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Abstract

In this paper, we present new applications of our general minimax theorems. In particular,
one of them concerns the multiplicity of global minima for the integral functional of the
Calculus of Variations.
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1 Statements of the Main Results

This is the second ring of a chain of papers (started with [14]) which is devoted to conse-
quences and applications of certain general minimax theorems that we have established in
the past years [5—-15].

The motivation for such papers is just to show the great flexibility and usefulness of those
theorems.

The two main results that we want to prove in the present paper are Theorems 1.1 and
1.2 below.

A real-valued function f on a topological space is said to be inf-connected (resp. sup-
connected) if f_] (] — o0, r[) (resp. f‘1 (Jr, +00])) is connected for all » € R.

Theorem 1.1 Let X and Y be two real Banach spaces; ® : X — Y a surjective continuous
linear operator; W : X — Y a non-constant Lipschitzian operator with Lipschitz constant
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516 B. Ricceri

equal to L; ¢ : Y — R a non-constant, continuous, concave and inf-connected functional;
[a, b] a closed sub-interval of [—1, 1].
Then, for every continuous and concave function y : [a, b] — R, one has

. a . b
max {Xlg)f(fﬂ <<1>(X) + m“’@)) + y(a),xlg)f(w (Cb(x) + m‘l’(x)> + V(b)}

= inf sup <<p (dD(x) + L\I’(x)) + )/(k)) ,
Otch

x€X )ela,b]

where
ap = sup dist(0, D~1(y)).

Iylly=<1

Let @ C R” be a bounded domain with smooth boundary and let p > 1. On the Sobolev
space WLP(Q), we consider the norm

1

lull = (/ |Vu(x)|Pdx —l—f Iu(x)lpdx)z )
Q Q

If n > p, we denote by A the class of all continuous functions ¥ : R — R such that

A6
sup
ger 1+ |14
pn

where 0 < ¢ < 25 if p <nand 0 < g < 400 if p = n. While, when n < p, A stands
for the class of all continuous functions ¢ : R — R.

Recall that a function ¢ : € x R” — R is said to be a normal integrand [16] if it
is £(2) ® B(R™)-measurable and ¢(x, -) is lower semicontinuous for a.e. x € Q. Here
L(2) and B(R™) denote the Lebesgue and the Borel o-algebras of subsets of € and R”,
respectively.

Recall that if ¢ is a normal integrand then, for each measurable function u# : 2 — R,
the composite function x — ¢(x, u(x)) is measurable [16].

A real-valued function f on a convex set is said to be quasi-convex (resp. quasi-concave)
if f_l(] — 00, r[) (resp. f_l(]r, +o0l[)) is convex for all » € R.

< 400,

Theorem 1.2 Let ¢ : 2 x RxR" — R be a normal integrand such that ¢(x, &, -) is convex
forall (x,&) € Q x Rand let € A be a strictly monotone function. Assume that
(i) There are ¢, d > 0 such that

C|77|p —d =< (p(xv Ev 77)
forall (x,&,n) € 2 xR xR" and
m infy peaxrr 9(x, 6, 1)
€1 +o00 V(&) +1
(>ii) For each & € R, the function ¢(-, €, 0) lies in LY(Q) and the function fQ o(x, -, 0)dx is
not quasi-convex.
Then, for every sequentially weakly closed set V. € WP (), containing the constants,

and for every convex set Y C L*°(R2), dense in L°°(R2), there exists o € Y such that the
restriction to 'V of the functional

+-00;

u— / (p(x,u(x),Vu(x))dx—i-/ a(x)Y(u(x))dx
Q Q
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has at least two global minima. The same property holds also with Y = C3°(<2).

2 Tools for Proving the Main Results

In this section, for reader’s convenience, we collect the tools that we will use to prove
Theorems 1.1 and 1.2. For the basic notions on multifunctions, we refer to [1]. The results
without any reference are new.

Theorem 2.A [10, Theorem 5.7] Let X be a topological space, I a compact real interval,
and [ : X x I — Ra function which is lower semicontinuous in X, and quasi-concave and
upper semicontinous in 1. Moreover, assume that the set

(L el : f(,A) is inf-connected in X}

is dense in I.
Then, one has

inf f = inf )
supin f=in 8111pf

A real-valued function f on a topological space is said to be inf-compact if f~!(] —
00, r]) is compact for all » € R.

Theorem 2.B [15, Theorem 1.2] Let X be a topological space, E a real vector space, Y
E a non-empty convex set, and f : X x Y — R a function which is lower semicontinuous
and inf-compact in X, and concave in Y. Moreover, assume that

supinf f < infsup f.
upin f<ig up f
Then, there exists y € Y such that the function f (-, y) has at least two global minima.

Proposition 2.A [10, Proposition 5.6] Let X and Y be two topological spaces, F : X — 2Y
a lower semicontinuous multifunction with non-empty values, and A C X a connected set.
Assume that the set

{x € A : F(x) is connected}

is dense in A.
Then, the set F (A) is connected.

Theorem 2.C [4, Théoréme 2] Let X and Y be two real Banach spaces, ® : X — Y a
surjective continuous linear operator, and ¥ : X — Y a non-constant Lipschitzian operator
with Lipschitz constant equal to L. Assume that apL < 1.

Then, the multifunction y — (® + W)~(y) is Lipschitzian in Y and its values are
absolute retracts.

We now are in a position to prove the following result from which we will draw
Theorem 1.1:

Theorem 2.1 Let X be a topological space; E a real topological vector space; Y a convex
subset of E; ¢ : Y — R a continuous, concave, and inf-connected functional; I a compact
real interval; and f, g : X — E two continuous functions such that f(x) + Ag(x) € Y
forall x € X, A € 1. Moreover, assume that there exists a set D C I, dense in I, with the
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518 B. Ricceri

following property: for each . € D, the function f + Ag is onto Y and open with respect
to the relative topology of Y, and there exists a set S, C Y, dense in Y, such that the set
(f + 2g)~ ' () is connected for each y € S.

Then, for every continuous and concave function y : I — R, one has

inf sup(¢(f(x) +2g(x)) +y () = sup inf (¢(f(x) + 1g(x)) + ¥ (1)).
Y€X pel rel X€X

Proof Consider the function ¢ : X x I — R defined by
Y, A) =e(f(x) +2g(x) + vy Q)

for all (x, 1) € X x I. Clearly, for each x € X, the function ¥ (x, -) is concave and contin-
uous in /. Now, fix A € D. Letr € Rbe such that {x € X : {(x, A) < r} # 0. Clearly, we
have
freX g <ri=(+ir (@ d—oo.r —yD).

Now, observe that (p_l (]—o0,r —y(X)]) is open in Y and connected since ¢ is continuous
and inf-connected. But, since A € D, the multifunction y — (f + Ag)~!(y) is non-empty
valued and lower semicontinuous in Y. Since Sy N~ (]— o0, r — ¥ (A)[]) is dense in o -
00, r — y(A)[), thanks to Proposition 2.A, we conclude that the set (f + Ag) (¢~ !(] —
0o, r — y(A)])) is connected. Clearly, ¥ (-, ) is continuous in X for all A € I. Now, the
conclusion follows directly from Theorem 2.A. O

The following two results will be used jointly with Theorem 2.B to prove Theorem 1.2.

Proposition 2.1 Let Q C R" be a bounded domain with smooth boundary, let p > 1, and

let ¢ : @ x R x R" — R be a normal integrand such that, for some c,d > 0, one has
C|77|p —d = (p(x7 57 77)

forall (x,&,n) € 2 x Rx R" and

lim inf x,&,n) = +o0.
|.§\—>+oo(x,r])EQXR"¢( 577)

Then, in WhP (), one has

lim / o(x,u(x), Vu(x))dx = +oo.
[lul|l—+o00 Jo

Proof Clearly, for each u € whr(Q), the integral fQ o(x, u(x), Vu(x))dx exists and
belongs to ] — oo, +oc]. Fix a sequence {u,} in WLP () such that lim,_, o ||un] = +00.
We have to show, up to a sub-sequence, that

lim @(x, up(x), Vuy(x))dx = +o0.
Q

n—o00

If the sequence { fQ |Vu, (x)|”dx} is unbounded, this clearly holds, due to the assumed
growth of ¢. So, assume that the sequence {fg [Vuy, (x)|pdx} is bounded. Then, by the
Poincaré-Wirtinger inequality, there exists a constant y > 0 such that

/ |ty (x) — an|pdx <y
Q

for all n € N, where
_ fQ U, (x)dx
T m()

n ’
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m(2) being the Lebesgue measure of 2. Since
lim |ty (x)|Pdx = +00
n—o00 Q
we clearly have
lim |a,| = 4o00.
n—oo
Fix any M > 0. Then, there exists § > O such that
px,&,m =M
for all (x, &, 1) € 2 x R x R" with |£] > §. We now show that
lim m(A,) = m(Q),
n—oo
where

Ap={x€Q: fu,(x)| = 8}.
Arguing by contradiction, assume that

liminfm(A,) < m(R2).
n—00

Fix p satisfying
liminfm(A,) < p < m(RQ).
n— 00

Now, fix & > y and n € N so that, at the same time, one has

] ( i >;+s
al > | ———
¢ m(Q) — p

m(A,) < p.

as well as

Then, one has
y > f in () — an|Pdx z/ ln (¥) — anlPdx > (aa| — 87 () — p) > 6,
Q Q\Ap
an absurd. Now, for each n € N, we have

/ 0 (x. 1t (), Vitn (1)) dx /w(x,un(x),wn<x>)dx+ f oGttty (), Vit (¥))dx
Q

n n

Mm(A,) —m(Q2\ Ay)d.

v

Therefore,

liminf/ ox, up(x), Vuy(x))dx = Mm(2).
n—oo Q
Since M is arbitrary, the sequence { fQ @(x, uy(x), Vuy (x))dx} diverges and the proof is

complete. O

Proposition 2.2 Let X and Y be two non-empty setsand f : X — Randg: X xY — R
two given functions. Assume that there are two sets A, B C X such that
(@) supy f < infp f;
(b) sup,cy infrea g(x, y) <0;
(c) infyep supyey g(x, y) = 0;
(d) infyex\p sup,cy g(x, y) = +oo.
Then, one has

sup inf (f(x) + g(x, y)) < inf sup(f(x) + g(x, y)).
yeY xeX xeX yey

%hm'n @ Springer



520 B. Ricceri

Proof Fix y € Y and € €]0, infp f — sup, f[ as well. Since infycq g(x, y) < O, there is
X € A such that g(X, y) < €. Hence, we have

Xig)f((f(X) +8(x, ) < fX)+g(X,y) < Sl;pf +e,

from which it follows that

sup inf (f(x) + g(x,y)) <sup f +¢€ < inf f. 2.1)
yeyxEX A B

On the other hand, in view of (¢) and (d), we have
inf f < inf (f(x) + sup g(x, y)) = inf sup(f(x) + g(x, y)) = inf sup(f(x) + g(x, y)).
B X€B X€B yey xeX yey

yeY
2.2)
Now, the conclusion follows directly from (2.1) and (2.2). O

We also recall the following well-known fact:

Proposition 2.3 Let A C R" be any non-empty open set and let v € L' () \ {0}.
Then, one has

sup /a(x)v(x)dx:—i—oo.
aeCs(A) /A

3 Proof and Corollary of Theorem 1.1

Let A €]a, b[. The Lipschitz constant of the operator %%\If is equal to l%‘ and so it is strictly

less than % Then, by Theorem 2.C, the multifunction y — (& + OK(D%\IJ)’1 (y) is lower

semicontinuous (since it is Lipschitzian) and its values are non-empty and connected (since
they are absolute retracts). So, the operator ® + AW is onto ¥ and open. Consequently, the
operators ¢ and W satisfy the assumptions of Theorem 2.1, with D =]Ja, b[ and S, =Y.
Hence, the conclusion is directly ensured by Theorem 2.1.

Let us notice explicitly the following corollary of Theorem 1.1.

Corollary 3.1 Let X and Y be two real Banach spaces, with dim(Y) > 2, & : X — Y
a surjective continuous linear operator, ¥ : X — Y a non-constant Lipschitzian operator
with Lipschitz constant equal to L, and [a, b] a closed sub-interval of [—1, 1].
Then, for each pair of continuous and convex functions 6 : [0, +oo[— R, n : [a, b] —
R, with 6 strictly increasing, one has
) + n(b)}
Y

min{sup 0 <H<I>(x) + LLW(X)
op

xeX

> + n(a), sup 6 (HCD(x) + L\If(x)
y agplL

xeX

) + n(k)) .
Y

Proof Since dim(Y) > 2, the norm on Y is a convex and sup-connected functional and
hence sois 8(||-|ly). Then, we can apply Theorem 2.1 taking ¢(-) = —60(||-|ly) and y = —n,
and the conclusion follows. O

2
= inf (6@ —
fg’;x;{;,b]( (H T A

@ Springer i ms



Miscellaneous Applications of Certain Minimax Theorems || 521

Remark 1 Notice that Corollary 3.1 does not hold, in general, if ¥ = R. In this connection,
it is enough to take X = R, ®(x) = x, ¥(x) = |x|, [a,b] = [-1,1],60() = t,n = 0.
Hence, L = ¢ = 1 and we have

sup inf |x 4+ Alx|| =0 < 400 = inf sup|x + A|x]||.
xeR IM=1 [A=1 xeR
4 Proof of Theorem 1.2

First, notice that, in view of the Rellich-Kondrachov theorem, for each u € WLP(Q),
we have v o u € LY(Q) and for each @« € L%(Q) the functional u —
fga(x)ljf(u(x))dx is sequentially weakly continuous. Moreover, by (i), the functional
u — fQ o(x,u(x), Vu(x)dx is sequentially weakly lower semicontinuous [2, Theorem
4.6.8]. Now, let V be a sequentially weakly closed subset of W!”() containing the
constants and let Y be a dense subset of L°°(£2). Put

X = {u eV . f @(x, u(x), Vu(x))dx < +oo}.
Q

By (ii), the constants belong to X. Fix o« € L°°(£2). By (i), there is § > 0 such that

px, &, m) —2lallL=@¥ @) =0
for all (x, &, 1) € 2 x R x R" with || > §. So, we have

%Inl” —d — |lollLo ) l;lp{S V()] < ox, &) +a)y(§)

for all (x, &, n) € 2 x R x R" and, of course,

|§|1—1>n-il-oo (x,n)lensng"((p(x’ £, m) +a(x)y(§)) = +oo.

Consequently, in view of Proposition 2.1, we have, in W17 (),
lim (/ o(x, u(x), Vu(x))dx —|—f a(x)lﬁ(u(x))dx) = 400.
llull—+o0 \J@ Q
This implies that, for each r € R, the set
{u eV . / o(x, u(x), Vu(x))dx +/ a(X)Y(mx)dx < r}
Q Q

is weakly compact by reflexivity and Eberlein-Smulyan’s theorem. Of course, we also have

{u eV: /(p(x,u(x),Vu(x))dx—i—/ a(xX)Y(u(x))dx §r}
Q Q

= {u eX: /go(x,u(x),Vu(x))dx+/ a(xX)Y(ux))dx fr}.
Q Q

Since the function [, ¢(x, -, 0)dx is not quasi-convex, there are £,§,§3 € R, with
&1 < & < &3, such that

max{/ ga(x,él,O)dx,f (p(x,$3,0)dx} <fga(x,§2,0)dx.
Q Q Q

Now, observe that, if we put

A ={&, &)

Fus &\ Springer



522 B. Ricceri

and

B = {&},
anddefine f : X > R, g: X xY — Rby

Flu) = fQ (1), Vu(o)dx, g, o) = [Q ()W () — P (E))dx
forallu € X, « € Y, we clearly have
sup f < inf f
A B

and

inf sup g(u, ) = 0.

Ueb ey
Since 1 is strictly monotone, the numbers v (§1) — ¥ (&2) and v (§3) — ¥ (§2) have opposite
signs. This clearly implies that

sup inf g(u, o) <O0.

aey Ue
Furthermore, if u € X \ {&>}, again by strict monotonicity, ¥ o u # (&), and so, since Y
is dense in L°°(£2), we have

sup g(u, o) = 4o00.

aeY
Therefore, the sets A and B and the functions f and g satisfy the assumptions of Proposition
2.2. Consequently, we have

sup inf (/ o(x, u(x), Vu(x))dx +/ a(x)l/f(u(x))dx)
Q Q

aegY Ue

< inf sup (/ @(x, u(x), Vu(x))dx + / ot(x)l/f(u(x))dx) .
ueX gey \JQ Q
Now, the conclusion is a direct consequence of Theorem 2.B. When ¥ = C§°(£2), the same
proof as above holds in view of Proposition 2.3.
We conclude presenting an application of Theorem 1.2 to the Neumann problem.
We denote by A the class of all Carathéodory functions v : 2 x R — R such that

V@&, O _

+00,
x.5eaxr 1+ 1§14

71”’;_“1] if p<nand0 < g < 400 if p = n. While, whenn < p, A

P
stands for the class of all Carathéodory functions ¥ : 2 x R — R. Given ¢ € A, consider

the following Neumann problem

—div(|Vu|P~2Vu) = ¥ (x, u) in Q

ad P

o _ 0 on 92 ®Py)
av

where v is the outward unit normal to 2. Let us recall that a weak solution of (Py,) is any

u € WH-P(Q) such that

where 0 < g <

/ |Vu(x)|p72Vu(x)Vv(x)dx —/ Yx, u(x))v(x)dx =0
Q Q

forallv € WP (Q).
Ify € A weset W(x,§&) = fos ¥ (x, t)dt. Clearly, W(x, ) lies in A.

@ Springer i ms
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Theorem 4.1 Let f, g : R — R be two functions lying in A and satisfying the following
conditions:
(a1) The function g has a constant sign and int(g~'(0)) = @;
(a2) limjg |- 400 % = +o0;
(a3) The function F — G is not quasi-convex.

Then, for each € L*®(2), with infq B > 0, and for each convex set Y C L*°(Q), dense
in L (), there exists a € Y such that the problem

—div(|VulP~2Vu) = a(x)gu) — B(x) f(u) in Q
du (P)
% =0 on 89,

has at least three weak solutions.

Proof Fix B € L%°(), with infg B > 0, and a convex set ¥ € L% (), dense in L™ ().
We are going to apply Theorem 1.2, defining ¢, { by

1
p(x,8.n) = ;Iﬂlp +BE)(F(E) - G©®)

and

Y€ =—-G(&)
for all (x, &, n) € 2 x R x R”. It is immediate to realize that, by (a;)—(a3), the above ¢, ¥
satisfy the assumptions of Theorem 1.2. Of course, the set ¥ — [ is convex and dense in
L°°(R2). Then, Theorem 1.2 ensures the existence of « € Y such that the functional

u— /Qw(x,u(X),Vu(X))dx+/Q(Ot(X)—B(x))1/f(u(X))dx

= l/ |Vu(x)|pdx+/ B(x)F(u(x))dx—/ a(x)G(u(x))dx
P JQ Q Q

has at least two global minima in whp (€2). But, by classical results, such a functional is
C! and satisfies the Palais-Smale condition and hence, by [3, Corollary 1], has at least three
critical points which are weak solutions of problem (P). O

In conclusion, we want to remark a feature of Theorem 2.A, the main tool that we used
to prove Theorem 1.1: the second variable of f runs over a real interval. An important
contribution to this kind of result has been provided by H. Tuy in [17].
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