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ABSTRACT. We consider a nonlocal equation driven by the fractional p-Laplacian (—A); with

s €]0,1[ and p > 2 (degenerate case), with a bounded reaction f and Dirichlet type conditions in
a smooth domain 2. By means of barriers, a nonlocal superposition principle, and the comparison
principle, we prove that any weak solution u of such equation exhibits a weighted Holder regularity
up to the boundary, that is, u/d$ € C*(Q) for some a €]0, 1], do being the distance from the
boundary.

1. INTRODUCTION AND MAIN RESULT

This paper is devoted to the study of some fine boundary regularity properties of the weak solution
to the following problem:

(1.1)

(=A)pu=f inQ
u=0 in Q°.

Here, and throughout the paper, Q ¢ RY (N > 1) is a bounded domain with a C*! boundary
00, Q¢ =RN\ Q, s €]0,1], p €]1, 00| are real numbers, and f € L>°(Q). The leading operator is
the s-fractional p-Laplacian, defined as the gradient of the energy

1 [u(x) — u(y)|P
J(u) = // fuz) = ww)” ;4
) pJJrvgry |z —y|NEPs Y

WyP() ={ue LP(RN): J(u) <oo,u=0 in Q°}.
When restricted to conveniently smooth u’s, such operator can be rephrased pointwisely as

A gt [ 8@~ u@)P () — ()
RO =2 S o~y w

in the space

i.e., as a singular integral operator of fractional order s and summability power p, which for p = 2
reduces to the Dirichlet fractional Laplacian (—A)® (up to a multiplicative constant). For a deep
discussion on various notions (weak, viscous and strong) of solutions to (1.1), see [19]. A useful
comparison principle for (—=A); has been proved in [24], a Hopf’s lemma in [5] and some strong
comparison principles in [18], while its spectral properties are studied in [9,17,24].

The interior regularity theory for problem (1.1) is well developed. The linear case p = 2 is quite
classical and Schauder estimates are available in the form f € C* = u € C*7® whenever 2s + «
is not an integer (see [28]). In the general case p # 2 the situation is more involved. The first
results are [6, 7], dealing with local regularity and Harnack inequalities when f =0 in (1.1). In
the inhomogeneous case [3,14,15,21,23] contain local Holder regularity estimates under various
integrability assumptions on f, however the dependance of the Holder exponent is not specified
and not optimal. The papers [1,30] deal with the degenerate case p > 2 and show higher fractional
differentiability of u when fractional differentiability of the forcing term is assumed. In [26] higher
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fractional differentiability is obtained for any p > 1 under summability assumptions on f. Finally,
still in the case p > 2, the optimal Holder exponent for the solution of (1.1) is obtained in [2],

giving e.g. u € Cfgolj(Q) when f € L>°(Q) and p's < 1.
The boundary regularity for problem (1.1) is more delicate. As a comparison, consider its local

counterpart

(1.2) {—Apu:f in

u=0 on 0f),

(formally obtained by letting s — 17 in (1.1)). It is well known that, for example, u € Cﬁ)?(ﬂ)
whenever f is bounded, and nothing more can be expected, regardless of the smoothness of f. This
regularity can easily be extended up to the boundary, as follows. One straightens the boundary
near zg € 0} and consider the odd reflection of the resulting u: as it turns out, it solves a similar
equation in a larger domain containing z( in its interior, therefore satisfying the previous local
regularity estimates. The odd reflection trick then shows that in general the interior and boundary
regularity for (1.2) coincide. Boundary regularity for a wider class of nonlinear local operators is
proved in [22].

This is no longer true for the fractional problem (1.1). For instance, the function u(x) = (1—|z|?)3.
solves (1.1) for Q = By, p =2 and f = const. in . Its interior regularity is C*° (as the Schauder
theory a priori forces for C*° right-hand sides), but its boundary regularity is only C*. Thus,
we see that there is no obvious way to reproduce the odd reflection trick to deduce boundary
regularity for (1.1), since actually boundary and interior regularity are quantitatively different.

The first result dealing with the boundary regularity for problem (1.1) is contained in [28] for
p = 2, where it is proved that v € C*(R") whenever the non-homogeneous term is bounded. In
the nonlinear case, [14,15] contain a global Holder continuity result, with an unspecified Holder
exponent (see also [20] for a refinement and generalisation when f = 0). Coupling the barrier
argument contained in [14] with the optimal interior regularity of [2] provides the optimal regularity
u € C%(RY) when p > 2. Notice that the construction of the barrier in [14] only requires that 9
is Lipschitz continuous and satisfies the exterior ball condition, matching the probably minimal
regularity of the boundary assumed in [28] in the linear case. The same is expected to be true
in the case p € |1,2[, but the optimal (or, at least C*) interior regularity in this framework is
missing.

Still, even in the linear case, there is much more to be said. Despite the optimal regularity
u € C*(Q) rules out in general the existence of the classical normal derivative, in the seminal
paper [28] a regularity result for the s-normal derivative

ou . u(xo + trg)

=1
ovs (o) t—1>r(§1+ ts

Y

where v, denotes the inner normal to 02 at xy € 9§2. More precisely, they proved that, if when
p =2 and 9Q is O, then any solution u of (1.1) satisfies

= COfllpe(), dalx) := dist(z, 09)
C ()
for some a = a(N,s,Q) €]0,1[, C = C(N,s,Q) > 0.
The latter can also be seen as a weighted Holder regularity result and it provided several
applications to overdetermined problems [8], nonlinear analysis [12,13], free boundary problems [4]
and integration by parts formula [29]. For further references and related results we refer to the
survey article [27].

“
de

Our main contribution is an analogous fine boundary regularity result for the weak solution to
(1.1) in the degenerate case p > 2.
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Theorem 1.1. Let p > 2, Q be a bounded domain with C1' boundary and dg(z) := dist(z, ).
Then there exist a €0, s] and C > 0, depending on N, p, s, and Q, s.t. for all f € L>(Q) the
weak solution u € WP () to problem (1.1) satisfies u/d§, € C*(2) and

- <clf

de2 co@ S CM L=

With the result above we hope to provide nonlocal regularity theory with an analog of Lieberman’s
C1(Q) regularity theorem for the (local) p-Laplacian [22]. We privilege weak solutions (e.g., with
respect to viscosity solutions, see [23]) mainly because we consider problem (1.1) in a variational
perspective. A useful application of Theorem 1.1 is given in [16], yielding the equivalence of
Sobolev and weighted Holder local minimizers for the energy functional of a nonlinear boundary
value problem driven by (—A); (similar results are proved in [13] for the linear case p = 2, and
in [10] for the local p-Laplacian).

The singular case p € |1, 2] of Theorem 1.1 remains open, but it can probably be dealt with through
suitable variations of the techniques presented here. Another interesting issue is related to the
case of unbounded reactions. In fact, the C1%(Q) result for problem (1.2) can be achieved even
when f € L1(Q) for some ¢ > N, so one can conjecture that Theorem 1.1 above also holds for
sufficiently summable right hand side. However, our approach extensively uses the boundedness

of the reaction and it is not apparent how to deal with unbounded f’s.

Sketch of proof. Our aim is a weak Harnack inequality for the function u/dg), and in particular
a pointwise control of u/d¢ in terms of an integral quantity. Our strategy is to exploit the
nonlocality of the operator and define the following nonlocal excess:

EX(U7 k7 R: xO) _][

u

‘— _ k’ dz,

~ dS

BR,ZEO Q

with k € R, R > 0, and B R.zo Deing a small ball of radius comparable to R, placed at distance
greater than R in the inner normal direction from zy € 9 (see figure 1 and properties (2.2) for a
precise definition). We call it nonlocal because it turns out that, given a bound on (—A)J u, the
pointwise behaviour of u/d¢, inside Br(xg) N2 is controlled by the magnitude of the excess of u
in BRz,, which takes into account the behaviour of u/d§, outside of Br(xo) N €.

In order to describe the scheme of the proof, consider the case of {2 being the half-space RY =
{zny >0}, 20=0, R=1,and D; = B1 N Rf. We are going to prove two types of weak Harnack
inequalities. The first one is for supersolutions and reads

—A)Pu>0 inD )
(1.3) ( >]Zu Tn ]IV = inf <is — 1) > o Ex(u).
u > dg, in RY By aNRY \dj
Here ey = (0,...,1), Byy is centered at 0 and o is a positive constant depending only on N, p,

and s. Besides, the translated ball ey + By /4 corresponds to B; and we have set

Ex(u) = Ex(u,1,1,0) :][ (dis - 1) dx.
en+Bijq M Q
The second one regards subsolutions and is
—APu<0 inD
(1.4) FApu<O Dy (1- =) = o Bx(u).
u < dg, in RY By jaNRY dg,

Note that in both cases we have a precise sign information on the difference u/dg — 1 in the
translated ball. The similarity of the two statements is misleading, since, as will be seen later, the
second one is actually considerably more difficult to prove than the first one.
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The reason why these kind of nonlocal weak Harnack inequalities hold lies in the following nonlocal
superposition principle, which in a different form was proved in [14]. Given a regular function w
and a perturbation u, define

ﬁu:w—l—(u—w)xél

Then, under some mild control of w in terms of d¢, on Bi, we have

(1.5) {u >win B = (=A)'0 < (=A)*w—cEx(u) in D

u<win By = (=A% > (-A)*w +cEx(u) in Dy

for some ¢ = ¢(N, p, s) > 0.
Our strategy for proving, e.g., (1.3) can then be roughly described as follows:
(i) Build a one parameter family of basic barrier wy (A € R) obeying the bounds

[(=A)ywx] < CA in B
(1.6) wy = (1+N)dg,  in Dy
wy < df in DY
(ii) Choose A ~ Ex(u) so that the nonlocal superposition principle (1.5) ensures

(~A) Ty <0< (=A)Su in Dy

and thanks to the global control wy < w in Df, deduce that w) is an actual lower barrier

for u. Thus, by comparison, w = wy < u in Dy 4.
(iii) Conclude from the second condition in (1.6) that

d%—l}%—l))\:Ex(u) in Dy 4.
Q Q

Most of the paper will thus be devoted to the construction of the family of basic barriers satisfying
(1.6). As it turns out, the construction will depend on the size of Ex(u), and we will need three
different kinds of barriers. More precisely, for small values of Ex(u) (and thus of \), we will build
the barrier w) starting from dg, (which in the case of a half-space obeys (—-A), d§ = 0) and
performing a C''-small diffeomorphism of the domain supported in Dj, to get the first condition
n (1.6). A similar construction yields the upper barrier to prove (1.4) in the case of small excess.

For large values of Ex(u), the lower barrier will be a multiple (of order ~ \) of the torsion function

{(—A);U =1 in D1/2

v=0 in D ,,

which, thanks to a Hopf type lemma and the size of Ex(u) ~ A, fulfills the second bound in (1.6).
Unfortunately, when we are looking for the corresponding basic upper barrier w), for large
Ex(u) >~ A, namely

[(=A)Swy| < CA in By

wy < (1-N)d§, in Dy

wy = df] in Df
(in order to prove the weak Harnack inequality for subsolutions (1.4)), the previous construction
fails. Indeed, when A\ > 1, w)/dg, must change sign near 9Q N (Dy \ Dy/4) and, even in the
case of a half-space, we lack explicit examples of functions with bounded (—A)IS, having such
behaviour. To get around this difficulty we employ an abstract construction chiefly based on the
Lewy-Stampacchia inequality, building an upper barrier which solves a double obstacle problem.

This ensures that, for large excess, the solution u is nonpositive in D3, and now the torsion
function argument applies providing the desired bounds.
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Finally, we localize (1.3) and (1.4), requiring the pointwise bounds to hold only in Ds. This is
done by looking at the truncations of u below or above d¢, and, due to the nonlocality of the
operator, it produces additional non-homogeneous terms (usually called tails in the literature)
which in the case p > 2 are quite delicate to care of (see Remark 2.8 in this respect). Having the
local version of the weak Harnack inequality finally gives the desired Holder continuity through
well known techniques, originally developed in [28] for the linear case.

Notation. Throughout the paper, dependence on N, p, s will often be omitted. Positive constants
will be denoted by C1, Cs, ... When measurable functions are involved, the expression ’in €’ will
always mean ’a.e. in 0 (and similar). We will regularly set a?~! = |a|P~2a for all @ € R. The
positive order cone of a function space X is denoted X . For all function f, we denote by f; its
positive part. Functions defined in a domain U C RN will be identified with their extensions to
RY vanishing in U¢. The minimum (resp. maximum) of two functions f, g is denoted by f A g
(resp. f V g). Though our main theorem is only proved for p > 2, all the intermediate results will,
unless otherwise stated, hold for any p > 1.

2. PRELIMINARIES

As we said in Section 1, Q € RY will always be a bounded domain with a C1'' boundary 9. For
all z € RN and R > 0 we set

Brp(z) ={y e RY : |z —y| < R}, Dg(x)= Bgr(z)NQ

(we omit the x—dependence if z =0, i.e., we set Br(0) = Bgr, Dr(0) = Dr). We define a distance
function by setting for all € RY

da(z) = inf |o—yl.

Clearly do : RNV — R, is 1-Lipschitz continuous. By the C1'-regularity of 9, Q has the interior
sphere property, namely there exists R > 0 s.t. for all z € 9Q we can find y € Q s.t. Bor(y) C Q is
tangent to 02 at = (in some results this weaker property alone will suffice). We denote by p > 0
the supremum of such R’s, i.e.

(2.1) p=p(Q) =sup{R:Vz €O IBr CQs.t. v €IBr} >0
and define the neighborhood of 92 by setting
Q, ={z€Q: dao(z) < p}.
By the choice of p, the metric projection Il : €, — 92 is well defined %nd is ObL if 9 is OV L.
Moreover (see figure 1), for all x € 9Q and R €]0, p[ there exists a ball B, r of radius R/4 s.t.

~ 3R
(2.2) B%R C DQR({L') \DgR/Q(x), inf dQ( ) 2
yeB:c R

We recall now the definitions of the main function spaces that we shall use in this paper. For all

measurable u : RY — R we set
u(y)P
—d d
s //RR o —y[Vres

and we define the fractional Sobolev space
WsP(RY) = {u e LP(RY) : [u]sp < oo},

which is a Banach space with respect to the norm [|ullsp = [u]sp + [[ull o @ny, With CP(RYN) as a
dense subspace. We also set

WoP(Q) = {ue WRY): u=0 inQ}
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— p—1
WP (Q) = {u el RY): 30/ 5 Qst ue W(Q) and / [u()|

P )
loc o (1+|x|)N+ps T < o0

Such space plays an important role in the study of our problem, since by [14, Lemma 2.3] for all
u € WP(Q) we have (—A);u € W=7 (Q). We also set, for any open subset U C €,
Wg’p(U) ={ue W*P(U) : u(z) =0 in Q°}

(note that u does not necessarily vanish in all of U¢). We define a notion of nonlocal tail (slightly
different from that introduced in [6]) by setting for all measurable u : RY — R, R >0, and ¢ > 1

(2.3) taily (u, R) = [ /Q - ‘Z’(ﬁq da:}‘lz.

All equations and inequalities involving (—A)Z are meant in the weak sense, unless explicitly

stated: e.g., for any u € Wi"(Q2) and f € L>(Q), we say that (—A)ju = f in Q, if

// (u(z) — u(y)*” (p(z) — ¢(1)) dr dy = / f(@)p(z)d for all o € WP ().
RN xRN Q

|z — y|NHPs

Similarly, we say that (—A)su < f in Q if for all ¢ € W5 (Q) 4
[ O D gy ¢ [ iyt
RN xRN h Q

|z — y| NP

We will also use the space of a-Holder continuous functions
Cc*(Q)={ueC@): [ulca@) < 00},

where
u(@) — u(y)|

Ulraimy = SUpP
[]C () ’x_y’a

z,yeQ, x £y
which is a Banach space endowed with the norm

I

ullca@) = lulle@) + [Ulge @)

In the rest of the section we will list some useful technical results on solutions to (1.1) type
problems on several domains: for simplicity, we always denote the domain by §2, but in the
forthcoming sections these results will also be applied to different domains.
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We begin with the following weak comparison principle (see [24, Lemma 9], [14, Proposition 2.10]):
Proposition 2.1. (Comparison principle) Let u,v € Ws’p(Q) satisfy

(=A)u < (=A)v in

u<v in Q°.

Then v < v in RY.

Our first result is a simple estimate on the solution to the torsion equation in a ball: for all R > 0,
we denote by up € Wi?(Bg) the (unique) solution to

(2 4) (_A>;Z UR = 1 in BR
‘ up =0 in BS.
Lemma 2.2. There exists C1 = C1(N,p,s) > 1 s.t. for all R >0, x € RV
R .
Tl BR(ZL') < UR(ZE) < ClRp_ldBR(fﬂ).

Proof. First assume R = 1. By the strong maximum principle (see [25, Lemma 2.3]), we have
uy > 0 in By, while by [14, Theorem 4.4] there exists C; > 0 s.t.

(2.5) u < C1dh, inRY.

By [14, Theorem 3.6] we can find r €]0,1[, M > 0 s.t. [(=A)5d% | < M in By \ B,. Set
m = infg, u; > 0 and for all x € RV

w(z) = min {m, M }dg, (2).

Then we have

(-A)pw < (-A)yur in By \ B,
w < Uy in (By \ B,)".

Proposition 2.1 yields w < u1 in RY. So, for C} even bigger if necessary in (2.5), we improve to

dS
(2.6) % <up < C1dy, inRY.
1
Now take an arbitrary R > 0 and set for all z € RY
_ ug(Rx)
v(z) = s

S

5 (see [14, Proposition

Then v € Wi (B1) and by the homogeneity and scaling properties of (—A)
2.9 (i) (i1)]) we have

(~A)sv=1 inB

v=0 in B,
By uniqueness v = u;. Since dg,(Rx) = Rdp, (), by (2.6) we have for all z € RY

B3y (R2) _ up(R) _ Cidy,(Re)
CiRs ~ R¥'s Rs ’

hence the conclusion. O

The previous estimate allows us to use ug as a barrier to prove a Hopf type lemma for the torsion
equation in a general domain:

(2.7)

(A)ju=1 inQ
u=20 in Q°.
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Lemma 2.3. (Hopf’s lemma) Let u € W3*(Q) solve (2.7) and Q satisfy the interior sphere
property (2.1). Then

1 s
u(@) > Gopridy(z)  forallz € RY,
1

where C1 = C1(N,p,s) > 1 is given in the previous Lemma.

Proof. First, fix x € Q,. Then we can find a ball B C €2 of radius 2p, tangent to 02 at Ilg(x)
and s.t. do(z) = dp(x). Let v € WJP(B) solve

(-A),v=1 inB
v=20 in B€.

So we have
(-A)jv < (-A)ju inB
v<u in B€.

By Proposition 2.1 we have v < u in RY. By Lemma 2.2 and dg(z) = dg(z), we infer
20) -1
(2.8) u(w) > 0(e) > B o).

Now assume z € Q\ Q,, and set R = dq(z) > p. The ball B’ = Bg(z) is contained in Q and
dp/(z) = R = dg(x). Considering the torsion function v’ of B’ and applying Proposition 2.1, we
deduce through Lemma 2.2
R 1 Rt pp1
- S/ - RS ds .
i (a) = o B > g (a)

From (2.8) and (2.9) we conclude. O

(2.9) u(x) = (x) >

WV

Another property of problem (2.7) is that its solution is a subsolution all over RY:

Lemma 2.4. Let @ CRY be bounded and u € WP (Q) solve (2.7). Then (A)pu<lin RV,

Proof. Set for all v € W*P(RN) N LY (RY)

) =2 [ oa)as,

(achieving its minimum on W () at u) and consider the constrained minimization problem

(2.10) inf Jy(v).

For any v it holds Ji(v4) < Ji(v). Moreover, v < u implies vy € WP (2), hence

inf Jy = Jy ().
wibley 7t = 1Y)

Ji(u) = inf Ji(v) = inf Ji(vy) =
Thus u solves (2.10) as well. The variational inequality associated to (2.10) reads
(Ji(u),v —u) >0 forallve WPRY)NLYRY), v <u
and setting v = u — ¢, we get

(Ji(u), ) <O for all p € CX(RY), ¢ >0,

ie, (A);u <1in all of RY concluding the proof. O
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We introduce a partial ordering on the dual space W‘S’p/(Q) by defining the positive cone
WP (Q)y = {L e WP (Q) : (L, ) >0 for all p € WP(Q)}.

By the Riesz theorem and the density of C2°(Q) in WP(Q), any L € W~ (Q), can be faithfully
represented as a (positive) Radon measure on §2 (see the discussion in [11, p. 265]). Then, the
order dual of w is defined as

WQS»P/(Q) ={Li—Ly: Ly,Ly € W_S’pl(Q)+}'

Such space inherits a lattice structure defined by duality through the lattice structure of Wy*(9),
as shown in [11, p. 260]. We now give a slight generalization of the Lewy-Stampacchia type
inequality [11, Theorem 2.4] which is needed to treat double obstacle problems with obstacle not
lying in Wg P(Q). The proof is well known and we describe it for sake of completeness, specializing
to the case of the operator (—A)S

5.
Lemma 2.5. (Lewy-Stampacchia) Let @ C RY be bounded, ¢, € WP (RY) be s.t.
(i) (=), (=A)p v € WP (Q)
(i1) o, 0] = {v e WGP(Q) : o <v <Y} #0
Then there exists a unique solution u € WiP(Q) to the problem
p
min s
vElpY] P

and it satisfies

OA (A9 < (A u <0V (A e in Q.

Proof. The existence and uniqueness statements for the minimization problem follow from the
strict convexity and coercivity of v — [v]5,. The function u € [p, ] is a minimizer iff it satisfies
for all v € [p, Y]

(2.11) (=A)yu,v —u) = 0.

We prove now that
(2.12) (—A)f,u <0V (—A);cp in €.

Recall from [11, Remark 3.3 and p. 261] that v +— [v]5,/p is sub-modular and strictly convex,
hence its differential (—A)? is a strictly 7-monotone map, i.e.

p
(2.13) (A)yu— (=A)pv,(u—v)y) >0 unless v < u.
By condition (i), the strictly convex, coercive functional
5,p [v]5p s
Jr Wt () = R, Ja(v) = — (=A)p9 V0,0,

is well defined, and we thus let w be the unique solution of the following problem

H(lin ]Jg(v), ] — o0, u] :={ve WP () :v<u},

ve (00,u

which therefore solves for all v € ] — 00, u]
(2.14) (Jh(w),v —w) > 0.

We claim that v > w, and then necessarily u = w. Condition (ii) forces ¢ < 0 in Q°, therefore
wV e WiP(Q). Choosing v =wV ¢ =w+ (p —w)y gives

0 < (Jp(w), (p—w)+) = (A w—(0V(=A), ¢), (¢ —w)4) < (A)yw— (=A) ¢, (¢ —w)4).
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By (2.13), this implies ¢ < w and, by w < u, a fortiori w € [p,1]. Choosing v = wV u =
w+ (u —w)4 as a test function in (2.14) gives

0 < (Jy(w), (u—w)y) = ((=A)pw = (0V (=A); @), (u—w)) <((=A),w, (u—w)y),
while letting v = w Au=u— (u—w)4 in (2.11), provides

0 < {(~A)u, —(u—w)s).

Summing up we obtain

0<((A)pw—(=A)u, (u—w)y),

thus (2.13) entails © < w and therefore w = u. This enforces (2.14) for u, then for all z € W3 (Q)4,
setting v =u — z €] — 0o, u] we get

(=A)pu,2) S ((=A), ¥ V0, 2),

proving (2.12). The first inequality of the thesis is achieved through a similar argument. O
A major tool in our proofs is the following nonlocal superposition principle:
Proposition 2.6. (Superposition principle) Let € be bounded, u € W”’(Q), v € LL (RN),

loc
V = supp(u — v) satisfy
(i) Qe RN\ V;

. [o(@)["~*
(17) /V(dx < 00.

1+ |x|)Ntps
Set for all x € RN

u(z) ifrxeVe
v(z) ifxeV.

Then w € W*P(Q) and satisfies in

(u(z) = v()"~" = (u(z) —u()*"
|z — y| NP

(=A),w(z) = (—A),u(r) + 2/

\%4

Y.

Proof. We can rephrase w = u 4 (v — u)xy, which implies w € W‘”’(Q). By [14, Lemmas 2.3, 2.8]
we have (—A)3w € WP (), moreover for all ¢ € W;P(Q)

(A w.) = () + [ hoypla)da.
where for all Lebesgue point x € V' of u we have set

oy =2 [ 00 o())P! — (u(z) —u()

|z — y[NHP

Y.
This concludes the proof. [l

We conclude this section with a key estimate for a function which is locally bounded by a suitable
multiple of d¢, (here we first require that p > 2). The passage from a global bound to a local bound
can be delicate for a nonlocal operator such as (—A);. While technical, the next proposition
shows the main reason why the degeneracy of the operator forces, in the following sections, a
peculiar decomposition of the right hand side (see Remark 2.8 below).

Proposition 2.7. Let Q be bounded, p > 2 and u € Wg’p(DR) satisfy (—A)5u € Wgs’p/ (DR):
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() if there exists m € R s.t. u > md§, in Dag, then for all € > 0 there exist C. =
C.(N,p,s,e) > 0 and another constant Cy = C2(N,p,s) > 0 s.t. in Dg

(~8); (w v mdy) > (~A)pu— = di% - mHZ;l(DR) — Cetaily 1 ((m — d%>+= or)"

— Cy|m[P~2taily ((m - d%)# ZR);
Q

(it) if there exists M € R s.t. w < Md§ in Dag, then for all ¢ > 0 there exist C. =
C.(N,p,s,e) > 0 and another constant C4 = C5(N,p,s) > 0 s.t. in Dg

9

(=A) (uA Mdg) < (~A)5u+ % B d% Z:(DR) + Cltail, (((11; - M>+7 23)”*1
+ O M P~ 2taily ((dl; - M)+, 2R>.

Proof. We prove (7). We may assume u/dg —m € L>(Dp), otherwise there is nothing to prove.
We will use the following elementary inequality: since p > 2, there exists C), > 0 s.t.

(2.15) (a =Pt — (c =P < Cp(lalP2 + [pIP2)|a — c| + Cpla — P! for all a,b,c € R.
Indeed, by Lagrange’s theorem and convexity, we have

(a =0t = (c =)'t < Cp|lalP™ + b= + |c[P7*)]a — ]
< Cp(lalP=2 + bP~* + Cy(le — alP~* + [alP~2)) [a — c],

which implies (2.15). Set w = u V md,. Since {u < md§} C D§p is bounded away from Dg, we
can apply Proposition 2.6 and get for all x € Dg

(u(z) —md(y))"~! = (u(x) —u(y))"

(A w(x) = (~A); u(x) +2 /

(u<mds,} |z — y|Ntps Y
(2.16) (mdg(y) — u(z))P~ — (u(y) — u(z))P~?
-2 o=y v

We use (2.15) to estimate the numerator of the integrand, recalling also that dg(z) < R, u(x) >
mdgy(z), B <da(y) < lyl, and u(y) < mdg(y):

—u(@))" = (u(y) — u(@)"
< Cp(Imdey(y)[P~2 + [u(@) P~2) [mdy (y) — u(y)] + Cplmdy (y) — uly)[P~
< Cp(ImP2dd 2 () + [mlP 2RO 4 (u(w) — mdsy(2))"2) (mdiy(y) - u(y))
+ Cp(mdy (y) — u(y)P™
< ClmlP~?y| P25 (mdy(y) — uly)) + e(ulz) — mdgy ()"~ + Ce(mdiy(y) — uly))P ",

(mdg,(y)

where in the end we have also used Young’s inequality with exponents ¢ = (p — 1)(p — 2)~! and
¢ = p—1. Here C > 0 depends only on N, p, s, while C. > 0 also depends on € > 0. Now, by
means of the inequality above and the relations |z — y| > |y|/2 > R, we can estimate the integral



12 A. IANNIZZOTTO, S. J. N. MOSCONI, M. SQUASSINA
in (2.16), getting
/ (mdg(y) — w(@))"™" — (uly) —u(@)P"
{u<mdg,}

|z — y|[NEP ’
cof | GEombey, o (md () — u(y))"!
X €
{u<mds,} |z — y|NFPs {u<mds} |z — y|NFPs
(p—2)s s _
+C’|m\p_2/ lyl (mdQJS?i)s u(y)) dy
{u<mds,} |z —y[NFP
u ||p—1 R(P=2)s u(y) \p—1 dy
<€Hm——s / dy + C, m— =3
g l>=(Dr) Jpg,, [y TP “Jbg, ( dg(y))+ [y +e
- u(y) dy
+ C|m|P~2 / m —
L G
el uw p—1 U p—1 U
< Sl . u . o
S Rellag, HLoo(DR) + Cetail, ((m d5>+’ 2R> + Cataily ((m d§2>+’ 2R>’

where we may take, if necessary, £ > 0 even smaller and C. > 0 even bigger, plus some Ca(N, p, s).
Plugging the last inequality into (2.16) (and replacing ¢ with €/2), we achieve (i).
The argument for (i) is immediate, by replacing u with —u and m with —M. (Il

Remark 2.8. Before going further, a short discussion is in order. Proposition 2.7 provides
bounds of the fractional p-Laplacians of truncated functions, which involve two tail terms with
different exponents, namely tail,_; and tail;. One of the main issues in the forthcoming sections
will be to estimate inductively such tail terms, taking into account that they behave differently
when R — 0T, with tail; being asymptotically larger than tail,_;. In adjusting those estimates,
the quantities |m|P=2, |M|P~2 multiplying the term tail; in (i), (ii) respectively, will play a
fundamental role. That is why we will emphasize the m-dependence of the right hand side for
supersolutions (respectively, its M-dependence for subsolutions). Precisely, we shall prove a lower
bound for a function u satisfying

{(—A);’,u > K —mP2H in Dp

u = mdg, in RV,
and an upper bound for a function u satisfying

(-Asu< K+ MP?H inDpg
u < Md3, in RV,

respectively, with convenient K, H,m, M > 0. As we will see, the upper and lower bounds require
substantially different approaches.

3. THE LOWER BOUND

This section is devoted to the study of supersolutions of (1.1) type problems on special domains,
locally bounded from below by a multiple of df,. For such supersolutions we aim at proving a
lower bound for the quotient u/d§, near the boundary (see Proposition 3.7 below).

First, we assume that the supersolution u is globally bounded from below by mdg, and rephrase

the lower bound on (—A)ju as —K — mP~2H. Precisely, we assume p > 2, 0 € 9Q (for simplicity

of notation), R €]0, p/4[, and consider u € W*P(Dp) satisfying for some K, H,m > 0

(3.1) (=Apu>—-K—-mP?H in Dpg
’ u > mdg, in RY.
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A major role in determiny
nonlocal excess

(3.2)

where Bm’ R is defined as in (2.2). As we will frequently assume zy = 0, the dependence on the
latter will be omitted. We begin by proving a lower bound for the case of large values of the
excess, which highlights the nonlocal feature of the equation.

Lemma 3.1. Let u € W*P(Dg) solve (3.1), p > 2 and Q satisfy (2.1). Then there exist
91 = 91(N,p,8) = ]-7 CS = CS(vavs) > 1; o1 = Ul(Napa 5) 6]0’ 1] s.1. fOT all R € ]Oap/4[

Ex(u,m, R) > mfy = inf (ﬂ - m) > 01Ex(u,m, R) — C3(KR*)m1 — C3HR®.
Dprys \dg,

Proof. Set
R
_ . N
Ap = U{Br(y) sy eRY 1> 2 Bi(y) C DR}.

By the regularity of 92 stated in (2.1) and R < p/4, Ap C RY is a bounded domain satisfying
the interior sphere condition with radius pa, > R/16 (see figure 2). Moreover we claim that

(3.3) do < Cda, in Dpjp.
First note that D3r/4 C Ap implies dDSR/4 <day, in RY. Furthermore, for all z € Dpg /o we have
da(z) <[z —Ta(Hp,y (1)) < |2 = pyp, ()] + My, (2) = Ha(llp,y , ()]
To proceed, we distinguish two cases:
(a) if Ip,y ,(z) € 09, then Ho(Ip,, ,(z)) =Ilp,, ,(z) and so
do(z) < dpyy , (2) < dag(@);

(b) if Ip,, ,(z) ¢ OS2, then we have [lp,, ,(z)], Ho(Ilp,,,(2))| < R and dp,, ,(z) = R/4,
which in turn implies

da(2) < dpyp, (%) + My, (2)] + Mo, ,,, ()| < 9dpyg, (2) < 9dag(2).

Both cases lead to (3.3). We will also use the following elementary inequality from [14, Eq. (2.7)]:
since p > 2, for all @ € R, b > 0 we have

(3.4) (a+ b=t —qP=! > 227 Ppp1,
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Let v € W;P(AR) be the solution of the torsion problem

(-A)jv=1 in Ag
v=20 in A%.

By Lemma 2.4 we have (—A)5v < 1 in RY. Besides, by Lemma 2.3 and (3.3) we have

R 1
(3.5) v dy in Dps.
Pick A > 0 (to be determined later) and set
A .
- if v € B¢
w(w) = 4 s v(z) ifx ~R
u(x) if v € Bp,

where Bp is defined as in (2.2). We note that dist (Bg, Dg) > 0, so we can apply Proposition 2.6.
Also using homogeneity of (—A)7, (3.4), and the relations do(y) < 3R/2, |z —y| > 3R/4, we get
for all z € Dpg

w(x) —u p=l _ Py
(-8 (o) = (-8 (o)) 42 [ LR E e (0 g,

Br
T
S el i
AP (u(y) — mdfz(y))p_1
SR O, fe—yNe

Observe that by the property (2.2) of Bpg

dy

dy.

B |z — y|N+ps d§,(y) |z — y|N+ps
(3/2R)*®~1) / u(y) p—1
> -m dy,
(R/2)N+ws Jp. (da<y> )"y

and thus by Holder inequality and the fact that u > mdg, in Br,

Py 1 u(y) p—1 NP1 Ex(u,m, R)P!
—A) w(z) < — ][ —-m dy < — L )
(=A)w(w) CRs ), (dé(y) ) y

P R R CRs
Choosing
E R
(3.6) \ = X(u’im’l)
(2021
we have
s Ex(u,m, R)P~1

Now we choose the constants, setting

1 1 1 _

0y = — =20(202)5 7, C3 = oymax {(4C)7 1, 4C63 ).
01

Clearly 01, C3 > 1 > 01 > 0 only depend on N, p, s. Assuming
(3.8) Ex(u,m, R) > mb,

we claim that

inf (% - m) > 01Ex(u,m, R) — 03(]{33);;%1 — C3HR®.
Dpys \dg,
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Two cases may occur:
(a) If o1Ex(u,m, R) < Cg(KRS)P%l + C3HR?®, then the claim is immediate being the left hand
side non-negative.
1
(b) If o1Ex(u, m, R) > C3(KR*)»—1 + C3HR?, then from the definitions above and (3.8) we have
Clay p—1
(22)" KR > 40KR*
Ex(u,m, R)P™! > o1

(m61)P*Ex(u, m, R) > (mﬁl)p_2%HRs > ACmP2HR?,
o1

and by summing up
Ex(u,m, R)P™' > 20R*(K +mP~H).
Now by (3.1), (3.7), and recalling that w = x5, u in Dy, we have

p

(—Apw < —K —mP?H < (=A)u in Dp
w < U in Df.

By Proposition 2.1 we have w < w in RY. In particular, for all = € Dp/s, recalling (3.5) and
the definition of A in (3.6), we have

A Ex(u,m, R)
>~ 7

u(z) > —o(x) > 2 (@),
Ry-1 C(2C?)r—1
Thus, by (3.8) again
. U 1 1
inf (—S — m) > Ex(u, m, R) (71 — —) = 01Ex(u, m, R).
Dprjs \d§, C(202)71 01
In both cases the proof is concluded. [l

Remark 3.2. In Lemma 3.1 we bound u/dg, from below by means of the sum of three terms,
one of which depends on u while the others do not, and the latter are in fact dropped unless the
sum is negative. This strategy will be used several times in the following results.

The next result is a change of variables lemma for (—A)7, strictly related to the discussion on the
boundedness of the fractional p-Laplacians of distance functions developed in [14, Section 3]. Here
GLy denotes the group of all invertible matrices in RY*" 'and |A| denotes any matrix norm. For
all Ae GLy, x € Q, and € > 0 we set

dé(z) — dé p—1

We need some more notation for this result: for all U,V C RY we denote the Hausdorff distance
between U and V by

disty (U, V) = max { sup dist(z, V'), sup dist(y, U)},
zelU yeVv

and the symmetric difference by
UAV = (U\V)U((V\U).
Finally, for all U ¢ RY we denote by HV~1(U) the (N — 1)-dimensional Hausdorff measure of U.
Lemma 3.3. If 92 is C11, there exist 6 = §(N) > 0, Cy = C4(N,p,5,Q) > 0 and gg s.t.
(1) g — go in L35 (Bs(I) x Q,)2), as € — 0r;

loc

(1) llgollLoe(Bs(r)x2,s) < Ca-
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Proof. Since GLy is an open subset of RV*V  we can find § > 0 (only depending on N) s.t.
Bas(I) € GLy. Choose A € Bs(I), C = C(N) > 0 s.t. |A],|A7| < C. By translation invariance
and boundedness of €2,/5, we may assume 0 € 9€2 and prove that g. — go locally uniformly in

Bs(I) x D,/ as e — 0%, for some go with ||go|| o (B;(1)x D, ) < C (allowing C' > 0 to grow bigger

p/2
and eventually depend on N, p, s, and ). As the estimates will be uniform with respect to

A € Bs(I), we will omit the dependence on A for simplicity.

Observe that restricting the domain of integration in (3.9) to Ds,/4 N BZ(x) has the sole effect of
adding an equi-bounded term to both g. and gg, so that we can actually prove the statement for

- () = (d§(z) — dg(y))r~*
gelw) = //33p/4mBg(x) |A(x — y)|NFPs

Since 99 is of class C™!, there exists a diffeomorphism ® € CLH (RN, RY) s.t. ®(0) = 0, d(r) =
(@y)+ for all @ € D)y, 2" = ®(z), and &(Ds,/4) C D), where p’ = p’(€2) > 0 and

D, ={a' e RY ¢ 2| < o, 2y > 0}.
Moreover we may assume (taking C' > 0 bigger if necessary) that for all z € D, 2’ € D;),

1
(3.10) G < |D®(x)|, |[D®!(2')] < C.

Now fix z € D,/ and set
' =®(x), M,=Dd 'a)=(Do(z))".
Fix as well ¢ €10, p/4[. We act on g.(z) with the change of variables 3’ = ®(y) and we get
i) = [ () = )
(Dyp anBe()) [A(RTH(@') — @71 (y"))[VHpe

((xlj\l)i B (%V)i)p_l /o /
= K(2',y') dy,
A(DSP/mBg(af:)) [AM, (! — 3/ )|V HPs ()

|det DO~ (y')| dy’

where we have set
Kt gy — AMe — ) Pldet DB )|

’ |A(®(27) — @1 (y)) [V
Again we can add a bounded term to g. and instead consider

(@) — )P

3.11 he(x :/ K2 y)dy'.
(3.1) (@) o(Be()) |[AM (2! —y')|NHPs @y)
By (3.10) we have for all 2’ € D, y' € ®(B(x))

é < K(',y) < C.

We introduce a linearized operator L, : RN — RY by setting for all y € RV
La(y) = @(@) + DO()(y — ),
which by Taylor expansion and ® € CH1(RY) satisfies for all y € RY
|Lo(y) — @(y)| < Clz — yl*
In turn, this implies the geometric inequality
de = disty (®(B:(z)), Ls(B:(v))) < Ce?.
Set
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then by the inequality above and ®(B:(z))ALz(B:(x)) C By, (0L(B:(x))) we have
(3.12) |AL(z)] < OHN N OL,(BE(x)))e* < CeN L
We split (3.11) as
(@)% = ()P
he(z) = /
<(@) { B(B()\La(Be(x)) |AMa(@ — o )|NFPs

- <(xN> (yN) )p ! o /
/LT( Be(@)\o(Be(a)) [AMa(a —y")|VHPe = ’y)dy}

((xN) — (yp)5 )P S
+/Lz Be(x ’AM (x —y)‘N-i-ps K(l‘,y)dy

= he(z )+h§( ),

K y')dy

and we estimate separately hl(z) and h%(z). By s-Hélder continuity of the function y' — (yiy)%.,

estimates on |M,|, (3.12), and direct integration we have
@)t = (AP,
Ac(a) [AM (2! —y') |V rps
/
< C|A—1|N+p8/ ) dy, - < C‘%\f(x)‘ < 051_8,
() [T =y NS ghits
which by s €]0, 1] implies
(3.13) hi =0 in L™(D,) ase—07.

|he(z)| < C

Now we turn to h2(z), which we split further:

p—1
B2 (2 :/ ((371\!) (Z/N) ) detM, | dy'
-(7) o(Be(@) [AM (2! )|N“’5| |
()% — ()3 )Pt
Lo(Be(z)) |AMy (2! —y)|NFPs

= h3(x) + hi(z).

+ (K(2',y) — |det M,|) dy/

17

We first deal with h3(x), using the change of variables 2’ = M, (2’ —y') and setting 2" = M,2’,

= |M;Ten|,and v = AT M Ten
- s — s —1
h3($) _ / (((Ma: 1‘TH) : eN)-l— - (Mas 1(:E// - Z/) : eN)+)p
3(x) =

/
| Az/[N+ps dz

o [ (@) = (@ =) o))"

|AZ, ‘ N+ps
By rotational invariance and [14, Lemma 3.2], we have

(3.14) h: =0 in Lis.(D,j5) as e — 0

(this is where the convergence turns locally uniform instead of uniform). To estimate h(x), we

can again add a bounded term and consider instead

/ ((‘TN) (?JN) )P~ !
Lo (B1(2)\La (Be(x ’AM (! —y')|N+ps

By [14, Eq. (3.7)] we have
K (', ') = [detM,|| < Cla’ —y/| for all &' € D}y, yf € Lo(B(x))

h2(z) == (K(2',y) — |detM,|) dy’
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and using Holder continuity, we have

’(xQV)i — (yEV)iP)_l |a§‘/ — y/’(pfl)erl . C
|AMx(:U/ _ y/)|N+ps |AM1($’ _ y’)’NerS X |x, — y,|N+S,1a
and the latter function lies in L'(L,(B1(z))). Now, letting

|K(2',y') — |detM,|| < C

((%\[)j— — (y&)i)pil ) /
K(z',y') — |detM,|) dy'.
/Lz(Bl(m))\Lz(Bg(z)) |AMI($/ _ y/)‘NerS ( ( ) | |)

we have, via direct integration and L,(Bi(x)) C Be(2'),

R (z) :=

dy’

I < _
|h°(z)] N 2 — y/‘N-;-s—l’

Lo (B1(2))\ Lo (Be(z
and similarly, by L, (B:(x)) C Bee(2') (see (3.10)),

/
dy < Cel—s.

5 5
|he(x) = h2(2)| < C ) Jo =y VL S

Lo (Be(x

Again by s €]0, 1], we deduce that h3 — h® in Lis.(D,/2) as e — 0". Taking into account the
several splittings and (3.13), (3.14), we obtain the claim. O

By virtue of the previous result, we are able to construct our first barrier:

Lemma 3.4. (Barrier/1) Let 92 be C11, R €]0,p/4[, ¢ € C°(By) s.t. 0 < ¢ < 1 in By, and
for all N € R, z € RV set

2z s
wi (z) = (1 +)\cp<§>>d9(x).
Then, there exist Ay = M\ (N, p,s,Q,¢) >0, C5 = C5(N,p,s,Q,¢) >0 s.t. for all |A\] < A

A .
[(=A), wx| < Cs (1 + |R'°"> in Dg/a-
Proof. For A = 0, the conclusion follows from [14, Theorem 3.6]. So, let A € R satisfy
1
O< N < ———.
2/lll oo (By)

Set for all z € RY

1 27\\ 5

) =3 ((2e(F)) 1)
s0 ¥y € C2°(Bpyz) and for all z € RY
2z s
1+ 2p( 5 ) = L+ (@)
Moreover, by the chain rule there exists C' > 0 (depending on N, p, s, 2, and ¢) s.t. for all z € RY
(3.15) [A@)| + BIDYx(2)] + B2 D*$x(2)] < X o (2):
Since I € CYY(Bg, 09), by taking |A| > 0 even smaller if necessary, we may set for all z € RY

Ox(z) = = + Ma(z)(x — To(z)),

thus defining a diffeomorphism ®, € CLHH(RY RY) s.t. ®,(Q) = Q, ®y(x) =z for all z € B /9
and Io(®)(z)) = Iq(x) for all # € Dp. Besides we define ¥y = &' € CH(RY,RY). The key

point is that wy is actually equivalent to a distance function, up to the diffeomorphism @) of the
domain. Indeed, with these notations, we have for all z € Dy

wA(z) = (L + Mpa(2))°|z — Ha(2)]* = |Pr(z) - To(z)[*

(3.16) = [@x(z) — To(Px(2))]* = day(Pa(2)),
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We begin collecting some estimates on the first and second order derivatives of ®,, ¥, that will
be used later. For all 2,2’ € RN we claim

(3.17) DB (@) — 1] < CAIXBL (@), [DUAGE) — 1] < ClAIXBp, (),

Indeed, recall that &y = ¥y =1 in B;”%ﬂ. Instead, for all x € Br/s, i,k € {1,... N} we have

0K (@) = G = A0 (@) (v — T ()" + v (&) (B — OilTy ()]

(where £¥ denotes the k-th component of & € RY, §;;, is the Kronecker symbol and 0; is the partial
derivative with respect to z;). By (3.15), this implies the first inequality in (3.17). By further
reducing |A| > 0 if necessary, the latter yields |(D®y(x))!| < C, hence, setting 2/ = ®,(x),

|DWA(2) = I| = |(D®A(2)) " (I = D®A(x))| < ClAIXBR,(2) = CIAIXB,, (2'),

(since ®)(Bg/2) = Bp/2), which concludes the proof of (3.17).
Regarding the second-order derivatives, for a.e. z,2’ € RY we claim

clA ClA
(3.1) D20 < D, ), D7 < v, ),

Indeed, for a.e. z € Bg/s, i,j,k € {1,... N} we have

01404 () = A 0i9a(@)(@ — T (@) + 0,0 (2) (60 — O3 1Th(x))

+ 0y (@) Gk — DT () + ()9 Tl (),

which by (3.15) implies the first estimate in (3.18). Regarding the second one, observe that
D?¥y =0in BS, /2 while for ®)(z) = 2’ € Bp/s, the chain rule gives, almost everywhere,

9 VK (2') = =0, @5 ()0, 0% ()0, 07 ()9 WE (2'),

with the sum over repeated indexes convention. Due to the estimate for D?®, and (from (3.17))
|DVy||co < C when |A| is sufficiently small, we infer the second inequality in (3.18).
Now set for all e > 0, z € RV

gex (@) = / (d§(®a(2)) — dg(®a(y)))P ay
€, - " .
{|®x(x)— P (y)|>e} |z — y|NFP

We claim that there exist A, C' > 0, depending only N, p, s, Q, and ¢, s.t. for every 0 < |A] < Ay
there exists gox € L>(Dp/2) s.t.

A .
(3.19) 1901 Loe (D ) < C(l + |RS‘)’ gep = o in Lig (Do), as e — 0.

The path to (3.19) begins with the change of variables 2’ = ®5(z), ' = ®(y) (note that by the
previous discussion 2’ € Dp o whenever x € Dp /2) and defining

_ D)@ -y
(@) = WAy N

K(',y): |det DW (/)]
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so that for all z € D/, we can rephrase

ds, (z AN N\\p—1 , ,
ger(z) = /Bg(m’) |é\1§2>\(( ))(x (z/ |)N+pSK(x y')dy

)
)
(d3(a) — diy(y/))! o
:/BW) D0 () — )7 et DA

s () — ds p—1
" /Bc< ) B (K o)~ 4D o))

= gal,x(if) + 92,,\(55)'
By (3.17) and Lemma 3.3, taking if necessary |A| > 0 even smaller, the claim (3.19) is true for

g;)\, with corresponding gtl))\ obeying ||gé7/\||Loo(DR/2) < C. Regarding gg)\, we split as follows:

[ DT (a") (2" — o)V HPe

(Wa(2’) — Wa(y)|NHps

[ DT (2") (2 — )|V HPe

+ (e g — 1) 1P i)
= Kl(xla y/) + KQ(:B/: y/)

K(z',y) — |[detDV )\ (2")| = (|detD\If)\(y’)] — ’detD\I/)\(.T/)‘)

We first estimate K;(2/,y’), by applying the triangle inequality, Jacobi’s formula for the derivative
of a determinant, and estimates (3.17), (3.18):

|K1(2',y)| < HD(I),\Hg;pH‘;N HD%\@;PﬂgN |det DU, (y) — det DV (a)]

SC‘/ —detD\IIA(a:’—i-t(y/—x’))dt‘

<c / IDUA N [D2UA (! + 4y — 210’ — o d

< O
< Pl ) [ gl 410/ =
< A R -l =y
— <
< 7 |2’ y|m1n{1 |xl_y/|}\0\)\]m1n{ ,1},

where the calculations above are justified for a.e. 3/ € RY since, by a well known property, Sobolev
functions (detDW) in our case) are absolutely continuous on almost every line. Similarly, to
estimate Ks(2',y) we argue as in [14, Lemma 3.4], applying (3.17), (3.18), and Taylor’s expansion
with integral remainder:

s < o 1P )P
‘K2(x Y )’ < C( W, (2') — \I'A(y’)\g B 1)

o) — ) + D) — )| [Ia() — () — DU ('~ o)
h [Wa(2) = Uay)[?

2

CIID®)[3 o @ 1 d
@D pwqa o’ = o) [ (1= ) Gzl + 0/ =)t

‘l" _ y/’2
¢ FAll — ')
< |ZI§‘/ _y/| A R XBR/Q(-T,‘Ft(y,*CU,)) dt

CAMz" =y . R -l =y
{—— < .
< 7 mln{l, ]:ﬁ’—y’|} \C|)\|m1n{ 7 ,1}
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Summing up the last relations, we have for all 2’ € Dp/, and a.e. ' € RN

r
K (2, y') — |det DU (2')]| < (;Wmin{\ﬂf y |71}‘
Set |d (/) d (/)‘pl
¢ ?2 y B / / /
h(x y) ‘D\IJ)\( )(Qj/—y/)’N—‘,—ps‘K(l"y)_’detD‘Ij)\<x)H’
so that

g2 \(x) = / h(z',y') dy'.
Be(a')

Using the previous estimate and the s-Holder continuity of d§,, we get for all 2’ € Dy /2

) Ayl )y
I s < O [ i O i {1225 1} gy

1
N+ .
C|)\|||D‘I)/\||Loop£1v) mmm{

R
dz’ dz' C|\|
<O / _dz +/ < 9N
[ (z1<my VL Jss Ry \Z’\N“} Rs

By an entirely similar argument to the one used to deal with A® in the previous Lemma, we
obtain the claim (3.19) for ggy/\ as well, with corresponding g(z)’/\ obeying Hgg,)\HLOO(DR/2) < C|A|/R?.

Finally, recalling (3.16) and applying [14, Corollary 2.7], we conclude that, whenever |[A| < Ay,
—A)? =1l ,
(—A), wx() lim, ge ()
and therefore N
[(=A)y wal < [|gollLoe (D) < Cs (1 + E) in Dp/s,
for convenient Ay, Cs > 0 depending on N, p, s, 2, and . O

Remark 3.5. In the case when ) is a half space, we get the cleaner estimate

s C .
(~Ajusl € <\ i Dy,
for all sufficiently small || depending on .

The next result yields a lower bound on the supersolution of (3.1) similar to that given in Lemma
3.1, but for small excess (defined in (3.2)):

Lemma 3.6. Let 052 be OV, u € Ws’p(DR) solve (3.1) and p > 2. Then, for all > 1 there
exist Cg = Cy(N,p,s,Q,0) > 1, 09 = 09(N,p,s,,0) €]0,1] s.t. for all R € )0, p/4]

Ex(u,m,R) <mf# =  inf (is — m) > ogEx(u,m, R) — Co(mP~ + K)PfllRﬁ — CypHR®.
Drj> N

Proof. Let ¢ € C2°(B1) best. 0 < ¢ <1, ¢ =11in Byy, and set for all A > 0, z € RN
2o ()
w(@) =m(1+2¢(F)) dala).

Then wy € W*P(Dpg) and satisfies
3R\
(3.20) infwy > m(—) , supwy < m(l+ A\)R°,
Br 2 Dr
where Bp is defined as in (2.2). By homogeneity and Lemma 3.4 (with R in the place of R/2) we
can find Ay > 0 and C5 > 1 s.t. for all A €0, ;]

A
s -1 :
(3.21) (=A)pwy < CsmP (1 + Rs) in Dpg.
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With no loss of generality we may assume

0< A\ < min{l,(g/z);_l}.

Now set for all z € RY

(z) wy(z) if z € B,
up(z) = -
A u(z) if x € Bp.

Clearly, since Bpg is bounded and at a positive distance from Dpg, we can apply Proposition 2.6
and deduce that vy € W*P(Dpg) and for all z € Dp
(wx(x) = u(y)P~" = (wx(x) —war(y))"~"

(3.22) (=A),va(z) = (=A), wa(z) + 2/B o =gV dy.

We need to estimate the integral in (3.22). We note that, for all # € Dg and y € Bg, by (3.1) we
have u(y) > mdg(y) > wi(y). Using (3.20), we have as well

uly) —wn(z) > way) —wa(a) > "0 ((2)" 1)),

By Lagrange’s theorem we deduce

mP—2R(P—2)s
(u(y) — ()"~ (ws(y) — () > T (uly) — ma(y)).

Plugging (3.21) and these estimates into (3.22) and recalling the properties (2.2) of Br, we get

A mP2RP=2s 1 u(y) — mdg(y)
_ S < p—l o _ Q
(=A)pva(r) < Csm (1 + RS> 2 8 /B 7 — g dy
A 2mP—2 u(y)
<CsmPH1+ =) — —m)d
510 ( + RS> R ]éR <d§(y) m) Y
p=2 Ex(u,m, R)
< pfl m . 9 9
< OmP 4 T (CAm N )
for all x € Dr. We then want to find suitable oy, Cyg, A s.t. either the thesis is trivial, or
-2
p1 . M _ Ex(u,m, R) < K — P2
CmP~" + 7 (C’)\m c ) <-K-mP"°H,

allowing by comparison to infer u > wy in Dgr. As it turns out, this reduces to an elementary set
of inequalities, which can be solved for A being the right quantity to get the conclusion.

We thus fix 0 > 1, set

A1 9 m—on —L opEx(u, m, R)
O'OZW, C@ZO’@HI&X{4C, (40 6° )Pfl}, )\277
and assume
(3.23) Ex(u,m,R) < méb.
By the choice of constants and (3.23) we have
A1 Ex(u,m, R)
< —= <
)\\2C2<)\1, Clm < °C y
so by the estimate above
P—2F
(3.24) (—A) vy < CmP~h — m x(u,m, R) in Dg.

2C'Rs
Being the left-hand side of the thesis non-negative by assumption, we can suppose

o9Ex(u,m, R) > Cy(mP~ + K)ﬁRﬁ + CyHR®.
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In particular, by the choice of Cy and (3.23) (recall that C' > 1 > oy)
—1 _
s Cl(mP~t + K)R®

Ex(u,m, R) = > 4C%0P2(mP~! + K)R®
g
4CEx(u, m, R)P~2 _ s
> - (CmP~! + K)R®.

The last two inequalities lead to

4C(CmP~t + K)R®
mP~2Ex(u, m, R) >
( ) @mP—QHRS > 4CmP2HR?,
g9
and by summing up to
mP~2Ex(u, m, R) > 2C(CmP~! + K + mP~2H)R?.
Thus, by (3.24) and (3.1) we have

{(—A); vy < =K —mP2H < (~A)Su in Dg

vy S U in D,

which by Proposition 2.1 implies vy < v in RY. In particular, recalling the definitions of wy and
A, for all x € Dg/y we have

u(z) wy ()
. -m = —m =mA\ = ogEx(u, m, R),
dg,(x) dg(z)
which gives the conclusion. O

Finally, we localize the global bound from below in (3.1) and prove the main result of this section,
i.e., the lower bound on supersolutions of (1.1) type problems locally bounded from below by a
multiple of df,. Precisely, we deal, for some K, m > 0, with the problem

(3.25) (=A)ju > —K in Dp
u 2 mdfz in DQR.

Proposition 3.7. (Lower bound) Let 9Q be C11, u € Wg’p(DR) solve (3.25) and p > 2. Then, for
all e > 0 there exist C. = C-(N,p, s,8,e) > 0 and two more constants o2 = o2(N,p, s,) €]0,1],
Cs = Cs(N,p,s,Q2) > 1 s.t. for all R € )0, p/4]

u

dg mHLOO(DR) N Cﬁtaih((m — %)+’2R>RS

— Celm+ K77 + taily o ((m - d%L,QR)}Rﬁ.
Q

U
inf (——m))oEx u,m, R —6‘
Dpyy \dg), 2Bx( )

Proof. We may assume u/dg, — m € L*°(Dp), otherwise there is nothing to prove. We set
v=uVmdf and fix £ > 0. By (3.25) and Proposition 2.7 (i) (with e?~! replacing ¢) there exists
C.,C5 > 0 with Cy depending on N, p, s, and C; also depending on ¢, s.t. in Dg

~ 5])71

Sos R u Hpil C.tail (( “) QR)pil
v>—K— ——m — Cetail, 1 ( (m ——)
P Rs lldg, L>(Dp) evelp—l dg/ +

— CymP2taily <<m - dis)# 2R> = —K —mP2H,
Q

(=4)

where we have set

KR4S
- +R5

‘;:S’z - mHI;:(DR) + Cetail,_; ((m — dl;"’))y 2R>P—1’
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H = Cotail; ((m - dﬂ) ,2R).

Thus, v satisfies (3.1) with K, H,m >0 deﬁned as above. By Lemma 3.1 we can find constants
0 <01 <1<6;, C3 (depending on N, p, s) s.

Ex(v,m,R) > mb; — mf (i — m) > 01Ex(v,m, R) — 03(KR5)p%1 — C3HR®.
Dpy2 dQ

Next, choose § = 61 > 1 in Lemma 3.6. Then, there exist constants 0 < gy, <1 < Cp, s.t.

Ex(v,m,R) < mby = gnf (d% — m) > 09, Ex(v,m, R) — Cy, (mP~1 + K)ﬁRP%l —Cyp,HR®.
R/2 QO

Set 09 € ]0,1[, C' > 1 defined as
09 = min {01, 091}, C = max {Cg, Cgl},

hence depending only on N, p, s, and §2. In both cases, since v = u in Do D Bpg, we have

inf (i ~ m) > 09Ex(u,m, R) — C(mP~\ + K)7 1R7 T — CHR®.
Dpys \dg,

By (3.25) and the definitions of K, H, we have
inf (i - m) > o9Ex(u,m, R) — C(mP~ + K)T;Rp%l — CHR?®

Dpjs \dg,
> o9Ex(u,m, R) — CE‘ d—s - mHLoo(D - Ctaily ((m - d%) 2R>RS
— C[m + K77 + Cutail, ((m — dT) 2R>} RiT,
which gives the claim (by renaming € and the constants involved) O

4. THE UPPER BOUND

This section is devoted to proving an upper bound for the quotient w/dg,, where u is a subsolution
of a (1.1) type problem on a special domain, locally bounded from above by a multiple of dg,.
The upper bound differs substantially from the lower one, as for large values of the corresponding
nonlocal excess, the function » will change sign along the boundary, which of course agrees with
u being bounded from above by a positive multiple of d¢,. The difficulty comes then from the
degeneracy of (—A)7, as u will have vanishing normal s- derlvatlve at some boundary point, and
any barrier for u forcing such transition will present the same phenomenon and thus require a
more delicate construction.

Throughout, we will assume 0 € 92, R €10, p/4] with p defined in (2.1). As in Section 3, we first

consider a function u € W5 (DpR) satisfying
(1) (~A)su < K+ MP2H in Dg
u < Mdg, in ]RN

for some M, K, H > 0. We begin by constructing an explicit barrier:

Lemma 4.1. (Barrier/2) Let 9Q be C'', R € ]0,p/4] and T € Dpjy. Then there exist v €
WP (Q) N CRY) and C4 = C4(N,p, s,Q) > 1 s.t.

/

(1) [(=A),v] < ﬁi in DaR;
(i4) (z) = 0;
dS
(7i1) v > EZ in D% ;
v)
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we divide the proof in sevs
Step 1 (geometry). Set

Er=J {Br(y) i e Br(y) C D4R\D3R/4}-

By the regularity of 09 stated in (2.1) and R < p/4, Er C € is a bounded domain with the
interior sphere property with radius pg, > R/16 (see figure 3). We claim that

(4.2) dQ < CdER in DgR \ DR.
Indeed, fix a point € D3g \ Dg. Since dg,(x) > R/8 and
R
dD;R/S(:C) < 3R+ Z < 26 dER(.%'),

we have dD?R/s (x) < Cdg,(z). By the triangle inequality and R < p/4 we have

da(z) = [z = Ha(z)| < |z — Ho(lpe (2))|
<o —Tpe, (@)l + Mpe, () —THo(pe, (7))

7R/8 7TR/8
We distinguish two cases:
(a) if HD?R/s (z) € 09, then

do() < dpg,

() < Cdpg (z);
(b) if HD?R/S () ¢ 09, then ]HD$R/8 ()] = 7TR/8, which in turn implies |HQ(HD$R/8 (z))] < R and
SO

TR 15R
do(z) < dpgR/S(ZL‘) + R+ ry < Cdgg(z) + e < Cdgg(2).
In both cases we get (4.2).

Step 2 (lower obstacle). Let ¢ € WJ?(ER) be the solution of the torsion problem

(~A)S¢=1 inEp
$=0 in B,

By Lemma 2.4 we have (—=A); ¢ < 1in RY, while Lemma 2.3 and the estimate on pg, imply

__ Rve .
¢> “5di, R,
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with some C' > 0 depending on N, p, s. As in Section 2, we denote by usp € W;*(Byr) the
solution to the torsion equation (2.4) in Byg. So, since Fr C Byr, we have

{(—A); ¢ <(~A)jusr in Bir
© < U4R in Bfp.
By Proposition 2.1 and Lemma 2.2 we have
¢ <uir < CR-1d%, < CRY* i RY.
Weset = R 715 € WP (ER), so by [14, Lemma 2.9 (i)] and the inequalities above we have
NN

s N

(4.3) (=A),p= 7o < 7 n R™Y,
as well as
(4.4) CR( ) Z0R i RY.
Now, by (4.2) and Lemma 2.3 we have

s, s
(4.5) o> gf > FQ in Dsg \ Dg.
Step 3 (upper obstacle). Pick A > 0 (to be determined later) and set for all 2 € RY

)\ _

P(x) = == (maqu/g—uR/g( a:)),

where up/s € Wi?(Bpg/g) solves (2.4) in Bgg. Clearly 1 € WsP(2), 1 > 0 and 1(Z) = 0 (since
upg/g is radially decreasing in Bp/g). We claim that for all A(N,p, s,(2) > 0 big enough

(4.6) Y >¢ inRY.

Indeed, fix z € RY. Two cases may occur:

(a) if x € D3pyy, then ¢(x) = 0, while ¢(z) > 0
(b) if z € D3py» then [z — T| > R/8, hence up/g(r — Z) = 0, while by Lemma 2.4

Rpr—1 . Rp’s
nﬁ@qu/g > 7maXdBR/S > ol
which in turn implies ¢(x) > AR®/C. By using (4.4), we have ¢(z) < ¢(x) for large enough .

In both cases we have (4.6) for some A(N, p, s,€) > 0 which will be fixed henceforth. By [14, Lemma
2.9 (i)] and Lemma 2.4 we have

(4.7) (=) > —% in RY.
One last property of v is that
(4.8) Y < CR® inRY,
which follows from the upper bound in Lemma 2.4 and

P < s I%aqu/g C’maXdBR/ CR®.
Step 4 (the barrier). Consider the constrained minimization problem
(4.9) min {[ul?, : u € WyP(Q), ¢ <u<y in RV}

By Lemma 2.5, problem (4.9) has a solution © € W;"P(2), which satisfies
ON (=AY < (AT <0V (=A)y¢ inQ.
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By (4.3), (4.7) we have

(4.10) [(=A); 7] < % in Dop.
Besides, since ¢(Z) = ¢(Z) = 0 we deduce ©(Z) = 0, while (4.8) implies
(4.11) 0<% <CR° inRY.
Moreover, by (4.5) we have
dS
(4.12) > FQ in D3g \ Dk,

for some C' = C (N, p,s,Q) > 0. Still, v is not the desired function as it only satisfies the lower
bound (4.12) in D3g \ Dg. So we need to extend (4.12) to the larger set D% while keeping the
other properties. Set for all z € RY

() if 2 € Dyp

Y= @) v dﬁéf) if 2 € DS,

Clearly v € WP(Q2) satisfies (¢i) and (iv), since, by (4.12), we are changing v only outside of D3p.
Moreover, (7ii) now holds by construction. So, it remains to check (7) for v. By Proposition 2.6
we have for all z € Dyp

(4.13) (~A)0(x) = (~A), () +2 /

D§N{<dy /)

(0(x) = A& ()/CP~" — ((x) — o)

|z — y| NP v

By the monotonicity of ¢ + t?~! the integrand is negative and (4.10) yelds

/
(—A);U < % in DQR.

On the other hand, for all z € Dag, y € DS, we have by (4.11)
- d¢
o) - 0| < ore 4 i) < Clyl

and
9(z) — o(y)| < CR* < Cly|*.
Since |z — y| > |y|/3 for all x € Dag, y € Dgp, plugging these inequalities into (4.13) gives

cr dy cr
—A) 9—3—0/ Y gy > - in Dog,
(=A)pv R ps, [WINF Yy Rs MR

for a possibly larger C% > 1 (depending on N, p, s, and ), which concludes the proof of (7). O

The next result shows that, if a subsolution of (4.1) is small enough in Bpg, then it is actually
negative in Dps:

Lemma 4.2. Let 92 be C*', R €]0,p/4], p > 2 and u € W”’(DR) satisfy (4.1). Then there
exists Cy = C}(N,p,s,Q) > 1 s.t.

Ex(u, M, R) > C)(M + (KR*)7T + HR®) = sup u < 0.
Dr/o

Proof. Fix € Dpg/o, and let v € WP () be the barrier in the previous Lemma. Set

M if 2 € BY
w(z) = CiMu(x) 1 z € By
u(z) if z € Bg,
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for all z € RV, C} > 1 being as in Lemma 4.1. Recall that dist (Dg, Bpr) > 0. By Proposition
2.6, [14, Lemma 2.9 (7)], inequality (3.4), and Lemma 4.1 (i) (¢ii), for all x € Dg we have

(-8 (o) = (~A); (Cfpro(a) +2 [ (B =) 22 (Gav() = A I

B |z — y|Ntps
B s 1 ChiMu(y) — u(y))P~?
> (CyM P~ (=A)p v(z) + C Js & ’:U(_)y’N+§)s))
R

Cmr-1 1

> Md§(y) — =1y,
Rs +CRPS]€§R( do(y) —u(y)’ dy

By the properties (2.2) of Bg, Holder’s inequality (recall that p > 2), and u < Mdg, in Br

s(p—1) -1 s(p—1)
][~ (M (y) — u(y)? " dy > 2 C ][ (M o )p dy > 7 Bx(u, M, R,
Br

Byt dy(y) C

so that
. CMP~'  Ex(u,M,R)P~'
(4.14) (-A),w=— T + R in Dg,
for some C' > C%. Now set
Ch = (30271 > (30)7T,

which only depends on N, p, s, and 2. Assume
(4.15) Ex(u, M, R) > Cy(M + (KR*)7 T + HR®).

A straightforward computation leads from (4.15) to the following inequalities
(CiM)P~L > 302 pP—t
Ex(u, M, R)*~' > { (C},)P"'KR® > 3CKR®
(CLM)P~2Ex(u, M, R) > 3CMP2HR?,
and hence to
Ex(u, M, R)P~! > C?MP~' + CKR® + CMP 2HR?.
So, by (4.14) we have

(=AY w> K+ MP2H > (-A)Su in Dp.

p p

Besides, we have u < w in D%: indeed, if x € Bp, there is nothing to prove. If z € D¢\ Bpg, by
(4.1) and Lemma 4.1 (7i7) we have

w(z) < Mdg(z) < CiMu(x) = w(z).
Summarizing, we obtained

p p

(=AY u< (-A)w in Dp
u<w in D%.

By Proposition 2.1 we have u < w in RY. In particular, by Lemma 4.1 (i7) we get u(Z) < 0. By
arbitrariness of T € Dp/s, the proof is concluded. (]

Now we can prove our upper bounds on subsolutions. First we prove an upper bound for large
values of Ex(u, M, R):

Lemma 4.3. Let 9Q be CY!, p > 2 and u € WP(Dg) satisfy (4.1). Then there exist ¢, =
01(N,p,s,Q) > 1, o] =0{(N,p,s,Q) €]0,1], and C;, = CL(N,p,s,Q) > 1 s.t. for all R € 10, p/4]

Ex(u, M,R) > M0, = inf (M - di) > o!Ex(u, M, R) — CL(KR®)7T — CLHR®.
Q

Dpryy
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Proof. We set
R
Hp = U {Br(y) : Yy € D3pyg, 72> 16’ B,(y) C DSR/8}~
By (2.1), Hp satisfies the interior sphere property with radius ppy, > R/32. Moreover,

(416) dQ < CdHR in DR/4
for some C' > 1 (this is proved exactly as (3.3), changing the radii). Let ¢ € W’ (Hpg) solve
—APp=1 in H
(4.17) (FA)pe=1 inHz
p=0 in Hf,.

By Lemma 2.4 we have (—=A); ¢ < 1in RY. Besides we have

S

R#1
C

the first inequality coming from Lemma 2.3 and (4.16), while the second is proved as in Lemma
4.1 by comparing ¢ to up/,. Now pick A > 0 (to be determined later) and set for all z € RN

(4.18) dy <9 <CRP* in Dp,,

A
—_— z) ifzeD
() = = o(x) R/2
Mdg(z) if x € D%/Q.

Clearly v € W*P(Hpg) and dist (D%/Q, Hp) > 0. So we can apply Proposition 2.6, which along
with [14, Lemma 2.9 (7)], (4.17) and some direct calculations yields for all z € Hr C Dp/y

(FAR™7 T p(x) = Mdy(y)) " — (AR ()"

iz — y|N s dy

(- 0(e) = T (A e@) +2

D% /s

o / WLR=S P () 4 MP1al % (y)
D

CTw o =y

dy.
R/2

Therefore, using Cly — x| > |y| for x € Hg and y € B /9 (4.18) and do(y) < |y|, we get

- —1)s —1)s
(=A)S v(z) > R COP 4 Yy R®=1s 1 |y|(>—1) "
p Rs Be |yy| N+ps
(4.19)
p—1 p—1
> -C i,

Rs
for © € Hg. Further, set for all x € RY

w(z) = {v(x) if x € Bj

u(z) if z € Bg,

where By is defined in (2.2). By Proposition 2.6, w € W*P(Hp) and for all z € Hp

S s vixr) —u p—1 _ vlx) = MdJds p—1
(A u() = (M) vla) +2 | R ) ey L) M),
AN MR 1 (Mg (y) — u(y)
(420) > ¢ R + C Br ‘;L’ — y‘N'i‘ps dy
A4 Mt uly) \r!
R T CRSJéR (21 - d5<y>> 2

o A=ty et N Ex(u, M, R)p‘1’
Rs CRs

WV
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where we have also used (4.19), (3.4) and Holder’s inequality. So far, C' > 1 has been chosen as
big as necessary to satisfy all inequalities, depending only on N, p, s, and 2. Now we can fix the
constants in such a way that either the thesis is trivial or w is an upper barrier for u. Set

A\ = w 6 = max {QCZ’M (402)ﬁ}7
(402)7T
, 1 p / , 140
o) =—, C5 = oy max {20y, (4C)r=1, ——— |
b ouc) = ot max (204, (40) (9’1)“}

where Cj > 0 is as in Lemma 4.2. Clearly C{ > 1, and all these constants (except \) only depend
on N, p, s, and §2. Now we prove the asserted implication. Assume

(4.21) Ex(u, M, R) > M6),.
Then, with the previous choices, (4.20) implies in Hg

(A w> % _ Ex(u, i\g,ZR)Pl B (Ex(u,elM, R))p—l N Ex(u, J\C{é R)P~1
(4.22) 1
Ex(u, M, R)P~!
- 2CR®
We can also assume
(4.23) o\ Ex(u, M, R) > C4(KR®)7 T + CLHR®,

otherwise there is nothing to prove (recall that u satisfies (4.1)). Such relation and (4.21) imply
(&

/

Ex(u, M,R)P"' >{ "1

!
(M@Q)P*QQ?HRS > ACMP 2HR?,
01

p—1
) KR® > ACKR®

and in turn

Ex(u, M, R)P~! 9
o > K+ MP“H.
2R -
Plugging the last inequality into (4.22), we get
(4.24) (A w> K+ MP?H > (—A)ju in Hg.

Let us now consider the pointwise estimates for x € Hj. Three cases may occur:
(a) if z € Bg, then w(z) = u(z);
(b) ifx e D%, N By, then w(x) = Md§(x) > u(z) by assumption;
(c) if x € Dpjp N Hg, by (4.23), (4.21) we also have
Cs
Ex(u, M,R) >} o}
Mo, > 2C M,

(KR + SR > 000 (KR + 20 HE®
O_/l = 4 4

which summarizes as
Ex(u, M, R) > C}(M + (KR*)77 + HR®),
and by Lemma 4.2 implies u < 0 in Dg/y, hence w(z) = 0 > u(z).
Therefore u < w in H§, and recalling (4.24) we therefore have
{ —A)pu < (-A);w in Hg
u < in Hg.

S@m
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By Proposition 2.1 we deduce u < w in RY. In particular, for all z € Dp /4 we have (recalling the
definitions of ¢, v, w, and of \)

A
u(w) < — 220 o e(u, M, R)dS (x).
Rr-1
So we have " "
inf (M— —) > — sup — = o}Ex(u, M, R),
S M) 2 7 5 7 e AL
which readily yields the conclusion. (I

Now we prove a similar upper bound for the case when Ex(u, M, R) is small:

Lemma 4.4. Let 9Q be CY1 p > 2, u € WP(Dy) solve (4.1) and R € 10, p/4]. Then, for all
0 > 1 there exist oy = op(N,p,s,Q,0) €]0,1], Cyp = C4(N,p,s,Q,0) > 1 s.t.

Ex(u, M,R) < M§ — inf (M

i ) > ol Ex(u, M, R) — C)(MP~! + K)rTR7T — CHR®.
R/2

u
do

Proof. The proof is similar to the one of Lemma 3.6 and we only sketch it. Fix ¢ € C°(Bq) s.t.

¢=1in By and 0 < » < 1in By, let Ay > 0 be as in Lemma 3.4, and for all A €]0, A1] set

wy(x) :M<1—)\cp<%>>df2(x), zeRN,

Without loss of generality we may assume A\; < 1. Then wy € W*P(Dp) and it satisfies

A
S —1 .
(—A)p (1Y = —C5Mp (1 — ﬁ) 1m DR
’LU)\:M(I—)\)d?Z in DR/2
(Cs5 > 0 as in Lemma 3.4). Now set for all 2 € RY
if z € B
() = 4 ) < T
u(z) if x € Bp,

where By is defined as in (2.2). By Proposition 2.6, we have for all z € Dg

(D) eale) = (-A)jun(a) 42 [ A== o) Z i)

B |z — y|N+ps

dy,

and estimating the integral term as in the proof of Lemma 3.6, we obtain

MP—2 Ex(u, M
(4.25) (—A)S vy > —CMP™! — 7<C’M)\ - X(“’C ’R)),
for some C' > 1 (depending on N, p, s, and Q). Now we fix § > 1 and set
A1 o L o Ex(u, M, R)
Uézm, Cé:UémaX{LIC, (4029;0 2)7’71}, )\ZQT
Note that oy < 1. We also assume
(4.26) Ex(u, M, R) < M.
Then, by the choice of constants we have
Ex(u, M, R)
M\ ————=.
A< A, CMA 50
These inequalities and (4.25) give
MP=2 Ex(u, M
(A vy > —CMP™ 4+ X MR)

Rs 2C
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Assuming also
1 s
opEx(u, M, R) > Cp(MP~' + K)»—1 Rv—1 4+ CHHR?®
(otherwise the thesis is trivial), the choice of the parameters and (4.26) imply
MP~2Ex(u, M, R) > 2C(CMP~' + K + MP2H)R?,
exactly as in the proof of Lemma 3.6, and therefore
(—A) vy > K+ MP?H in Dg.
Moreover in D% we have by construction either vy = u in B R, Or vy = wy = Md§, > u. Thus
(A),u < (=A)jvy in Dpg
u < Uy in D%.
Proposition 2.1 ensures u < vy in all of RV, In particular u < wy = M(1 — A)dg, in Dpg/s. So,
inf (M- ) > inf (M-22
DR/2 dQ R/2 dQ

and the conclusion follows. O

) > M\ = o)Ex(u, M, R)

Now we present the analog of Proposition 3.7, dealing with the problem

~A¥u<K inD
(4.27) (=A)u PR
u < Mdg, in Dog,

with K, M > 0.

Proposition 4.5. (Upper bound) Let 9Q be C1, p > 2, u € WSP(Dg) solve (4.27) and
R €]0,p/4]. Then, for all e > 0 there exist CL. = CL(N,p,s,Q,e) > 0 and two more constants
ob, = 0b(N,p,s,Q) €]0,1], C{, = C{(N,p,s,Q) > 1 s.t.
u u
— Cltail ((— —M) ,2R>R5
L>(Dg) 6ra dg, +

u
inf (M— 7) > ol Ex(u, M, R —EHM— o
Drya dg 2Fx{ ) dg
i M) ,2R)}erl.
dg +

-t [M+I~(Til +taﬂp_1<(

Proof. The proof is identical to the one of Proposition 3.7, so we only sketch it. Consider
v=uAMd§ and fix ¢ > 0. By Proposition 2.7 (i)

{(—A);v < K+ MP2H in Dp

v < Mdg, in RV,
where .
- ePT u ||p—1 u p-1
K=K ‘ - C't '1_(<——M> ,2R) :
+ o5 &5, Lo + Ctail, a N

H := Chtail, ((di - M>+, 23).
Q

Let 0 < 0] <1< 0}, C given in Lemma 4.3 and choose 6 = 6] in Lemma 4.4, with corresponding
0 < gy <1< () given therein. Define
1 1
ol = min{o}, Jé,l}, C = max{Ct, (’,,1}.
Considering separately the cases Ex(u, M, R) > M6, and Ex(u, M, R) < M6; we obtain that

inf (M - i) > ol Ex(v, M, R) — C(MP~! + K)#1R7T — CHR®.
Drya dg,

Since u = v in DR, after standard estimates we conclude. O
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5. WEIGHTED HOLDER REGULARITY

This final section is devoted to the proof of Theorem 1.1, i.e., of weighted Holder regularity for
the solutions of problem (1.1). We follow a standard approach, starting with an estimate of the
oscillation near the boundary of u/d,, where u satisfy

(5.1) (A ul < K ?n Q
u=20 in Q°,

with some K > 0. Our estimate reads as follows:

Theorem 5.1. Let 9Q be C11, p > 2, 21 € 9Q and u € WP (Q) solve (5.1). Then there exist
a1 €10,s], C7 > 1, Ry €10, p/4[ all depending on N,p,s and Q s.t. for all r €10, Ro|

u 1
osc — < CrKp1p™t,
D, (z1) d?l 7 "
Proof. First we assume 21 = 0 and K = 1in (5.1). We set v = u/d$, € WSP(Q), Ry = min{1, p/4},
and for all n € N we define R, = Ro/8", D,, = Dg,,, and B, = Bp, /2 (see (2.2)). We claim that
there exist a; €10, s], u > 1, a nondecreasing sequence {m, }, and a nonincreasing sequence { M, }
in R (all depending on N, p, s, and Q) s.t. for alln € N
(5.2) My, éigfvésupngn, M, —my, = uRy*.
n Dy,

Pick a; €]0, s] (to be determined later). We argue by (strong) induction on n € N. The first
step n = 0 follows from [14, Theorem 4.4], which (slightly rephrased) ensures existence of Cq > 1
(depending on N, p, s, and Q) s.t.

lv| < Cq in Q.
So we set My = C’Q, My, = —C'Q, W= QC’Q/RQI, and (5.2) holds. Now let n € N and
mo<...<m, <M, <...< M
be defined and satisfy (5.2). We set R = R,,/2, so Dy41 = Dp/y and B, = Bg, and aim at
applying our lower and upper bounds on v, by distinguishing three cases:

(a) If 0 < m, < M,, then u satisfies both (3.25) and (4.27) with K = 1 and non-negative
multipliers of df,, namely

1< (-A)pu<l inDg, /o
mpdy <u < Mpdg, in Dy,

Thus, Propositions 3.7 and 4.5 apply, yielding constants 0 < o < 1 < (g, Ce (we take here the
smaller of ¢’s and the bigger of Cg’s and of C.’s, all depending on N, p, s, Q with C; also
depending on €) s.t. the following bounds hold:

s

inf (v—my,) > o'][~ (v —my) dz — Cz[my, + 1 + tail,—1 (M, — v)4, Rn)]R}if1

Dn+1
(5.3)
— Csle sup (v —my) + taili ((my, — v)4, Rn)RZ],
Dg,, /2
inf (M, —v) > a][ (My, —v) da — Co[My, + 1 + tail,—1 (v — My) 4, Ry) | RE™
(a) e

—Cs [5 sup (M, —v) + taily ((v — My) 4, Rn)RfL]
Dg,, /2
(b) If my, < 0 < M,, then we can similarly apply Proposition 4.5 to u with upper bound M, dg, and
to —u with upper bound —m,,dg,. After substitution, this provides (5.4) and (5.3) respectively.
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(¢) If mp, < M, < 0, then we apply Proposition 3.7 to —u with lower bound —M,d¢, and
Proposition 4.5 to —u with upper bound —m,dg,, getting again (5.4) and (5.3) respectively.

All in all, by taking convenient constants and replacing € with €/Cg, we have

(M, — my) = fﬂ(Mn_v)dHa]( (v = my) de

n

< inf (M,, —v) + inf (v —my,) + esup(M, —v) + esup(v — my,)
Dy Dyt Dy, Dy

+ Ce [1 + [My| + |mn| + taily—1 (v — My) 4, Ry) + tailp—1((mn — v)4, Rn)]Rﬁ_l
+ C [taily (v — My) 4, Ry) + taily ((my, — v) 4, Ry)| R,

n:

Notice that
inf (M, —v)+ inf (v —my,) = (M, —my) — osc v

D1 Dyp1 Dpy1
and by the inductive hypothesis (5.2),

sup(M,, — v) + sup(v — my,) < 2(M,, — my,).
DTL D7L

Now fix € = 0/4 and, recalling that |m,,|,|M,| < Cq, we get

o(M, —m,) < (1 + g) (M,, —my) — osc v
2 Dn+1

s

+ C[1 + tail,—1 (v — Mp)4, Rp) + tail,—1((my — v)4, Ry) | RE ™
+ Cltaily (v — My) 4, Ry) + taily ((my, — v)4, Ry)| R,

n

for some C' > 1 depending on N, p, s and 2. Rearranging and using (5.2), we get

_ = il . o . 7 pil
(5.5 Do S (1= 2 )R + C[1+ taily 1 (v = My) s, Ra) + taily1(mn = v), B)| R

+ Ctaily ((v — My) 4, Ry) + taily ((mn, — v) 4, Ry)| R;,

n*

Now we need to estimate the tail terms. We note that for all z € D; \ D;11, i € {0,...n — 1}, by
(5.2) and monotonicity of the sequences {m,,}, {M,} we have

my, —v(x) < my —m; < (my, — My) + (M; — my;) < p(R" — RyY).

Using |my|, [Mn], [[v| g () < < Cq, for all ¢ > 1 we have

(mn — (@) (o)} & o(a))!
/mﬁ a4 /ch a4 *ZZ/D\DM T

(RO — Rgn)s
<O+l / (Gl 30 L
Z DDy, |V
* (R — R
<OrouS Vi — ) oy 088, (ag) RIS,
+Cu lz; I + CulSq(an)

where we have set

e~ 8‘“17—1
-y

J=1
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Recalling the definition (2.3) and setting ¢ = p — 1, we get (by convexity)

s s

taily_1 (M — )4 Ra)RE < C(1+ pP1Spy (o) R~V =5) 7T Ri-T

_s_ _1
< CRE + C’uSﬁ’:i (a1)R),
while for ¢ = 1 we immediately get
taily ((my, — v)4, Rp) RS < CR; + CuSi(a1) Ryt

Similarly we prove the estimates

S

s 1
tail,_1 (v — My) 4, Rn)RE T < CRET + CuSY—| (on) R,
<

tail; ((v — My)4, Rp)R;, < CR; + CuSi(a1) Ryt
Plugging these estimates into (5.5), and recalling that Ry < 1, we get

_1_ _s_
osc v < (1 — g)uRgl + C(S1(an) + 8P () pRy + C(RE™ + R})
(5.6) 2 ’

1

< (1 — 2 4 CS(ar) + OS] (a1)>8°‘1 PR+ C(RET ™ 4 Ry R

2 P "
We claim that for all ¢ > 1
5.7 lim S =0.
(5.7 Jim S, (o)
Indeed, for all aq €10, s/q[ we have
— 1
S‘](al) g Zl 8(8—a1q)j < 00,
]:

while clearly (8%17 —1)7/8% — 0 as a3 — 0T, for all j € N, so S,(a1) — 0 as well. Applying (5.7)
with ¢ = 1, p — 1 respectively, for all a; > 0 small enough we have
o L o
(1 — 2+ CSila) + OS] (041))80‘1 <1-%,
while we may choose 1 > 1 big enough to have
(1- %)u + ORI + RI)8™ <
so from (5.6) we have
g, v SRR
Thus, we can find my, 11, M1 € [my, M,] s.t.
Mpt1 < inf v < sup v < My, Mpy1 — mpgr = pRy
Dn+1 Dn+1
hence (5.2) holds at step n + 1, which concludes the induction step. For any r €]0, Ry[ there
exists n € Ns.it. Rpy1 <r < Ry, so we have

oscv < osc v < u8trat,
DT‘ Dn+1

Setting Cy = u8“*, we have

U
osc — < Cyr®t,
D, d?

T HQ

Finally, for any z; € 9Q and an arbitrary K > 0 in (5.1), translation invariance and homogeneity
of (—A); yield the conclusion. O

Our final steps require a technical lemma, which is contained in the proof of [28, Theorem 1.2]:
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Lemma 5.2. Let 0Q be C1t. If v € L®(Q) satisfies the following conditions:

(@) [[vllpee () < Cs;

(7i) for all x1 € 02, r > 0 we have DO(SC )v < CgrP;
r(T1

(iii) for all zo € Q with dg(zo) = R, v € CP2(Bg a(x0)) with [v]ce, (Brys(o)) < Cs(1+R7H),
for some Cg,u > 0 and p1, 52 €]0,1], then there exist o €]0,1], Cg > 0 depending on the

parameters and 2 s.t. v € C*(Q) and [v]ga(g) < Co.

Now we can prove our main result.

Proof of Theorem 1.1. Let u € Wy (Q), f € L>(Q) satisfy (1.1), and set K = || f|| zoo(q), 50
satisfies (5.1). By homogeneity we can assume K = 1. Let us collect some known facts about w.

From [14, Theorem 1.1] we know that there exist as €]0,s], C > 0 s.t. u € C*2(Q2) and
(65:5) ey < €

(in what follows, all constants depend on N, p, s, and ), in particular |u|| (o) < C. Besides,
from [14, Corollary 5.5] we know that for all zg €  with R = dq(x¢)
C Ipe / u(y) P~ 1
p's p's
[Wloa (Bayaton) < g [+ Il + R (/Bﬁ(m) 70— gV ay)""|
C 1oy : 1 = C
S R Y A —, L e
= Btow) 170 — 9T R

since R < diam(Q2). Finally, from [28, p. 292] we know that, with the same choice of xy and R as
above, the following estimate can be obtained by interpolation:

L c
(5.10) [d"]oo2 (B )a(00)) S Fpavas -

(5.9)

Now we set v = u/d§), and aim at applying Lemma 5.2 to this function. First, from [14, Theorem
4.4] we know that v € L>®(§2) with

(5.11) [v][ 2o (@) < C-
Further, chosen zg € 2, R = dq(wo), we have for all x,y € Br/s(20)

[v(x) — ()| _ Jul@)dg’(z) —uly)dg™(@)] | |uly)dg™(z) — u(y)dg (v)l

EEr |z — yl|o2 |z — yl|o2

< [ulcor (Br o (@) 140 1L (B o (o)) + 1Ull oo (@) [dg low2 (B o (20))
C 2\ C C
<Ly, o
Ra2 R Rs—l—ag Rs—i—ag
for some C' > 0. Here we have used (5.8), (5.9), and (5.10). Finally, let z; € 9Q and r > 0, and
ay €]0,s], C7 > 0, and Ry €]0, p/4] be as in Theorem 5.1. We distinguish two cases:
(a) If r €]0, Ry], then by Theorem 5.1 we have

osc v < Crrt.

Dy (z1)
(b) If » > Ry, then by (5.11) we have
C
<2l o) < —am 1™
osc v S 2fvllze ) T

In both cases, we can find C' > 0 s.t.

osc v < Cr* forallr>0.
Dy (1)



FINE BOUNDARY REGULARITY FOR THE FRACTIONAL p-LAPLACIAN 37

Then, hypotheses (i), (iii), (ii) of Lemma 5.2 hold with Cg = C, 51 = a1, 82 = a9, and = s+ s.

Thus, we conclude that v € C*(£2) and [v]ga(g) < €, which by (5.11) implies [|v]|ca ) < C, for
a €10, s] and C > 0 only depending on N, p, s, and €. O
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