : n ∈ ω} is obviously what we want. �

The following is a special case of Dimov’s theorem [8, Theorem 3.6].

Lemma 3.3. If a space X has a σ-strongly point-finite base B consisting of clopen subsets in X, then X has 
a zero-dimensional Eberlein compactification K such that w(K) ≤ |B|.

Proof. Let B =
⋃
{Bn : n ∈ N}, where each Bn is strongly point-finite. Let Bn = {Bn,α : α < κn}. 

We define a map ϕ : X → IB as follows: for each x ∈ X and Bn,α, ϕ(x)(Bn,α) = 1
n if x ∈ Bn,α and 

ϕ(x)(Bn,α) = 0 if x ∈ X \ Bn,α. It is not difficult to see that ϕ is an embedding of X into IB. Let 
K = ϕ(X) ⊂ IB.

Let f ∈ K and ε > 0. For each n ∈ N, f ∈ K implies that

Cn = {Bn,α : α < κn, f(Bn,α) = 1
n
}

has the finite intersection property. Hence, Cn must be finite. Since the inequality ε ≤ 1
n holds for 

finitely many n, we have K ⊂ Σ∗(I, B). Thus K is a zero-dimensional Eberlein compact space satisfying
w(K) ≤ |B|. �
Theorem 3.4. For an infinite space X, the following assertions are equivalent.

(1) PR(X) has an Eberlein compactification;
(2) PR(X) is a σ-strongly metacompact Moore space;
(3) PR(X) has a σ-strongly point-finite base consisting of clopen subsets;
(4) PR(X) has a zero-dimensional Eberlein compactification K with w(K) = w(PR(X)) = |X|.

Proof. (1) → (2): This follows from Theorem 2.5 and Dimov’s result [8, Corollary 3.23]: Every subspace of 
an Eberlein compact space is σ-strongly metacompact.

(2) → (3): By Proposition 1.1 (3), PR(X) is σ-discrete. Let {Dn : n ∈ ω} be a development of PR(X). 
By Lemma 3.2, each Dn has a σ-strongly point-finite refinement En consisting of clopen subsets. Then ⋃
{En : n ∈ ω} is a σ-strongly point-finite base for PR(X) consisting of clopen subsets.
(3) → (4): Let B be a σ-strongly point-finite base for PR(X) consisting of clopen subsets. Since 

PR(X) is first-countable, we may assume |B| ≤ |PR(X)| = |X|. By Proposition 1.1 (4), w(PR(X)) =
χ(X)|X| = |X|. Hence, we have |B| = w(PR(X)) = |X|. By Lemma 3.3, PR(X) has a zero-dimensional 
Eberlein compactification K such that w(K) ≤ |B| = w(PR(X)) = |X|. Then w(K) = w(PR(X)) = |X| is 
also satisfied.

(4) → (1) is trivial. �
Example 3.5. A relevant fact is that even if PR(X) has an Eberlein compactification, it need not be metriz-
able. Let S be the mixed Sorgenfrey line. It is the set of real numbers equipped with the following topology: 
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each irrational number p ∈ P has an open neighborhood of the form (p′, p] and each rational number q ∈ Q

has an open neighborhood of the form [q, q′). Then PR(S) is not metrizable as described in [7, Theorem 1]. 
To show that PR(S) has an Eberlein compactification, in view of Theorem 3.4, it is enough to show that 
PR(S) has a σ-disjoint base consisting of clopen subsets. For each F ∈ PR(S), choose n(F ) ∈ N in such a 
way that {(x − 1

n(F ) , x + 1
n(F ) ) : x ∈ F} is pairwise disjoint. For each m, n ∈ N and a finite subset A ⊂ Q, 

let

D(m,n,A) = {F ∈ PR(S) : |F | = m, n(F ) = n, F ∩Q = A}.

Fix m, n ∈ N and a finite subset A ⊂ Q. We observe that D(m, n, A) has a pairwise disjoint open expansion. 
For each F ∈ D(m, n, A), let

U(F ) = {(p− 1
n
, p], [q, q + 1

n
) : p ∈ F ∩ P, q ∈ F ∩Q},

and put U(F ) =
⋃

U(F ). Suppose F, G ∈ D(m, n, A) and [F, U(F )] ∩ [G, U(G)] �= ∅. Then F ⊂ U(G)
and G ⊂ U(F ). Note that each member of U(G) (resp., U(F )) contains just one point belonging to F

(resp., G). Hence, we have F = G. Thus, {[F, U(F )] : F ∈ D(m, n, A)} is a pairwise disjoint open expansion 
of D(m, n, A). Since PR(S) is zero-dimensional and first-countable, we can easily obtain a σ-disjoint base 
for PR(S) consisting of clopen subsets.

The following delicate question is still open.

Question 3.6. Is there a space X such that PR(X) has a compactification of countable tightness, but PR(X)
does not have an Eberlein compactification?

4. Remarks on strong Eberlein compact spaces

In this section, we study when PR(X) has a strong Eberlein compactification. In addition, we look at 
the compact subsets of PR(X).

Let σ(D, Γ) = {x ∈ DΓ : |{γ ∈ Γ : x(γ) = 1}| < ω}. A compact space is said to be strongly Eberlein
[20] if it can be embedded into σ(D, Γ) for some set Γ. A strong Eberlein compact space is scattered [20, 
Proposition 5]. Conversely, Alster [1] proved that a scattered Corson compact space is strongly Eberlein.

Proposition 4.1. For a space X, PR(X) has a strong Eberlein compactification if and only if X is discrete.

Proof. Assume that X has a non-isolated point x. Then, the set [{x}, X] has no isolated points in PR(X). 
Hence, no compactification of PR(X) can be strongly Eberlein. Conversely, if X is discrete, then so is 
PR(X). Since the one-point compactification of a discrete space is strongly Eberlein, we are done. �

We will see that a strong Eberlein compact space is just a compact subset of a Pixley–Roy hyperspace.

Proposition 4.2. A compact space is strongly Eberlein if and only if it can be embedded into PR(X), for 
some space X.

Proof. Let K be a strong Eberlein compact space, and assume that it is embedded into σ(D, Γ) for some 
set Γ. Let D(Γ) be the discrete space of cardinality |Γ|, and let A(Γ) = D(Γ) ∪ {∞} be the one-point 
compactification of D(Γ). For x ∈ σ(D, Γ), we put F (x) = {γ ∈ Γ : x(γ) = 1}. We define a map ϕ : σ(D, Γ) →
PR(A(Γ)) as follows: ϕ(x) = F (x) ∪ {∞}. We can easily check that ϕ is an embedding. Consequently, K
can be embedded into PR(A(Γ)). Conversely, assume that a compact space K is embedded into PR(X) for 
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some space X. We define a map ψ : PR(X) → σ(D, X) as follows: ψ(F ) = χF , where χF : X → D is the 
characteristic function of F . We can easily check that ψ is continuous and one-to-one. Hence, K can be 
embedded into σ(D, X). �

Yakovlev [21, Theorem 8] proved that a compact space is strongly Eberlein if and only if it is scattered and 
hereditarily metacompact. Remember that a Pixley–Roy hyperspace is always hereditarily metacompact, 
and we can easily see that a compact subset of a Pixley–Roy hyperspace is scattered. Therefore, alternatively 
we could use these facts to prove the sufficient part of the preceding proposition.

References

[1] K. Alster, Some remarks on Eberlein compacts, Fundam. Math. 104 (1979) 43–46.
[2] D. Amir, J. Lindenstrauss, The structure of weakly compact sets in Banach spaces, Ann. Math. 88 (1968) 35–46.
[3] A.V. Arkhangel’skii, Bicompacta that satisfy the Suslin condition hereditarily. Tightness and free sequences, Sov. Math. 

Dokl. 12 (1971) 1253–1257.
[4] A.V. Arkhangel’skii, Structure and classification of topological spaces and cardinal invariants, Russ. Math. Surv. 33 (1978) 

33–96.
[5] A.V. Arkhangel’skii, Topological Function Spaces, Kluwer, 1992.
[6] A. Bella, M. Sakai, Tight points of Pixley–Roy hyperspaces, Topol. Appl. 160 (2013) 2061–2068.
[7] H.R. Bennett, W.G. Fleissner, D.J. Lutzer, Metrizability of certain Pixley–Roy spaces, Fundam. Math. 110 (1980) 51–61.
[8] G.D. Dimov, An internal topological characterization of the subspaces of Eberlein compacta and related compacta – I, 

Topol. Appl. 169 (2014) 71–86.
[9] E.K. van Douwen, The Pixley–Roy topology on spaces of subsets, in: Set Theoretic Topology, Academic Press, 1977, 

pp. 111–134.
[10] A. Dow, J. Moore, Tightness in σ-compact spaces, Topol. Proc. 46 (2015) 213–232.
[11] R. Engelking, General Topology, revised and completed edition, Helderman Verlag, Berlin, 1989.
[12] D.J. Lutzer, Pixley–Roy topology, Topol. Proc. 3 (1978) 139–158.
[13] V.I. Malykhin, On the tightness and the Suslin number of exp X and a product of spaces, Sov. Math. Dokl. 13 (1972) 

496–499.
[14] E. Michael, M.E. Rudin, A note on Eberlein compacts, Pac. J. Math. 72 (1977) 487–495.
[15] C. Pixley, P. Roy, Uncompletable Moore spaces, in: Proc. Auburn Topology Conf, 1969, pp. 75–85.
[16] T.C. Przymusiński, Normality and paracompactness of Pixley–Roy hyperspaces, Fundam. Math. 113 (1981) 201–219.
[17] H.P. Rosenthal, The heredity problem for weakly compactly generated Banach spaces, Compos. Math. 28 (1974) 83–111.
[18] S. Sakai, Cardinal functions on Pixley–Roy hyperspaces, Proc. Am. Math. Soc. 89 (1983) 336–340.
[19] B.E. Shapirovskii, On the π-character and π-weight of compact Hausdorff spaces, Sov. Math. Dokl. 16 (1975) 999–1003.
[20] P. Simon, On continuous images of Eberlein compacts, Comment. Math. Univ. Carol. 17 (1976) 179–194.
[21] N.N. Yakovlev, On bicompacta in Σ-products and related spaces, Comment. Math. Univ. Carol. 21 (1980) 263–283.

http://refhub.elsevier.com/S0166-8641(15)00414-9/bib416C73746572s1
http://refhub.elsevier.com/S0166-8641(15)00414-9/bib414Cs1
http://refhub.elsevier.com/S0166-8641(15)00414-9/bib4131s1
http://refhub.elsevier.com/S0166-8641(15)00414-9/bib4131s1
http://refhub.elsevier.com/S0166-8641(15)00414-9/bib4132s1
http://refhub.elsevier.com/S0166-8641(15)00414-9/bib4132s1
http://refhub.elsevier.com/S0166-8641(15)00414-9/bib4133s1
http://refhub.elsevier.com/S0166-8641(15)00414-9/bib62656C6C6173616B6169s1
http://refhub.elsevier.com/S0166-8641(15)00414-9/bib42464Cs1
http://refhub.elsevier.com/S0166-8641(15)00414-9/bib44696D6F76s1
http://refhub.elsevier.com/S0166-8641(15)00414-9/bib44696D6F76s1
http://refhub.elsevier.com/S0166-8641(15)00414-9/bib44s1
http://refhub.elsevier.com/S0166-8641(15)00414-9/bib44s1
http://refhub.elsevier.com/S0166-8641(15)00414-9/bib646F776D6F6F7265s1
http://refhub.elsevier.com/S0166-8641(15)00414-9/bib45s1
http://refhub.elsevier.com/S0166-8641(15)00414-9/bib4Cs1
http://refhub.elsevier.com/S0166-8641(15)00414-9/bib4Ds1
http://refhub.elsevier.com/S0166-8641(15)00414-9/bib4Ds1
http://refhub.elsevier.com/S0166-8641(15)00414-9/bib4D52s1
http://refhub.elsevier.com/S0166-8641(15)00414-9/bib5052s1
http://refhub.elsevier.com/S0166-8641(15)00414-9/bib50525As1
http://refhub.elsevier.com/S0166-8641(15)00414-9/bib52s1
http://refhub.elsevier.com/S0166-8641(15)00414-9/bib5353s1
http://refhub.elsevier.com/S0166-8641(15)00414-9/bib53686170s1
http://refhub.elsevier.com/S0166-8641(15)00414-9/bib53696D6F6Es1
http://refhub.elsevier.com/S0166-8641(15)00414-9/bib59s1

	Compactiﬁcations of a Pixley-Roy hyperspace
	1 Introduction
	2 Countably tight compactiﬁcations of a Pixley-Roy hyperspace
	3 More on Eberlein compactiﬁcations of a Pixley-Roy hyperspace
	4 Remarks on strong Eberlein compact spaces
	References


