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1. Introduction

The effects of crystal heating have became crucial for the design of electronic devices with nanoscale
dimensions, due to the possibility of having hot spots, that is, zones where the temperature of the lattice is
very high, even close to the melting one. This has increased the interest on the analysis of thermal effects in
semiconductors and prompted the formulation of improved models (see for example [4,14]). Recently more
sophisticated energy-transport models, based on closure relations obtained by employing the maximum
entropy principle, have been proposed, e.g. see [1,9-12,16], and used for simulating electron devices [2,15,17].

The main features of these models are to include an additional variable representing the lattice tempera-
ture and a relative equation for that. The scattering mechanisms force equilibrium between the electron and
lattice temperature. In turn the latter tends to an equilibrium state with the environment. The simplest way
to take into account such a physical effect is with a relaxation time approximation involving two relaxation
times, one for the electron—phonon interaction and another for the phonon—environment interaction.
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From a mathematical point of view one has a standard energy-transport model augmented with a balance
equation for the lattice temperature.

The first energy-transport model for semiconductors was introduced by Stratton [18], in 1962. The first
mathematical results had to wait 35 years after the presentation of the model, and are due to Degond,
Génieys and Jingel [5,6] (for a comprehensive review see [7] along with [8] for the modeling aspect). They
consider a general parabolic—elliptic system, arising in irreversible thermodynamics with thermal and elec-
trical effects, which includes as a special case the energy-transport model. This general model is studied in
a bounded multi-dimensional domain, with physics-based mixed Dirichlet—Neumann boundary conditions,
under the restrictive hypothesis of uniform parabolicity and existence of a strictly positive energy.

A few years later, Chen, Hsiao and Li consider the same model, with unphysical no-flow boundary condi-
tions, proving a stability theorem for small initial perturbations, without the last two restrictive assumptions
(3]

An improvement on this result is due to Nishibata and Suzuki, who in a recent publication [13], for a one-
dimensional energy-transport model, are able to prove existence and uniqueness, under physical boundary
conditions, without assuming uniform parabolicity and existence of a strictly positive energy.

In this work we extend Nishibata and Suzuki’s results to an augmented energy-transport model with two
temperatures. We consider the (scaled) system:

On+V-j=0, (1.1)

j=nVe¢—V(nl), (1.2)

Oy (§nT) +V- (§Tj—/£OVT) =j-V¢— in(T—TL)7 (1.3)
2 2 27

8t(pCVTL) + V- (—HJLVTL) = %H(T — TL) — %(TL — 1), (14)

V¢ =n— D, (1.5)

with © € Q C R", n electron density, j current density, T' electron temperature, T, lattice temperature,
¢ electrostatic potential. kg and kj, represent the thermal conductivity of electron and lattice heat flux, 7
and 77, are the relaxation times for electron and lattice energy. D denotes the doping profile.

System (1.3) is the simplest energy-transport model with varying lattice temperature. For this system
no analytical results are available in the literature. In this paper we present an existence and uniqueness
result for the one-dimensional steady-state solutions of system (1.3) in a bounded domain with physically
appropriate boundary conditions.

The plan of the paper is as follows. In section 2 the mathematical problem is presented and the main
theorem is stated. In section 3 the proof of the existence of the solutions is given and the last section is
devoted to the uniqueness result.

2. Mathematical model and main results

In this section we consider the steady-state one-dimensional case of system (1.3) with physics-based
boundary conditions, and for the resulting problem we state an existence and uniqueness result.
The one-dimensional stationary case of system (1.3) reads

Jz =0, (2.1a)
J =nd; — (nT), (2.1b)

5 3
<§TJ — mngE)x =Jo, — ;n(T —0), (2.1c)
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3 1

(_“Lez)w = ZH(T - 9) (0 - 1)) (2'1d)

TL
Gpz =n— D, (216)

with € Q = (0,1). Here, the thermal conductivities kg and kj, are assumed to be positive constants. Simi-
larly the electron energy and the lattice thermal relaxation times, 7 and 7, are assumed to be small enough
positive constants. Finally, we assume that the doping profile, D(z) is an assigned bounded, continuous and
positive function on €, such that

inf D(z) > 0. (2.2)
zeQ

For system (2.1), we consider standard Ohmic contacts at the boundaries. This translates into neutrality
of charge and equilibrium conditions for the electron gas at the boundary, that is, the electron density equals
the doping density, the electron temperature equals the lattice temperature, and the electric potential equals
the applied voltage. We still need boundary conditions for the lattice temperature. We impose a dissipative
condition at the contacts by Robin type relations which express the tendency of the lattice temperature to
reach an equilibrium with the environment. Thus, we consider the boundary conditions

n(0) =mny, n(l) =n,, (2.3a)
T(0)=60(0), T(1)=46(1), (2.3b)
k10:(0) = %(0(0) —-1), —kr0.(1)= %(9(1) - 1), (2.3¢)
¢(0) =0, ¢(1) = ¢r- (23d)

For the boundary conditions, we assume that the thermal resistivity R is a positive constant along with
n; >0, mn,>0. (2.4)
We introduce the parameter
& = |n, — | + ¢y, (2.5)

which we assume to be small.
The number of equations can be reduced by computing explicitly the electric field from equation (2.1b),

T J
Gpr = —Ngp +Tp + —. (2.6)
n n

Using this expression in (2.1¢) and (2.1¢), we find two coupled parabolic equations for n and T

Furthermore, we can integrate the relation (2.6) to get a voltage—current relation:
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1

1
¢ = /—dw J
n
0
1
+T(1) —T(0) 4+ T(1)logn, — T(0)logn; — /Tx logn)d (2.9)
0

This relation can be used to express the constant J in terms of n, T' and the boundary conditions as
1 -1

1
J = /ldx E[T]—i—/Tz logndz |, (2.10)
n
0 0

with
L[T) :=¢, —T(1)+T(0)—T(1)logn, + T(0)logn.
Finally, we can compute ¢ in terms of n and of the doping profile by the explicit formula:

¢ = ¢raf—/da:”’/dx”/ (2)) dx’. (2.11)

x!

In conclusion, system (2.1) can be replaced with

T
(—ﬂ%) + T.L.L - iznz —-—n= _D7 (2123‘)
n . n
3 JT J? 3
—koT e + =JTp, = —ng + — — —n(T — 0), 2.12b
o + 2J n Mo+ n 27‘n( ) ( )
b = (T —8) — (6 1) (2.12¢)
LYzxx — 2 . s .

furnished with boundary conditions (2.3a)—(2.3c), with J given by (2.10) and ¢ given by (2.11).

Before stating the main result, we introduce some notations. For a nonnegative integer [ > 0, H' denotes
the usual Sobolev space in the L? sense, equipped with the norm || - ||;, in particular, || - || := || - [lo. For
a nonnegative integer k, B¥(Q) denotes the space of the functions whose derivatives up to k-th order are
continuous and bounded over €, equipped with the norm

k
Fle =3 sup 0L £ (@),

i=0 €Q

Throughout the rest of this paper, C' always denotes a generic positive constant. If the generic constant C
depends on some parameters «, ..., we write Cla, §,...].
The main result of this paper is the following existence and uniqueness theorem.

Theorem 2.1 (FEzistence and uniqueness). Let the doping profile and the boundary data satisfy conditions
(2.2) and (2.4). For any n; > 0, there exist positive constants 8o, To, 0o, Mo, Mo such that if & < do,
0<7 <170, 0<7L <00, then the boundary value problem (2.1)—(2.3) has a unique solution (n,J,T,0, )
in B2(Q) x B%(Q) x B3(Q) x B3(Q) x B2(Q) satisfying |T — 0o < no, |6 — 1o < uo.

The proof of the above theorem is split in two parts, existence and uniqueness.
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3. Proof of the existence result

The existence result is comprised in the following Lemma.

Lemma 3.1. Let the doping profile and the boundary data satisfy conditions (2.2) and (2.4). For any n; > 0,
there exist positive constants oy, To, 0o, such that if 6 < &y, 0 < 7 < 79, 0 < 71, < 0¢, then the boundary
value problem (2.1)~(2.3) has a solution (n, J,T,0,¢) in B%(Q) x B2(Q) x B3(Q) x B3(Q) x BX(Q) satisfying
the conditions

%nm <n < 2ny, (3.1)
T = 6lo < C9, (3.2)
01y < C5, (3.3)
and
;relg T(x) >0, (3.4)
where

Ny = min § ng, Ny, inf D(x) »,  npy = max < ny, n,., sup D(x) »,
zeQ) z€Q

and the constant C is independent of dg, T, 09 and 9.

Proof. The existence proof is based on the equivalent formulation (2.1) of (1.3). We consider 7, T, 6 in the

space
n<f<m, |foll € Cos | feall < Cu,
W= (f,9,h) € H*(Q) | lg = hlli < C28,  |gaal < Cs, ;
”h_lHl SO467 ”h:cxH <Cs
where the constants n, 7, C;, i = 0,1,...,5, will be chosen later.

We introduce a map F defined in W, which maps (7, T,6) — (n, T, 8) as follows:

(i) 0 is the solution to the linearized elliptic problem

3 _ = = 1
—kplze = _ﬁ(T - 0) - _(0 - 1)7 (35)
2T TIL
with Robin boundary conditions
1 1
kr0,(0) = =(0(0)—1), —krb.(1)=—=(6(1)—-1). (3.6)
R R
(it) T is the solution to the linearized elliptic problem
3 JT J: 3
- TT’L‘ 7T,:f~m T77~T70, .
ko Ty +2J Tl + = 27_71( ) (3.7)

with Dirichlet boundary conditions
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In (3.7), we have denoted by .J the expression of .J in (2.10) evaluated for 7, T'.
(#i) n is the solution to the linearized problem

T -
(~nm> +Thw — %nz —n=-D, (3.9)
n . 7

with Dirichlet boundary conditions

n(0) =n;, n(l) =n,. (3.10)

Well-posedness of the map F. The functions 6 and T, in this order, are defined by two linear uniformly
elliptic problems, (3.5)—(3.6) and (3.7)—(3.8), for which it is guaranteed existence and uniqueness of solutions.
Thus, the map F is well-defined, provided the third problem for n, (3.9)—(3.10), is uniformly elliptic, that
is,

inf T'(z) > 0. (3.11)
zEQ
In order to prove this estimate, by virtue of Sobolev embedding theorems, we prove that we can choose §
small enough, so that ||§ — 1||; and ||T — 8||; are also small enough.
First, we estimate ||§ — 1||;. We multiply equation (3.5) by 6§ — 1 and integrate over [0, 1]. Integrating by
part, and using the Robin boundary conditions, we obtain:

% [(6(1) — 1)> 4+ (6(0) — 1)*] + /HL(G —1)2dx
—i—/%(@—l)Qda::/S—i(T—G)(G—l)d;ﬂ

. _ 2
< 3_”(:*25“9 — 1 <8+ (3—”02) 16 — 1]
2T 4t

We take 77, sufficiently small so that i > (%5’2)2, that is,

T < (%) 72 (3.12)
We find
Rl (0~ 1 + [0 — 12 < &2,
271,
which implies

1
16z + \/7—L||'9 — 1| < Cy[kL]d, (3.13)

with
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Cusal = (2+ L)”.

KL

Here, we have used the inequality

T (a4 b)? < ca® +b2, for all a,b,c > 0.
c

Next, we estimate ||T'— 0]1. From (2.10) we find
[T <7 (|£T]| + Cln. 7| T |l) <7 (|L[T]] + Cln, 7] (Co + C)d) -

For the first term, using the boundary conditions (2.3b), we have

L[T)] = |ér — 6(1) +6(0) — 0(1) log n + 6(0) log |
< |r| +10(1) = 1[[1 + logn,[ +16(0) — 1[[1 +log m| + |log n, — logny|
< |¢r] + Cln, 0 (|0 — 1o + nr — mf) < Cln, 74

It follows that

we find
1 1 5
/mo(T—H)idx—i—/S—n(T—@fdm
T
0 0
/ / JT
:_/,.;091. /(- 7o, ——nL—?>(T—9)dx
0 0
1T 5. T
K = ~
< 5/HO(T —0)2 do + - Calrs )8 + H2J01 — i, — || |7 - 0]
0
1 1
< 5/ o(T = 0)2da + (1+ Z2Culki]?) 6 + Cln, 7, Co, Co, Cull|T - 0],
0
. JT J2 . 3 1. 1 -
H?’Jem—ﬂm 7| < o, 702704]5(—045+—Co+—c[n,ﬁ702704]5>
2 n 2 n n
Then we get

Ko 9 3N 2
=T = 0), =\T-6
2T = 0)al + ST 0]

< (1+ 5 Culki]?) 8 + Cln, 7, Co, Co, Gl T - 6
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We choose 7 small enough, so that i—f > C[n,m, Co, Cy, Cy], that is,

< R (3.15)
40[@7”700702704]

Then, we find
Ko 5 3m 2 Ko 2\ <2
— — — — < —
T = 0)o + T =61 < (14 S Culral?) 62,

which yields the estimate

1
I = 0)al + 1T = 6] < Caln. k.l (3.16)
with
3n 42 1/2
Caln, ko, kL] = <%(2 + 5004[:‘%]2)) .

Using (3.13) and (3.16), together with the Sobolev embedding inequalities, we find
T — 1o < C(IT" =61 + [0 — 1][1) < C§,

which implies T' > 1 — C'§. By choosing 0 small enough we find (3.11), which implies the uniform ellipticity
of (3.9). Tt follows that the solution (n,T,®) is B°(Q2), and, considering the regularity of the coefficient in
(3.5), (3.7) and (3.9), the map F is well-posed from W to B?(Q) x B3(Q) x B3(Q).

Higher order estimates for problem (i) and (ii). First we estimate 6,,. Multiplying equation (3.5) by —0,,,
integrating over €2, and using Robin boundary conditions (3.6), we get

1 1

3

/mLGfmdaz—&—— 92d:r§—/ |o0 dz
TL 2T

0 0

3 = C 3
;m+amwwu<(rwﬁ)ﬁ+(“ ) el

n

IN

Then, choosing 77, small enough, as in (3.12), we find
62l + —=116:]) < Cs[7, Gl (317)
T \/ﬁ x| >~ Y5(M, ©0)0, .
with

s, Co) = (1 + é—) Culkz).

T,
Next, we multiply equation (3.7) by —==* and integrate the resulting equation over €
n

1 1

/@Tﬁwdx—i—i/Tﬁdx
n 2T

0 0
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1 1 -~ ~
3 3 = JT J2) T,
27 2 7 n n

0

1
3
<o [12dos 167 + 5 Clm o, COIT
0

+ :U’”TLCLK” + C[,U, n, ﬁa éOa 027 C~14]52-

S0P < 205, Co, Ge? < ( B
4T 2

Thus

:z|o

1 1
/ ;/Wm
0 0
< (,U/ + C[ﬂv n, 027 04]6) ||TIH% + C[:u’vﬂv n, CN’O» CN’Q? 614]627

wherefrom, choosing p and § small enough,

1 U
ﬁllTxll < Csln,m, Co, C2, Culd. (3.18)

Finally, we need to estimate || T;.z||, in order to have a bound on |Ty.|o. We divide (3.7) by @1, take the

[Tl +

z-derivative, and multiply the resulting equation by —T,... Integrating over 2 we get

1 1
3
T2 =— [ (T, —0,)T,

0
/ 3j Jt.
+ Iionm a:z _TTI - ~_ﬁx D) Txazm
2n n2 n?/,
0

Using estimate (3.16), we find

1
3 3
2T 2T

0

< Ko 3nCy
- n 2/{0

9n02

Ko
O Tezall < 750" + 2| Toaa®

Also, we find

1 ~ . ~
KoTb 3J JT J?
[t (G5 T ) o
0 x

> 4_HTzzzH2 +O[n n 00,01,02704]
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In conclusion, we have

||T3ca:x|| S C[ﬂaﬁy CM’chh'&)CM’27C~’4]5' (319)

Estimates for problem (iii). Let us introduce the boundary extension function
np(z) =n; (1 —z) 4+ n, z. (3.20)

Multiplying (3.9) by np — n and integrating by part, one obtains

where ¢ is a positive constant to be chosen and D = supg, D. Above, we have used |(ng).| = |n, — ny| < 6.
By choosing € and § small enough, we get

[n—ngl1 < Cn,7, Ca, Cy, Oz, Cyl, (3.21)
which leads to
|nz|| < Coln, 7, Ca, Cy, Oz, Cyl. (3.22)

Starting again from (3.9), and solving for n,,., we get

n((T J
T nj, n

wherefrom
[zl < Ci[n, 7, Co, Ca, Ca, Co, Ca, Ca]. (3.23)

Finally, we need to find bounds for n. Applying the pointwise maximum principle to the problem (%),
which is uniformly elliptic because of (3.11), we find the interior bounds

Helg (D(z) + Tyo(z)) <n < sup (D(z) + Typu(z)) . (3.24)
z zeQ

By Sobolev inequality we can estimate Ty, by means of (3.18), (3.19). By choosing § small enough, we find
|Toe ()| < %infmeg D(x), so that

1 1
— i <n<s — i <2s . .
5 ;IelgD(x) <n< zlelgD(x) + 5 ;IelgD(l‘) < 2;1618D(x) (3.25)

Taking into account the boundary conditions we find the bound (3.1).



1258 G. Ali, V. Romano / J. Math. Anal. Appl. 449 (2017) 1248-1264

Ezistence of a fixed point and solution of the boundary-value problem. First we show that the constants n,
@, C;, i =0,1,...,5, can be chosen so that F maps W in W. We set n = %nm, n = 2njs, and we choose
Cy = Cyln, ko, k1], Cy = Cylk]. Then the other constants are consequently determined in the following
order: Cy = Cy, C1 = C4, C5 = C3, Cs = Cs. Once the constant C;, i = 0,1,...,5, have been chosen, the
upper bounds 79, o for the relaxation times 7, o are given by (3.15) and (3.12).

Next, we show that the map F has a fixed point. The set W is a compact convex subset of (81 (Q))3
Moreover, the map F is continuous in the Bl(Q)—norm. Then the Schauder’s fixed-point theorem implies
the existence of a fixed point.

Let (n,T,6) be a fixed point for the map F. Then we can define the constant flux J by (2.10), and the
electric ¢ by (2.11). In this way we obtain a solution to the boundary value problem (2.1)—(2.3), satisfying
the required estimates, and the Lemma is proved. O

4. Proof of the uniqueness result

In order to prove the uniqueness of the solution ensured by the previous section, we need some preliminary
a priori estimates.

Lemma 4.1. Let (n,J,T,0,6) be a solution in B*(Q) x B2(Q) x B3(Q) x B3(Q) x B*(Q) to the problem
(2.1)~(2.3) satisfying the conditions

n<n<mn, T>0.

Then, for arbitrary constant n; > 0, there exist positive constants dg, To, 0o, Mo, po Such that if 6 < dg,
0<7<79,0<7L <00, |[T—0o<mno, |0 —1lo < uo, then the solution satisfies the formula (2.10) and the
estimates:

|J| < C6, (4.1a)
T>c>0, (4.1b)
|(n, ¢)l2 < C, (4.1¢)
T — 0l + el + W Towel < €5, (4.10)
L0 — 1)+ —— [0, + 62l < O3, (4.10)
TI \/E

where C' and ¢ are positive constants independent of T, T, and J.

Proof. Integrating equation (2.1b) divided by n, we see that J must satisfy (2.9), thus (2.10). Using (2.10),
and the bounds on n, we find

[JI < (IL[T]] + Cln, 7| T2 ) -

Moreover, taking into account the boundness of |T'— 6] and |6 — 1|, we have

1
£I7) <[]+ T(1) o, —logm| + |1+ logrn] | [ 7. da
0

S OO+ T,

which, combined with the previous estimate, yields
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7] < Cln, 7] (6 + [T |)) - (4.2)

To prove (4.1a) we need to estimate ||T,||. To do so, we estimate ||(T — 0).|| and ||6,||. Multiplying (2.1d)
by 6 — 1 and integrating over 2, after integration by part, we find

[(6(1) — 1)> + ((0) — 1)° +m/92da:+i (0 —1)*dx

1
3 3n
2 (T —0)(0 — 1) dx < | T — 02 — 1%
= [ Lo e < o+ () 1o -1
0

Choosing 77, sufficiently small, that is,

==

1 3m\ >
SN i 4.3
211, <T> ’ ( )
we find the estimate
RLll0n 2+ =16 — 12 < |7 — 0]12,
271, -
which implies
1
||9x|\+\7—LII9*1H < CalwL]||T - 0] (4.4)

Next, multiplying (2.12b) by T — 0 and integrating over €, after integration by part we obtain

1
no/(T—e)idQH
0

1
J(logn)z(T — 6) dm—i—/J(logn)z(T—l)(T—H)dx
0

1
in(T —0)%dx = —ro / 0.(T —0), dx
-
0

o _
[\

/
/

1
3 J?
§JTI(T —0)dx + (T 0) dx (4.5)
0
We estimate separately the five terms on the right-hand side. For the first term, using (4.4), we find

—#o [ 0o(T = 0)x dv < roCulsL]||T = O[T = 0)o|]

o—__

< pll(T = 0)all* + Clus, w0, ]I T = 0%, (4.6)

where pu is a positive constant to be chosen later.
Integrating by part the second term, and using (2.10), we find
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J(logn).(T — 0) dz

o _

) ~1 1 1
_ /ldx L[T] +/Twlogndx /(Tx —0,)logndz
5 0 0
) “1 1 1
__ /ldx L[T] +/9I10gndx /(Tm_ez)logndx
5 0 0
1 VA 2
1
_ /7dg; /(T$—0I)lognd:ﬂ
0 " 0

< CULITN 0= IDIT = 0)z]l-
We can estimate |£[T] differently from what done above:

|L[T]| = ¢ — (1 +logn,)T(1) + (1 +logny)T(0)|
= |¢r — (1 +logn,)6(1) + (1 + log n:)0(0)]
< |¢r| + |logn, — log ny|
+ |1 +logn,||0(1) — 1| + |1 + logn,| |6(0) — 1]
< Cln,n(6 + 16 — o).

Then, using Sobolev inequality, estimate (4.4) and the weighted Young inequality, we get
1
[ Ho0gn)a(r - 0)d < €3+ |7 - BT - 03]
0

< ull(T = 0)ol* + Clu, n, 7] (8% + |7 — 0]%), (4.7)
where p is an arbitrary positive constant to be chosen later.

For the third term, integrating by part and using (4.2) and (4.4), we find

x

Jo/logn 1)(T6’)d:1:J0/10gn{(T1)(T6’)} dx

< CO+ ITID{IT = 11T = 0)all + T = 0172 |

C@E+ T =0l + 110 = 1DIT — 0. (4.8)
The fourth term can be estimated similarly to the previous term, obtaining
/ 3
- [ LT =0y do < O + ITDIZAIT - 6]
0

CE+ T - oIDIT - o). (4.9)

Finally, for the last term, one obtains
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1
J2
[T —oydo < c+ ITIIT -0
0
< C|T - 0)/(8% + |IT = 0]17). (4.10)

Using the estimates (4.6)—(4.10) in (4.5), we find

1
Ko /T—o)idx+

0

< Cp+ 0+ [T = 0] + (16 = 1IT ~ 0)]?
+CA+ 0+ (T -0 +[l6 = 1IT - 0]
+O(L+||T — 0]))8?

in(T —0)?dx
-

O\H
[\}

Since the quantities || T — 6|, || —1]|| are controlled by |T'—68|o < 19, |0 —1]o < o, respectively, after choosing

8, Mo, to and g small enough we can control the term in ||(T — 6).||?. Then, choosing 7 small enough, we

can control the term in |7 — 6]|?, and we get the estimate

1
T—10), —||T = 0| < 6. 4.11
I =00+ 2T 0] < C (4.11)
Combining with (4.4), one has
10a]] + ——[l6 — 1]| < C& (4.12)
A+ < s, .

Using (4.11) and (4.12) in (4.2), we get (4.1a). The same estimates ensure that |T'— 1| <|T" — 0| + |0 — 1]
is small enough for § small enough, thus implying (4.1D).

The part of estimate (4.1c) involving ¢, follows immediately from (2.11). The estimates for n, T and 6
are derived as follows. Similarly to the derivation of (3.22) we find ||ny|| < C by using (4.11) and (4.12).
Estimates for 0., Ty, Nee can be obtained as done for (3.17), (3.18) and (3.23), leading to

1 1
— —|| Tl £ C6 < C.
N3 \/;ll ol < OO, [Ingall <
In a similar way, proceeding as in (3.19), we find || Ty || < C3. The B-bounds for n in (4.1¢) can be derived
by the previous estimates for ||n||2, and we find |n,.|o < C by solving equation (3.9) for n,,. Finally, solving
equation (3.7) for (T'—6)/7 and equation (3.5) for (#—1)/7r, we find |T—0||1/7 < Cé and |0 —1||/7 < C4,
and the Lemma is proved. O

1622l + 101l < C8, || Toall +

Now we are in the condition to prove the uniqueness part of the main theorem.

Lemma 4.2. Under the same assumptions of the previous Lemma 4.1, the solution (n,J,T,0,$) in B2(Q) x
B2(Q) x B3(Q) x B3(Q) x B2(Q) to the problem (2.1)~(2.3) is unique.

Proof. Let (n1,J1,T41,01,¢1) and (na, Ja, Ta, 02, ¢2) be two solutions to the problem (2.1)—(2.3). We define
p:=01—03, q:=Ty—Ts, r:=logn; —logns.

Using the results of Lemma 4.1, the mean value theorem and Poincaré inequality, we find
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1

n2 ni

dx

1 1
|J1 — J2| < C E[Tl] + /le logn1 dx /
0 0

+o | |em) - cm)| + / Ty log ny — Tsy log na| da
C (6|7l + llgll1)- (4.13)

We can obtain an equation for p:

1 3 3
(—KLDz)z + L P= Enl(Tl —01) — EM(B — 0). (4.14)

Multiplying by p and integrating over the domain 2, using Lemma 4.1, we obtain

1 1
1 1
[t o+ G007 40O + - [ da
0 0

37 (n1(g = p) + (m = n2)(T — 62)) p

I
o—_ _
wo

1
;(Ilq pll + ollre[)[|pll-

In conclusion, choosing 77, small enough, we find

Il < Clg = pll + 8llr=1)- (4.15)

For the difference ¢ we get:
3 3
—K0Gzz + §J1T1w - §J2T2m — JiTi(log 1), + J2T2(log n2),
=1 _ =2 —T(nl(q—p)—i—(m —ng)(Ty — 03)). (4.16)

Multiplying by ¢ — p and integrating over €2 we find

1 1
3
/ﬁo(qz —pe)?dx + ;m(q —p)dr = — / k0P (qe — D) d
0 0

o —__

1
3 3
+/ {JlTl (logni)y — J2T>(logng)y — §J1Tlm + §J2T2m} (g —p)dz
0

Using Lemma 4.1, and the inequalities (4.13), (4.15), we estimate:



G. Ali, V. Romano / J. Math. Anal. Appl. 449 (2017) 1248-1264 1263

1

1 1
= [ Ropa(as = pa) do < Grollas —palP + Gl
0

< 5h0llge = pal® + Cla = plI* + 8% [Ira ),

DN | =

1

3 3
/ {JlTl(IOg n1)g — JoTa(logng)s — §J1le + §J2T21’} (g —p)
0

< C(lla = pll +dllrallg — pll < Clla = pII* + 8 7= ]*),

< Co(llg = pll + lIrzllg = pll < C(llg = pII* + 6°[lr2]1*)-

Choosing 7 small enough, we find

llg = plly < 6C|ra].- (4.17)
To get an equation for the variable r, we start from (2.1b), which can be written in the form

T(logn)y + Ty = ¢o — %

‘We obtain

Tiry + q(lognQ):v + 4. = (¢1 - ¢2)a: - (7{—1 - %) (4'18)

We multiplying by r, and integrate over €. After integration by parts, and using (2.1e), we find

1
/Tlr dl“l’/nl*ng )rdx
0
1
= —/{q(logn2)1+qm+ <£ ~ ﬁ)}% da.
) ny Mo

Using (4.13), (4.15) and (4.17), we find

1
/Tlr dx—i—/ ny — ng)rdr < 6C||r.|*. (4.19)
0

Observing that (logn; — logns)(ny — ng) > 0, and using the bound for 7" in Lemma 4.1, we end up with
|lrz]l < 0, that is, ||r,|| = 0. This, in turn, implies ||¢ — p|l1 = 0, ||p||l1 = 0. It follows ny = ng, T1 = To,
01 = 65, which yields J; = J; and ¢ = ¢po. O

The proof of the main Theorem 2.1 follows from the existence Lemma 3.1 and the uniqueness Lemma 4.2.
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