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Abstract. We use the Raviart-Thomas-Nédéléc apscc to discretize the cuncnt continuity egua"
tions of the drift-diftrsion semiconductor models with Mixed Finite Elemcnt mcthods in *9.
An asymptotic analysis of the behaviour of the schcmc when the potential ir rcry large is gircn.

1. IstnooucrloN
We extend to 3-D problems the mixed approach introduced in [1-2] to discretize the current
continuity equations arising in the drift-diflusiou model for semiconductoÌs. For simplicity,
we shall deal only with the equation for positive charges, i.e., we want to find a solution
p € Irl(O) Buch that:

-- I inOcSP
onIoC0O (1)

on 11 - AOUq.

The first equation of (1) describes the stationary behaviour of a semiconductor when the
concentration of positive charges is p and the electrical potential, coming from the solution
of the Poisson's equatiou, is r/. For a complete description of a stationary semiconductor
problem one needs another equation for the negative cha,rges and a Poisson equation for r/'.
All the quantities are conveniently scaled in order to avoid numerical problems due to the
different orders of magnitude of the physical quautitiee. See [3] for more details.

We assume that rlt, f and. g a,re known. In general, the right-haud side in (1) is a nonlinear
function of the negative and positive charge concentration. llere, we shall assume that some

liuearization has been introduced, so that / is independent ofthe actual p. Following [1-2],
we use the Slotbloom change ofvariables for p:

P = ue-'l'

giving us a new problem in the u variable:

f - div (vp + pv$)

)o-n
Ì#. nff=o

f -aiv 1e-+vu)
{ , = e{g = x
Ig*=o

(2)

- f in0
on Is
on fr.

(3)

2. Mrxpo ScHsMp
To introduce the mixed scheme, we define the following spaces:

E = {r€ l/(div; O), t . n = 0 on 11},
o =I2(O).

The author would like to thank Professor L.D. Marini for the constant interest and cncouragemcnt in this
work a.nd for many usefirl conversations and auggeations.
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The current ! - -e-'!Yu = -(Vp + pVù) is now a new variable and the mixed formu-
lation of (3) is:

where 11 is the outward unit normal to 16. Now we discretize equation (4) introducing a

regular sequence {ft};, of decompositions of O into tetrahedrons ? (see [4]), assuming for
simplicity that Q is a polyhedron. We introduce the Raviart-Thomas-Nédéléc [5] set of
polynomial vectors on ? € fi,, with O = U? C ffi3:

HTN(?) = span {(1,0, 0), (0, 1, 0), (0,0, 1), (r, y, z)}.

Next, we construct our finite element spaces as follows:

E;, = {r1, € (12(0))3 : Lnlr € E?N(?)VT e\} ,

o1 = {dr € ,2(0) | én e Po(")V" € 
"o} 

.

Notice that no continuity requirement on the normal component of r7, € Et at the interele-
ment boundaries is made, so that En É D. Actually, we relax this continuity via Lagrange
multipliers, by introducing the 'Lagrange multiplier space' 46,1 in the following way:

Aa,x = {pn e t'@o) | ttnlt €Po(l),Vl € En, [U^ - x)dc - 0VIclo],
JI

where I is a face of the tetrahedron and El is the set of faces of.71. The continuity of
the normal components of the current at the interelements is then forced by the Lagrange
multipliers. [n this way, the discretization of (4) gives us the new problem:

( Find J€» and.u€Qsuch that;

I In"rr.rda* [nudivrdx= froxr'nds vre» (4)

( J, daiu"rax = [né[ da vd e o

Find ll e 81, u1, € iD;, À1, € Aa,, such that:

[a"{ ln'hda I Dr Irul,divl1,dc - Er [ar \1r1, ' nds

Er Ir dndiv L 6dx = fn fén do

Dr fiar pn ln .3ds = Q

In the computation ry' is assumed piecewise Iinear in each tetrahedron so that the_integral
of e9 can be computed exactly. Then we introduce the piecewise constant function r/ defined
in each T e Th asi

,ù l, = Ir,!,0* . (6)' 
lrl

Hence, the system (5) can be written, with obvious notation, as the linear system:

(rael*Bu-c)=g
lr.r- =F (7)

[".] = ;
In (7), *l can be easily eliminated by static condensation, .4 being a block-diagonal matrix
(each block being a 4 x 4 matrix):

=0 Vgil€E;1
Yén e Qn (5)

VPr, € Ar,,o'

J = "-0 A-t (cÀ - ar)
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leading to the new system:

( - "-l B* A-r Bu + e-i B*A-r CL= F{_
L -.-{ C* A-1 Bu + e-'l,C*,4-1C} = g.

Also g can be eliminated by static condensation , B* A-r B being block-diagonal (actually
diagonal in our case):

u - e'O(B* /-t B)-1( "-i B*,4-1 CÀ - I).
The final system is then:

e-'l'M^ = DF
where: D * -(C* A'L B)(8. A'r B)'L
and: M - C* A-I C _ C* A-L B(8. A-I B)-rBr A-LC.

It cau be checked that the matrix M is an M-matrix, if the triangles of the tetrahedrons
have each angle 1 rf2. It can be proved [6] that À is an approximation of u. Then,
following [1-2], to go back to the original variable lr, we use the following discrete version of
transformation (2):

Ànlr = e*ltpn,
with:

"9,,, =
Yl e En. ( 10)

That is, each column of the matrix M has now to be multiplied by e/ on the corresponding
face. Although the resulting matrix is not anymore symmetric, it is still an M-matrix.

3. Asyrvrptorrc BEHAVToUR oF THE FrNAL MarRx
We will now study the asymptotic behaviour of the numerical scheme when the potential

becomes very large. Eor that, let us write:

(8)

(e)

I, e'! do

lrl

, ,lr0

where ry'o is a piecewise linear function with smooth gradient, e a small real pa^rameter and
we want to analyze the behaviour of the scheme for e going to zero. It is easy to check that
the contributions rnf, of an elementT to the final matrix have the form:

*T = "-o l, 
LTi 

"ù 1,, (12)

where L{, is a matrix depending on the basis functions.
The function ry'o on a tetrahedron could have its maximum on a vertex, on an edge or on

a face. It could also be constant.
We shall first analyze the asymptotic behaviour of. e-'l l7 in the different cases:

a) $^ * = ,lt(V), that is, the maximum of tlt is reached on a vertex:

"{ l, = E3s9^"

b) /-.* = ,lr(Vt) = tlr(Vz), that is, ,r/ has its maximum on the V1V2 edge:

,T l, - 62s$^.,

c) É*u* = r/(face) that is r/ has its maximum on a face:

"Tlr=6s{-"
d) /-.* - const(T), ry' is constant on each tetrahedron:

(11)

"V 1, - "'l'-.,
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On each face Ii, ry' is a linear function in two variables, and we also have to examine 3 ca.ses:

a') r/ has its maximum at one vertex:

d0 lri = ,2 
"tlt^"hi

b') r/ has its maximum on an edge:

"ùlrr=6"{*'hi
c') / : const

;& lr, = "t/-"hi
Consequently, since: l)^"* = e-ll$.*, and: ry',rro11, = e-ll},*hj, we have:

*T = C@,r,|,)s(/"'lr;-{-") ={C('' 
t'T') il,rf-".|r; E/'"*

[ 0 otherwise

Hence,weareinterestedtostudy C(e,L$) whenry'-"*11; E/-*. Itisthenimmediateto
see that case a) on 7 will imply case a') on Ii. Similarly, b) implies that b') holds, and c)
implies c'). Consequently, if one of these cases holds, we have:

(where: a = ll;lA).
Therefore, as in the 2-D case, the asymptotic behaviour of the scheme fits the structure

of the continuous problem (1):
"i,0-VP+LP=f.e'

As a final remark, let us point out that if case d) holds, then Vrl : 0 in ?, and the scheme
fits again the structure of problem (1), which reduces in this c.ase to: -Yp = f .
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0 otherwise


