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1. Introduction

J. Lindenstrauss and A. Pelczytiski [20, Theorem 8.1] proved that the sum operator o : ¢1 — £, defined
by
(o)

o(x):= Zml for z = (zp)neq € 0
i=1 /o

=1

is universal for the class of non-weakly compact operators; that is, an operator T' € L(X,Y") is not weakly
compact if and only if there exist operators A € L(¢1,X) and B € L(Y, £ ) such that the following diagram
commutes:

T
X — Y

Al E

b — s

(e
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W.B. Johnson [19] showed that the formal identity operator {; — ¢ is universal for the class of non-
compact operators.

The existence of universal operators may be useful when we try to prove that certain operators belong
to a given operator ideal. The universal non-weakly compact operator was used for instance to prove that
every polynomially continuous operator is weakly compact [16, Theorem 3|. The universal non-compact
operator has recently been used in [18, Remark 3.3].

A. Pietsch proposed in 1983 [27] to design a theory of ideals of multilinear functionals somehow parallel
to the theory of operator ideals. Since then, a large amount of work has been done in order to prove
that certain properties of linear operators are true or false in the nonlinear case (polynomials, multilinear
mappings, differentiable or holomorphic mappings, etc.). In this paper we give examples of properties that
cannot be transferred from the linear to the nonlinear situation. Concretely, we show that certain classes of
polynomials do not admit a universal polynomial.

Before giving an idea about the problem and the difficulties encountered, we introduce some definitions
and notation.

Given an integer k > 1, we extend to the polynomial setting notions established in [12] for the case of
(linear bounded) operators. Suppose that Q is a class of k-homogeneous (continuous) polynomials between
Banach spaces so that a polynomial P is in @ whenever there exist operators A, B so that BPA isin Q. The
natural examples of such classes are all the polynomials that do not belong to a given ideal of k-homogeneous
polynomials. A polynomial Py of such a class Q is said to be universal for Q provided for each P in Q,
Py factors through P, that is, there exist operators A and B so that BPA = P,.

The notion of ideal of k-homogeneous polynomials is well known and has been widely studied in the
literature (see, for instance, [6, §3] or the recent paper [24]).

Throughout, F, F', X, and Y denote Banach spaces, E* is the dual space of E, Bg stands for its closed
unit ball, and Sg is the unit sphere of E. The closed unit ball Bg« of the dual space will always be endowed
with the weak-star topology. By N we represent the set of all natural numbers, and by K the scalar field (real
or complex). We denote by L(E, F) the space of all (linear bounded) operators from E into F endowed
with the operator norm, and by K(E, F') the subspace of compact operators. The symbol Ig stands for
the identity map on E. An operator h € L(E, F) is an embedding if it is an isomorphism onto its image
h(E) C F.

The unit vector basis of ¢y will be denoted by (e,,)22; and the unit vector basis of ¢1 by (e},) =,

Given k € N, we denote by P(*E, F) the space of all k-homogeneous (continuous) polynomials from F
into F’ endowed with the supremum norm. For the general theory of polynomials on Banach spaces, we refer
the reader to [8] and [21].

Recall that with each P € P(¥X,Y’) we can associate a unique symmetric k-linear (continuous) mapping
P:Xx ®) xX —Y so that

P(z)=P (a: .(’?).,x> (z € X).
With each P € P(¥X,Y) we can also associate a unique operator
P:al X —vY

which is called the linearization of P and is given by
P (Z Nz K ®xi> = Z AiP(z;), for \; e Kand z; € X,
i=1 i=1

where @iS’SX denotes the k-fold symmetric tensor product of X [11]. It is well known that P is compact
(see definition in Section 2) if and only if P is compact |28, Lemma 4.1].
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For non-explained notation and terminology on Banach spaces, the reader is referred to [7]. For operator
ideals, see [26].

We now include a few words about the origin of our work and about how we tried to tackle it.

For some time, we tried to find a universal non-compact k-homogeneous polynomial for a fixed integer
k > 2. In fact, we prove that such a polynomial does not exist. Similarly, there is no universal non-
unconditionally converging polynomial (see definition in Section 3).

For simplicity, we only consider in this short overview the case of 2-homogeneous polynomials. If J is
the formal identity operator from £; into £, and P € P(?/1,/s) is the non-compact polynomial given by
P(z) == (m%)zozl for x = (x,)5%; € {1, then there are operators A and B such that the right-hand side of
the following diagram commutes:

él@ws,sgl i’ Eoo
A
A B
b

J .

£1®7TS7S£1 T

Denote by I : £; — (1@, </1 an onto isomorphism (for the nonsymmetric tensor product, see [29,
Exercise 2.6]; the symmetric case may be viewed as an application of the Pelczyriski decomposition technique
[1, Theorem 2.2.3]). Then A induces an operator A Elé\)ﬁs,sﬂl — 0y @)ws,sfl sothat Aol = A. The operator
J o I7! defines a non-compact polynomial Py € P(?(1,{s) which should be a natural candidate to be
universal. Now, for Py to be universal, we would need to be able to write A in the form U @ U , with
U € L(¢1,¢1). The nonexistence of a universal non-compact polynomial implies that A cannot be written
as a tensor product of operators. This is a by-product of our result which may be of independent interest.

2. Polynomials which do not belong to a surjective-type ideal

Recall that an operator ideal U is said to be injective [26, 4.6.9] if, given an operator T € L(E, F) and an
into isomorphism i : F' — G, we have that T € U whenever iT € U. The ideal U is surjective [26, 4.7.9] if,
given T' € L(E, F) and a surjective operator ¢ : G — E, we have that T' € U whenever T'q € U. We say that
U is closed [26, 4.2.4] if for all E and F, the space U(E,F):={T € L(E,F):T € U} is closed in L(E, F).

A list of injective and surjective operator ideals may be seen in [14]. In particular, the ideal of compact
operators is closed, injective, and surjective.

The following result is well known. We include it here for the sake of clarity.

Proposition 2.1. Let X and Y be Banach spaces. The following assertions are equivalent:
(a) There are operators
XLy X

such that wo j = Ix; in other words, X is isomorphic to a complemented subspace of Y ;
(b) There are operators

XLy Dy
with j injective, ™ a projection (that is, 7' o’ =7'), and ©'(Y) = j(X).
Sketch of proof. (a) = (b). Define 7’ := jo .

(b) = (a). Given y € Y, since 7'(y) € j(X) and using the injectivity of j, there is a unique z € X so
that 7'(y) = j(x). Define 7(y) :=z. O
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Next, we recall a result from [4, Proposition 5|. However, we prefer to sketch a different proof whose
ingredients will be needed later on.

Proposition 2.2. Given Banach spaces X and Y, and k € N, the space P(*X,Y) is isomorphic to a comple-
mented subspace of P(**1X,Y).

Proof. The proof of [2, Proposition 5.3] is given for Y = K, but it also works in the vector-valued case. We
include the details which will be needed later on. Given ¢ € Sx-, choose zy € X so that 1(zg) = 1. Define
the operators

PEX,Y) -1 PEHIXY) T P*X,Y)
by j(R)(z) := ¢ (x)R(x) for all R € P(*X,Y) and = € X, and
k+1
7(P)(z) == Z (k ;L 1) P(x)H(=1)"LP (), 21 = Q(a)

for P € P(**1X,Y) and x € X, where p (;UB, x’”‘l_i) means that P is applied to the vector zg taken i times
and to z taken k + 1 — ¢ times.
As in [2, Proposition 5.3], define the operator

POHLX,Y) = p(HIX,Y)

7' (P)(z) := P(z) — P(x — (x)zg), for PeP(*T'X,Y)and z € X .
It is shown in the proof of [2, Proposition 5.3] that
P(x) — P(x — ¢(x)x0) = ¥(2)Q(x) forall z € X,

and that j and =’ satisfy condition (b) of Proposition 2.1. We shall give in detail the proof of
™ (P**1X,Y)) = j(P(*X,Y)). Indeed, for all P € P(*T1X,Y), we have 7/(P) = ¥Q = j(Q), so
7 (P(**1X,Y)) Cj (P(*X,Y)). For the reverse inclusion, let R € P(*X,Y). Since n’(R) = ¥R (see the
proof of [2, Proposition 5.3]), we have j(R) = ¥R = 7/(y'R) which implies j (P(*X,Y)) C =’ (P(*"1X,Y)),
and so

™ (PETX,Y)) =4 (PFX,Y)) .

By (b) = (a) of Proposition 2.1 above, we obtain 7 o j = I, where I is the identity map on P(*X,Y),
and the proof is finished. 0O

Let U be a closed surjective operator ideal. As in [14, p. 472], we denote by Cy(E) the collection of all
sets A C F so that A C T(By) for some Banach space Z and some operator T € U(Z, E).

Definition 2.3. Given a closed surjective operator ideal ¢ and an integer k > 1, let
Pu(*X,Y):={PeP(*X,Y): P(Bx)eCuY)}.

The space Py (*X,Y) will be endowed with the supremum norm.
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For instance, Px(*X,Y) will be the space of compact polynomials; that is, P € Px(*X,Y) if and only if
P(Byx) is relatively compact in Y.

Proposition 2.4. If U is a closed surjective operator ideal, the space Py(¥X,Y) is closed in P(¥X,Y).

Proof. Let (P,) C Py(*X,Y) be a Cauchy sequence. Then (P,) has a limit P € P(*X,Y). So, for every
€ > 0 there is ng € N such that

n>ny = ||P—PF,<e.
Hence, for n > ng,
P(Bx) C Py(Bx) + €Bppx,y) -
Since P,(Bx) € Cy(Y), we have by [14, Proposition 3] that P(Bx) € Cy(Y), and so P € Py(*X,Y). O
Proposition 2.5. Given ) € Sx~, choose xy € X so that ¥(xo) = 1. Consider the operators
PFX,Y) -1 PEHIXY) - PRX,Y)

constructed in the proof of Proposition 2.2 above. If U is a closed surjective operator ideal, restricting j and
7 to the spaces Py, we have

PuX,Y) =5 Pu(M1X,Y) T PutX,Y),
that is, 7 and ™ take polynomials in Py into polynomials in Pyy.

Proof. If Q € P, (¥X,Y), then j(Q) = ¥Q. If D := {a € K: |a| < 1}, there are a Banach space Z and an
operator T' € U(Z,Y’) such that

J(@)(Bx) € ¢(Bx)Q(Bx) € DQ(Bx) € DT(Bz) = T(DBz) = T(Bz) -
Therefore, j(Q) € Pu(*1X,Y).

Let now P € Py (**1X,Y). Using the above argument, the polarization formula [21, Theorem 1.10], and
the fact that multiplication by scalars preserves sets in Cy(Y'), we have that

{w(x)i_l(—l)i_lﬁ (zh, "z e BX} eCyy).
The sum of sets in Cyy(Y) is in Cyy(Y") [14, Proposition 3|. Therefore, 7(P)(Bx) € Cu(Y). O
We now focus our attention on non-compact polynomials.

Lemma 2.6. Given k € N (k > 1), if there is a universal k-homogeneous non-compact polynomial, then there
is a universal k-homogeneous non-compact polynomial defined on ¢1.

Proof. If Py € P(*E, F)\Px(*E, F) is universal non-compact, there are a sequence (x,) C Sg and § > 0
such that the sequence (Py(zy,)) is §-separated. Define A’ € L(¢1, E) by A'(e,,) := x,,. Given a polynomial
PeP*X,Y)\Pr(*X,Y), we have a factorization
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x— Ly

Therefore, the polynomial Pyo A’ € P(¥¢;, F) is universal for the class of non-compact polynomials. 0O
From now on, let J € £(¢1,¢) be the formal identity operator.

Proposition 2.7. Let k € N (k > 2). If there is a universal k-homogeneous non-compact polynomial Py €
P(*0y, F), it can be taken of the form Py = £*~1J, where £ € (.

Proof. Let T € L(¢1, F)\K(¢1, F) and 0 # 7 € {4 Define P € P(¥4y, F) by P(x*) := (x*,n)*~1T(z*) for
all z* € £1. By Proposition 2.5, P is not compact. Therefore, there are operators A and B so that P, factors
in the form

k—1

6 ———F

|, b

b6y —— F

For z* € ¢1, we have
Py(z*)=DBo (nkflT) o A(z*) =(no A)(J:*)kilB oToA(z*) = 77/1(:0*)]“715(17*)

where ¢ :=no A €l and S:= BoT o A € L({1,F). By Proposition 2.5, since Py is not compact, .S is not
compact. Hence, we can factor J in the form

H—>—F

o] K

o —— .
For all x* € /1, we have
Vo (h1S)oU(a®) = p(U(@")* 'V o SoU(x") = &(x*) " J(z*)

for £ ;=Y oU € L, so the following diagram commutes:

wk*ls
6L ——— F

o] ¥
gh=ty

b —— U

that is, Vo PyoU =V o (¢*718) o U = ¢*~1J, so ¢€*~1.J is universal non-compact. 0O
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Theorem 2.8. Let k > 2 be an integer. Then there is no universal k-homogeneous non-compact polynomial.

Proof. By Proposition 2.7, if a universal k-homogeneous non-compact polynomial exists, it has the form
1T e PRy, L) Let P € P(*ey,co)\Prc(¥41,co) be given by

oo

P(¢) = (¢f°¢%),_, for ¢ = (dn)pz, € 1.
Then we have

P
6L —— ¢

a |2
gh=1g

b ——— U

Choose zfy € ¢1 such that (x§,&) # 0. Note that A(z§) # 0. We can assume ||A(xf)| = 1. Let C :=
[(z,€)%~1|. Recall that ker¢ is isomorphic to #; [15, Proposition 1.5.4]. Since Algere = keré — £ is not
compact, it preserves a copy of ¢1. By [3, Part 2, Chapter 4, §1, Lemma 4], we can find a sequence (x) C ker¢
such that (A(x})),—, is a normalized basic sequence equivalent to a normalized block-basis (u,)3%; of
(en)nzr and [[A(z}) — un] —0.

n=1

Let H € L({1,ker) be the into isomorphism given by H(e}) := z}. Assume |J(z})|| — 0. Then

n

|J o H(eX)|| = 0 which implies that J is compact [7, Exercise VIL5], which is impossible. Hence, by passing
n
to a subsequence, if necessary, we can assume that ||J(z%)|| > § (n € N) for some § > 0.
There is j; € N such that

IM%MMﬁﬁ% G5,

We can find ng € N so that

oC
1Bl12* -

n>ng = [lA(z;) —unl <
Choose j2 € N (ja > ng) such that (u;,,e;) = 0 for all j < j;. Consider the vectors
vy i=ag —x;,, and wvpi=xp+ T,
Then
1(€727) (wa) = (€720) (w)l| = 27 (&5,) [{ei.)* | > 200 1)
To simplify notation, let
p:=A(zf) = (pj)‘;f €5y, and ¢g:=A4 (x;) = (qj)‘;‘;l € 5y, .
We have

[PA(v2) = PA(v)|

_ ’ ((A (@5 + 23 )™ (A (a5 33,) e)?)

(A - a) o) (A - ) e))?)
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= sug!(pj + ¢ +2pi0;) (01 + )" = (03 + @ — 2p505) (1 — )"
S
k—2 _ k—2 _ k—2
fsup(pj+qj+2p]qj) K 0 )p’f 2+< ) )p’f 3q1+...+<k )
JEN -

- (7] + 45 — 2p;4))

E—2\ . E—2\ . L E=2\
XK 0 )p’fz—( ) )p’f 3611+~-~+(—1)’“2<,€_2>q{c 2]

k-2 k-2
—sup?‘( )pfp’f @ +< 5 )pfp’f 5 + -
jeN

1
k-2
( ) qjq1+( 5 )p’f S3q +

k—2\ ,_
+2pgqg[ ) ( ) )p'f 4qf+---”
oC oC
<4 k=2
| B||2* | B
since
pil< o (G2 )
SO TP
. . Je .
la; = (A (@5,) 5] = (A (@) = v e)| < e U <)
Therefore,

5C
|BPA(2) = BPAW)| < |1B] 50 = 6C

Combining this with formula (1) yields
26C < 6C,

a contradiction. O

3. Polynomials which do not belong to an injective-type ideal

969

)¢

The ideal of unconditionally converging operators is closed and injective, but not surjective [14]. In this

section we deal with non-unconditionally converging polynomials. The reason why we have chosen this class

is that the techniques needed in the proofs are similar to those used in the non-compact case. Other classes

are left for future work.

An operator T € L(E, F) is unconditionally converging if, for every weakly unconditionally Cauchy series

>oo2 @ in E, the series Y .- T'(z;) is unconditionally convergent in F' [22, Definition 1].
Following M. Fernandez-Unzueta [10, Definition (1.3)], we say that a polynomial P € P(*E, F) is un-
conditionally converging if, for every weakly unconditionally Cauchy series Y .~ z; in F, the sequence

(r(5e)r
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is norm convergent. The space of all unconditionally converging k-homogeneous polynomials from E into F’
is denoted by Puc(*E, F).

A weaker notion of unconditionally converging polynomials had been introduced earlier by M. Gonzélez
and the second named author in [13, Definition 3] but we shall use the one given in [10] which seems to
have nicer properties [17,25].

We believe that the following two results are well known but we have not found them in the literature

written in the form that suits our purposes.

Proposition 3.1. Let T € L(co, F)\K(co, F'). Then there are operators A € L(co,co) and B € L(F, ) such
that I = BoT o A, where I : ¢y < Lo 1s the natural embedding. If F is separable, I may be taken to be the
identity map on cg.

Proof. Since T is not compact, there are a subspace Xy of ¢y isomorphic to ¢y and an isomorphic embedding
1: Xo < ¢o such that T'ol is an into isomorphism [23, Lemma 1.3.1]. Let h : ¢g — X be the onto isomorphism
provided by the just mentioned result. Let z,, := h(e,) and Yy := T o I(Xy) C F, with natural embedding
k:Yy — F.If F is separable, since Y} is isomorphic to ¢g and ¢q is separably injective [9, Theorem 5.14],
there is a surjective operator 7 : F' — Yj such that mok = Iy,. Let i : Yo — ¢g be given by ioTol(z,) := ey.
Then

iomoT oloh(e,) =tomoT ol(x,) =tomokoT ol(x,) =ioT ol(x,) =e,=1I,(en),

:IYO

and the result is proven by setting A :=loh and B :=ion with [ := I,

Co*>F

7 A

X Tol Y

] |
I,
o — Co

If F is not separable, replace F' by T'(co), letting j : T'(co) < F be the natural embedding.

c0*>Tco %F

Tl

Xo —2Ls v, B
hT lz

I. T
co — co l

By the injectivity of £y [9, Proposition 5.13|, the operator I oiom : T(cy) — foo is extendible to an
operator B : F — {,,. Then

BojoToloh(e,) =IociomoToloh(e,)=10l,(e,)=1I(en),

and the proof is finished. O
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Corollary 3.2. The natural embedding I € L(co,loo) is universal for the class of non-unconditionally con-
verging operators.

Proof. Let T € L(E, F) be non-unconditionally converging. Then there is an embedding j : ¢g — E such
that the sequence (T o j(e,))se, is equivalent to the co-basis [13, Lemma 4]. By Proposition 3.1, we can
find operators A € L(cg, o) and B € L(F, ) such that the following diagram commutes:

CQ(L)E#F

A s

o ——— 1,
and the proof is finished. 0O

Of course, if F' is separable, ¢, may be replaced by cy.
We need a lemma which, as one of the referees has kindly pointed out, is contained in the proof of [10,
Theorem 1.14].

Lemma 3.3. Given a polynomial P € P(*E, F)\Pu(*E, F), where k > 1 is an integer, there is an operator
j:co— E such that Poj € P(Fcy, F)\Puc(Feo, F).

Therefore, if there is a universal non-unconditionally converging polynomial, we can assume that it is
defined on cg.
The following well-known result will be used at several places.

Lemma 3.4. (See [5, Corollaries 2.4 and 2.5].) For every integer k > 1 and every Banach space F', we have
Puc(kCO, F) = P)C(kCQ, F) .

Proposition 3.5. Given an integer k > 2, if there is a universal non-unconditionally converging k-homogene-
ous polynomial Py, it may be taken of the form Py := ¢*~1I, where € € €1 and I € L(co,{so) is the natural
embedding.

Proof. Using Lemma 3.4 and the comment after Lemma 3.3, we need to look for universal non-compact
k-homogeneous polynomials on ¢g. Suppose there is a universal non-unconditionally converging k-homoge-
neous polynomial Py € P(¥co, F). Let T € L(cp, Y)\K(co,Y) and ¢ € ¢;. Then there are operators A and
B such that, for all z € ¢y, we have

Py(z) = Bo (¢"'T) 0 A(z) = (¢ 0 A)(z)* ' BoT o A(x),
so Py = ¢*=1S for some v € £1 and S € L(cy, F)\K(co, F).

¢k—1T
o ———Y

1, b

cg——— F

By Corollary 3.2, there are operators U and V such that the following diagram commutes:
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S
o —=— F

UT lv
I
g — U
Let £ := ¢ o U € ¢;. For all x € ¢y, we have
Vo (@ 18)oU(x) = (o lU)(2)" 'V oSoU(x) = &(x)" (x),
so Vo (9F718) o U = £*'I and the following diagram commutes:

WF1g
cg — F

gh=1y

cg — U

and this finishes the proof. O
Given a vector x € X, denote by [z] the linear span of x.

Proposition 3.6. Given an integer k > 2, if there is a universal non-unconditionally converging k-homoge-
neous polynomial, it may be chosen of the form (e1)* ' I, where I € L(co,lss) is the natural embedding.

Proof. By Proposition 3.5, if such a universal polynomial exists, we may assume that it has the form *=11
with € € £1. Choose xy € ¢p with £(zp) = 1. Since ker e} and ker £ are both subspaces of ¢y of codimension
one, they are isomorphic to ¢g [15, Proposition 1.5.4,2]. Let

U :kerej — ker¢

be an onto isomorphism.
Define

A:co=e1] Bkere] — [zo] @ keré
by A(Xe1 +€) := Axog + Ule), for e € kerej. Let
B :[xg] ®keré — lo

be given by B(Azg +y) := Ae; + U~ 1(y), for y € ker £&. By the injectivity of £ [9, Proposition 5.13], B has
an extension to an operator /o, — {o that we still denote by B. Then, for e € ker e}, we have

[(e;)“ I} (Aer +€) = M= 1(her + e)
and
(€"1) [A(Ner + )] = (€87 [Awo + U(e)] = A1 [Aao + Ule)]

since Ule) € ker&, so
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Bo (- ') o A(Ner +€) = ¥ 1B [Azg + U(e)] = A1 (dey +e),
and
Bo ()0 A= ()11
which makes the following diagram commutative:

51@71]
cg — U

(et

cg — U

and this finishes the proof. O

Proposition 3.7. Given an integer k > 2 and P € P(*cy,co)\Puc(Feo,co), suppose there exist operators
A € L(co, co) and B € L(co, o) such that (e})* ' I = BPA. Then A is an into isomorphism.

Proof. Let (z,) C keref be a sequence such that |A(z,)|| — 0. Then
|BPA(z,)| — 0.

We have [(e”{)k_l I} (e1+ xn) = €1 + Ty, SO

[zall = ller + 2 — e

= ([ 1] ter +an) = [0 1] )|

= [|BPA(e1 + z,) — BPA(e1)||

— |BP(4e1 + Az, @), Aey + A, — BPA(el)”

- (lI) Bﬁ(A€17...7A617A$n)+ (§> Bﬁ(Ael’_._’A617Axn,Axn)

+---+ BPA(z,)|| — 0 for n — oo,

and Al e; 18 an into isomorphism.
Since ¢y = [e1] @ker e}, a generic sequence of ¢y has the form (A,e1 +x,)02, with (z,) C ker ef. Suppose
that
lA(Aner + x0)|| — 0.
Then ||BPA(Ape1 + x,)|| — 0. If A, — 0, then

JA@)] = [AGwer + @) = AQver)]| — 0

which implies ||z,| — 0, and ||A\pe1 + x| — 0. If A\, - 0, by passing to a subsequence, we can assume
[An| > 8 (n € N) for some ¢ > 0. Then
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O Aner + zll < Al ner + 2all = || [ 1] ner + )
— |BPA(Aer + )] — 0

S0 || Ane1+x,|| — 0. Since A, e1 and x,, have disjoint support, this implies A,, — 0, a contradiction. Therefore,
lA(Aner + 2,)| —0 =  Aper +2, —0,
n n
and A is an into isomorphism. O

Therefore, there is m > 0 such that

mllz|| < [[A@)]| < [[Alllzl] (= € co)-
Let
= ——  (neN)
" Aen)ll '
Then
1 1
T S e S — (n€N),
| Al m

and ||A(pnen)|| = pnl|A(en)]] = 1 for all n € N.

Theorem 3.8. Given an integer k > 2, there is no universal non-unconditionally converging k-homogeneous
polynomial.

Proof. Assume there is a universal non-unconditionally converging k-homogeneous polynomial which, by
Proposition 3.6, may be taken of the form (e*l‘)k_1 I. Let P € P(*cy, co) be the polynomial given by

Py) = (¥~ 22)—,  for y = (ya)3Z; € co.

There are operators A and B such that the following diagram commutes:

P
g —— Co

(e

cg — U

There is j; € N such that

[(Alper), e5)| < SAFE] Y20 (2)

As in the proof of [15, Proposition 1.5.4], there is a subsequence (nj);‘;l of N and a normalized block-basis
(%‘)?‘Q of (e,,)22; such that

1

swrarEe A G EN).
25| A% Bl

14 (s n;) = 5| <
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Choose j2 € N such that <uj2,e;f> = 0 for all j < j;. Consider the vectors

V1 1= p1€1 — Hny, €n;, and vy = pie; + Hons, €nj, -

Then

[0 1] (o) = [t 1] )| = 12~ | = 208, > (3)

To simplify notation, let
b= A(u161) = (pj)(]?il € B, and ¢:= A(Man e'ﬂjz) = (qj)(;il € B, .
We have
[P A(v2) — PA(vy)|
w\2 k=2
= sup|(A (prex + piny, eny, ) - €5)" (A (pes + im0y, 1)
Jje
2 k=2
— (A (e = finy,en,) 1 €)" (A (e = piny,en,,) )|

= sup |3 + @ +2p505) (1 + @) = (05 + 4} — 2pjq05) (1 — )" 2| .
J

The calculations follow as in the proof of Theorem 2.8 to finish with

1
|[PA(ve) — PA(v1)|| < 2 55— (2’“*2 + 2’“’2) =
2k A% Bl (| All*[ B
since
e G > 1)
Dj oL AET DN ZJ1
T2k AR B
|q]| = |<A ('unmenj'z) ,6;>| = |<A (/“sze”m) 7Uj2,6;>|
< . (J <i1)
SENATEN I J<J)-
28| A% B
Therefore,

1B 1
||BPA(’UQ) 7BPA(’I)1)|| < = .
IAI=IBI - (AlF

Combining this with formula (3) yields:

2 _ 1
LAE [l Afx

a contradiction. O
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