Information Sciences 328 (2016) 321-339

Contents lists available at ScienceDirect

INFORMATION
SCIENCES
s sl ot i

Information Sciences —

journal homepage: www.elsevier.com/locate/ins

Robustness analysis for decision under uncertainty with
rule-based preference model™

@ CrossMark

Mitosz Kadzinski?, Roman Stowifiski®P* Salvatore Greco 4

3 Institute of Computing Science, Poznari University of Technology, Poznari, Poland

b Systems Research Institute, Polish Academy of Sciences, Warsaw, Poland

¢ Department of Economics and Business, University of Catania, Catania, Italy

d University of Portsmouth, Portsmouth Business School, Centre of Operations Research and Logistics (CORL), Richmond Building,
Portland Street, Portsmouth PO1 3DE, United Kingdom

ARTICLE INFO ABSTRACT

ArtiC’_B history: We consider decision under uncertainty as a multi-attribute classification problem where a
Received 5 December 2014 set of acts is described by outcomes gained with given probabilities. The Decision Maker (DM)
f:e‘“setd;xay 12021315 provides desired classification for a small subset of reference acts. Such preference informa-
ccepted 31 July tion is structured using Dominance-based Rough Set Approach (DRSA), and the resulting lower
Available online 2 September 2015 . . K . X .
approximations of the quality class unions are used as an input for construction of an aggre-
gate preference model. We induce all minimal-cover sets of rules being compatible with the
non-ambiguous assignment examples, and satisfying some additional requirements that may

Keywords:
Decision under uncertainty

Classification
Dominance-based rough set approach
Robustness analysis

be imposed by the DM. Applying such compatible instances of the preference model on a set
of all acts, we draw conclusions about the certainty of recommendation assured by differ-
ent minimal-cover sets of rules. In particular, we analyze the diversity of class assignments,
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comparisons. Finally, we extend the proposed approach to group decision under uncertainty.
We present a set of indicators and outcomes giving an insight into the spaces of consensus
and disagreement between the DMs.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Decision under uncertainty is a classical topic of decision theory (see [11] for a review). In this case, the Decision Maker (DM)
considers a set of acts whose consequences are uncertain. There are many possible states of the world with given probabilities.
Depending on the actual state, an act can yield a corresponding outcome with a given probability. It is assumed, moreover, that
the DM is able to express preferences with respect to the outcomes predicted for the considered acts with given probabilities.
The preference information provided by the DM takes part in the construction of her/his preference model. This model induces
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a preference relation in the set of acts, richer than the stochastic dominance relation [44]. Its proper exploitation leads to a
recommendation in terms of choice, ranking, or classification.

The main approaches to modeling decision under uncertainty are based on the expected utility theory, which was axiomatized
by von Neumann and Morgenstern [43] for objective probability, and by Savage [33] for subjective probability. Many experiments
showed, however, systematic violation of the expected utility hypotheses (see, e.g., [1,10,26]). In consequence, many alternative
models weakening some original axioms have been proposed (see [38] for a review). In this context, it is worth mentioning the
work on ambiguity as a source of uncertainty [29]. Furthermore, Greco, Matarazzo, and Stowinski [16] proposed an approach
to decision under uncertainty based on stochastic dominance, which is the weakest assumption possible. They adapted for this
their Dominance-based Rough Set Approach (DRSA) [14], which extends the rough set concept introduced by Pawlak [30] by
handling ambiguity caused by violation of dominance (for some recent advances in DRSA, see, e.g., [22,28,36,39,40,45]).

In the approach presented in [16], the decision under uncertainty is formulated in terms of a multi-attribute classification
problem. The set of classified objects is the set of acts and the set of condition attributes describing the acts is the set of prob-
abilities derived from an additive probability distribution defined over disjoint and exhaustive states of the world. The method
expects the DM to assign a small subset of acts, called reference acts, to some pre-defined classes of overall quality. Precisely, each
assignment of a reference act to a quality class is a classification example characterized by the outcomes for a finite set of given
probabilities (condition attributes), and by the assignment to one of several classes of overall quality (decision attribute). The set
of classification examples constitutes preference information conditioned by the value system of the DM. Such classification data
is structured using DRSA, and then a set of decision rules is induced. These rules explain the preferences of the DM in terms of
conditions on values of outcomes for particular probabilities, that ensure assignment of reference acts to the so-called upward
union or downward union of classes. A set of rules covering the classification examples constitutes a preference model of the DM.
It is subsequently used to classify the non-reference acts. An intuitive principle which guides this approach can be formulated as
follows: “the more and the more probable, the better”.

When applying DRSA to decision under uncertainty in the way suggested in [16], one needs to be aware of an important lim-
itation of this approach. When classifying the non-reference acts, the authors of [ 16] use just a single set of rules. However, such
representation of the DM preferences is not unique, because, in general, there may exist many sets of rules that are compatible
with the provided preference information. Thus, choosing among them is to a large extent arbitrary. Moreover, when applied
on the non-reference acts, different sets of rules may suggest different class assignments for the same acts. As explained in [6],
existence of alternative instances of a preference model - all of them being compatible with the input preference information -
requires robustness analysis of the recommendations delivered by all these instances.

Addressing the above mentioned drawback, we proposed a two-fold revision of DRSA to decision under uncertainty [37].
On the one hand, we considered all minimal-cover sets of rules as compatible instances of the preference model. Adopting this
strategy, we avoided arbitrary selection of one among many sets of rules which reproduce equally well the provided preference
information (classification examples). On the other hand, we investigated the diversity of the recommendations suggested by
these sets by producing two types of assignment for each act. The possible assignment holds if and only if it is confirmed by
at least one compatible minimal-cover set of rules, whereas the necessary assignment needs to be supported by all minimal-
cover sets of rules. In this way, we adapted a more general principle of Robust Ordinal Regression (ROR) [6] to decision under
uncertainty formulated as a multi-attribute classification problem. The aim of this paper is to extend this approach by proposing
some advanced methods for robustness analysis in the context of decision under uncertainty (for other applications of ROR to
ordinal classification (sorting) problems, see [18,24,25]).

First, we adapt an integrated framework for robustness analysis in multiple criteria sorting problem [20] to DRSA. Thus, when
investigating the stability of the delivered recommendation, apart from considering class assignments for each act individually,
we take into account two other perspectives. On the one hand, we refer to the assignment-based preference relation which holds
for an ordered pair of acts if one of them is assigned to a class at least as good as the other [13,24]. Such a relation is called
an assignment-based outranking relation. On the other hand, we compute cardinalities of the quality classes. The basic analysis
consists in considering the necessary, possible, or extreme outcomes. However, since all compatible minimal-cover sets of rules
are known, we are able to compute the assignment-based outranking indices or class cardinality indices defined as the shares
of compatible minimal-cover sets of rules which confirm some classification result. Overall, the DM may observe the impact of
her/his preference information on the recommendation concerning not only the whole set of acts, but also all pairs of acts and
all quality classes.

Second, we exploit the results of robustness analysis to construct a univocal recommendation that would suggest assign-
ment of each act to a single class. For this purpose, we analyze the cumulative class acceptability indices reflecting the shares
of minimal-cover sets of rules that assign an act to each class. A natural proposal consists in selecting for each act a class with
the maximal acceptability. However, we extend this basic proposal by accounting for additional types of indirect and imprecise
preference information to be taken into account when constructing a univocal recommendation. These are desired class cardinal-
ities and assignment-based pairwise comparisons. The former specify the minimal and/or maximal number of acts that can be
assigned to each class [23], while the latter indicate imprecise comparison between desired classes for pairs of acts, but without
specifying any concrete classes [20]. Note that the proposed procedure is more general, being independent of the method used
for robustness analysis. Thus, it is equally desirable for use with some value- [24] or outranking-based [41] stochastic approaches
to Multiple Criteria Decision Aiding (MCDA).

Third, we extend DRSA for decision under uncertainty to group decision [4,15]. In this approach, each DM provides her/his
individual preference information. Then, the collective results account for the robustness analysis conducted for each DM
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individually. In this way, we avoid discussions of DMs on technical parameters, providing instead a set of indicators and out-
comes that inform to what extent a group of DMs agrees or disagrees about the assignment of particular acts. These results can
be used by an analyst for organizing a discussion focused on reaching an agreement between the DMs.

Fourth, the approach proposed in [37] is based on considering all minimal-cover sets of rules compatible with the DM'’s
preferences. We show how it can be extended to construct all satisfactory sets of decision rules which are consistent with some
user’s requirements. These may concern, e.g., the minimal support of rules, non-redundant covering of a set of reference acts, or
the maximal number of condition attributes to be used in the set of rules.

Finally, although the work in [37] referred only to an additive probability distribution defined over events (i.e., subsets of
states of the world), we show that it can be used together with a non-additive probability distribution, or even a probability
with an ordinal qualitative scale. This advantage derives from the intrinsic feature of DRSA which takes into account the ordinal
properties of a probability only.

The paper is organized as follows. Section 2 recalls basics of DRSA for decision under uncertainty. Section 3 describes how
decision aiding can be performed with the proposed approach. Then, we recall the algorithms for generating all compatible rules
and all compatible minimal-cover sets of rules in Sections 4 and 5, respectively. We also discuss how to generate satisfactory
rules and satisfactory sets of rules. Section 6 is devoted to an integrated framework for robustness analysis. In Section 7, we
discuss procedures for constructing a univocal classification while taking into account the robustness concern and additional
indirect preference information. Section 8 is devoted to group decision under uncertainty. Section 9 concludes the paper.

2. Dominance-based rough set approach for decision under uncertainty

Following [16] and [37], we use the following notation:

o afinite set S = {s1,s;. ..., sy} of states of the world, or simply states, which are disjoint and exhaustive;
e an event W corresponding to a subset of states, W C S;
e an a priori probability distribution P over S: more precisely; the probabilities of states sy, s, ..., s, are given by py, pa. ...,

pu, respectively, p1 +pa+---+pu=1,p;>0,i=1,...,u;
[T is a set of all different probabilities of the events;

e a set A={ay, ay, ..., ap} of all considered acts, and a set AR c A of reference acts, for which the DM expresses desired
assignments (decision examples);
e a set X={xq, X, ..., x;} of possible outcomes; for the sake of simplicity, we assume they are expressed in the monetary

terms (X € R);

a function g: A x S — X assigning to each pair act-state (a;, s;) € A x S an outcome ¥ € X;

a set of quality classes Cl = {Cly, Cl,, ..., Cl}, such that Cl UCL U...UCl, = AR, Cl,nClg = ¢ foreachr,q e H =(1, ..., n}
with r # g; the classes from Cl are preference-ordered according to the increasing order of their indices;

+ afunction e: AR — Cl assigning each act a; € AR to a quality class Cl; € CL

The rest of notation used throughout the paper is summarized in Appendix A. In what follows, we recall the basic concepts of
DRSA for decision under uncertainty.

Stochastic dominance. The sole information coming out from the analysis of the outcomes attained by the acts in multiple states
of the world is the stochastic dominance relation. When considering acts ap, aq € A, a, stochastically dominates ag if for each
outcome x € X, a, gives an outcome at least as good as x with a probability at least as great as the probability that a4 gives the
same outcome [27,32,44], i.e., for all x € X,

P[S(ap, )] = P[S(ag, )], (1)
where, for each (a;, X) € A x X, S(a;, X) = {sj € S: g(a;, 5;) = x}.
Probability distribution over events. On the basis of P, we can assign to each subset of states W < S, which corresponds to an

event, the probability (W) that one of the states in W is verified, i.e., (W) ZZi:sieW p;, and then we can build up the set IT of all
possible values P(W), i.e.:

M={me[0,1]: T =P(W), W CS}. (2)

Probability of yielding a given outcome by an act. Let us define the following functions z: A x S — ITand z’: A x S — II assigning
to each act-state pair (a;, 5j) € A x S a probability 7 € I, as follows:

z(ay, 5]‘) = Z pr and Z/(a,', Sj) = Z Dr. 3)
r:g(a;,sr)=8(a;,s;) r:g(a;,sr)<g(a;s;)

Therefore, z(a;, 5;) (Z'(a;, 5;)) represents the probability of obtaining an outcome whose value is at least (at most) g(a;, s;) by act a;.
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On the basis of functions z(a;, s;) and Z'(a;, 5;), we can define functions, respectively, p: A x IT — X and p": A x IT — X, as
follows:
pa,m)= max {ga,s;)} and p'(a,7)= min {g(a;s)} (4)
jiz(a.s5)=m jiz(ap.s))=m
Thus, p(a;, 7) = x (p'(a;, w) = x) means that the outcome got by act g; is greater (smaller) than or equal to x with a probability
at least r. As observed in [16], information given by p(a;, ) and p/(q;, ) is related such that for all a; € A and i1y, 7y € I

p(a, 7)) = p'(a, 1 —7(j_1)), (5)

where the probabilities 77(;_y, 77, are two consecutive probabilities from an increasing order of all probabilities from IT, i.e.,
7T(j—1) < 7(j)- This implies that the analysis of the possible decisions can be equivalently conducted using either p(a;, ) or
p'(a, ).

Therefore, in the context of stochastic acts, if we need to express an outcome in positive terms, we refer to p(a, i) giving a
lower bound of an outcome (“for act a there is a probability 7 to gain at least p(a, 7)"), while if we need to express an outcome
in negative terms, we refer to p’(a, ) giving an upper bound of an outcome (“for act a there is a probability 7 to gain at most
p'(a, ).

Given ap, aq € A, ap stochastically dominates aq if and only if p(ap, w) > p(aq, ) for each 7w € IT. This is equivalent to say: given
ap, aq € A, ap stochastically dominates aq if and only if p’(ap, ) > p’(aq, ) for each 7w € I1.

Decision under uncertainty as a multi-attribute classification problem. The above considerations lead us to formulation of the
decision under uncertainty in terms of a multi-attribute classification problem, where the set of objects to be classified is the set
of acts A described by the set of condition attributes specifying the outcomes p(q;, 7) (or p’(a;, 7)) for all v € IT. The set X is a
value set of the condition attributes.

Classification examples. The classification (assignment) examples concerning the reference acts AR c A constitute the DM’s pref-
erence information considered in the context of decision under uncertainty. Formally, they are presented as an information table
whose rows correspond to the reference acts belonging to set AR, and columns correspond to the condition attributes from set IT,
and to the decision attribute cl assigning the acts from AR to the classes from Cl. The assignment of acts to classes is made by the
DM who is expressing in this way her/his preferences on a set of reference acts. The entries of the information table are values of
an information function: fla;, 7) = p(a;, 7) and fla;, cl)=e(q;). Let us observe that due to the above stated equivalence, one can
consider alternatively an information function f'(a;, ) = p/(a;, 7w ) and f'(a;. cl) = e(a;).

Rough approximations of the class unions. The stochastic dominance principle says that act a;, whose outcomes are not worse
than outcomes of act g; for the corresponding probabilities (g; stochastically dominates g;), should not be assigned to a worse
quality class than g;. To handle ambiguity caused by violation of the stochastic dominance, we structure the classification data

using DRSA. In DRSA, we are approximating the upward CI7 = | Cls and downward CIF = |J Cls, unions of classes, t = 1,...,n,
s>t s<t

using dominance cones defined under the condition attribute space for any subset of condition attributes ® < IT. The fact that

act ap stochastically dominates act ag with respect to © < I (i.e., p(ap, ) > p(aq, ) for each 7 € ©) is denoted by xDgy. Given

©® C I and q; € AR, the cones of dominance are:

» aset of acts dominating g;: D{ (a;) = {a; € AR a;jDga;};
« aset of acts dominated by a;: Dg (a;) = {a; € AR 1 q;Dga;}.

With respect to © C T1, the set of all acts belonging to CI7 (CIF) without any ambiguity constitutes the ®-lower approxi-
mation of CIf (CIF), denoted by ©(CI7) (©(CL7)), and the set of all acts that could belong to CIF (CIf) constitutes the @-upper
approximation of CIf (CIF), denoted by ©(CI7) (O(CIY)), ie,fort =1,...,n:

O(ClF) ={aeA®: Df(a) cCl7} and O(CIY) = {a € A*: Dg(a) < CI7}.
O(Cl7) ={aeA®: Dg(a) nCl7 # ¢} and O(CIY) = {a € A" : D (a) NCI7 # ).

For definitions of the ®-boundaries, quality of approximation, reducts, and core, see [16,37].

Illustrative study: formulation of the decision problem and structuring the classification examples with DRSA. The following example
illustrates the approach. Let us consider:

e asetS = {sq,s,,s3} of states of the world;

e an a priori probability distribution P over S defined as follows: p; = 0.20, p, = 0.35, p3 = 0.45;

e asetA={ay,...,ax)} ofacts, and a set of reference acts AR = {ay, ay, a3, a7, a3, asg};

e asetX = {0, 5,10, 15, 20, 25, 30} of possible outcomes;

e aset of quality classes ClI = {Cl;,Cl,, Cl3}, where Cl; is the set of bad acts, Cl, is the set of medium acts, and Cl5 is the set of
good acts;
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Table 1
(a) Acts, consequences, and assignment to classes from CI by the DM. (b) Acts, values of function p(a;, 7 ) and assignment to classes from Cl.
Part (a) Part (b)
S1 S2 S3

pj 0.20 0.35 045 pla;, ) 0.20 0.35 0.45 0.55 0.65 0.80 1.00
a 30 10 25 good (3) a 30 25 25 25 25 10 10 3
a 0 10 20 bad (1) a 20 20 20 10 0 0 0 1
as 5 30 20 good (3) as 30 30 20 20 20 20 5 3
a4 15 5 20 - ag 20 20 20 15 15 5 5 -
as 5 15 20 - as 20 20 20 15 15 15 5 -
ag 30 15 10 - ag 30 15 15 15 10 10 10 -
az 5 20 10 bad (1) az 20 20 10 10 10 10 5 1
ag 20 0 15 - ag 20 15 15 15 15 0 0 -
ag 20 5 0 - ay 20 5 5 5 0 0 0 -
ayo 10 20 30 - ayo 30 30 30 20 20 20 10 -
ay 15 0 20 - an 20 20 20 15 15 0 0 -
ap, 30 10 10 - ap 30 10 10 10 10 10 10 -
ags 10 10 20 medium (2) ag 20 20 20 10 10 10 10 2
ay4 0 15 25 - (14 20 20 20 15 0 0 0 -
a;s 30 10 30 - a5 30 30 30 30 30 10 10 -
ase 0 15 25 - a6 25 25 25 15 15 15 0 -
a;; 20 10 30 - arp 30 30 30 20 20 10 10 -
a3 5 10 30 medium (2)  ag 30 30 30 10 10 10 5 2
ayg 0 10 30 - a9 30 30 30 10 10 10 0 -
o 15 30 25 - o 30 30 25 25 25 25 15 -

« afunctiong: A x S — X assigning to each act-state pair (a;, s;) € A x S an outcome x € X, and a functione : AR 5 Classigning
each reference act a; € AR to class Cl; e 1, presented in Table 1(a).

Table 1(b) shows the values of function p(a;, 7r), when using an additive probability distribution P. Let us provide some
examples of the interpretation of the values in this table. Considering the row of act a;, we have that by act a; the value 30 (25)
in the column corresponding to 0.20 (0.35) means that the outcome is at least 30 (25) with probability 7 being at least 0.20
(0.35). In the column corresponding to probability 7 = 0.65, the value of 20 (15) relative to a3 (a4) means that by act az (a4) the
outcome is at least 20 (15) with probability 7z being at least 0.65.

In this information table there is no ambiguity due to violation of the stochastic dominance, so it is consistent. As a result of
applying DRSA, the lower and upper approximations of upward and downward unions of classes are equal to:

T(CI5) = TI(Cl;) = {a, a3}, I1(C5) = TI(CL5) = {as3, ass. a3, as},
T(CI5) =TI(CE) = {az. a7}, I(CI5) = TI(CL5) = {as3. azs. az. az}.

Extension to a non-additive probability distribution. Since DRSA takes into account only the ordinal properties of the probability
over S, an additive probability P can be replaced by a probability P" which is a monotonically increasing transformation of P [16],
thatis, forall R, T C S, P(R) > P(T) if and only if P’(R) > P'(T). In our illustrative study, such probability defined for the events needs
to respect, example, the following requirement:

0.45 =P'({s3}) < P'({s1.52}) < P'({s1.53}) < P'({s2.53}) < P'({s1.52,53}) = 1.

Note that the probability measure P’ admits that P’(R) +P'(T) # P'(RUT) in case RNT = ¢, and therefore P’ is not necessarily
additive.

Furthermore, probability P’ may also be defined on an ordinal qualitative scale (e.g., {impossible, little probable, ..., strongly
probable, certain}) if for all R, T S, P(R) > P(T) if and only if P(R)=P'(T), where & is the order relation of the qualitative scale,
read as “at least as probable as”, e.g., certain > strongly probable & ... = little probable = impossible. When replacing P with P/,
the rough approximations of quality class unions remain the same. As a result, the rules generated from these approximations
need to be just suitably recoded in terms of using P’ rather than P.

Let us also note that due to the intrinsic characteristic of DRSA our approach takes into account only ordinal properties of the
outcomes. Thus, it can handle ordinal qualitative scales of the outcomes, e.g., {none, very low, low, medium low, medium high,
high, very high} instead of {0, 5, 10, 15, 20, 25, 30}.

3. Decision aiding with the proposed approach

The decision under uncertainty formulated as a multi-attribute classification problem can be assisted through the process
illustrated in Fig. 1. It begins with problem statement in Step 1. This requires specification of a set of acts A, a set of states of
the world S, a priori probability distribution P over S, and a set of quality classes CI. The set of acts A is described by the set of
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|

: Set of acts A [ Set S of states of the world ] [ Set X of possible outcomes ]
| I }

| | A priori probability distribution P over S ] :‘ Function g: AXS — X assigning an outcome
|
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|

|

|

| (subsets of states W < S) Function z: AxS — II assigning to each act-state pair

| Set I of all possible values P(W) a probability of obtaining a given outcome

|

|
|
|
|

i
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|

|

|~ 1 STRUCTURING  of downward and upward class unions
|

PREFERENCE Construction of all (satisfactory) minimal-cover sets of minimal (satisfactory) rules

|
STEP 4
MODEL from the lower approximations of downward and upward class unions :

BUILD RECOMMENDATION

Robustness analysis

a) class assignments: the possible and necessary assignments and class acceptability indices
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pairwise outranking indices
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|
|
|
|
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:
|
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Y
|
|
|
|
|
|
|

Construction of a univocal recommendation

| Additional preference information: I [ Construction of a univocal sorting

a) desired class cardinalities |—>: recommendation using Mixed-Integer

| '\ b) assignment-based pairwise comaprisons || Linear Programming
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|

| .

| NO Is the current recommendation YES
| decisive enough?

|

|
|
STOP | STEP6
|
________________________________________________ |

Fig. 1. Decision aiding process for the proposed approach.

condition attributes specifying the outcomes for all states of the world S and for all possible probabilities of the events (i.e., the
subsets of states).

Then, in Step 2 the DM provides assignment examples for a small subset of reference acts (see Section 2). In the following step,
these examples are structured using the lower and upper approximations of downward and upward class unions (see Section 2).
In case of inconsistency (i.e., when ®-boundary for at least one class union is non-empty), the DM may revise her/his preference
information or decide to continue the analysis.

In Step 4, we construct a set of all minimal-cover sets of rules. First, we generate all minimal decision rules from the lower
approximations of class unions (see Section 4). Then, exploiting these rules, we find all minimal covers for the reference acts
having a class assignment, using Integer Linear Programming (ILP) (see Section 5). At both stages it is possible to account for the
DM’s requirements so as to generate only satisfactory rules or sets of rules.
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In Step 5, we build a recommendation in terms of classification (sorting) of all acts from set A. First, we analyze its ro-
bustness referring to all minimal-cover sets of rules (see Section 6). We account for the three perspectives: class assignments,
assignment-based preference relations, and class cardinalities. On the one hand, for each of these perspectives, we derive the
robust results with Linear Programming (LP) techniques, and we quantify them in terms of possible, necessary, and extreme
results. On the other hand, we provide the acceptability indices reflecting the shares of minimal-cover sets of rules that confirm
some classification result.

Apart from investigating the certainty of delivered recommendation, we construct a univocal assignment for each act by ex-
ploiting the outcomes of robustness analysis (see Section 7). Precisely, we assume that an act should be assigned to the class
which is indicated by the greatest share of minimal-cover sets of rules. At this stage it is possible to account for two additional
forms of DM’s preference information: desired class cardinalities and assignment-based pairwise comparisons. The recommen-
dation being consistent with these requirements is constructed using Mixed-Integer Linear Programming (MILP).

All provided results are verified in Step 6. If the DM is satisfied with the recommendation, the process ends. Otherwise, (s)he
should revise or enrich the assignment examples provided in Step 2 or other forms of preference information given in Step 5.

The approach can be also used withing a group decision setting. In Section 8, we discuss some indicators that may be com-
puted to inform a group of DMs about the space of disagreement with respect to the classification of all acts. These outcomes
may be used to support a consensus reaching process.

4. Generating all compatible minimal rules

The dominance-based rough approximations of upward and downward unions of classes serve to induce a generalized de-
scription of the reference acts in terms of “if ..., then ... ” decision rules. The main advantage of using rules over a utility function
in the context of decision under uncertainty is that rules form a transparent link between the input preference information and
the recommendation at the output, thus, discovering the conditions that drive DM’s decision. Indeed, each rule can be interpreted
as an easily understandable scenario putting together some elementary conditions (outcomes obtained with given probabilities)
and a consequent (class assignment). Moreover, rules represent more complex interactions than a usual additive utility function,
and perform non-compensatory aggregation of condition attributes [35].

In what follows, we focus on certain decision rules induced from the set of consistent reference acts. An act a € AR is consistent
with respect to the upward union CI7, t = 2, ..., n, if a belongs to the lower approximation of CI7. Analogously, an act a € AR is
consistent with respect to the downward union CI7, t =1,...,n — 1, if a belongs to the lower approximation of CI. For a given
upward or downward union of classes, CI7 or CIZ, the decision rules induced under a hypothesis that the reference acts belonging
to I1(CI7 ) or I1(CIZ ) are positive and all the other reference acts are negative, suggest a certain assignment to “at least class Cl;”
or to “at most class Cl;”, respectively. The syntax of decision rules obtained from DRSA is the following:

e D.-decision rules: if p(a;, wp1) > Xy and, ..., and p(a;, Ty,) > Xy, theng; € CIF,
where 7wy, ..., T, e L, Xpq, ..., Xy, eX,and t e {2, ..., n};
for example, when considering rule riz provided in Table 2:

r, = if p(a;, 0.45) > 20 and p(a;, 0.65) > 10, then g;  Cl5,

its interpretation is as follows: “if by act a; the outcome is at least 20 with probability at least 0.45, and the outcome is at
least 10 with probability at least 0.65, then g; is assigned to at least class Cl,";
e D_-decision rules: if p’(a;, ppy) <xpy and, ..., and p/(a;, pp;) < Xp,, then a; € CIZ,
where wpy, ..., Ty € I Xpq, ..., X, € X,and t e {1, ..., n—1};
for example, when considering rule r-L provided in Table 2:

3

<1 =

if p’(a;,0.80) < 20 and p’(a;,0.20) < 5, thena e CI,

its interpretation is as follows: “if by act a; the outcome is at most 20 with probability at least 0.80, and the outcome is at
most 5 with probability at least 0.20, then g; is assigned to class at most Cl;”.

Let us observe that, due to the equivalence stated in Section 2, all above decision rules can be expressed equivalently in terms
of values of p(a;, ) or p’(a;, ) [16]. Nevertheless, the above proposed syntax with D -decision rules expressed in terms of p(a;,
), and D-decision rules expressed in terms of p’(a;, 77), is more natural and meaningful.

In the following, we characterize an algorithm which generates all certain decision rules for IT1(CI7), t = 2, ..., n. The algo-
rithm for [1(CIF). t = 1,...,n — 1, can be formulated analogously. We focus on induction of “mix of conditions” rules, which are
possibly founded by multiple reference acts. The detailed formulation of the referred algorithms can be found in [22].

In the first phase, we generate a set of elementary conditions C; to be used in the construction of decision rules. This set
is composed of conditions in form p(a, 7)) > X, such that there exists a; € II(CI?) : p(a;, m,) = Xp,. In the second phase, we
generate a set of conjunctions of elementary conditions which cover at least one reference act from IT(CI7). It is an iterative
process in which conjunctions of size k + 1 are constructed from conjunctions of size k. Precisely, each conjunction of size k + 1
is obtained by merging a pair of conjunctions of size k which contain the same k — 1 conditions, thus, differing by just a single
elementary condition. These differentiating conditions need to concern different attributes. This procedure is repeated as long
as it is possible to obtain conjunctions of a particular size. At each stage, we neglect conjunctions of size k with negative support
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Table 2
All compatible certain minimal rules.
Symbol  Rule Supporting acts
r, if p(a;, 1.00) > 10, then g; € Cl5 {a1, a3}
2, if p(a;, 0.55) > 20, then g; € Cl5 {ai, a3}
2, if p(a;, 0.35) > 25, then g; € Cl5 {ar, a3, asg}
(e if p(a;, 0.20) > 30, then g; € Cl5 {a1, a3, ass}
r, if p(a;, 0.45) > 20, and p(a;, 0.65) > 10, then q; € Cl5 {a1, a3, ay2, ays)}
, if p(a;, 0.45) = 20, and p(a;, 1.00) > 5, then q; € Cl5 {as, ass}
ry if p(a;, 0.55) > 20, then g; € CI5 {a1, a3}
2y if p(a;, 0.20) = 30, and p(a;, 1.00) > 10, then q; € CI5 {a1}
3y if p(a;, 0.35) > 25 and p(a;, 1.00) > 10, then g; € CI5 {a}
L if p(a;, 1.00) < 0 (p’(a;, 0.20) < 0), then q; € CI; {ax}
2 if p(a;, 0.45) < 10 (p’(a;, 0.65) < 10), then q; € Cl; {a;}
r; if p(a;, 0.35) < 20 (p’(a;, 0.80) < 20) and p(a;, 1.00) < 5 (p’(a;, 0.20) < 5),
then g; € CI5 {az2, a7}
f;] if p(a;, 0.45) < 20 (p’(a;, 0.65) < 20) and p(a;, 0.80) < 10 (p'(a;, 0.35) < 10)
and p(a;, 1.00) < 5 (p’(a;, 0.20) < 5), then q; € CIf {as, a;}
rl, if p(a;, 1.00) < 0 (p'(a;, 0.20) < 0), then q; € Cl5 {ax}
2, if p(a;, 0.35) < 10 (o' (a;, 0.80) < 10), then a; e Cl5 {az, az, ay3, asg}
r, if p(a;, 0.35) < 20 (p'(a;, 0.80) < 20), then q; € Cl5 {az, a7, as3}
r‘éz if p(a;, 0.45) < 20 (p’(a;, 0.65) < 20) and p(a;, 0.80) < 10 (p'(a;, 0.35) < 10),
then g; e Cl5 (a2, a7, a13}
riz if p(a;, 0.80) < 10 (p’(a;, 0.35) < 10) and p(a;, 1.00) < 5 (p'(a;, 0.20) < 5),
then g; € CI5 {az, a7, a5}

equal to 0, since they already contain all conditions necessary to discriminate positive and negative examples. Moreover, the set
Cy,1 of conjunctions of size k + 1 contains only these conjunctions whose positive support is greater than 0.

After generating all possible conjunctions of elementary conditions covering at least one reference act from I1(CI7), we elim-
inate conjunctions covering any negative example from AR \ IT(CI7). Subsequently, we remove the conjunctions of conditions
which are not minimal, i.e., such that there exists some other conjunction:

o using a subset of elementary conditions and/or weaker elementary conditions; for example, when considering two rules,
1 = if p(a;, 0.65) > 15, then a; € CI5, and 12 = if p(a;, 0.65) > 25, then a; € CI5, r1 is minimal among them, because it
uses a weaker elementary condition than r2 (outcome 15 against 25);
 requiring in all elementary conditions the same cumulated outcome with less probability; for example, when considering
two rules, 14 = if p(a;, 0.55) > 20, then g; € Cl33, and r5 = if p(a;, 0.8) > 20, then g; € Cl;, r4 is minimal among them,
because it requires a cumulated outcome to be at least 20, but with less probability, 0.55 against 0.8.

Thus filtered, the remained conjunctions are used to construct the rules with a consequent: a; € CIZ. Let us denote by R%l(af)

(R%l(af)) the set of all compatible minimal rules induced from IT(CI7) (IT(CI7)). Note that all compatible minimal rules are
covering all consistent reference acts from the information table. In other words, they are supported by all classification examples

being consistent with the stochastic dominance principle.

Illustrative study: all compatible minimal rules. A set of all minimal decision rules induced from the lower approximations of
quality class unions is provided in Table 2. There are 18 certain rules overall (9 rules for both the upward and downward class
unions). When it comes to the number of elementary conditions, there are 10 rules with just a single condition, 7 rules with two
conditions, and just a single rule with three elementary conditions. For each rule, we provide a subset of reference acts which
are covered by it. This information will be used by an algorithm discussed in Section 5 to generate all minimal-cover sets of
rules.

Satisfactory minimal rules. The algorithm presented in this section can be adapted to induce all minimal rules Raﬂu(af_ ) that satisfy
some pre-defined requirements. For example, we can account for the following requirements:

o the minimal support su p"“" of each rule, by generating only these conjunctions of elementary conditions which cover at
least su p”l’" reference acts (instead of at least one) in IT(CI?);
o the max1ma1 1'[""1" number of probabilities involved in the rule (i.e., the maximal length of each rule), by stopping an

iterative process once generated conjunctions are of size [T,
t
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Table 3
All minimal-cover sets of rules for the lower approximations of class unions.
Minimal-cover sets of rules Minimal-cover sets of rules
T(Cl;) T(Cl7)
Ronre * {2 irly 2o b iy o b 0 Sy R {r2 ) rt 1 {rky )
T1(Cl5) TI(CLy)
Rmrc ’ {rlzg} Rmrc ’ {rzz} {T <2 r52}' { <27 22}

5. Generating all compatible minimal-cover sets of rules

A set of certain decision rules is minimal-cover if and only if it is complete, i.e., it is able to cover all reference acts, and non-
redundant, i.e., exclusion of any rule from this set makes it non-complete. Finding a minimal set of rules covering the reference
acts from I1(CI7) (I1(CI7)) is analogous to solving the minimum set covering problem. Thus, as noted in [22], a minimal-cover
set of rules can be constructed using ILP (without loss of generality, we focus on IT(CI7)):

Minimize : fo= Y v(r), (6)
ﬂ(a )
7Zall

s.t.

2t coverin a; v(r) = 1, forallg; e AR
k s Emmzmal
v(r) € {0,1}, forall r, e R,

Ifv(r,) = 1, ry. is included in the set of rules covering all reference acts from I1(CI7) in iterationw = 1, 2, ... The optimal solution

)

of the above ILP (denoted with *; e.g., fy;, and [v(r)*, 1 € R, * ']) indicates one of the minimal-cover sets of rules:

T(ciz)

R l'I(CI )

={rv e Ry, . suchthat v(r,)* = 1}. (7)

Other sets can be identified by adding the constraints that forbid finding again the solutions which have been already identified
in optimizations conducted in the previous iterations (w,w —1,w—2,...,1):

S v < fy-1. (8)
e ,Rﬂ(Cl )

Let us denote by R%r(flf) (R%r(flf)) all minimal-cover sets of rules for I1(CIZ) (I1(CI7)). All compatible minimal-cover sets of rules

RA® are formed by the following product:

T(ce al(eF hil(eR Tz )
RAR = 7zmr(c 2 X... X 7?'Er(cc ) Rmr(c ) X Ripre ™! (9)

. - . (i (Cls
When computing each minimal-cover set of rules belonging to RA", we should eliminate decision rules from Rgr(c ) or R;r(c 0

with a consequent having at least the same strength (i.e., rules assigning objects to the same union or sub-union of classes) as
. () ﬂ(Cl<) R .
some other rules from, respectively Ry, ", h > t, or R, *", h < t. For example, when considering two rules, 16 = if p(a;,

0.65) > 20, then q; € Cl33, and 17 = if p(a;, 0.65) > 20, then g; € Clzz, r6 is minimal among them, because it suggests a stronger
conclusion than r7, while using the same elementary condition.

Illustrative study: all minimal-cover sets of rules. All minimal-cover sets of rules for the lower approximation of each class union

are presented in Table 3. In particular, there are four minimal-cover sets of rules for the reference acts from Q(Clzz), three sets

of rules for IT1(Cl5) and IT(CI;), and a unique way of covering all reference acts from Q(le). Combination of these minimal

rule covers leads to 36 (=4 x 1 x 3 x 3) compatible minimal-cover sets of minimal rules RA" which reproduce the consistent

assignment examples provided by the DM. As a result, the number of rules in each of the sets is between four (e.g., {riz, rl3, ril,
r,})and seven (e.g., {rl,, r3,, 15, 1l 12 13, 15, )).

Satisfactory minimal-cover sets of rules. The algorithm presented in this section can be adapted to generate all minimal-cover
sets of rules R%r(cc ') that satisfy some additional requirements. For example, one can account for the following requirements by
adding the constraints presented below to Eminimal .

o the minimal Ng}i" and maximal Ngﬂ" number of rules:
min
No s ) mes NG (10)

T(Cl7)
rkeRa“
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e the minimal H'C"llz” and maximal e number of probabilities (attributes) involved in the rules:
t t

min . max . i i T(Cly)
chﬁ < Y gen V() < Ha; , V(1) = 1y, for each 7r; involved inr € R ™7, (1)

v(m;) € {0, 1}, forall 7r; € IT,

where v(7;) is a 0-1 variable associated with using an elementary condition involving 7r; € IT; it is instantiated with 1,
once some rule r; referring to 7r; has been included in the minimal-cover set of rules; otherwise it gets a 0 value;
+ the maximal T/ number of rules that can be used to cover each reference act (if T =1, each reference act can be
t

covered by a single rule only, which means that there is no redundancy with respect to covering of reference acts by the
selected rules):
Y e =TH™, forallg; e A% (12)
t
1}, covering a;

Note that some other requirements, e.g., concerning a number of rules used in each R e RA% | an average rule length, or an
average rule strength, cannot be satisfied at the phase of construction of minimal-cover sets of rules. Nevertheless, they can be
accounted a posteriori, i.e., once all minimal-cover sets of rules are generated.

6. Robustness analysis

Each set of rules covering classification examples constitutes a single instance of the DM’s preference model, and can be used
to evaluate the non-reference acts A\AR (see Step 5 of the proposed approach). We apply the following sorting method [3,22].
Let us denote by [® (u™) the lowest (highest) class of the intersection of suggested unions by all D~ - (D<-) decision rules in R
covering a. If I and/or u® are undefined or I* < u®, then a sorting procedure driven by a compatible set of rules R assigns an
acta € Ato an interval of classes [Cl;z (). Clgr (o) ] such that

e LR(a) = IR, if [? is defined, and L® (a) = 1, otherwise;
e RR(a) = u®, if u® is defined, and R® (a) = n, otherwise.

In case of inconsistency (i.e., if u® < [?), act a is left without recommendation (i.e., the procedure indicates an empty set ¢ of
classes).

6.1. Class assignments

Since all compatible minimal-cover sets of rules are known, for each range of contiguous classes [Cly, , Cly 1. ..., Cl, ], with

1 < h; < hg < n, we can define class range acceptability index CAI(a, [hy, hg]) as the share of compatible sets of rules R RAR
that assign act a precisely to the range of classes [Cl , Cly i1, ..., Cly,]. We can also compute the share of R € RA" for which
Cly, is within [Clir g), ..., Clgr(q)]. i.e., the share of compatible sets of rules that either precisely or imprecisely assign a to Cly.
Following [24], let us call such a share the cumulative class acceptability index CuCAI(a, h).

Note that if CuCAI(a, h) > 0, then a is possibly assigned to Cl, (let us denote it by h € Cp(a), and the extreme possible classes
by Lp(a) and Rp(a)), because there exists at least one compatible set of rules assigning a to Cl,. If CuCAI(a, h) = 1, a is necessarily
assigned to Cly, because all compatible sets of rules assign a to Cl, (then h € Cy(a)).

Illustrative study: class assignments. The class acceptability indices as well as the necessary and possible assignments are pre-
sented in Table 4. For the six reference acts (a4, a,, as, az, a3, a;g) all compatible minimal-cover sets of rules reproduce the as-
signments provided by the DM. Thus, the necessary and possible assignments for these acts are non-empty and precise. Another
seven non-reference acts {ag, dg, a1g, d14, d15, 417, dzg} are assigned precisely to a single class with all compatible minimal-cover
sets of rules. There is also one act (ag) for which the possible assignment is imprecise, although the necessary one is non-empty.
This means that with some minimal-cover sets of rules ag is assigned to [Cl{, Cl;], while with the remaining ones to Cl, only.
As a result, Cp(ag) = [Cl1, Cly] and Cy(ag) = Cl,. For the remaining six non-reference acts, the necessary assignment is empty
and the possible assignment is imprecise. This means that there is no agreement with respect to the recommendation between
all compatible minimal-cover sets of rules. Three among these acts are possibly assigned to two consecutive classes, while the
remaining three ones are assigned to any class between Cl; and Cl3 depending on the choice of the compatible minimal-cover
set of rules. Moreover, for these acts some minimal-cover sets of rules indicate ¢, i.e., no assignment.

When it comes to the class acceptability indices, thirteen acts that are necessarily assigned to some class have the respec-
tive CuCAI equal to 100%. In general, for acts with imprecise possible assignments, we can analyze CAI and CuCAI to identify a
recommendation suggested by most of compatible minimal-cover sets of rules. For a1, 75% of compatible sets of rules suggest
Cly, while Cl, is the most prevailing recommendation for a;9. On the other hand, for some other acts the shares of compatible
minimal-cover sets of rules indicating different assignments are the same or close to each other. In particular, for as, more than
10% of compatible sets of rules suggest six different recommendations, ranging from precise assignments to Cl; or Cl,, through
imprecise indication of a set of two or three consecutive classes, to an empty set.
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Table 4
Class acceptability indices (CAI), cumulative class acceptability indices (CuCAI), and possible Cp and necessary Cy assignments.
Act  CAI CuCAI Assignments
1-1 1-2 1-3 2-2 2-3 3-3 ¢ 1 2 3 [/} Cp Cn
a - - - - - 1000 - - - 1000 - 3 3
a; 100.0 - - - - - - 1000 - - - 1 1
as - - - - - 1000 - - - 1000 - 3 3
ay 333 1.1 5.6 1.1 5.6 - 333 50.0 27.8 11 333 1-3 -
as 16.7 111 222 11 222 - 16.67 50.0 444 444 167 1-3 -
ag - 25.0 - 750 - - - 250 1000 - - 1-2 2
a; 100.0 - - - - - - 1000 - - - 1 1
ag 100.0 - - - - - - 1000 - - - 1 1
ag 100.0 - - - - - - 1000 - - - 1 1
ap - - - - - 1000 - - - 1000 - 3 3
an 75.0 - - - - - 25.0 750 - - 250 1 -
ap 8.3 16.7 - 500 - - 25.0 25.0 66.7 - 250 1-2 -
a3 - - - 1000 - - - - 1000 - - 2 2
a1a 100.0 - - - - - - 1000 - - - 1 1
a5 - - - - - 1000 - - - 1000 - 3 3
a6 16.7 - 333 - 333 - 16.7 50.0 333 667 167 1-3 -
ay - - - - - 1000 - - - 1000 - 3 3
ag - - - 1000 - - - - 1000 - - 2 2
a9 833 167 - 50.0 - - 25.0 25.0 66.7 - 250 1-2 -
ay - - - - - 1000 - - - 1000 - 3 3

6.2. Assignment-based preference relations

For each pair of acts a, b € A, we can define assignment-based pairwise outranking index, denoted by APOI(a, b) [24], as the share
of compatible minimal-cover sets of rules R e RA® that assign act a to a range of classes which is at least as good as the range of
classes for act b, i.e., L®(a) > L*(b) and R®(a) > R*(b).

If some minimal-cover sets of rules indicate ¢, the acts with an empty assignment can be either excluded from the comparison
(indeed, ¢ is incomparable with any class range), or when comparing a pair of acts, we may account only for these compatible
minimal-cover sets of rules which provide a non-empty assignment for both acts. We will employ this procedure in our illustra-
tive study.

Note that if APOI(a, b) > 0, then a is possibly assigned to a class range at least as good as b (let us denote it by a zZ;" b). If
APOI(a, b) = 1, a is necessarily assigned to a class range at least as good as b (then a zZ; b).

Illustrative study: assignment-based preference relations. A Hasse diagram of the necessary assignment-based preference relation
is presented in Fig. 2. The acts assigned to the same class range with all compatible minimal-cover sets of rules are indifferent in

terms of ", i.e.:

forall a, b € A such that CAI(a, [h;, hg]) = CAI(b, [h, hg]) = 100%, a ~y b,

where ~; is the symmetric part of 2. In particular, ay, az, ag, ag, and ay4 are always assigned precisely to Cly (CAI(q;, [1,1]) =
100%, fori=2,7,8,9, 14), and, thus, they are related by the necessary indifference in terms of the assignment-based preference
relation. Such a subset of acts forms a single node in Fig. 2.

Further, pairs of acts which are not related by an arc in Fig. 2 are incomparable in terms of =/, i.e., for some compatible
minimal-cover sets of rules one of the two acts is assigned to a class better than the other, whereas for some other minimal-
cover sets the order of classes is inverse for these acts. For example, while a;3 is always assigned to Cl, and ayg is classified in Cly

or Cl; with some compatible minimal-cover sets, we have —(a3 5y a16) and —(ajs 7y @13). As a general rule:
foralla, b € A such that Rp(a) > Rp(b) > Lp(b) > Lp(a), —(a zy b) and —(b =y a).

Finally, some other pairs of acts are related by the strict necessary assignment-based preference relation >, where > is
the asymmetric part of zZ; . This means that for all compatible minimal-cover sets of rules one of acts is assigned to a class at
least as good as the other, while the inverse statement is not true. In particular, aq is always assigned to a class strictly better
than ay3, and, thus, aig > a;3. In general:

foralla, b € A such that Lp(a) > Rp(b), a zy band —(b =, a), soa =y b.

Further, if the worst possible class for some act is not worse than the best possible class for another act with an imprecise possible
assignment, this pair of acts is related by the strict necesary assignment-based preference, i.e.:

forall a, b € Asuch that Lp(a) > Rp(b) > Lp(b), a >y b.

For example, for some compatible sets of rules both ag and a;g are assigned to Cl,, whereas for some other compatible sets of
rules ag is classified in [Cly, C] while for ayg still only Cl, is possible. Thus, Lp(a1g) = Rp(as) = 2 > Lp(as) = 1, and asg >y ds.
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Fig. 2. Hasse diagram (weak partial order) of the necessary assignment-based preference relation (dashed line indicates acts with empty assignment for at least
one compatible set of rules).

Table 5
Class cardinality indices CCI (in %) and extreme class cardinalities.
n: 0 1 2 3 4 5 6 7 8 9 10 Nin Npnax
Cch 0.0 0.0 0.0 00 0.0 0.0 00 250 250 500 00 7 9
Cly 0.0 0.0 0.0 00 00 333 333 333 0.0 00 00 5 7
Cly 0.0 0.0 0.0 00 0.0 0.0 111 555 333 00 00 6 8
[/} 333 167 250 250 0.0 0.0 0.0 0.0 0.0 00 00 O 3

The same effect can be observed, e.g., for (ay, as), (as, ay), or (as2, ay). Nevertheless, > holds also for some other pair of acts. In
particular, even though Cp(ag) = Cp(ayy), ag is always assigned to a class at least as good as a;,, while the inverse statement is
not true. Thus, ag > ay,. This confirms that it is not possible to comprehensively infer Z from CAls, CuCAls, and Cp.

6.3. Class cardinalities

For each class Clj,, h € H, we can define a class cardinality index CCI(h, n) as the share of compatible minimal-cover sets of rules
R e RA that assign exactly n acts to class Cl,, either precisely or imprecisely. In this perspective, it is particularly interesting to
know the extreme class cardinalities, i.e., minimal N{{““ and maximal N;"** cardinality of Cly defined, respectively, as the smallest
and the greatest number of acts which are simultaneously assigned to Cl, by some compatible minimal-cover set of rules R
RA je.:

NI — min,{CCI(h, n) > 0} and NM™* = max,{CCI(h, n) > 0}. (13)

Illustrative study: class cardinalities. The class cardinality indices and extreme class cardinalities are presented in Table 5. For
all classes, the cardinalities obtained with different compatible minimal-cover sets of rules are relatively stable because N;"* —
N;;“i“ =2, for h =1, 2, 3. Note that these extreme cardinalities cannot be obtained directly from the analysis of the possible and
necessary assignments. In particular, there are only five (5 < N{“i“ = 7) acts necessarily assigned to Cl; and twelve acts possibly
assigned to Cl; (12 > N"* = 9). Thus, this analysis reveals how many acts are judged as good, medium, or bad simultaneously,
i.e., for some compatible minimal-cover sets of rules.

7. Construction of a univocal recommendation

The recent trend in MCDA consists in transforming outcomes of robustness analysis into a univocal recommendation. This
stream of research is materialized either with the procedures for selecting a single representative instance of the preference
model that would approximate the “true” model of the DM (see, e.g., [2,8,9,21]), or with constructing a recommendation directly
from the outcomes of robustness analysis, but without singling out a specific preference model instance [42]. In the context of
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DRSA, the procedures for selecting a representative minimal-cover set of rules have been discussed in [22]. In this section, we
implement the other stream of research, additionally accounting for different types of indirect preference information.

As noted in [9], for each act, an assignment to a class with the highest acceptability can be considered as the most robust with
respect to the indirect preference information provided by the DM. Thus, when constructing a univocal sorting recommendation,
it is reasonable to assign act a to class Cly, h € H, such that for all y € H, CuCAI(a, h) > CuCAI(a, y). If there are no additional
requirements, this can be achieved by selecting for each act individually a class with the maximal CuCAI. Nevertheless, we will
formulate an optimization problem that will be subsequently extended, so that to account for some additional requirements.

Let v(a, h), a € A, h € H, be a binary variable, such that when it is equal to one, then a is assigned to class Cl;,. Now, a univocal
sorting recommendation can be constructed by solving the following MILP problem:

Maximize: § + & > " CuCAl(a, h) - v(a, h) (14)
aeA heH

s.t.

foreachacA:
[UNL] Y peqv(a h) =1, .
[UNL] 8 < 3. CuCAl(a, h) - v(a, h), g Esmrocel
foreachheH, acA:
[UNI3] v(a, h) € {0, 1},

where ¢ is an arbitrarily small positive value. We require each act to be assigned precisely to some class (see constraint [UNI; |).
As a primary criterion, we maximize & which is equal to the smallest CuCAI corresponding to an assignment selected for some
act (see [UNL,]). As a secondary criterion, we optimize the sum of CuCAI corresponding to the assignments for all acts. Let us
emphasize that instead of including the two criteria in the same MILP problem, we can optimize them in a lexicographic order.
Alternatively, we can weight them so that to discover a solution with the best desired trade-off between the two objectives. In
this case, we can fix ¢ as the desired trade-off between the lowest CuCAI and the sum of CuCAI.

If there are no additional constraints, the other objective is consistent with the previous one. Thus, by maximizing
Y aca 2nen CuCAl(a, h) - v(a, h), at the same time we maximize §. Nevertheless, we have already distinguished the two objec-
tives, because when incorporating additional requirements to be satisfied by the univocal recommendation, we will first optimize
6 representing the level of certainty for the collective assignment of all acts.

In the following subsections, we discuss preference modeling for two types of indirect preference information that may be
considered apart from the classification examples. These are desired class cardinalities [23] and assignment-based pairwise
comparisons [20]. The respective constraints are added to E;’;‘S’;ﬁﬁggm so that they are respected when constructing a univocal rec-
ommendation. As already announced in Section 1, the discussed optimization problems are more general, and can be combined
with any approach delivering class acceptability indices (e.g., with some Monte Carlo simulation techniques [20,41]).

7.1. Desired class cardinalities

Desired class cardinalities consist of the minimal N;f‘g}w and/or maximal Nf'3% number of acts that can be assigned to class Cly,

h € H, with N%‘;w < N5y, [23]. Obviously, these requirements may refer to the proportions of the set of acts (e.g., 10%, 25%, or
50%) instead of explicit numbers. In any case, these limits may be modelled with the following constraints:

for each Cl,, h € H, with specified desired cardinality:

[CL] Yqeav(a. h) = Ni'B,. E<

[CU] X ogenv(a. h) < Ni5Y.-

Note that since v(a, h) = 1 if a is assigned to Cly, Y",.4 v(a, h) is equal to the number of acts from A assigned to Cl,.

7.2. Assignment-based pairwise comparisons

Assignment-based pairwise comparisons consist of two reference acts (a*, b*) € AR x AR and an imprecise distance between

their desired classes. Following [20], we account for the pairwise comparisons in the following forms:
o a* is better than b* by at least k > O classes, denoted by a* > ., b*;
e a* is better than b* by at most I > 0 classes, denoted by a* >, ,,, b*;
o a* and b* belong to the same class, denoted by a* ~p;, b*.

Providing statement a* >, , b* (a* -2, ,, b*) is equivalent to requiring that in case a* is assigned to class at least (most)
Clpy g (Clyyp), then b* is assigned to class at most (at least) Cl,. As noted in [20], the character of these pairwise comparisons is
imprecise, i.e., they do not refer directly to any specific classes. Thus, there exist n — k or n — [ different combinations that need
to be accounted as possible assignments for a* and b*, and only one of them should be satisfied to ensure that the pairwise
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Table 6

Univocal recommendation (class indices and corresponding cu-
mulative class acceptability indices) for the three iterations of in-
teraction with the Decision Maker (& represents the certainty of
the collective assignment).

Act  Iteration I Iteration II Iteration I1I

Class CuCAI  Class  CuCAl  Class CuCAI

a3 1000 3 1000 3 100.0
a1 1000 1 1000 1 100.0
a3 1000 3 1000 3 100.0
a 1 500 1 500 2 27.8
as 1 500 2 444 2 444
a2 1000 2 1000 2 100.0
a 1 1000 1 1000 1 100.0
a1 1000 1 1000 1 100.0
a1 1000 1 1000 1 100.0
a3 1000 3 1000 3 100.0
ay 1 750 1 750 1 75.0
ap 2 667 2 667 2 67.7
a3 2 1000 2 1000 2 100.0
a1 1000 1 1000 1 100.0
ais 3 1000 3 1000 3 100.0
a6 3 66.7 3 667 3 67.7
a3 1000 3 1000 3 100.0
a2 1000 2 1000 2 100.0
a2 66.7 2 677 2 67.7
a3 1000 3 1000 3 100.0
B} 50.0 444 27.8

comparison is reproduced. These requirements can be modelled with the following set of constraints involving auxiliary 0-1
variables vy, (a*, b*):

[PCL] for all a*, b* € AR : a* >Zeom D
forh=1,....n—k:
[PCLy] Yip v(ar,i) = 1 —wvy(a*, b*),

EPCL
[PCLy] 31 v(b*.i) = 1 -y (a”, b¥),
[PCL3] 7% vp(a*,b*) =n—k-1,
[PCLy) vy (a*,b*) € {0,1}, h=1,....,n—k,
and
[PCU] for all a*, b* € AR : a* >Zom b
forh=1,....n—1:
[PCUy) Y1 v(ar, i) = 1 —vy(ar, b¥), £PCU

[PCU;] Yoty v(b*, i) = 1 —vp(ar, b*),
[PCU3] S0~ vp(ar, b*) =n—1-1,
[PCU4| vy (a*, b*) € {0, 1}, h=1,....n—1.

For example, [PCL; ] ensures that a* is assigned to a class at least Clj,, whereas [PCL, | guarantees that b* is assigned to a class at
most Cl,,. Finally, constraints [PCL3] and [PCL,4] instantiate this scenario for some h=1,...,n—k.
Finally, to ensure that a* and b* belong to the same class (a* ~;, b*), v(a*, h) and v(b*, h) should be equal for all h € H, i.e.:
[PCI] for all a*, b* € AR : a*~3,,b -
forh=1,...,n: v(a*, h) = v(b*, h).

Illustrative study: constructing a univocal recommendation. In Table 6, we present a univocal sorting recommendation for all acts
in the three iterations of simulated interaction with the DM. In the first iteration, each act is assigned to a class with the highest
CuCAL In this case, the certainty of the collective assignment § is equal to 50%.

In the second iteration, we impose constraints on the class cardinalities. Precisely, we require that there are not less than six
and not more than eight acts assigned to each class. This results in changing the assignment of as from Cl; to Cl,, and lowering §
to 44.4%. The observed class cardinalities are equal to 7 for Cl; and Cl3, and 6 for Cl,.

In the third iteration, we wish the univocal sorting recommendation to respect additional requirements in the form of three
following assignment-based pairwise comparisons: a4 and a9 belong to the same class, as should be assigned to a class better
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than ag, and a4 should be assigned to a class at most as good as a;,. As a result, a4 is moved to Cl,, thus increasing the cardinality
of Cl, to 7, and decreasing § to 27.8%.

8. Group decision

In this section, we propose some indicators and outcomes that may be computed to inform the DMs about the spaces of con-
sensus and disagreement with respect to the classification of all acts. For the recent methodological advances in group decision
making, see, e.g., [4,5,15,19,34].

For each DM, DM, € D = {DMy, ..., DM}, we consider her/his individual exemplary assignments of reference acts, and com-
pute the cumulative class acceptability indices CuCAI¥(a, h), as well as the possible CE(a) and necessary C,’f,(a) assignments, as
defined in Section 6.1.

In [7], a simple idea to compute the proportion of DMs that accept each possible assignment was given as:

K k
D _ Zk:l E (Cl, h)
EP(a,h) = ==x (15)
where
K _J1 ifhe C,’ﬁ(a),
E'a.h) = {O otherwise. (16)

The above measure accounts for the cumulative support given to the assignment of a to Cly. It can be extended to account for the
degree of certainty that all minimal-cover sets of rules, being compatible with each DM’s preference information, possibly assign
a to Cly,. Let us call such indicator a cumulative group class acceptability index CuCAI”, defined as follows:

Yi1 CuCAI(a, h)
K ‘

As suggested in [7], it is desirable to use a modified version for the computation of the above index, that yields a unimodal
distribution of its values over the range of possible assignments. Such a distribution excludes situations in which the support
for some intermediate class Cl,, 1 < h < n, is simultaneously lower than the support for some worse class Cl_; and some better
class Cl_j, than Cly,. It seems to be a natural proposal for consensus reaching. For example, a modified cumulative group class
acceptability index can be defined in the following way:

CuCAI” (a, h) ifh=1orh=n,
max{CuCAI” (a, h),
min{max,_,{CuCAI"(a, h)},

max,.,{CuCAI”(a, h)}}} otherwise.

CuCAIP(a, h) = (17)

CuCAI'’(a, h) = (18)

Furthermore, when considering group decision, we can consider two levels of certainty for the results [12]. The first level is
related to the necessary (N) or possible (P) consequences of indirect preference information provided by each DM, whereas the
other level refers to the necessary (N) or possible (P) agreement with respect to a set of DMs. This leads to defining four types of
group assignments (below, we show what is their relation with the previously defined group indicators):

1. Necessary-necessary classification C{) (a) = MNbwm,ep Ck(a).
i.e, heCfy(a)iff CuCAIP(a,h) =1;

2. Necessary-possible classification C»(a) = Upy,ep N (a).
i.e., h e Cfp(a) iff IDM,, € D, such that CuCAI*(a, h) = 1;

3. Possible-necessary classification (7 (a) = Mbm,ep Cl(a),
ie,heCPy(a)iffEP(a, h) = 1;

4. Possible-possible classification (7, (a) = Ubmyen Ck(a),
ie, h e CPy(a) iff IDMy, € D, such that E¥(a, h) = 1.

For example, the non-empty necessary-necessary (N,N) assignment indicates the agreement with respect to the classification
suggested by all minimal-cover sets of rules compatible with preference information provided by each individual DM.

Given the group indicators and assignments, the analyst may invite the DMs to a discussion. On the one hand, for acts with the
non-empty possible-necessary (P-N) assignments with high values of CuCAIP (a, h), reaching an agreement should be straight-
forward. On the other hand, the assignments with unacceptably low values of group indicator CuCAI” (a, h) should be used to
stimulate the DMs to revise some of their assignment examples or accept a number of “shifts” in their possible assignments. As
defined in [7], one shift corresponds to changing an assignment of an act by one class above or below the range accepted by the
DM.

Let us also note that the approach for constructing a univocal sorting recommendation, which was presented in Section 7, can
also be used in the context of group decision. For this purpose, we just need to consider the group indicators CuCAI” instead of
CuCAl obtained for an individual DM.
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Table 7
Assignment examples provided by three
Decision Makers.

Class DM, DM, DM3

Ch ay, a7 0y, ag an, aia
Clp Q13,013 0s,d12 dg, dig
Cly ap, as a3, a;5  Qy, A7

Table 8
Cumulative class acceptability indices (CuCAI) for each individual DM and the whole group (CuCAI”), and possible-possible C7, and possible-
necessary Cp assignments.

Act  CuCAIPM: CuCAIPM2 CuCAIPMs CuCAI? Assignments
1 2 3 1 2 3 1 2 3 1 2 3 @, @,

a; - - 100.0 - 333 100.0 - 50.0 100.0 - 27.8 100.0 2-3 3
ay 100.0 - - 100.0 - - 100.0 - - 100.0 - - 1 1

as - - 100.0 - - 100.0 - 50.0 50.0 - 16.67 833 2-3 3
ay 50.0 27.8 111 100.0 - - 100.0 50.0 - 83.3 259 3.7 1-3 1

as 50.0 44.4 44.4 - 100.0 - 100.0 50.0 - 50.0 64.8 14.8 1-3 2
ag 25.0 100.0 - - 100.0 - - 100.0 - 8.3 100.0 - 1-2 2
a; 100.0 - - - 100.0 - 100.0 50.0 - 66.7 50.0 - 1-2 -
ag 100.0 - - 100.0 - - 100.0 - - 100.0 - - 1 1

ag 100.0 - - 100.0 - - 100.0 - - 100.0 - - 1 1
ay - - 100.0 - - 100.0 - - 100.0 - - 100.0 3 3
an 75.0 - - 100.0 - - 100.0 - - 91.7 - 1 1
ap 250 66.7 - - 100.0 - - 100.0 - 8.3 88.9 - 1-2 2
as - 100.0 - - 100.0 - 100.0 50.0 - 333 83.3 - 1-2 2
ayy 100.0 - - 100.0 - - 100.0 - - 100.0 - - 1 1
ass - - 100.0 - - 100.0 - - 100.0 - - 100.0 3 3
a 50.0 333 66.7 66.7 100.0 - 100.0 100.0 - 72.2 77.7 22.2 1-3 1-2
ay - - 100.0 - - 100.0 - - 100.0 - - 100.0 3 3
ag - 100.0 - - 333 66.7 - 100.0 50.0 - 77.8 389 1-2 2
a9 25.0 67.7 - - 333 66.7 - 100.0 - 8.33 66.7 22.2 1-3 2
axo - - 100.0 - - 100.0 - - 100.0 - - 100.0 3 3

Illustrative study: group decision. Let us illustrate the computation of group indicators and assignments referring to the set of
three DMs cooperating to make a collective decision. Each of them offers individual preference information composed of the
exemplary assignments for some reference acts (see Table 7; note that preferences of DM; have been previously analyzed in
Section 6). For each DM, we construct all compatible minimal-cover sets of rules and compute the cumulative class acceptability
indices. They are presented in Table 8.

When it comes to the group assignments (see Table 8), the possible-possible assignments review all possible consequences
of preference information of all DMs on sorting of the whole set of acts. For nine acts, these assignments are univocal, whereas
for four acts only, each class between Cl; and Cl5 is acceptable for at least one DM. Nevertheless, the ranges of possible-possible
classes may be, in general, too wide to be decisive enough. Thus, an analyst and the DMs should rather analyze the possible-
necessary assignments, which are formed by the intersection of the possible ranges of classes for all DMs. For our study, these
assignments are precise for all acts but a;g and ag. For a6, both Cl; and Cl, are acceptable by all DMs. On the contrary, for ag,
there is no agreement with respect to the assignment between DM; and DM,. Thus, one of them should accept a single shift so
as to reach a collective agreement for all acts.

The cumulative group acceptability indices CuCAIP are relatively high (see Table 8; note that for our study CuCAI? = CuCAI'P).
The worst among the maximal CuCAI? analyzed for each act individually is equal to 64.8% for CuCAl(as, 2). This value indicates
the lowest certainty level for the whole group that has to be accepted by the three DMs if they wish to reach the consensus at
the current stage of interaction with the method.

9. Conclusions

We presented a framework for preference modeling and robustness analysis for decision under uncertainty. The whole ap-
proach is addressing situations where the acts are described by the outcomes which are gained with given probabilities. We
consider an additive probability distribution defined over events, but we also show that the proposed method is valid for a prob-
ability with an ordinal qualitative scale. We assume the Decision Maker to provide exemplary classifications for reference acts.
They are structured using Dominance-based Rough Set Approach. Then, we analyze the lower approximations of the unions of
ordered quality classes, which contain non-ambiguous classification examples taking part in the construction of an aggregate
preference model. This model has the form of all minimal-cover sets of certain rules reproducing the consistent assignments
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of reference acts. We also show how to construct satisfactory minimal-cover sets of rules which fulfill some pre-defined user’s
requirements.

We apply these multiple compatible sets of rules on a set of all acts, and draw robust conclusions about the classification.
In particular, we analyze the certainty of assignments, assignment-based preference relations, and class cardinalities. In this
regard, we refer to the necessary, possible, and extreme results, as well as to the shares of minimal-cover sets of rules con-
firming a specific recommendation. Then, we exploit the outcomes of robustness analysis to construct a univocal classification.
At this stage, we account for the additional types of indirect preference information in form of desired class cardinalities and
assignment-based pairwise comparisons. Finally, we adapt the basic approach to group decision under uncertainty. We discuss
a set of indicators and outcomes that may be used to judge the spaces of consensus between the Decision Makers with respect
to the classification of different acts, and to organize a discussion for reaching a collective decision.

The whole approach can be extended in several ways, in particular, by:

o using other classification methods which suggest a precise assignment for each act (e.g., [3]) instead of possibly imprecise
class interval as proposed in this paper;

 assigning weights to different sets of rules based on their characteristics;

« describing minimal-cover sets of rules in terms of multiple criteria, and using some interactive multiple-objective opti-
mization methods for selecting a single set of rules that best corresponds to the user’s requirements;

o accounting for consequences distributed over time [16];

o considering imprecise information on probabilities of the states of the world [31];

o proposing methods for robustness analysis for the decision under uncertainty formulated in terms of a multi-attribute
ranking or choice problem [17].
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Appendix A. Notation used throughout the paper

In this section, we provide the meaning of all symbols used throughout the paper (Tables A9-A13).

Table A9
Notation used in Section 2.
Symbol Meaning
Probabilities:
zand Z/ functions z: A x S — ITand z': A x S — I assign a probability 77 < IT to each pair composed of an act and a state
2(a;, sj) probability of obtaining an outcome whose value is at least g(a;, 5;) by act g;
Z(aj,s;) probability of obtaining an outcome whose value is at most g(a;, 5;) by act g;
Outcomes:
p and p’ functions p: A x IT — Xand p’: A x IT — X assign an outcome to each pair composed of an act and a probability of an event

pla;,m)=x outcome got by act g; is at least x with a probability at least 7=
p'(a;, Ty =x  outcome got by act g; is at most x with a probability at least 7

Dominance-based Rough Set Approach:

cl; upward class union Clf = JCls, fort =2, ..., n
s>t
Clz downward class union CIf = |JCls, fort =1,..., n—-1
s<t
Dg stochastic dominance with respect to ® c I1
D¢ (a;) set of acts dominating a; with respect to ® < I1
Dg (a;) set of acts dominated by a; with respect to ® < IT
OX) ®-lower approximation of class union X, X e {CI7, CI7}
OX) ®-upper approximation of class union X, X e {CI7, CI7}
Table A10

Notation used in Sections 4 and 5.

Symbol  Meaning

R single set of rules
Raﬂ“(x) all minimal decision rules generated from the lower approximation of class union X, X € {CI7. CI7}
RAY all certain minimal decision rules

all
R all minimal-cover sets of rules for IT (X), X e {CIZ,CI=}
RA" all minimal-cover sets of rules
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Table A11
Notation used in Section 6.
Symbol Meaning
CAl(a, [hy. hg])  class range acceptability index for act a and the range of classes [Cly, . ...Cly, ]
CuCAl(a, h) cumulative class acceptability index for act a and class Clj,
Cp(a) possible assignment for act a
Cn(a) necessary assignment for act a
APOI(a, b) assignment-based pairwise outranking index for a pair of acts (a, b)
oy possible assignment-based preference relation
N necessary assignment-based preference relation
CCI(h, n) class cardinality index for class Cl, and cardinality n
N;l“i“ minimum cardinality of class Clj,
Nhmin maximum cardinality of class Cl,
Table A12
Notation used in Section 7.
Symbol  Meaning
v(a, h) binary variable corresponding to an assignment of act a to class Cl
N,Tl")"M minimum number of acts that should be assigned to class Cl;, according to the DM
Ny maximum number of acts that can be assigned to class Cl, according to the DM

> om assignment-based pairwise comparison indicating that one act should be assigned to a class better than another act by at least k classes
> Zeom assignment-based pairwise comparison indicating that one act should be assigned to a class better than another act by at most k classes

~bm assignment-based pairwise comparison indicating that a pair of acts should be assigned to the same class
Table A13
Notation used in Section 8.
Symbol Meaning
D set of DMs, D = {DMy, ..., DMy}
EP(a, h) proportion of DMs in D accepting the possible assignment of act a to class Clj,

CuCAI?(a, h) cumulative group class acceptability index for act a and class Clj,
CuCAI'®(a, h) modified cumulative group class acceptability index for act a and class Cl,

Cin(@) necessary-necessary assignment for group D and act a
Cﬁp(a) necessary-possible assignment for group D and act a
C,’,_’N (a) possible-necessary assignment for group D and act a
C,E_’P (a) possible-possible assignment for group D and act a

References

[1] M. Allais, Le comportement de 'homme rationnel devant le risque; critique des postulats et axiomes de I'école américaine, Econometrica 21 (1953) 503-546.
[2] R.Bisdorff, P. Meyer, T. Veneziano, Elicitation of criteria weights maximising the stability of pairwise outranking statements, ] Multi-Criteria Decis. Anal. 21
(1) (2014) 113-124, doi:10.1002/mcda.1496.
[3] J. Blaszczynski, S. Greco, R. Stowifiski, Multi-criteria classification - a new scheme for application of dominance-based decision rules, Eur. ]. Oper. Res. 181
(3)(2007) 1030-1044.
[4] S. Chakhar, I. Saad, Dominance-based rough set approach for groups in multicriteria classification problems, Decis. Support Syst. 54 (1) (2012) 372-380,
doi:10.1016/j.dss.2012.05.050.
[5] F. Chiclana, J.M. Tapia Garcia, M. del Moral, E. Herrera-Viedma, A statistical comparative study of different similarity measures of consensus in group
decision making, Inf Sci 221 (2013) 110-123, doi:10.1016/j.ins.2012.09.014.
[6] S. Corrente, S. Greco, M. Kadzinski, R. Stowinski, Robust ordinal regression in preference learning and ranking, Mach Learn 93 (2-3) (2013) 381-422,
doi:10.1007/s10994-013-5365-4.
[7] S. Damart, L.C. Dias, V. Mousseau, Supporting groups in sorting decisions: methodology and use of a multi-criteria aggregation/disaggregation DSS, Decis
Support Syst 43 (4) (2007) 1464-1475, doi:10.1016/j.dss.2006.06.002.
[8] M. Doumpos, C. Zopounidis, Regularized estimation for preference disaggregation in multiple criteria decision making, Comput Optim. Appl. 38 (1) (2007)
61-80, doi:10.1007/s10589-007-9037-9.
[9] M. Doumpos, C. Zopounidis, E. Galariotis, Inferring robust decision models in multicriteria classification problems: an experimental analysis, Eur. ]. Oper.
Res. 236 (2) (2014) 601-611, doi: 10.1016/j.ejor.2013.12.034.
[10] D. Ellsberg, Risk, ambiguity, and the Savage axioms, Q. J. Econ. 75 (1961) 643-6609.
[11] P. Fishburn, Nonlinear Preferences and Utility Theory, The John Hopkins University Press, 1988.
[12] S. Greco, M. Kadzifski, V. Mousseau, R. Stowifiski, Robust ordinal regression for multiple criteria group decision problems: UTA™S-GROUP and UTADIS®™*-
GROUP, Decis. Support Syst. 52 (3) (2012) 549-561, doi:10.1016/j.dss.2011.10.005.
[13] S. Greco, M. Kadzifiski, R. Stowifiski, Selection of a representative value function in robust multiple criteria sorting, Comput. Oper. Res. 38 (11) (2011)
1620-1637, doi:10.1016/j.cor.2011.02.003.
[14] S. Greco, B. Matarazzo, R. Stowifski, Rough sets theory for multicriteria decision analysis, Eur. ]. Oper. Res. 129 (2001) 1-47.


http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0001
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0001
http://dx.doi.org/10.1002/mcda.1496
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0003
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0003
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0003
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0003
http://dx.doi.org/10.1016/j.dss.2012.05.050
http://dx.doi.org/10.1016/j.ins.2012.09.014
http://dx.doi.org/10.1007/s10994-013-5365-4
http://dx.doi.org/10.1016/j.dss.2006.06.002
http://dx.doi.org/10.1007/s10589-007-9037-9
http://dx.doi.org/10.1016/j.ejor.2013.12.034
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0010
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0010
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0011
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0011
http://dx.doi.org/10.1016/j.dss.2011.10.005
http://dx.doi.org/10.1016/j.cor.2011.02.003
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0014
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0014
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0014
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0014

M. Kadzifiski et al. / Information Sciences 328 (2016) 321-339 339

[15] S. Greco, B. Matarazzo, R. Stowifiski, Dominance-based rough set approach to decision involving a plurality of decision makers, in: S. Greco, et al. (Eds.),
Rough Sets and Current Trends in Computing, Lecture Notes in Artificial Intelligence, vol. 4259, Springer, 2006, pp. 306-317.

[16] S. Greco, B. Matarazzo, R. Stowifiski, Dominance-based rough set approach to decision under uncertainty and time preference, Ann. Oper. Res. 176 (2010)
41-75.

[17] S. Greco, B. Matarazzo, R. Stowifiski, Dominance-based rough set approach to preference learning from pairwise comparisons in case of decision under
uncertainty, in: E. Hiillermeier, R. Kruse, F. Hoffmann (Eds.), Computational Intelligence for Knowledge-Based Systems Design, Lecture Notes in Computer
Science, vol. 6178, Springer, 2010, pp. 584-594.

[18] S. Greco, V. Mousseau, R. Stowifiski, Multiple criteria sorting with a set of additive value functions, Eur. ]. Oper. Res. 207 (4) (2010) 1455-1470.

[19] Y. Jiang, Z. Xu, X. Yu, Group decision making based on incomplete intuitionistic multiplicative preference relations, Inf. Sci. 295 (2015) 33-52,
doi:10.1016/j.ins.2014.09.043.

[20] M. Kadzifski, K. Ciomek, R. Stowifiski, Modeling assignment-based pairwise comparisons within integrated framework for value-driven multiple criteria
sorting, Eur. J. Oper. Res. 24 (3) (2015) 830-841, doi: 10.1016/j.ejor.2014.09.050.

[21] M. Kadzinski, S. Greco, R. Stowinski, Selection of a representative value function for robust ordinal regression in group decision making, Group Decis. Negot.
22 (3)(2013) 429-462, doi:10.1007/s10726-011-9277-z.

[22] M. Kadzifski, S. Greco, R. Stowinski, Robust ordinal regression for dominance-based rough set approach to multiple criteria sorting, Inf. Sci. 283 (2014)
211-228, doi:10.1016/j.ins.2014.06.038.

[23] M. Kadzifnski, R. Stowinski, DIS-CARD: a new method of multiple criteria sorting to classes with desired cardinality, ]J. Global Opt. 56 (3) (2013) 1143-1166,
doi:10.1007/s10898-012-9945-9.

[24] M. Kadzifski, T. Tervonen, Stochastic ordinal regression for multiple criteria sorting problems, Decis. Support Syst. 55 (1) (2013) 55-66,
doi:10.1016/j.dss.2012.12.030.

[25] M. Kadzifiski, T. Tervonen, J. Figueira, Robust multi-criteria sorting with the outranking preference model and characteristic profiles, Omega 55 (2015)
124-140, doi: 10.1016/j.0mega.2014.06.004.

[26] D.Kahnemann, A. Tversky, Prospect theory: an analysis of decision under risk, Econometrica 47 (1979) 263-291.

[27] H. Levy, Stochastic Dominance: Investment Decision Making under Uncertainty, Springer, New York, 2006.

[28] S. Li, T. Li, Incremental update of approximations in dominance-based rough sets approach under the variation of attribute values, Inf. Sci. 294 (2015)
348-361, doi:10.1016/j.ins.2014.09.056.

[29] M. Marinacci, L. Montrucchio, Introduction to the mathematics of ambiguity, in: I. Gilboa (Ed.), Uncertainty in Economic Theory: a collection of essays in
honor of David Schmeidler’s 65th birthday, Routledge, New York, 2004, pp. 46-107.

[30] Z.Pawlak, Rough Sets. Theoretical Aspects of Reasoning about Data, Kluwer Academic Publishers, 1991.

[31] V. Podinovski, Decision making under uncertainty with unknown utility function and rank-ordered probabilities, Eur. J. Oper. Res. 239 (2) (2014) 537-541,
doi:10.1016/j.ejor.2014.05.023.

[32] T. Post, M. Kopa, General linear formulations of stochastic dominance criteria, Eur. J. Oper. Res. 230 (2) (2013) 321-332, doi: 10.1016/j.ejor.2013.04.015.

[33] L. Savage, The Foundations of Statistics, Wiley, New York, 1954.

[34] V. Silva, D. Morais, A group decision-making approach using a method for constructing a linguistic scale, Inf. Sci. 288 (2014) 423-436,
doi:10.1016/j.ins.2014.08.012.

[35] R. Stowinski, S. Greco, B. Matarazzo, Axiomatization of utility, outranking and decision-rule preference models for multiple-criteria classification problems
under partial inconsistency with the dominance principle, Control Cybern. 31 (4) (2002) 1005-1035.

[36] R. Stowifiski, S. Greco, B. Matarazzo, Rough set and rule-based multicriteria decision aiding, Pesquisa Oper. 32 (2) (2012) 213-269.

[37] R. Stowinski, M. Kadzifiski, S. Greco, Robust ordinal regression for dominance-based rough set approach under uncertainty, in: M. Kryszkiewicz, C. Cornelis,
D. Ciucci, ]. Medina-Moreno, H. Motoda, Z. Ras (Eds.), Rough Sets and Intelligent Systems Paradigms, Lecture Notes in Computer Science, vol. 8537, Springer,
2014, pp. 77-87, doi:10.1007/978-3-319-08729-0_7.

[38] C.Starmer, Developments in non-expected utility theory: the hunt for a descriptive theory of choice under risk, J. Econ. Lit. 38 (2000) 332-382.

[39] R.Susmaga, Reducts and constructs in classic and dominance-based rough sets approach, Inf. Sci. 271 (2014) 45-64, doi:10.1016/j.ins.2014.02.100.

[40] M. Szelag, S. Greco, R. Stowifiski, Variable consistency dominance-based rough set approach to preference learning in multicriteria ranking, Inf. Sci. 277
(2014) 525-552, doi:10.1016/j.ins5.2014.02.138.

[41] T. Tervonen, ]. Figueira, R. Lahdelma, J. Almeida Dias, P. Salminen, A stochastic method for robustness analysis in sorting problems, Eur. J. Oper. Res. 192 (1)
(2009) 236-242, doi:10.1016/j.ejor.2007.09.008.

[42] R. Vetschera, Deriving rankings from incomplete preference information: a comparison of different approaches, in: Proceedings of the 20th Conference of
the International Federation of Operational Research Societies, Barcelona, Spain, 2014.

[43] J. von Neumann, O. Morgenstern, The Theory of Games and Economic Behaviour, 2nd ed., Princeton University Press, Princeton, 1947.

[44] G. Whitmore, M. Findlay, Stochastic Dominance: An Approach to Decision- Making Under Risk, Lexington Books, Toronto, Canada, 1978.

[45] H.-Y.Zhang, Y. Leung, L. Zhou, Variable-precision-dominance-based rough set approach to interval-valued information systems, Inf. Sci. 244 (2013) 75-91,
doi:10.1016/j.ins.2013.04.031.


http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0015
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0015
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0015
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0015
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0016
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0016
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0016
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0016
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0017
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0017
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0017
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0017
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0018
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0018
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0018
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0018
http://dx.doi.org/10.1016/j.ins.2014.09.043
http://dx.doi.org/10.1016/j.ejor.2014.09.050
http://dx.doi.org/10.1007/s10726-011-9277-z
http://dx.doi.org/10.1016/j.ins.2014.06.038
http://dx.doi.org/10.1007/s10898-012-9945-9
http://dx.doi.org/10.1016/j.dss.2012.12.030
http://dx.doi.org/10.1016/j.omega.2014.06.004
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0026
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0026
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0026
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0027
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0027
http://dx.doi.org/10.1016/j.ins.2014.09.056
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0029
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0029
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0029
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0030
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0030
http://dx.doi.org/10.1016/j.ejor.2014.05.023
http://dx.doi.org/10.1016/j.ejor.2013.04.015
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0033
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0033
http://dx.doi.org/10.1016/j.ins.2014.08.012
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0035
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0035
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0035
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0035
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0036
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0036
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0036
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0036
http://dx.doi.org/10.1007/978-3-319-08729-0_7
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0038
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0038
http://dx.doi.org/10.1016/j.ins.2014.02.100
http://dx.doi.org/10.1016/j.ins.2014.02.138
http://dx.doi.org/10.1016/j.ejor.2007.09.008
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0042
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0042
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0043
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0043
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0043
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0044
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0044
http://refhub.elsevier.com/S0020-0255(15)00632-5/sbref0044
http://dx.doi.org/10.1016/j.ins.2013.04.031

	Robustness analysis for decision under uncertainty with rule-based preference model
	1 Introduction
	2 Dominance-based rough set approach for decision under uncertainty
	3 Decision aiding with the proposed approach
	4 Generating all compatible minimal rules
	5 Generating all compatible minimal-cover sets of rules
	6 Robustness analysis
	6.1 Class assignments
	6.2 Assignment-based preference relations
	6.3 Class cardinalities

	7 Construction of a univocal recommendation
	7.1 Desired class cardinalities
	7.2 Assignment-based pairwise comparisons

	8 Group decision
	9 Conclusions
	 Acknowledgment
	Appendix A Notation used throughout the paper
	 References


