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1. Introduction

The Lewy—Stampacchia inequality [21] is a classical inequality concerning the solution of the obstacle
problem. It can be stated as follows: let  C R? be a given open bounded set, ¢ € C>°(Q2) and u the
minimum of E(v) := 3 [ |Vu|>d£? among all v € W,y 2(Q) with v > ¢. Then

0NAp <Au<0. (1.1)
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Here the inequality Au < 0 is obvious because u minimizes the energy among positive perturbations.
To see why 0 A Ap < Awu holds, very informally, notice that where {u > ¢}, u is harmonic and hence
Awu = 0, while where {u = ¢} we have Au = Ay (the precise derivation of (1.1) — which we do not discuss
in this introduction — must take into account what happens at the boundary of the set {u = ¢}).

Over time, inequality (1.1) has been generalized in several different directions, among others we mention
[34] as a general reference for general linear operators and boundary values, [25] for nonlinear Leray—Lions
operators, [29] for nonlinear p-Laplacian type operators, and [30] for the fractional Laplacian and the
Laplacian in the Heisenberg group (see also [27] for this latter setting).

The first scope of this paper is to further investigate the structure of the Lewy—Stampacchia inequality
and to provide an abstract version of it in the context of topological vector lattices (B, 7, <), see Theorem 2.4
for the precise formulation. Beside the higher level of abstraction we reach, our approach is new in the sense
that it does not rely neither on differentiability properties of the convex functional E : B — R U {+oo}
considered, nor on the strict 7-monotonicity of its subdifferential, the latter meaning that

(" —v*,(u—v)VvO0)>0 Yu* € 0E(u), v* € IE(v), (1.2a)

(u* —v", (u—v)VO0)= & u =< v. (1.2b)

In fact, what turns out to be crucial is the submodularity property, also called boolean subadditivity,
of the functional itself, i.e.:

E(uAv)+ E(uVv) <E(u)+ E(v), Yu,v € B. (1.3)

While submodular functions are well established tools in discrete optimization, their réle in the general
theory of vector lattices, and in Lewy—Stampacchia type estimates in particular, has not yet, as far as we
are aware of, been recognized. As we will show, realizing the importance of submodularity in this context
not only provides a more abstract and general version of the Lewy—Stampacchia inequality, but also greatly
simplifies the proof.

Being a zeroth-order condition, verifying the submodularity (1.3) for a given functional is a much easier
and a more direct task than obtaining the strict 7-monotonicity of its differential, which, especially
for non-differentiable functionals, requires a good knowledge of the subdifferential itself. Moreover,
submodularity is a weaker condition, since at the derivative level is equivalent to 7-monotonicity (1.2a)
of the differential instead of its strict T-monotonicity (1.2a), (1.2b).

Beside recovering the classical Lewy—Stampacchia inequality for the Laplacian and showing how to quickly
re-obtain the one for the fractional Laplacian (recently proved in [30]), we apply the abstract formulation
to the double obstacle problem on CD*(K, N) spaces, which was in fact the main motivation for starting
this project. CD*(K, N)/RCD*(K, N) spaces are metric measure structures which, in a sense, resemble
Finslerian/Riemannian manifolds with Ricci curvature bounded from below by K and dimension bounded
from above by N, see [23,31,32,4,12,10] for the relevant definitions.

Being the curvature-dimension condition a second-order notion, one expects the presence of ‘many’
functions with some sort of second order regularity. Yet, priori to the present manuscript the only smoothing
tool available was regularization with the heat flow which, due to fast diffusion, offers little control on the
local behavior of the regularized functions.

Here we couple the Lewy—Stampacchia inequality with the Laplacian comparison estimates proved in [12]
to produce ‘constrained’ functions with bounded Laplacian. In particular, on CD*(K, N) spaces we shall
build cut-off functions and regularized Kantorovich potentials from intermediate times along a geodesic,
in both cases producing functions with bounded Laplacian. See Theorems 3.12 and 3.13 for the precise
formulation. The relevance of having smooth cut-off functions is clear, on the other hand having smooth
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Kantorovich potentials seems crucial in order to be able to differentiate functionals along a Ws-geodesic,
see for instance the discussion at the end of [13].

We remark that cut-off functions were already built in [6] on RCD(K, 00) spaces, but the technique seems
not applicable to the class of CD*(K, N) spaces.

In the stricter RCD* (K, N) class our construction produces Lipschitz functions. This regularity result has
little to do with the Lewy—Stampacchia inequality, but is rather based on Lipschitz continuity of harmonic
functions on RCD*(K, N) spaces recently obtained in [19] (see also [20] and [17]) together with quite standard
techniques in the setting of the obstacle problem, see Section 3.3.3.

2. The abstract Lewy—Stampacchia inequality
2.1. Topological vector lattices

Here we briefly introduce the basic notions needed to state the Lewy—Stampacchia inequality in an
abstract framework, referring to [26] for a detailed discussion about ordered topological vector spaces.

A lattice (S, <) is given by a set S with a partial ordering < such that for every x,y € S there exist
elements = V y,x Ay € S satisfying

r<xVy, TNy <,
y<zVy, and T ANy <y,
r<z, yYy<z = xTVy-=<z, z=x, 2<y = 2z2=<zTAy.

Given two elements x, y of a lattice S with < y we denote by [x,y] C S the interval defined by x and y,
ie.

[z, Yy :={2z€8 : z<2z=<y}

Similarly, by |—oo,z] we intend the set {z : z < z} and by [z, +oo[ the set {z : < z}. Subsets of S
contained in some interval [x,y] are called order-bounded.

Definition 2.1 (Topological vector lattice). A topological vector lattice (B, T, <) is a Hausdorff locally convex
topological vector space (B, 7) endowed with a lattice structure compatible with the vector one in the sense
that for given z,y € B with x < y we have

T+z<y+z, Vz € B,
Az < Ay, YAeR, A>0.

The positive cone P C B is the convex cone {x € B:0 <z}, and x <y iff z —y € P.

At this level of generality, there is no connection between the topology and the lattice structure on B.
Notice that this may be in contrast with some terminology, where a topological vector lattice usually requires
that there is a neighborhood basis for 0 consisting of solid sets (solid sets A are those such that if z € A
and |y| < |z| then y € A, where |z| := max{z, —x}).

Let us recall that PN—P = {0} (i.e. P is proper) due to the antisymmetry of < and P— P = B (i.e. P is
generating) due to (B, <) being a lattice. The order dual of B is denoted by B’, and consists of all the real
valued linear functionals on B which are bounded on order-bounded sets. Being B a lattice, B', is a vector
lattice w.r.t. to the ordering induced by the dual cone P’ = {l € B’, : i(x) > 0 Vx € P}. In particular,
for any I,m € B’,, the Riesz-Kantorovich formulae hold for any z € P:

IVm(x):= sup {l(z) + m(z —2)}, IAm(x):= inf {l(z) +m(z—2)}. (2.1)
z€[0,z] z€[0,z]
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We shall denote by B* the topological dual of (B, 7) and by (-,-) : B* x B — R the corresponding duality
pairing. The topological dual convex cone P* C B* of P is

P*:={2* € B* : (z*,2) >0, Vz € P},

and we will still denote by < the partial order structure induced by P* on B*. We then define the topological
lattice dual as

BY := P* — P*.
Any z* € P* is bounded on order bounded sets, so that in general it holds
B* C B*NnB.,. (2.2)

It is obvious by definition that P* is weakly*-closed in B*. On the other hand, if P is closed then BY is
weakly*-dense in B*. Indeed, if € B is such that (z*,z) = 0 for any * € BY, then in particular (z*,z) > 0
for every z* € P*, which by the bipolar theorem gives € P, and (z*,z) > 0 for any z* € —P*, so that
x € —P and hence x € PN —P = {0}.

It turns out that BY, is also a vector lattice. To check this, it suffices to show that the Riesz—Kantorovich
formulae (2.1) provide continuous linear functionals. If * = a7 — a3 and y* = yi — y3 with 7, y* € P* for
1 =1,2, then for any 0 < z < z it holds

(@, 2) + (y" o — 2) < (a1, 2) + (Y1, @ — 2) < (2] + 9, @)
and similarly
(z%2) + (", 0 — 2) =2 —(25 + v, 7).

Therefore both z* V y* and z* A y* are (topologically) bounded linear functionals on P, which have unique
continuous extension to the whole B due to P being generating.

Although unnecessary in our discussion, we remark that if P’ C B*, then B, C B* and thus equality
holds in (2.2). By Proposition 2.16, Chapter 2 in [26] this is the case, for example, if (B, 7) is a complete
metrizable t.v.s. of second category and P is closed, as in the applications we will propose.

Given a convex function E : B — R U {400} we shall denote by dom E C B the set {z : E(z) < oo}.
For g € B, the subdifferential OF(x¢) C B* of E at z is defined to be the empty set if xg ¢ dom E and
otherwise as the (possibly empty) set of elements z* € B* such that

(x*,x —xo) < E(x) — E(zg) Vz € B.

The domain of OF is defined as dom(9F) = {z € B : 0E(z) # 0}.
Given a lattice (5, <), a function E : (S, <) — RU {+o0} is said to be submodular provided

E(z Ay)+ E(zVy) < E(z)+ E(y), Va,y € S. (2.3)

We shall be interested in topological vector lattices and functionals E which are both convex and
submodular. Notice that for such E’s the subdifferential satisfies the following variant of the classical
monotonicity property, known as 7-monotonicity:

(z"¥ —y*,(x—y)Vv0) >0 Vz* € OE(x), y* € 0E(y) (2.4)
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(one says that OF is strictly 7-monotone provided equality in (2.4) implies « < y). Indeed, by definition of
subdifferential we have

so that adding up the inequalities and noticing that

(", (y =) NO) +(y", (z —y) VO) = (2" —y", (y — ) N O)

we get the claim. The same argument shows that for convex E’s with dom(0F) = B, the T-monotonicity
property (2.4) yields the submodularity (2.3).

Remark 2.2. It might be useful to recall that if f is a smooth function defined on R and the latter is endowed
with its natural lattice structure given by z < y if all the components of z are < than the corresponding
ones of y, then f is submodular if and only if

0% f
8:17,'31‘j

(x) <0, VeeR? i,j=1,...,d, i#}j.

We conclude this section recalling a basic result in convex analysis we shall use in our proof of the
Lewy-Stampacchia inequality, see Theorem 2.9.1 in [36] for a proof.

Theorem 2.3. Let B be a Hausdorff locally convex topological vector space, C C B a conver set and
E : B - RU {400} a convex function. Assume that either dom E NintC # O or that there exists
x € dom ENC where E is continuous.

Then Z € C realizes the minimum of E in C if and only if there exists x* € OE(Z) such that

(x*,x —Z) >0, Ve e C.
2.2. Abstract formulation of the Lewy—Stampacchia inequality
We can now prove a general version of the Lewy—Stampacchia inequality.
Theorem 2.4 (Abstract Lewy-Stampacchia inequality). Let (B,T,<) be a topological wvector lattice,
and E : B — RU {400} a convex and submodular functional. Furthermore, let v, € B with ¢ < ¥
and u € B a minimizer for E on [p,1].

Assume that either domE Nint [¢, 1] # O or that there exists u € dom E N [p, ], where E is continuous.
Then

Vw] € OE(p) N BY 3z € OE(u) N B such that 27 < wi VO,

Vwy € 0E(¢) N BYL 3x5 € 0E(u) N BL  such that  wy; A0 < 5. (2.5)
Proof. We start proving the first assertion in (2.5). Without loss of generality we assume that
OE(p)NB% # 0 (thus in particular E(p) < +00) and pick wj € 0E(p)NBY. Consider the convex functional
A;: B — RU {400} defined by

Ai1(u) :== E(u) — (w V 0,u), Yu € B.
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We claim that

infﬁ Al = inf Al. (26)

]_Oovu] [‘Pau]

The inequality < is obvious. To prove the other one, it suffices to prove that for any w < « it holds
A1(u) > A1(u V ). Suppose not: then for some u < @ it holds

EuVy)—{(wyV0,uVe)>E(u)— (wyV0,u). (2.7)
In particular F(u) < 400 and using (2.3) we get E(uV @), E(u A ¢) < +00. Moreover

(2.7)
E(p) = E(uny) 2 E(uVe) = E) > (wyV0,uVe—u) = (wh,uVe—u),

where in the last inequality we used the fact that vV ¢ —u > 0. Recalling that u —u Ve =uAp —¢p
we deduce

Elung) < E(p) + (wi,uhy =),
which contradicts w} € dE(p). Thus (2.6) is proved. Now we claim that

inf A1 == A1<a), (28)
lp,u]

and again we argue by contradiction. Hence suppose that for some u € [, @] it holds
E(u) — (wi V0,u) < E(u) — (w] V0,u).
Then, being u < u we get
E(a) — E(u) > (wi V0,u—u) >0,
which, since u € [p,u] C [¢, 9], contradicts the minimality of @ in [, 9].
From (2.6) and (2.8) we deduce that @ is a minimum for A; on the convex set |—oo, u], therefore by
Theorem 2.3 we deduce the existence of yj € JA;(u) such that
(y7,u—1u) >0, Yu € |—o0, ul. (2.9)

Since yi € 0A;(u) = OE(u) —wi V0, there exists 2 € JE(u) such that yj = ] —wj V0. Letting u = u —v
for arbitrary v € P in (2.9), we get

(x] —wi VvV 0,v) <0, Yv € P,

proving that ] — wy V 0* € —P*, which is the first inequality in (2.5).
To prove the other one we consider, for any wj € OE(1)), the functional

As(u) := E(u) — (w3 A0, u),

and arguing as before we prove that u minimizes Ay over [u,+o00], thus getting the conclusion along the
same lines just used. O
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3. Applications
3.1. Recovering the classical case

Here we show how the general Theorem 2.4 yields the classical formulation of the Lewy—Stampacchia
inequality. Let Q C R? be an open set and observe that the Hilbert space VVO1 2(Q) endowed with the
standard ordering given by pointwise a.e. inequality

u=<v &L u(z) <wv(z), a.e x€l,

is a topological vector lattice. Its topological dual is denoted by W~=12(2) and its topological lattice dual
by WZ12(Q) ¢ W—12(Q).

The distributional Laplacian Awu of a function u € WO1 2((2) acts on smooth compactly supported
functions as

Cr () o7 — (Au,n) := /Anud[,d,
Q

and since u € W, *(Q) we have

/Anudﬁd = /W-Vudﬁd < IVl Vullze < lnllwez o) lullwe2 @)
Q Q

which shows that the distributional Laplacian uniquely extends to the element in W~12(Q), still denoted
by Auw, given by

We2(Q)3n = (Aup) = —/vn.vudzd.
Q

In this sense, it has a meaning to ask whether Au € W2 12(Q) for some u € VVO1 2(€)). The Lewy-Stampacchia
inequality can then be stated as follows:

Theorem 3.1 (Classical Lewy-Stampacchia inequality). Let Q C R? be a bounded open set and o, 1) € Wol’Q(Q)
with ¢ < a.e. and such that Ap, Ay € W;LQ(Q).

Let @ be the minimum of u — [, |Vu|?>dL? among all functions u € W3 2(Q) such that ¢ < u <1 a.e.
(whose existence and uniqueness follows by standard means in calculus of variations). Then we have
A e WZ(Q) as well with

Ap N0 < Au < Ay V0. (3.1)

Proof. The functional E : W, ?(Q) — [0,00) given by E(u) := 2 JoIVul?dL? is clearly convex and

continuous. Moreover, E is submodular (actually, with equality holding in (2.3) for every u,v € W& 2(Q))
as a consequence of the locality property of the gradient:

Vu = Vo, L%a.e. on {u =}

Now observe that the subdifferential of E at u € W, ?(Q) is nothing but —Au € W~12(Q). Indeed,
the trivial inequality

E(u) — (Au,n) < E(u+n), Yu,n € Wy (Q),
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shows that —Au € OF(u) and conversely testing the subdifferential inequality with en for arbitrary
n € Wy*() and then letting € — 0 we see that —Aw is the only element in OF(u).

i)
ii)

iii)

The conclusion then comes applying Theorem 2.4. O

Some comments:

The assumption that the obstacles ¢, 1) have 0 boundary data has been made to simplify the exposition
but is in fact unnecessary, see Remark 3.4 for some details on how to remove it.

We stated the thesis in (3.1) as an inequality between linear functionals on W~12(Q). Equivalently,
one can interpret it as inequality between measures, due to the fact that elements of the space W;l’Z(Q)
can be faithfully represented as Radon measures. This can be achieved either calling into play the
notions of capacity, polar sets and representatives quasi-everywhere defined of Sobolev functions (see e.g.
Chapter 3 of [24]), or along the following lines.

Consider a positive functional L € W;LQ(Q). By restriction it defines a positive linear functional on
Lip.(Q) € Wh2(Q) and since for every non-negative f € C.(f2) there exists g € Lip.(2) such that
f(z) < g(z) for every xz € , such positive linear functional can be uniquely extended to a positive
linear functional on C.(€2) (see also the general construction in Corollary 2.8, Chapter 2 in [26]). By the
Riesz representation theorem we get that there exists a non-negative Radon measure py, on 2 such that

L(u) = /ud,uL Yu € Lip, (),
Q

and such uy is unique by the density of Lip,(Q2) in C.(£2). Clearly then, there is a well defined (linear)
map W2'2(Q) 3 L — ur € M(Q) where we denoted with M () the set of Radon measures on Q.
We say that this representation is faithful in the sense that the map L — py, is injective, being Lip,(2)
strongly dense in T/Vol‘2 (Q).

Due to this discussion, we will sometime shortly say that the elements of W_ 1’2(9) “are” measures.
Although the Lewy—Stampacchia inequality can be certainly stated for smooth obstacles, in fact it is
more natural — and evidently more general — to formulate it as in the statement we gave, i.e. for obstacles
having measure valued distributional Laplacian, the latter being intended as in point (ii) above. It is for
this reason that the topological vector lattice considered has been W, ?(€2) rather than L?(Q). Indeed,
convex functionals in L? have subdifferential which, by definition, must act continuously on L? functions,
which is certainly not the case for a generic measure-valued distributional Laplacian of a Sobolev
function.

In the present case, the version with measure-valued Laplacian could in fact be obtained from the case of
smooth obstacles with a quite standard approximation/convergence argument, so that this distinction
might be not so relevant. It becomes instead crucial on metric measure spaces, where approximation
procedures are not easily available, and in fact the study of the double obstacle problem has as primary
goal the one of building ‘smooth’ functions.

8.2. The fractional Laplacian

We now show how to deduce from Theorem 2.4 the Lewy—Stampacchia inequality for the fractional

Laplacian, thus reproducing a result already appeared in [30] with a simplified argument.

Let Q € R? be an open subset, s € (0,1) and the space W?(2) be defined as the closure of C2°(£2)

w.r.t. the norm

|u(@) —u(y)[?
||U||‘2/VOS2(Q) = ||"LL||%2 + / W d$ dy

Re xR
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Clearly, WS’Z(Q) is a lattice w.r.t. the a.e. ordering and a Hilbert space with the latter norm, with dual

denoted by W~%2(Q) and order dual by W *2(Q). As a general reference for this space and related ones

see Chapter 1, Section 5 of [33]. Notice that, with the same arguments of the previous section, one can see

that functionals in W;S’Q(Q) can be faithfully represented as integral w.r.t. appropriate Radon measures.
If © is bounded, the functional E : W§’2 () = R given by

! Ju(z) — u(y)?
R xR¢

is convex, continuous and coercive (i.e. it controls the W;*-norm — this follows from the fractional Sobolev
inequality, see [30]). Its subdifferential is related to the fractional Laplacian via the identity

OFE(u) = (—A)*u, Yu € W2 (),

we refer to [9] for the definition and basic properties of the fractional Laplacian.
We claim that E is submodular. To prove this it is sufficient to show that

(1 —22)” + (11 —y2)* = (@1 Vyr — 22 Vi)® + (m1 Ayr — 22 Aya)?,

for any 1, 22,91, y2 € R. More generally, we shall prove that for every f: R — R convex we have

fry —x2) + flyr —y2) > f(m1 Vyr — 22 V) + flo1 Ay — 22 Ay2), (3.2)

for any x1,79,y1,92 € R. To this aim, let g : R?> — R given by g(z1,72) = f(z1 — 72) and endow
R? with its natural lattice structure given by component-wise ordering. If f is smooth, then the identity
ﬁg(zl,m) = fdd—;f(acl — x2) < 0 and Remark 2.2 show that g is submodular, which is equivalent to
the validity of (3.2) for any x1,x2,y1,y2 € R. The general case follows by approximation.

Collecting together these observations and using Theorem 2.4 we deduce:

Theorem 3.2 (Lewy-Stampacchia inequality for the fractional Laplacian). Let @ C R be open,
o, € WS (Q) and u a minimizer for E over [p,1)] # 0. Assume that (—A)%p, (=A)%y € WZ**(Q).
Then (—A)*a € W2 *2(Q) with

(=AY A0 < (—A)u < (=A)°p V0.

Remark 3.3. An analogous statement holds for arbitrary summability index p > 1 on the derivative,
thus giving a Lewy—Stampacchia inequality for the fractional p-Laplacian: inequality (3.2) with f(z) := |z|?
grants the submodularity of the corresponding functional

E(u) 1 / dedy.

p |z — y|dtps
R4 xR4

Remark 3.4. The assumption that ¢, ¥ in Theorem 2.4 have 0 boundary data has been made only to
simplify the statement. For classical obstacle problems with Dirichlet boundary conditions the naturally
available obstacles need not vanish on the boundary of the domain, and may fail to belong, in our abstract
setting, to the minimization space B. Nevertheless, a minimizer for F over [¢, )] still satisfies a form of
Lewy-Stampacchia inequality. Suppose that E is naturally defined on a bigger topological vector lattice B
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with continuous, order preserving embedding B < B, and ¢, € B. Consider the subdifferential of E w.r.t.
B defined as

0pE(u) := 0G,(0) C B*, B3 v Gy(v) :i= E(v+ u).

Using this notion, Theorem 2.4 holds with obvious modifications. A similar procedure can be exploited
to deal with non-homogeneous boundary conditions, see [30] for some examples of this transition from an
abstract result to concrete applications.

3.3. The case of metric measure spaces

We shall now discuss the case of metric measure structures and how to use the Lewy—-Stampacchia
inequality to build functions with bounded Laplacian on spaces with a lower bound on the Ricci curvature.
In the next section we are going to recall those concepts and results that we shall need without giving
full details about relevant definitions. This choice is made to keep the presentation short; we refer to the
bibliographical references for all the necessary details.

3.3.1. Preliminary notions

For the purpose of the discussion here, a metric measure space is a triple (X,d, m), where (X,d) is a
proper metric space (i.e. bounded closed sets are compact) and m is a non-negative Radon measure on it
which gives positive mass to every open set.

Given such an m.m. space, there is an established definition of the Sobolev space W!2(X,d,m),
see for instance [16] and [3] and references therein. To any f € W12(X,d,m) it is associated a function
|Df| € L?*(X,m) called minimal weak upper gradient which reduces to the modulus of the distributional
differential when the base space is the Euclidean one. Among others, a basic property of minimal weak
upper gradients is their locality, i.e. for every f,g € W12(X,d, m) we have

|Df| = |Dg|, m-a.e. on {f = g}. (3.3)

On proper spaces, one can use this property to define the space Wlif(fl) for Q C X open as the subset of
L2 .(Q) made of functions f such that X f € W12(X,d, m) for every X € Lip,(Q2). For f € W,-?(Q) the map

loc loc

|IDf| € L2 () is then defined by

loc

IDfl = IDOS),  meae. on {x = 1},

and the space W12(Q) is the space of f € W,,2(Q) N L*(Q) such that |Df| € L*(Q).
The space W'2(X,d, m) is a Banach space w.r.t. the norm || f||3,.2 := || f||22 + ||[Df|||3> and the energy
functional E : WH%(X,d, m) — [0, 00) is given by

B(f) =3 / IDf[? dm.
X

We say that (X,d,m) is infinitesimally strictly convex provided E : W?(X,d,m) — R is differentiable,
or equivalently provided for every f,g € W12(X,d, m) the limit

I |D(g +ef)|* — |Dg|?
11m
e—0 2e

exists in L!'(X,m) and infinitesimally Hilbertian provided

B(f+g)+B(f —g) =2E(f) +2E(g),  VfgeW"(X,d m),
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or equivalently if W12(X,d, m) is a Hilbert space (see [12]). It is easy to see that infinitesimally Hilbertian
spaces are infinitesimally strictly convex.

Given Q) C X open, the space W&’2(Q) is the closed subspace of W12(X,d, m) made of functions which
are m-a.e. 0 outside Q. Clearly it is canonically and continuously embedded in W12(Q) and is a lattice
w.r.t. the usual a.e. ordering. We denote as usual by W~12(Q) its topological dual and by W;m(Q) its
topological order dual. As in the Euclidean case, functionals in W;l’z (Q) can be represented as measures:
the discussion is the same we did in point (#) after Theorem 3.1, the only difference is that at this level of
generality it is not known whether Lip_(£2) is dense in VVO1 ’2(Q), which a priori might raise troubles to prove
the faithfulness of the representation. Yet, the same argument can be carried out noticing that

a positive continuous functional on W, *(Q2) which is 0 on Lip, () is identically 0. (3.4)

Indeed, for every bounded f € T/VO1 2 (©2) with compact support (= f is 0 m-a.e. outside a certain compact)
there are g1, g2 € Lip.(Q2) such that ¢; < f < go m-a.e., so that any functional as in (3.4) must be 0 on f.
Then (3.4) follows noticing that, by standard truncation and (Lipschitz) cut-off arguments, the subspace of
W,(€2) made of functions bounded and with compact support is strongly dense in W, ().

Given f € WH2(X,d,m) and Q C X open, the map Ej.q : Wy*(Q) — R given by

Bra(9)i= 5 [ ID(+g) dm
Q

is convex and continuous and, on infinitesimally strictly convex spaces, it is also differentiable. In this latter
case we say that f € WH2(X,d, m) has measure valued distributional Laplacian in §2 provided the only
element in OE ;o (0) C W~12(Q) belongs to WL2(Q) and in this case we write f € D(A, ). The discussion
made before shows that this definition is equivalent to the one proposed in [12] and we shall denote the
measure representing —0E o(0) as Af|Q, or simply Af in case 2 = X.

For the definition of the Curvature-Dimension condition CD*(K, N) we refer to [7] (see also [32] for
the ‘original’ CD(K, N) condition). One of the main results obtained in [12] (see also [15] for a simplified
proof in the infinitesimally Hilbertian case) is the Laplacian comparison estimate for the squared distance
on CD*(K, N) spaces. For the purposes of the discussion here, it is sufficient to recall it in the following
suboptimal form. Recall that for given ¢ : X — RU {£oo} and t > 0, the function Q¢ : X — RU{—o00}
is defined as

Q) = inf =2 4 (),

that the c-transform ¢ is defined as ¢ := Q1(—), that p : X — RU{—o0} is said c-concave provided it
is not identically —oo and ¢ = 9¢ for some ¢ : X — RU {—o0}.

Theorem 3.5 (Laplacian comparison estimates). For given K € R and N € [1,00) there is a continuous
function Lg n 2 [0,00) — [0,00) such that the following holds.

Let (X,d,m) be an infinitesimally strictly convex CD* (K, N) space. Then for every c-concave function
¢ € Lip(X) N W12(X,d, m) we have p € D(A, X) with

Ayp < g n(Lip(p)) m.

This result and the Lewy—Stampacchia inequality are sufficient to build cut-off functions with compact
support and bounded Laplacian in infinitesimally strictly convex CD*(K, N) spaces. We shall also recall
the following fact about evolution of Kantorovich potentials along a Ws-geodesic in metric spaces, referring
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to Theorem 7.36 in [35] or Theorem 2.18 in [1] for a proof. Recall that given u,v € P5(X), a function
¢ : X — RU{—o0} is said Kantorovich potential from u to v provided it is c-concave and a maximizer for
the dual problem of optimal transport.

Proposition 3.6 (Evolution of Kantorovich potentials). Let (X,d) be a metric space, (u;) C Po(X)
a Wa-geodesic and ¢ : X — R U {—o00} a Kantorovich potential from po to p;.
Then for every t € [0,1]:

o the function tQ:(—¢) is a Kantorovich potential from p; to po,
e the function (1 — t)Q1—+(—¢°) is a Kantorovich potential from py to piy.

Furthermore, for every t € [0, 1] it holds

Qi(—¢) + Q1-1(—¢°) >
Qi(—¢) + Q14(—¢°) =

0, everywhere,
0, on supp(pt). (3.5)

This proposition, coupled with the Lewy—Stampacchia inequality and the Laplacian comparison estimate,
allows to produce a sort of regularized Kantorovich potentials from intermediate times along a Ws-geodesic
in infinitesimally strictly convex CD* (K, N) spaces, see Theorem 3.13 and the discussion after it for precise
statements.

In general CD*(K, N) spaces we don’t know whether cut-off functions with bounded Laplacian and
regularized Kantorovich potentials can be built Lipschitz. In order to get this further property we
need to work on infinitesimally Hilbertian CD*(K, N) spaces, also called RCD*(K, N) spaces [5,12,2,10].
This enhanced regularity can be obtained either as a consequence of the general results established in [18]
and [20] concerning Lipschitz continuity of functions with bounded Laplacian, or, as we will do, from the
Lipschitz continuity of harmonic functions on RCD* (K, N) spaces obtained in [19] (see also [20] and [17] and
references therein) and known techniques in the study of the obstacle problem. The advantage of choosing
this second approach is that we will obtain Lipschitz continuity of the solution of the obstacle problem
independently of the Laplacian comparison estimates.

In order to pursue this plan we need to recall some results about non-linear potential theory in metric
measure spaces. Key facts are that CD*(K, N), N < oo, spaces are doubling [32] and support a weak local
1-2 Poincaré inequality [22,28] and a number of consequences about the behavior of harmonic functions can
be deduced from these informations, see [8] for an overview on the subject. We shall recall those results we
need without aiming at any generality, but only focusing in the content relevant for our discussion.

We start noticing that for f € W12(Q), Q being an open subset of an infinitesimally strictly convex
CD*(K, N) space, to be in D(A, Q) with Af|Q < 0 is the same as to have the minimization property

/ DfP dm < / ID(f +g)Pdm, Vg e Wr3(Q), g >0 (3.6)
Q Q

see [12] and [14] for the details. Similarly for non-negative Laplacian and non-positive perturbations.
In particular, we can unambiguously define harmonic functions either as those having 0 Laplacian or as
local minimizers of the energy.

We then have the following results:

Theorem 3.7 (Basic facts about harmonic functions). Let (X,d,m) be a CD*(K,N) space, N < oo,
and @ C X a bounded open set. Then the following hold.
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i) Harnack inequality. There exist constants ¢, \ > 1 depending only on K, N and not on Q such that the
following holds. Let f € W12(Q) be harmonic on 2 and non-negative. Then for every x € Q and r > 0
such that By, (x) C Q we have

esssup f < cessinf f. (3.7
B, (x) Bxr(x)

In particular, harmonic functions have continuous representatives.

ii) Strong maximum principle. Let f € W12(Q) be harmonic on Q and assume that its continuous
representative has a mazximum in a point xo € Q. Then it is constant on the connected component
of Q0 containing xg.

i%i) Existence and uniqueness of harmonic functions. Assume that m(X \ ) > 0 and let f € WH?(X).
Then there exists a unique harmonic function g € Wh2(Q) in Q such that f — g € Wol’Q(Q).

iv) Comparison principles. With the same notation and assumptions of the point above, assume furthermore
that Af/Q < 0. Then f > g m-a.e. on . On the other hand, if f > 0 m-a.e. on Q, then g > 0
m-a.e. on Q.

All these statements are valid in the broader class of doubling spaces supporting a weak-local 1-2 Poincaré
inequality, see [8] for the proofs and detailed bibliography.

Similarly, in the theorem below we collect the basic properties of minima of the obstacle problem that we
shall need later on. We formulate the result for CD* (K, N) spaces, but in fact the same holds on the more
general setting of doubling spaces supporting a 1-2 weak local Poincaré inequality, see [11] for the proof.

Theorem 3.8 (Basic properties of minima of the obstacle problem). Let (X,d,m) be a CD*(K,N) space,
Q C X a bounded open set and p,vp € WH2(Q) be with ¢ < 1) m-a.e. and f € WH2(X). Put

Ko, 0, f) = {u e WH(Q) : p <u<tp m-ae andu— f € Wy > (Q)},

where we wrote for brevity u — f to intend the function defined as u — f in Q and as 0 on X \ Q.

Assume that K(p,, f) is non-empty. Then a minimizer u of E on [p, 1] exists. Moreover, if ¢ and ¢
have continuous representatives then @ has a continuous representative as well and if m(X \ Q) > 0 the
minimum s unique.

We conclude this introduction recalling the local Lipschitz regularity of harmonic functions on
RCD*(K, N) spaces. Unlike Theorems 3.7 and 3.8 above, here the lower Ricci curvature bound plays a
crucial role:

Theorem 3.9 (Lipschitz continuity of harmonic functions on RCD*(K, N) spaces). There exists a constant
C =C(K,N) such that the following holds. Let (X,d, m) be an RCD*(K, N) space, Q C X an open set and
u € WH2(Q) harmonic.

Then for every x € Q and every r € (0,1) such that Ba,(z) C Q we have

C 1

ip(u < - u .

Llp(u/Br(z)) — rm(Ba()) /() [uf dm, (38)
BQT xr

having identified u with its continuous representative.

The proof is given in [19]. We remark that in [19] there is some degree of freedom about the choice
of the Dirichlet energy: in order to obtain the above theorem it is sufficient to pick the natural Dirichlet
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energy of the RCD*(K, V) space and to use the calculus tools developed in [12] to justify the computations
(see also [20,17] and references therein for further details on the topic).

3.3.2. Lewy—Stampacchia inequality on metric measure spaces

Given a metric measure space (X, d, m) and Q C X open, the energy functional E : I/Vol’2 () — Ris clearly
convex, continuous and, thanks to the locality property (3.3), submodular. Therefore a direct application of
the general Theorem 2.4 yields the following regularity result for solutions of the double obstacle problem.
Both for simplicity and in view of the forthcoming applications, we state it on infinitesimally strictly convex
spaces so that the Laplacian is uniquely defined, but an analogous result holds on every m.m. space:

Theorem 3.10 (Lewy—Stampacchia inequality on metric measure spaces). Let (X,d, m) be an infinitesimally
strictly convex metric measure space, Q C X open and o, € WOI’Q(Q) ND(A,Q) with ¢ < 1) m-a.e.
Then for every minimizer u of E over [p,9] C Wol’Q(Q) we have u € D(A, Q) with

A<,0/Q AO < Aﬂ/ﬂ =< Ai/)/ﬂ V0.

3.8.8. Lipschitz reqularity for minima of the obstacle problem on RCD* (K, N) spaces

Here we shall prove that on RCD*(K, N) spaces, the minimum of the double obstacle problem for given
Lipschitz obstacles is Lipschitz itself. This result is independent on the Lewy—Stampacchia inequality:
its proof is quite standard once Lipschitz continuity of harmonic functions is known.

Proposition 3.11. Let (X,d,m) be an RCD*(K,N) space, @ C X open and bounded and
o, € W2 (Q) N Lip(Q). FPurthermore, let u € Wy'*(Q) be a minimizer of E on [p,1)].
Then u has a Lipschitz representative, still denoted by u, and the bound

Lip(a) < 2CA(1+ A)(1 + ¢) Lip(¢) V Lip(¢)) (3.9)

holds, where ¢, A are the constants in the Harnack inequality (3.7) and C > 1 the one appearing in the
Lipschitz estimate (3.8).

Proof. Observe that ¢, ¢ and u are functions in W12(X) vanishing m-a.e. in X \ Q. Applying Theorem 3.8
on a bounded neighborhood of Q with f = 0 we deduce that on such neighborhood, and thus on the whole X,
u has a continuous representative. Denoting still by u this continuous representative, our aim becomes to
prove that @ : X — R is Lipschitz. Recalling that X is geodesic, to conclude it is sufficient to prove that
the bound (3.9) holds for the local Lipschitz constant, i.e. that

lipa(xz) < 2CA(1+ A)(1 + ¢) Lip(¢) V Lip(¢)), Ve € X, (3.10)

where lip(z) := Tim,, ., 9=t put €, = {@ = ¢}, Cy = {a = ¢}, C = C,, N Cy and define the

function ¢ : C, U Cy — (0, +00] as

d(z,C) s
400, ifx e,

and the constant L := A(1 + ¢) Lip(p) V Lip(v)). We claim that

9 € C, UCy, € Bs,) (o) = |a(z) — u(xo)| < Ld(x,x0), (3.11)
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which in particular yields (3.10) for g € C, U Cy. This is obvious for 2y € C, thus assume zo € C, \ C.
By definition of (o) and the equivalence stated in inequality (3.6) and the discussion preceding it, we deduce
4 € D(A, Bys(ay)(20)) with Aﬁ|B - < 0. Since u > ¢, it holds

A6 (zo

u(z) > p(x) = ¢(z9) — Lip(p)d(z, 7o) = u(zo) — Lip(p)d(z,29)  Vz € X,
hence it suffices to prove
u(z) < wu(xo) + Ld(x, o), Va € Bj(a,)(0)- (3.12)

Fix x € Bj(gy)(w0), put p := d(z,20) < 6(20), v := u—wu(xg) + A Lip(p)p and notice that v € D(A, By,(x0))
with v|BM(xO) > 0 and A,UlB)\p(IO) < 0. Let v; be the harmonic function on Bj,(x¢) with the same
boundary data as v (point (éi) of Theorem 3.7) and put vy := v — v1. By point (i) of Theorem 3.7 we see
that v > v > 0 on B),(x0). Taking into account the Harnack inequality (3.7) we deduce

vi(z) < sup v < cvi(wo) < cv(wo) = cALip(p)p.
Bs(z0)(%0)

Moreover v > vy > 0 and vy € Wy ?(Ba,(z0)) N D(A, By, () with Av2|BA (o) < 0, therefore by the
P
maximum principle in point (i) of Theorem 3.7, it attains its maximum at some Z € supp(AU2| By (960))
P
(because vy is harmonic on Bj,(xo) \7supp(Av2|BAp(xo))). Since Av2|BAp(IO) = AU|BM($0) = Au|ka(m0)
and clearly SUPP(AU|BM($0)) C C, N Byy(xo), it holds

va(x) < sup vy = (7)) < v(T) = u(Z) — u(zo) + ALip(p)p

B%p(mﬂ)

= ¢(@) — ¢(z0) + ALip(p)p < 2A Lip(¢)p.

The last two inequalities yield v(z) < (¢4 2)A Lip(p)p, ie. u(x) < u(xg) + (1 + ¢)ALip(v)p, which proves
(3.12), and hence (3.11), for € C,, \ C. The proof for zy € Cy \ C is entirely analogous.

It remains to prove (3.10) for zg € U := X \ (C, U Cy) and to this aim we shall use the bound (3.11)
just proved and the Lipschitz estimate (3.8). Fix zg € U, let r := d(xo,C, UCy) > 0 and find 21 € C, UCy
such that d(zp, 1) = r. Two cases may occur: either 2r < d(x1) or 2r > §(xz1).

In the first case, from (3.11) and B,(xg) C Ba,(z1) we deduce that

|u(z) — u(xy)| < Ld(x,21) < 2L, Vo € Br(xo),
and hence (3.8) applied to the harmonic function v — u(z;) yields (3.10).
In the second case find z9 € C such that d(z1,C) = d(z1,x2), recall the definition of §(x;1) to notice that
B,(x9) C Bar(14a)(22), so that
|u(z) — u(z2)| < d(z,22) Lip(p) V Lip(¢)) < 2r(1+ A) Lip(p) V Lip(y)), ~ Va € By (20),

and hence (3.8) applied to the harmonic function v — u(xs) yields (3.10). O

3.3.4. Two constructions on CD*(K, N) spaces
We now turn to the two announced constructions on CD*(K,N) spaces: cut-off functions and
regularization of Kantorovich potentials along a geodesic.
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Theorem 3.12 (Cut-off functions). Let (X,d,m) be an infinitesimally strictly convexr CD*(K,N) space,
and C C Q C X with C compact and Q open. Then there exists a continuous function w € WH2(X,d, m)
identically 1 on C, identically 0 on X \ Q such that w € D(A, X) with Aw < m with bounded density.

If (X,d,m) is also infinitesimally Hilbertian (i.e. an RCD*(K,N) space), then w can be chosen to be
Lipschitz.

Proof. Without loss of generality we shall assume that 2 is bounded and m(X \ ) > 0. Let r > 0 be given
by r? := inf,ec d?(z, X \ ©)/2 and define p,1 : X — R as

d?(z,y) d*(z,y)
=1 —1A inf ! =1 inf Ay
wle) N Vla)=1n i

By construction, ¢ and v are Lipschitz with Lip(y), Lip()) < 1/r, they belong to Wol’Z(Q) and satisfy
<Y, o=1=0in X\ Qand ¢ =1 =1 in C. Moreover,
o C@y)
2

—r?p(z) = inf L(m,y) +72xc(y), r?y(z) = in

2
JEX 9 JeX +r XQ(y>7

so that the functions —r2yp, 721 satisfy the assumption of Theorem 3.5. Therefore the 1-homogeneity of the
Laplacian (which is a direct consequence of the definition) gives

1 1
A@Z*ﬁEKVN(T)m, Ai/)S ﬁéKVN(T)m.

The thesis now follows letting w be the minimum of E on [p,%]: existence, uniqueness and continuity
are granted by Theorem 3.8 (pick f = 0), while the uniqueness of the Laplacian and Theorem 3.10 give

: dA
Aw < m with Hd—m”
Theorem 3.11. O

< Uk n(r)/r?. The second part of the statement then follows from the first and

We now turn to the regularization of Kantorovich potentials. To keep the discussion simple, we shall
assume in the next theorem that the given Kantorovich potential ¢ is Lipschitz with bounded support.
Such a ¢ exists if, for instance, the Ws-geodesic considered is made of measures with compact supports.

Theorem 3.13 (Regularization of Kantorovich potentials along a geodesic). Let (X,d, m) be an infinitesimally
strictly conver CD*(K, N) space, (1) C Po(X) a Wa-geodesic and ¢ : X — R a Kantorovich potential
inducing it. Assume that @ is Lipschitz with compact support.

Then for every t € (0,1) there exists a function n; € C.(X) such that

—Qi(—p) < < Qrt(—9°), (3.13a)
(tne)“(x) =tm(x)  and  (=(1—)p)(2) = =L = t)me(x), Vo € suppp, (3.13b)

belonging to D(A, X) with An, < m and

HdAm < ten@Vilell-) y (e n(v2(1 = t)|pllL)

dm HLoo - t 1—t (3.14)

If (X,d,m) is also infinitesimally Hilbertian (i.e. an RCD*(K,N) space), then n; can be chosen to be
Lipschitz.

Proof. Directly from the definition we see that if d*(z,suppy) > 2[/¢|/L~, then Qi(—¢)(x) = 0 for
every t € (0,1). It follows that supp(Q:(—¢)) and supp(Q:(—¢°)) are uniformly bounded for ¢ € (0, 1].
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Recalling that CD*(K, N) spaces are proper (because they are doubling), we conclude that the sets
supp(Q:(—¢)) and supp(Q:(—¢°)) are all contained in some fixed compact set C for all ¢ € (0,1).
By definition, it is also easy to check that the minimum in the definition of Q:(—p)(x) is reached at
a point z; such thatd?(z,x;) < 4t|¢|lr~. It follows that Lip(Q:(—¢)) < 2v/[l¢llr~/t and similarly

Lip(Q1—t(—¢°)) < 24/|l¢llL< /(1 —t). Clearly, —Q:(—¢), Q1—t(—¢°) € WOI’Q(X) and, by the first equation
in (3.5) we know that —Q;(—¢) < Q1_¢(—¢°).

We apply Theorem 3.8 on a bounded neighborhood Q of C' with f = 0: we deduce the existence of a
minimum 7, € Wy2(2) of E on [-Q(—¢), Q1_¢(—¢°)] € Wy *(Q) which has a continuous representative,
still denoted by 1;. Moreover suppn; C C, so that 7, € C.(X). To check (3.13b), notice that directly
from the definition one has that for arbitrary ¢ : X — R, the function ¢ is the least c-concave function
greater than or equal to ¢ everywhere on X, so that the claim follows from the c-concavity of tQ:(—¢) and
(1 =1t)Q1-+(—¢°) and the second equation in (3.5), which together with (3.13a) gives

—Qi(—¢) =n = Q1_¢(—°) on Supp fit.

For (3.14) notice that tQ¢(—¢) is c-concave with Lip(tQ:(—¢)) < 24/t||¢|lL=, so that by Theorem 3.5 we
deduce A(tQ¢(—p)) < Lk N(2y/t|lp|lL=). Similarly AQq1_¢(—¢°) < i, n(24/(1 —t)|l¢|lL>=), so that the
1-homogeneity of the Laplacian and Theorem 3.10 yield (3.14).

The last statement concerning Lipschitz regularity is then a consequence of the construction and
Theorem 3.11. O

We remark that in general the function ¢7; (resp. —(1 — t)n:) produced by the previous theorem is not
c-concave, yet (3.13b) grants that, in a sense, it is ‘c-concave in the region of interest’, i.e.:

2 Xz
tnt(x) + (tnt)c(y) S wa V(xay) € X2a
2 X
tne(z) + (tne)“(y) = w, V(z,y) € supp,

for every optimal plan « from u; to po (resp. from p; to py).
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