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Abstract

We consider a class of stationary Schrédinger-Poisson systems with a general nonlinearity f (u)
and coercive sign-changing potential V so that the Schrédinger operator —A 4V is indefinite.
Previous results in this framework required f to be strictly 3-superlinear, thus missing the
paramount case of the Gross-Pitaevskii-Poisson system, where f(t) = [t|*¢; in this paper we
fill this gap, obtaining non-trivial solutions when f is not necessarily 3-superlinear.
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1. Introduction

The dynamic of a Bose-Einstein condensate can be described (see [1, 2]) by the Gross-
Pitaevskii equation

P10 = —Ap+ Vip+ g 92y

where 1) : R3 x [0, +00[— C is the wave function of the condensate, V = V() is the potential,
|y|? is the particle-density, whose integral gives the total (large) number of particles N and
g is related to the scattering length of the mutual short-range atomic interaction (resulting
in positive g for repulsive interaction and negative for attractive ones). The Gross-Pitaevskii
equation is a particular case of the nonlinear Schrédinger equation

PO = —Ap+ Vo +glp[P~ ey

for p > 1. If the particles are electrically charged, long-range electrostatic interaction can be
effectively modelled by a potential term (see [3] for a formal justification), so that V' = Vex+¢,
where Voy is the external potential and ¢ is the electrostatic potential determined by the
Poisson equation with charge density k|¢|? (typically, k& > 0 giving repulsive interactions).
This gives rise to the Schrédinger-Poisson system

i 0pt) = —AY + (Ve + @)0 + g [9|P~ 10
—A¢ = kY

(1.1)
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which has been object of extensive studies in the last decades. Assuming vanishing boundary
conditions at infinity, the total energy

1 Vext k 9
E = v 2 rext 2 v/ 2 _J p+1d
[, 3IVR + TS+ VO Lt o

is conserved along the motion, as well as the total mass N = [¢|3, where | - |, stands for
the Li-norm over R3. A particularly interesting case of the previous system is when long-
and short-range mutual strengths compete, for example when k& > 0 (repulsive electrostatic
interaction) and g < 0 (short-range binding). This is the case for a Bose-Einstein condensate
of charged ions with attractive interatomic interaction, trapped in a potential well.
Standing waves for (1.1) are obtained through the ansatz ¢ (z,t) = e~ “'u(z) with w :
R3 — R, resulting in
{—Au+Vu+¢u—f(u)—0 (12)
—A¢p =u?

where we set f(t) = [t|P7, V = Ve — w and k = 1 for simplicity of notation. Conservation
of total energy E and mass N gives the relation w N = FE so that w represents the energy
per particle of the standing wave. A natural question, to which we will give a positive answer
in the present paper, is wether standing waves of arbitrarily large energy per particle can
occur. Notice that for large values of w, the potential V' = V 4y — w is sign-changing and the
linearisation of the first equation turns out to be an indefinite Schrédinger operator.

Formally, the functional £ : H*(R?) x D12(R3) — R given by

1 1 1
E(u,(ﬁ):i/R3 <|Vu|2—|—Vu2)dsc—Z/]RS Vol dx—l—g/ﬂggéqux—/RSF(u)dm

F(t) = / £(s) ds,

is such that critical points (u,¢) of £ are solutions of (1.2). However, since £ is strongly
indefinite and thus difficult to deal with, Benci et al. [4, 5] proposed the following reduction
procedure. For u € H'(R?) let ¢, € D?(R?) be the unique solution of —A¢ = u? in (1.2).
Then, u is a critical point of the functional

J(u) = 1/ (|Vu|2 + Vu2) dr+ 3 [ guutde— / F(u)dz, (1.3)
2 Jrs 4 Jrs R3
if and only if (u, ¢,,) solves (1.2); see [4, 5] or [6, pp. 4929-4932] for more details.

Based on this reduction method, ground states and, more generally, positive solutions to
system (1.2) have been obtained in a wide variety of assumptions, both on f and on V. With
no attempt to give a complete account of the literature, we mention [7, 8, 9] for V' = const > 0
and [10, 11, 12] for V radial. More general asymptotically constant potentials are considered
in [13, 14, 15, 16]; [17, 18, 19] treat periodic ones and [6, 20] deal with (weakly) coercive
potentials. Sign-changing solutions are found in [21, 22] in the case V = const > 0, in [23]
when V' is asymptotically constant. Motivated by [24], nodal solutions to (1.2) with coercive
potential are constructed in [25, 26].

We emphasize that in the aforementioned papers the Schrodinger operator —A + V is
always assumed to be positive definite (as when infgz V' > 0), so that « = 0 is a local minimizer
of J, leading to a mountain pass geometry if f is 3-superlinear (actually, superquadratic will
often suffices, but require more intricate arguments). However, if we seek for standing waves
with large w, then V' = Vi — w will be negative somewhere, disrupting the mountain pass
geometry. For stationary NLS equations

—Au+Vu= f(u) (1.4)



25

30

35

40

45

50

with indefinite Schrodinger operator —A + V| one usually applies the linking theorem to get
solutions, see e.g. [27, 28]. For system (1.2), however, it seems hard to verify the linking
geometry due to the nonnegative and nonlocal term involving ¢,; see [29, p. 47] for further
discussion on this issue. This is probably one of the reasons why there are very few existence
results for (1.2) if the Schrodinger operator —A + V' is indefinite. We are only aware of the
works [30, 31] which actually infer linking from a perturbative argument, (thus obtaining
solutions under a smallness assumption on the nonlocal term) and [29, 32], where critical
points for J are obtained via the local linking theory [33, 34].
In the previous papers, however, f is always assumed to be 3-superlinear, i.e.

flx, t)t

[t|=+oo  t4

= +00 locally uniformly (1.5)

holds and, as far as we know, currently there is no existence result for system (1.2) with indef-
inite potential without (1.5). The relevance of this latter framework is clear from the previous
discussion on Bose-Einstein condensates, since the reaction f(t) = |t|?t corresponding to the
Gross-Pitaevskii equation is exactly 3-linear.

Our first and by far easier result treats subquadratic nonlinearities. By o(—A + V) we
mean the spectrum of —A + V| understood as the natural self-adjoint operator corresponding
to the bilinear form given by (2.2) below.

Theorem 1.1. Suppose that V is coercive in the following sense
(Vo) V € C(R3) is bounded from below and |{V < k}| < oo for all k € R,

and that inf o(—A + V) < 0. If there exist C,v > 0, p,q € ]1,2] such that
LfO1 < C(t" + ¢ (1.6)

and F(t) = fot f(r)ydr > ¢ \t|p+1 for allt € R, then there are at least two nontrivial solutions
to (1.2).

Under the stated assumptions, the functional J given in (1.3) is coercive, hence Palais-Smale
sequences are automatically bounded and precompact by (V5). Since J has a local linking at

0, Theorem 1.1 directly follows from [35, Theorem 2.2].
Our next and main result deals with the superquadratic case, including f(u) = |ul"~"
with p € ]2,5[. In addition to (Vp), we will need the following assumptions

u

(V1) V € CY(R3) and there exists R > 0 such that 2V (z) + VV(z) -z > 0 for |z| > R.

(Va) There exists x > 0 and m € R such that |VV(z) - z| < & (V(z) +m) = £V (z) for all
r € R3.

(f1) f€C(R) and |f(t)| < C(|t| + |t|") for some p € (1,5), C > 0.
(f2) There exists p > 3 such that f(¢)t > pF(t) > 0 for all t € R\ {0}.

Clearly, any coercive, radially increasing potential with polynomial growth satisfies our as-
sumptions, an explicit example being V (z) = |#|> —w (which, for w large enough, gives rise to
an indefinite Schrodinger operator). For a more detailed discussion on (V1) and (V3), we refer
to the beginning of Section 3. Under assumption (Vp), the Schrodinger operator operator
—A + V is essentially self-adjoint with discrete spectrum and we will let X, , X_ and X
denote its positive, negative and null eigenspaces, respectively.

Theorem 1.2. Assume (Vy)—(Va), (f1)—(f2) hold. If either
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1. dmX_ >0,dim Xy, =0
2. dim Xy > 0 and F(t) = fot f(r)dr > cl|t|” for some v < 4,

then problem (1.2) has at least a nontrivial solution.

Let us discuss some features of Theorem 1.2 in the model case f(u) = |u|’ ~ 4. The main
difficulty in studying (1.2) in the range p € ]2, 3] is that it is not known whether Palais-Smale
(or even Cerami) sequences are bounded or not. This issue disappears when p > 3, thus
allowing an easier application of variational methods (this is also why most of the previous
papers on the subject assume (1.5)). To overcome this difficulty there are typically two
approaches:

e Seek for a minimum on a suitable manifold M. Coercivity is still an issue for p € ]2, 3]
and the standard Nehari manifold won’t help, so one usually works on the Pohozaev
manifold (or variants of it);

e Employ Struwe’s monotonicity trick, i.e., define monotonic perturbations of J and find a
solution for almost every perturbation. Boundedness of the resulting sequence is proved
via the Pohozaev identity.

Both techniques can be successful when the Schrodinger operator —A + V' is positive definite,
but run into serious issues when it is not, for reasons which we will briefly outline.

For the NLS (1.4) with indefinite potential, the Nehari manifold A" can be modified as
in [36] to produce ground states. This is possible thanks to a linearity feature of the Nehari
manifold, as A is the set of critical points of J along lines through 0. On the contrary, the
natural curves defining the Pohozaev manifold (which is the one apparently needed to get co-
ercivity) are highly nonlinear and may have nothing to do with the orthogonal decomposition
of the space dictated by the linear operator —A + V.

On the other hand, Struwe’s monotonicity trick is usually successful when a uniform
mountain pass geometry or more general linking geometry holds for the family of monotonic
perturbations of J, see [37, 38] respectively. This cannot hold for the indefinite Schrodinger-
Poisson systems we are considering because, as pointed out in [29, p. 47], our functional .J
only has a local linking at the origin. Currently, it seems unclear how to implement the mono-
tonicity trick in a local linking geometry, due to the lack of an explicit minimax description
of the critical values in this setting.

To get around these difficulties, inspired by [39], we add a dummy variable and consider
an augmented functional J : R x X — R, see (3.4). It turns out that J solves all the issues
J had: it satisfies the (PS) condition (Theorem 3.6), and if (5, @) is critical point of .J, then
@ is critical point of J (Lemma 3.5). Moreover, J preserves the local geometry of J at zero,
namely it has a local linking with a precise relationship with the one of J and, through a
highly nonlinear version of a by-now classical argument, its homology at infinity is trivial.
Eventually, we will apply Morse theory to get a critical point of J and thus of .J.

The paper is organized as follows. In Section 2 we recall the functional analytic tools we’ll
need and prove Theorem 1.1. In Section 3, we deal with the superquadratic case and present
the proof of Theorem 1.2. To shorten the notation, all integrals will be on the whole R3,
unless otherwise specified.

2. The coercive case

Let us discuss some first consequences of (Vp), which we’ll assume from now on. From the
lower boundedness we can henceforth fix m > 2 such that

V(z) =V(z)+m> % > 1, for all z € R. (2.1)
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By [40] we see that the Hilbert space
X = {u € H'(R®): /f/uzdx < +oo}, (u,v)x = / {Vu.Verf/uv dzx

compactly embeds in L?(R?). Notice that since X also embeds into L°(R3), by interpolation,
X < L"(R?) compactly for all r € [2,6[. From the compactness of X — L?(R?), we deduce
that the bilinear form

Q(u,v):%/(Vu-anLVuv) dz, u,v € X, (2.2)

is essentially selfadjoint (by Kato’s criterion), semibounded from below on X C L?(R3) and
the spectrum of the corresponding Schrodinger operator o(—A + V) is discrete (with finite
multiplicity) and bounded from below. In the following, we will denote by X, X_ and X
respectively the positive, negative and null eigenspaces of the Schrédinger operator, and by
u — ut and u — ug the corresponding orthogonal projections. Accordingly, there exists
A+ > 0 such that

+ Q(u,u) > Aa|jus|? for u € X4 @ X, respectively. (2.3)

As already pointed out, solving (1.2) is equivalent to finding critical points of the C*
functional J : X — R,

J(u) = %/ {|Vu|2 +Vu2} dz + i/qﬁuﬂdm— /F(u) duz,
where ¢, is the unique solution of —A¢ = u? in D*?(R?). Recall that
0< /d)u u? dz < C|lul|?, (2.4)
see e.g. [6]. We will also need the following estimate, whose proof is similar to [7, Eqn (19)],

therefore is omitted.

Lemma 2.1. For any u € H'(R?) we have

/|u\3 dz < %/ (170l + 6 u?] da. (2.5)

Given a Hilbert space X, we say that a functional J € C'(X) has a local linking at 0 if
X = X~ @ X for some closed proper subspaces X* and for some p > 0 there holds

J>0 inB,n(X+\{0}),
J<0 inB,nX",

where B, denotes the open ball in X of radius p and centered at zero. This implies that
u = 0 is a trivial critical point of J. The following three critical point theorem can be found
in [35, Theorem 2.2], which is a special case of [41, Theorem 2.1].

Theorem 2.2. Let J € CY(X) satisfy the (PS)-condition, have a local linking at 0 with
dim X~ < oo, and be bounded from below. Then J has at least two nontrivial critical points.

Now we can start our investigation for the functional J.
Proposition 2.3. Suppose that (Vy) holds and that there exist C > 0, p,q € [1,2[ such that
[E@&)] < O(tP*! +[t7H) (2.6)

for allt € R, then J is coercive on X.



Proof. Let us choose m > 0 as in (2.1) and set A : X — R,

:——/u dz + - /|u| de + - /Vu dx—/|F )| da.

For u € X, using (2.5) we have

1 1
J(u)=§/[|Vu|2+Vu2 dl‘-l-f/(buqux—/F(u)dx
1 9 9
:Z/Dvm +Vu?] dr g /[|Vu| +buu }daz+ /Vu dx—/F(u)dx
1 2 m 2 1
= = 2 = — [ |F(u
_4Hu|| 4/u dx—|—2/|u\ dr + = /Vu dx /| )| dx

1
= 7l + AGw).

Therefore, it suffices to show that the functional A is bounded from below.
For any M > m, since V(x) > —m for all x € R, we have

/Vqux:/ Vu2dx+/ Vu2dx2M/ qux—m/ u2dx,
{v>Mm} {v<my} {v>m} {v<my

so that

M
A()Z— udx——/ uda:——/u dr+= /\u| dor— /|F ) da. (2.7)
{(V>M} {(V<M}

uo  Accordingly, we split all the remaining integrals on the two sets {V > M} and {V < M},
proving boundedness of the corresponding quantities separately.
On {V < M}, which has finite measure by assumption (V4), Holder inequality gives

2
3
/ u?de < Cy / lu> dz | .
{v<m} {v<m}

Similarly, using (2.6) as well,

p+1 a+1

/ F(w)| dz < C, </ fuf? dx) L, (/ fuf? dx)
{v<m} {v<m} {v<m}

3
for some constants C,. depending on M, V and r € [1,2[. Hence

1
Ay (u) = _T/ W2 dz + f/ luf? da —/ |F(w)] da
2 Jivemy 2 Jiv<my (v}

2

1 3
> f/ lul® da — m / lul® da
2 Jyv<my 2 (v<m}

p+1 g+1

-G (/ ul? da:) - Cy (/ Ju)? dx)
{v<mMm} {v<M}

and since ¢,p € [1,2], for any choice of M, m the right hand side is clearly bounded from
below.




Consider now

M — 1
AT () = m w?dz + - u)® dz — |F(u)| da
M 4 2
{V>M} {V>M} {V>M}

M — 1

> m/ u2dx+f/ |u|3 dz

4 {V>M} 2 {V>M}
- C/ |ulPT da — C/ Ju|? da. (2.8)
{V>M} {V>M}

For r € {p+ 1,q+ 1}, by the interpolation inequality we have

r6,. r(1—6y)

2 3
/ lul" dz < / u? da / lul® da (2.9)
{V>M} {V>M} {V>M}

for 6, € [0,1] satisfying
LGT + r (1 — 97')
2 3
We can suppose that u # 0 on {V > M} (otherwise A}, (u) = 0) and set

—1
R, = / u? dz / luf® da.
{V>M} {V>M}

Then applying (2.9) for r =g+ 1,p+ 1 to (2.8) we have

M — 1
AT (u) > m w?dz + = lul® dz
M 4 2
{V>M} {V>M}

(P+1)0p41 (r+1)(1-0p11)
3

-C / u? da / luf® da
{v>n} {v>Mm}

(g+1)6441 (a+1)(1-6441)

-C / u? dz / lul® da
{V>M} {V>M}

M — » (P+1)(1-0p41) (a+1)(1-0441)
( mL R R ~CR, 3 )/ u? da.
{V>M}

=1.

4 2 b

Because % <1forr=p-+1,q+1, there exists M > m such that

M-m R (+1)(1-6p41)
1 + 5 —CR 3

(a+1)(1=0g11)
3

> 0, for all R > 0. (2.10)

With this choice of M at the very beginning, the above argument shows that AX[(u) > 0.
us Since Ay, (u) + A}, (u) is exactly the right hand side of (2.7), we deduce that A is bounded
from below and the proof is concluded. [

Remark 2.4.

e Regarding the potential, coercivity holds under slightly weaker assumptions, namely

that the measure of {V < M} is finite for a suitable large M prescibed by the va-

120 lidity of (2.10). However, without assuming the full (V;) in the previous proposition,
compactness starts becoming the main issue to prove existence of a solution.
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e The case 1 < p < ¢ = 2 can also be treated but is border-line: consider in (1.2) the
nonlinearity f(t) = Alt|t for A > 0. The previous proof still works for A < Ay being
Ao a small positive number that can be explicitly computed, but fails for A > A\g. The
arguments in [7, Theorem 4.1] show that for A > Ag there are actually no solutions.

Now we can give the proof of Theorem 1.1.

Proof of Theorem 1.1. Notice that condition (2.6) trivially follows from (1.6). The arguments
of [6, p.4933] and the coercivity of J imply that the (PS) condition holds. Let X_, X and
X, be the negative, positive and zero eigenspaces of the bilinear form @ defined in (2.2),
with u_, us and ug being the respective orthogonal projections of u. We claim that J has a
local linking at 0 with respect to the decomposition (X_ @& Xo) @ X ;. By the compactness of
X — L%(R?), both X_ and X are finite dimensional and (X_ @ Xg) has positive dimension
because inf o(—A + V) < 0. By the embedding X < L"(R?) for r € {p+1,q + 1}, there

holds
’ / F(u)dx

J(u) = Q(u,u) + G(u)
where, recalling that p,q > 1 and (2.4)

< C ([ullP* + [ful ™),

so that

Glu) = / [},zs u? F(u)} de = of|jul?),  as [lul 0.

This immediately forces J > 0 on BN X4 \ {0} for suitably small R > 0. For u in the finite
dimensional space X_ @ Xy (where all norms are equivalent), it holds

/F(“) do = C/ [ulP™ da > éljul P,
for some ¢ > 0. Therefore, by (2.4) and (2.3) we deduce
Jw) < =M_|lu_||> 4+ C |lu||* = &||ulPT! for u € X_ @ Xo,

Since p+ 1 < 4, this implies that J < 0in Bg N (X_ @& Xo) \ {0} for an even smaller R > 0.
The conclusion now follows from Theorem 2.2. O

Remark 2.5. The condition F(t) > c[t|P*! is only used to deal with the case dim Xy > 0. If
dim Xy = 0 it is not needed and the multiplicity result above holds under the séle assumption
(1.6) with p, q €]1,2].

3. The superquadratic case

We first briefly discuss the assumptions used in this section to prove Theorem 1.2, namely
(Vo) — (Va), (f1) and (f2), as well as some of their consequences.

e Assumption (V;) can be seen as a lack oscillation condition at infinity. For coercive
radial potentials V(x) = v(]x|) it can be rephrased requiring that = +— v(r)r? is non-
decreasing. An example of coercive potential failing to satisfy (V1) is V(x) = |z|> +
|z| sin |2|2.

e Condition (V2) rules out exponentially growing potentials for which the implication u €
X = u(\-) € X may fail for A # 1. For example, if V(z) = el*l and u = e~ 1#l /(14 |z[*),
then certainly u € X but u(A-) fails to be in X for any A € ]0,1[. A quantitative version
of this is given in Lemma 3.1.



e Notice that condition (f;) implies that |F(t)| < C (|t|? + [t|P*1), p < 5, so that J is well
defined on X. We avoid the critical case p = 5, since the functional should satisfy (PS).
145 for ¢ less than some positive number cqg. Since our functional only has a local linking
structure, and currently all critical point theorems related to local linking require (PS),

for all ¢ € R, at present the critical case cannot be treated.

e Hypothesis (f3) is a 3-superlinear condition of Ambrosetti-Rabinowitz type. By stan-
dard arguments, it implies that ¢ — F(t)/[t|*~'t is non-decreasing and therefore,

F(t) <Ct* for [t| <1,  F(t)>Ct]* for|t| > 1. (3.1)
Lemma 3.1. Assume (Va) holds and let V :=V 4+ m. Then for anyt >0, z € R3
V(tx) < max{t", t "} V(z). (3.2)

Proof. For t > 1 we have

(tx) - - fd -
log —= =logV(tx) —logV(z) = —log V(sz)ds
® ) gV(tz) —logV(w) = | F-logV(sz)
t o1 ) 1 ¢
:/wfdsg/ids:logt”.
1 V(SJJ) S 1 S
Therefore V (tz) < t* V(z). The argument for the case 0 < ¢t < 1 is similar. O

For any t > 0 and u € X define
ug(z) = 2 u(te), (3.3)

and define on the Hilbert space R x X (with natural norm ||(s, u)||> = s2+]|u||?) the augmented
functional

2
ﬂmm:%+ﬂw) (3.4)
Remark 3.2. Obviously, for s,t > 0, from (3.3) we have (u¢)s = urs = (us)t.

Proposition 3.3. Assume (V) and (f1). Then the functional J is well defined on R x X,
of class C* and

~ 2 3s 1 s
J(s,u) = %—i—%/ {|Vu|2+ 2¢uu2} d:v—i—%/V(:Ue*S)u2 d:c—efg'S/F(e%u) dz, (3.5)

(0] (5,u), ) = € / [VuVp + ¢y ugp] do + e° / Vize ™ )upde —e™® / f(e*u) pd,
(3.6)

asj(s,u) =35+ ;635/ |:Vu2 + %Qﬁu u2:| dx —+ %/ [V((Eeis) — VV(.’E675) . xefs] u2 dx

— e 38 / [2f(e**u) e**u — 3F (e**u)] du. (3.7)
Proof. By changing variables, it suffices to prove the statement for J(¢,u) = J(u;) on Ry x X.

A simple scaling argument shows that ¢,, (z) = t2¢,(tz), so that the following change of
variables is justified by ¢, € LS(R3) and u € L'?/°(R?)

/qﬁut ufdx:t3/¢uu2 dx.
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Similarly,

/\Vut|2dx:t3/|Vu|2dx < B,

‘/F(ut)dx

For the potential term, thanks to the continuity of V' the change of variable x = y/t is justified
on any fixed ball Br and the previous Lemma ensures

< C’t/uzdx+C|t|2p*3/|u|pd:E.

/ Vuldr = t/ V(y/t)u?(y) dy < max{t”,t_”}/ Vu?dy < e|ull?,
BR BtR BtR

so that letting R — +oo proves that J is well-defined. Formula (3.5) directly follows from
changing variables.

Formula (3.6) can be computed in a standard way, while (3.7) is obtained by deriving
under the integral sign in (3.5). Observe that

|2f(e**u) e**u — 3F(e**u)| < C(e™|ul? + e**|u|®) (3.8)
by the growth condition (f;) and
|V(ze™®) = VV(ze™®) - we™®| < |V(:Ee_s){ + |VV (ze™) - we™?|
<m+ (1 +r)V(ze™) <m+ (14 k) e V(z) (3.9)

due to |[V| <V +m, (V3) and Lemma 3.1. Moreover both

sr—>/’2f ye*u —3F (e *u)| da, s+—>/|V(ze*S)7VV(xe*S)~:cefs|u2d:r

are continuous by dominated convergence and standard arguments yields the differentiation
formula (3.7). Finally, the estimates (3.8), (3.9) ensure the continuity of the corresponding
Nemitskii operators appearing in (3.6) and (3.7), so that J is of class C'. O

Proposition 3.4 (Pohozaev identity). Assume (Va) and (f1) and let u be a critical point of

J on X. Then
dt t=1 ( t)

Proof. Let ug(x) = u(tr). The same argument used in the proof of Proposition 3.3 shows
that under assumption (V5) the curve ¢ — u( is continuous in X at ¢t = 1, and the functions
@(t) == J(u¢) and (t) := J(u() are differentiable at ¢ = 1. By the mean value theorem

o(t) = ¥(t) = J(ug) — (U(t )= (DJ(&),ur — u(t)>
<DJ( ) (t — 1) U(t)>
(t* = (DI (&), uer)) (3.10)

for some &; lying on the segment from u; to ug). Therefore § — v in X as ¢ — 1, because
both wu; and wu() possess this property. Consequently, D.J(§;) — DJ(u) = 0 and

(DI (&) uw)| < IDIE Nuwl =0 fort —1
because uy) is continuous. It follows from (3.10) and (1) = 9(1) that (1) = ¥'(1), that is,

d
dt

Jlu) = &

dt J(u(t))

t=1

t=1

10
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160

By the usual form of the Pohozaev identity® the last term vanishes, thus proving the theorem.
O

In the following, we denote by D.J the total differential of J with respect to both variables
s and wu.

Lemma 3.5. If (V) and (f1) hold, then

DJ(5,1)=0 < 5=0 and DJ(a)=0.

Proof. («) From (3.6), it follows that DJ(u) = 0 implies 9,J(0,) = 0. Therefore, it
suffices to prove that d,J(0,%) = 0. From DJ(@) = 0, Proposition 3.4 gives

d

— J(uy) = 0. 3.11
], T (3.11)
The map t — J(@;) is C! by Proposition 3.3 and

. log? ¢
J() = J(logt, @) — °g2 7

so that (3.11) reads

~ . log’t ~ 1 logt
0=— J(logt,u) — = | 0sJ(logt,u)- — ——
dt”( (ot )~ 1) = (0. 7togr.1) -

= 0,J(0,7).

t=1

(=) From D.J(5,%) = 0, being D = (s, d,), we immediately infer 0 = 0,,.J (5, @) = 8, J (ties)
and we only have to prove that s = 0. Proposition 3.4 applied to v := u.s gives

The function ¢ — J(v;) is C! by Proposition 3.3 and

. 5+ log t)?
J(vr) = Jines) = (5 + logt,w) — E 108D - S
where the first equality is due to Remark 3.2. By the Chain Rule and 9,J (s,u) =0 we
have
d = 1  5+logt -
0= — J(vy) = <8SJ(§+logt,ﬂ) - S'Jrog) =0.J(5,u) —§=—-5. O
dtl,_, t t =1

Theorem 3.6. Suppose that (Vo) —(Va) and (f1)~(f2) hold. Then J satisfies the (PS) condi-
tion.

Proof. Let {(sn,un)} be a (PS)-sequence for .J in R x X. Then

|j(sn,un)| + |8Sj(sn,un)| =0(1).

3This follows from the standard technique (see [42, 43]) of multiplying the strong form of the equation by
Vu -z (notice that u € Wfocz (R3) by elliptic regularity), integrate by parts in Br and use the finiteness of
the energy to get rid of the corresponding boundary terms for a suitable sequence of radii R, — +oo. The
nonlocal term involving ¢, can be treated through [44, Proof of Theorem 1.3].

11



Choose A € |3, u[, where p > 3 is given by (f2). Then

. . 2\ — _
(2\— 3)J(5, 1) — Do (s, 1) = %52 —3+Qe33/|vu|2dx

A— 3
2

+ / [[Vul® + ¢y u?] dz + —/ (A=2)V(ze®) + VV(ze ) - ze *| v’ dz

+ 26_38/ [f(e**u) e**u — AF(e**u)] dz.
Using (2.5) on the second integral and (f2) on the last, we thus obtain

2 _
2\ — 8)J (s, u) — Du (5, 1) > AQ 352 3+¥635/|Vu|2dx+(/\—3)633/|u\3dx

- / ze” %)+ VV(ze ®) - we "] v’ da + 2(p — A\)e ™% / F(e*u) du.
(3.12)

The third integral is bounded from below through (V5)-(V2) and Hélder’s inequality. Indeed,
set

v(z) = 3%/ %u(ze?), Wi(z) :=2A—-2)V(z)+ VV(z) -z
Then, by a change of variables,

/ 20 = 2)V(ze™®) + VV (ze *) - ze *| v’ da = /W,\ v?dz. (3.13)

As W) is bounded on bounded sets, we let C'y € R be such that W, > —C' in Br, R given
in (V1). Then

Wy v?de > —CA/ v?dr > —C) (/ |U|3dx> . (3.14)
BR BR

On R?\ Bg, we split the integral on the two sets {V > 0} and {V < 0}, the latter having
finite measure by (Vp). Because 2(A — 2) > 2, assumption (V;) implies that

Wi(z) =2A—=2)V(z)+VV(z) -z >2V(z) + VV(z) -2 >0
for x € {V > 0} \ Bg. On the other hand, by (V3) and V > —m we have
Wy >2A=2)V —r(V+m)>—-2A—-2)+x)m on{V <0}

We thus have, for some possibily larger C'

/ WAvgde/ WAvgde—C)\/ v2dx2—C,\|{V<O}|% </|v|3dm)
Ra\BR {V<0}\BR {V<0}
(3.15)

Combining (3.13), (3.14), (3.15) and computing |v|3 in terms of |u|s by changing variable, we
get

/ 20 = 2)V(ze™®) + VV (ze®) - ze *] v dz > —C) € (/ |u|? dx) ’ . (3.16)

Inserting the latter into (3.12), for our (PS)-sequence {(sp,u,)}, we have
O(l) > (2)‘ - 3)j(5na uﬂ) - aej(Sna un)

2\ —3 A— ,
2 e3sn / |V, |2 da 4 2(p — A)e 3 /F(egs"un) dz

3
+ (A —3)e / [un | dz — Cy, (635" / || dm)

12
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From A\ > 3 we infer (A — 3)&, — CA&QL/S — +o0 if &, = €3*"|u,|3 — +oo, while also using
uw—A>0and F >0 we deduce from the previous estimate that

[sn]s / |Vu,|? dz, / lu,|? dz, /F(e2s”un) are bounded, (3.17)
and recalling that J(s,, u,) = O(1) we also get through the previous bounds
/V(xefs")ui dz < O(1). (3.18)

To complete the proof of the boundedness of ||u,||, let S > 1 be such that |ks,| < S. Applying
Lemma 3.1 for x being xe™*" and t being e°", we get

V(z)+m<e’ (V(ze ") +m). (3.19)

Choose k > m large enough such that
1
§e_sk > (1 — e_S) m.
Using (3.19), if V(z) > k, we have
V(ze ) > eV (x) — (1- e_S) m > TV(Z‘)
Thus, also using V' > —m on {V < k}, we deduce

/V(ase_S”)ui dz = / V(ze *")u? dx + / V(ve " )uZ dz
{V>k} {V<k}

e
ze— Vuflda:—m/ u? dz
2 Jsky (V<k}
=S 2/3
> Va2 do — m |[{V < k)3 (/|un|3)
2 Jvswy
s
> — Vu? dz — O(1),
2 Jvsky

where we used (Vo) and (3.17) in the last inequality. From (3.18) we thus infer

/ VuZdr <O(1).
{V>k}

Finally, due to k& > m it holds V +m < 2V on the set {V > k} and V +m < 2k on {V < k},
thus

[l ||? §/|Vun\2dx+2/ Vuidx+2k:/ u? dz
{V>k} {V<k}

%
< /|vun\2dx+2/ Vol dao+ 2k [{V < k}|3 (/ |un|3dm> <0(1)
{V>k}
by (3.17), proving the boundedness of {u,} in X. Finally, the proof of the strong compactness
of {u,} again follows as in [6] thanks to the compactness of X — LP(RY) for p € [2,6[. [

Lemma 3.7. Assume (f1)-(f2), (Vo)-(Va). For any X € |3, u], there exists My > 0 such that

d - 20 -3
t

(j(T»Ut)+M>\) ) t>0,ue X,7 €R. (3.20)

13



Proof. The estimate is independent of 7 and u, so we let v = u.- and observe that

. 2 2 log?t - < log? t
J(r 1) = % + J(uger) = % 28 1y J(logt,v) > J(logt,v) — —2 (3.21)
d - logt 1. -
SIrw) = ng + <0, (log,v). (3.22)
We claim that for given A € |3, u], there exists My > 0 such that
~ ~ 52
0sJ(s,v) —s < (2A — 3) <J(s,v) -5 + M,\> (3.23)

for all s € R and v € X. Then, using (3.21) and (3.22), with s = logt and v = u,- in (3.23)
we deduce

d - logt 1. =
ST = —Tg + 0.7 (log,v)
2A—3 /- log? 20— 3
< (J(logtyuef)— = +Mk) = T (Jluer) + M)
IN—3 /-
<
< " (J(T,ut) —&-M)\),

proving (3.20). To prove (3.23) ignore the nonnegative terms involving Vu and F in (3.12)
and use (3.16) to get

A= 9(s.0) —0d(s,0) 2 222 s e e [upac— o (o [lopar)

The last two terms are bounded from below thanks to A > 3, thus (3.23) is proved. O

Lemma 3.8. Suppose (f1)-(f2) and (V1) hold true. Then, for any (s,u) € R x X \ {0} it
holds

t_l)linoo J(s,up) = —o0.

Proof. Considering v = u. it suffices to prove that J(v;) — —oo as t — +o00. As in the proof
of (3.5) we get

3

J(ve) = %/ [|VU2 + %(ﬁv vg] dx + %/Vt?’vQ(tx) dx —t‘g/F(tQU) dz.

Since v # 0, we can suppose that for some ¢ > 0, |{|v| > £}| is finite and positive and by
(3.1) we have

/F(t2v) dz > O/H N }tQ" lo|*dx > C et [{|v] > e}|t?* =: C\, t**,
for some C, > 0 and t?> > 1/e. V is bounded on Bg, therefore
/B V0P (tw) dz < ||V 1o (Bp) /t?’vQ(tx) dz = ||V||Le(Bg) /v2 dz.
R
Assumption (V;) implies that for any |w| = R and r > 1

L (Vewr?) =r (W (rw) + TV () - 1) 20,

14
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where as usual V =V 4+ m, so that
H(z) =V (z)|z|? Xr3\Bg () is radially non-decreasing.

Letting w(z) = v(z)/|z|, we have
/ V 202 (tz) do = t? / H t3w?(tr) do = t* /H(Jc/t) w? dz,
R3\Br

and by the monotonicity of H, H(x/t) w? \, 0 as t — +00, so that by monotone convergence
the last integral vanishes as ¢ — +o00. Therefore

/Vt3v2(tx) dz < V 302 (tx) da + /

V302 (tr) de < ||V e () /112 dz + o(t?).
R3\Bgr

Br
Summing up,
3

J(v) < %/ [[Vv]* + ¢, %] dz +

t||Vlpe
IVl (3 ”L2 (Br) /v2 dz + o(t?) — C, 7% — —o0,
as t — 400, because 2 — 3 > 3. O

Theorem 3.9. Assume (f1)-(f2) and (Vo)-(Va). Then for any sufficiently negative a € R, it
holds R
H,Rx X, {J<a})=0  foranyqe{0,1,2,...,}.

Proof. Let X = X \ {0} and consider the continuous map
Rx X xRy 3 (s,u,t) — (s,u;) € R x X.

Fix A € 3, u[ and @ < —M,, where My > 0 is given in Lemma 3.7. Then, by the previous
Lemma, for any (s,u) € R x X

tlginoo J(s,up) = —o0.

Therefore, we infer from (3.20) that the implicit equation J(s,u;) = a has a unique solution
t = p(s,u) for any (s,u) € R x X such that J(s,u) > a, and

o:{(s,u) eRx X :J(s,u) >a} = Ry
is continuous by a standard application of the implicit function theorem. The map

(s,ul_&_&,(&u)) if j(s,u) > a,

D:[0,1]] xRx X - Rx X, @(5,(s,u)){(su) if J(s.u) < a

is a deformation retract of R x X onto {j < a}, so that by homotopy invariance

H.Rx X,{J<a}) = H.(R x X,R x X).

Since R x X deformation retracts to {0} x S, which is contractible in itself, we get the
claim. 0

Recall that X, X_ and Xy are the negative, positive and null eigenspaces of the bilinear
form defined in (2.2).

15
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Lemma 3.10. Assume (f1)-(f2), (Vo)-(Va) and consider the decomposition Rx X = X_ X
where ~ R
X_=X_a& X, Xi=Ro X,.

Then the functional J has a local linking in the following cases

1. dim X_ > 0, dim Xo = 0.
2. dim Xy > 0 and F(t) > c|t|” for some v < 4.

Proof. We first show that for some r > 0

J(s,u) >0 for [s| <r, weXi, |ul|<r. (3.24)

1
/V(me‘s)uzdx:/Vqux—i—/ (/ d —V(e _ST.’E)dT> u? dz
0 dr
:/Vqux—s/ (/ VV(e *Tx)- (e~ )dT) u? d,
0
therefore

‘/V )u dx—/Vu dz| <|s |/</ |VV (e ) (e a)| dT) u? dz
gn|s|/</ V(eSTx)dT) W2 dz by (V)
< ks |/</ Rlslm 7 )dT) W2 dz by (3.2)

< (eﬁls\ _ 1) /Vu dz < O(s) Jul® = o(||(s, w)|]?)

We have

since, as (s,b) — (0,0), sb® = o(|(s,b)|?). Moreover, (f;) and (3.1) imply that
[P < C (|t + 1)

so that, for ||(s,u)|| — 0, we have

/ F(e*u)dx

while by (2.1) we easily have |V| < 2V, hence

6735

= C/ Jul* + [l da < o(|lu]*),

|s|/|V|u2 dz < 2|s|/f/u2 dz = o(||(s,u)|?).
Gathering these estimates and recalling (2.4), we get
—/ Vul® + ¢u dx—l——/V Nutdr —e” 3S/F(e2su)dx
-i-%/wmz dm+%/‘/u2dx

+ O(l[ull) + o(ll(s, w)II*) + o([[ull*)

82 2
/[|vu|2+vu2} da + -+ O(llull*) + o(l|(s,w)|)-

16
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180

185

190

195

The latter readily yelds (3.24) and, for s = 0,

J(0,u) <0 forue X_, Jull <r,

proving the claimed local linking in case (1).

In case (2) we proceed as in Theorem 1.1: the previous computations yield

1
J(0,u) < 5/ ([Vul* + v u? dx+O(||u||4)—c/|u|”dac,

and being all norms in X_ & X equivalent we deduce

J(0,u) < =A_|ju_|®> + O(f|ull*) = ¢ ||u]” for u € X_ & Xj.

Thanks to v < 4, we infer

J(0,u) <0 forue X_ @& Xo, |ull<r,

concluding the proof in this case. O

Theorem 3.11. Assume (f1)-(f2), (Vo)-(V2) and either

1. dim X_ > 0, dim Xo = 0.
2. dim Xy > 0 and F(t) > c|t|” for somev <4 .

Then problem (1.2) has at least a nontrivial solution.

Proof. Theorems 3.6, 3.9 and the previous Lemma allow to apply [45, Corollary 2.3], giving a
critical point (3, @) # (0, 0) for J. But then Lemma 3.5 forces § =0, 4 # 0 and DJ(@) =0. O
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