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Positive solutions for anisotropic singular (p, q)-equations
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Abstract. We consider a nonlinear elliptic Dirichlet problem driven by the anisotropic (p, ¢)-Laplacian and with a reaction
which is nonparametric and has the combined effects of a singular and of a superlinear terms. Using variational tools
together with truncation and comparison techniques, we show that the problem has at least two positive smooth solutions.
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1. Introduction

Let © C RY be a bounded domain with a CZ?-boundary 9. In this paper, we study the following
anisotropic singular (p, ¢)-equation (double phase problem)

{Amz)U(Z) — Agmyulz) = u(z) 7" + f(z,u(z)) nQ

u‘ —0, u>0
o0

| (11)
Given r € C(Q) with 1 < minr, by A,y we denote the r(z)-Laplace differential operator defined by
Q

A,z = div (|Du|r(z)_2Du) for all u € WOM(Z)(Q).

In Problem (1.1), we have the sum of two such operators (double phase problem). In the reaction
(right-hand side of (1.1)), we have the competing effects of two different terms of different nature. One
is the singular term u~"(*), and the other term is a Carathéodory perturbation f(z,z) (that is, for all
x € R, z— f(z,x) is measurable and for a.a. z € Q, z — f(z, ) is continuous) which exhibits (p4 — 1)-
superlinear growth as @ — 400 (here p; = mﬁax p). We point out that problem (1.1) is nonparametric.

Our aim is to prove the existence and the multiplicity of positive solutions for problem (1.1).

Usually, singular problems are studied with a parameter involved in the reaction. By varying and
restricting the parameter, we are able to satisfy the geometry of the minimax theorems of critical point
theory and then use them to produce a positive solution. Indicatively, we mention the works of Bai-
Motreanu-Zeng [3], Candito-Gasiriski-Livrea [5], Gasinski-Papageorgiou [13], Ghergu-Radulescu [17,18],
Giacomoni-Schindler-Taka¢ [19], Haitao [21], Kyritsi-Papageorgiou [22], Papageorgiou-Radulescu-Repovs
[26—28], Papageorgiou-Repovs-Vetro [31], Papageorgiou-Smyrlis [32], Papageorgiou-Vetro-Vetro [35], Sun-
Wu-Long [40]. All the aforementioned works consider parametric isotropic singular semilinear or nonlinear
problems. Nonparametric isotropic singular problems were considered by Bai-Gasiriski-Papageorgiou [2],
Papageorgiou-Radulescu-Repovs [25] and Papageorgiou-Vetro-Vetro [34]. Papers [2,25] deal with equa-
tions driven by the p-Laplacian and in [2] the perturbation f(z,-) is (p — 1)-superlinear, while in [25]
the perturbation f(z,-) is (p — 1)-linear and resonant. In [34], the authors consider a (p, 2)-equation with
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superlinear perturbation. In contrast, the study of anisotropic singular problems is lagging behind. To
the best of our knowledge, there is only the recent work of Byun-Ko [4], who study an equation driven
by the p(z)-Laplacian and with a reaction of the form A=) 4 47(%) | where A > 0 is a parameter and
r € C(Q), p(z) < r(z) + 1 for all z € Q. We also mention the works of Gasiniski-Papageorgiou [12,14],
Gasiniski-Winkert [15,16], Papageorgiou-Radulescu-Repovs [29] and Papageorgiou-Vetro [33], which also
deal with anisotropic equations with a superlinear reaction, but no singular term.

We mention that partial differential equations with variable exponents arise in several models of
electrorheological fluids (see Qian [37], Ruzicka [39]) and in image processing and image restoration (see
Chen-Levine-Rao [6]).

Further applications can be found in the book of Radulescu-Repovs [38].

2. Preliminaries—auxiliary results and hypotheses
Let C%1(Q) denote the space of Lipschitz continuous functions. If » € C%1(€2), we set r_ = minr and
Q
r4 = maxr. We introduce the sets
Q
Ey={reC™@:1<r_},
M(Q) = {u: Q — R measurable} .

We identify two elements in M (Q) if they differ only on a set of zero Lebesgue measure.
Given r € Ey, we define the variable exponent Lebesgue space L"(*)(Q) by

L"@@Q) = ue MQ): /|u|’“<2> dz < 00
Q
We furnish L7(*)(Q) with the following norm (known as the Luxemburg norm):
u(z) 7(2)

— dz < 00

=inf |\ :
lullr(z) = in >0 / 3

Q

With this norm L"(*)(Q) becomes a separable Banach space. If 1 < r_, then L"(*)(Q) is also uniformly
convex, thus reflexive. If ri,7o € F; and r1(z) < 72(2) for all z € Q, then L”(Z)(Q) — L’“I(Z)(Q)
continuously. Moreover, if 7 € E; with 1 < r_, then L"®)(Q)* = L"'(*)(Q) where 1/ € E; and satisfies
7_(%) + 7/(%) =1forall ze Q. Ifue L"®(Q) and v € L" *)(Q), then we have the following Holder-type

inequality
1 1
/uvdz < <r + r’) [wllr2) V]l 2)-

Q
The following modular function is important in the study of variable exponent Lebesgue spaces,

PT(U) = / |u|T(Z) dz for all u € Lr(z)(Q)
Q

The next proposition shows that there is a close relation between the modular function p,(-) and the
norm || - ||z

Proposition 2.1. Ifr € Ey and 1 < r_, then

(a) foru 7é 0, Hu”r(z) =\& Pr (%) =1;
(b) llullrzy <1 (resp. =1, >1) & pr(u) <1 (resp. =1, > 1);
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(©) lullzy < 1= lullif,y < pr(u) < Jlullye):
(@) Nellrizy = 1= llullyy < pr(u) < Jlullyg,;
(e) ||u7b||T(Z) -0« pr(un) — 0 asn — oo;

() [Jtnllr(z) = +00 < pr(uy) — +00 as n — oc.

Using the variable exponent Lebesgue spaces, we can define the corresponding variable exponent
Sobolev spaces.

So, let r € E; with 1 < r_. The anisotropic Sobolev space W'7*)(Q) is defined by
Wi Q) = {u € L"(Q) : |Du| € LT<2>(Q)}

(here the gradient Du is understood in the weak sense).
We equip WH(*)(Q) with the following norm:

1) = lulleiey + 1Dl ) for all uw e W (@),

[Ju
1,7(2) o ooy | FRRES)
We set W, (Q) = C(2) and define

Nr(z) .
7 (2) = 4 N if r(z) <N
+o0 it N <r(z)

for all z € Q.

We know that:

(a) Both Wr(*)(Q) and Wol’r(z)(ﬂ) are separable and uniformly convex (thus reflexive) Banach spaces.

(b) If s € By with 1 < s_ and s(2) < r*(z) (resp. s(z) < r*(z)) for all z € Q, then W15()(Q) —

L™ (3)(Q) continuously (resp. compactly); similarly for the space Wol’r(z)(ﬂ).

(¢) The Poincaré inequality holds, namely
ullrzy < c|[|Dul|| for some ¢ >0, all u € WOI’T(Z)(Q).
In the sequel, we write
pr(Du) = po(IDul) and || Dull,) = || 1Dul ||, ,.-
We have that
WOI’T(Z)(Q)* _ Wﬂ,r’(z)(m'

A comprehensive analysis of variable exponent Lebesgue and Sobolev spaces can be found in the book
of Diening-Harjulehto-Hésto-Ruzicka [7].

Let A, : Wol’r(z)(Q) — W=Lr"(3)(Q) be the nonlinear operator defined by

(Arzy(u), h) = / |Du|"*)=2(Du, Dh)g~ dz  for all u, h € Wol’r(z)(Q).
Q

The following proposition summarizes the main properties of this operator (see Gasiriski-Papageorgiou
[12, Proposition 2.5] and Radulescu-Repovs [38, p. 40]).

Proposition 2.2. The operator A,.(.(-) is continuous and strictly monotone (hence it is mazimal monotone
too) and of type (S)4+, that is

“Up — u in W&’T(Z)(Q) and limsup(A;..)(un), un —u) <0

n—oo
imply that

. 1,
Uy — win Wy (Q) as n — 00"
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In addition to the variable exponent spaces, we will also use the Banach space C}(Q) = {u € C*(Q) :
ulpn = 0}. This is an ordered Banach space with positive cone C = {u € C3(Q) : u(z) > 0 for all z € Q}.

This cone has a nonempty interior given by
< 0}
o0
with n(-) being the outward unit normal on 9.
If 2 € R, then we set #% = max{£z,0}. For u € W) *(Q), we define u*(z) = u(z)* for all z € Q.
We have

ou

intCy = {u€C+ cu(z) > 0for all z € €, n
n

ut € WOI’T(Z)(Q)7 u=ut—u", |ul=uT+u".
If u,v € WH(3)(Q) with v < v, then we define

[u,v] = {h € Wol’r(z)(Q) cu(z) < h(z) <wv(z) for a.a. z € Q} ,

intoy q)[u,v] = the interior in C3(Q) of [u,v] N CF(Q),

[u) = {h € Wol’r(z)(ﬂ) cu(z) < h(z) for a.a. z € Q} .

When X is a Banach space and ¢ € C1(X,R), we set
K,={ue X :¢ (u) =0} (the critical set of ).

Also, we say that ¢(+) satisfies the C-condition, if the following property holds:

“Fvery sequence {un tn>1 C X such that {p(uy)}n>1 C R is bounded and (14 ||un | x )¢ (un) —
0 in X* as n — oo, admits a strongly convergent subsequence”.

This is a compactness-type condition on the functional (-). In most cases of interest, the ambient
space X is infinite dimensional and so it is not locally compact. So, the burden of compactness is passed
on the functional ¢(-). Using the C-condition, one can prove a deformation theorem from which follow
the minimax theorems of critical point theory (see Papageorgiou-Radulescu-Repovs [30, Chapter 5]).

Finally, by w1 (p—) € Wol’p’(Q) we denote the positive, LP--normalized (that is, ||u1(p-)|,. = 1)
eigenfunction corresponding to the principal eigenvalue A; (p—) > 0of (-4, , I/VO1 P=(Q)). We know (see,
for example, Gasiriski-Papageorgiou [11, p. 739]) that @ (p—) € int Cy. Also, by | - [y we denote the
Lebesgue measure on RY.

Now we introduce our hypotheses on the data of (1.1).

Ho: p,q,n € C¥1(Q),0<n(z) <land 1< q(z) < p(z) forall z € Q, p_ < N.
Hi: f: QxR — R is a Carathéodory function such that f(z,0) =0 for a.a. z € Q and
(1) 0 < f(z,2) < a(2)[1 + |z["®)71] for a.a. z € Q, all > 0, with a € L=(Q), r € C(Q),
p(z) <r(z) <p* forall z €

z F
(ii) if F(z,2) = [ f(z,s)ds, then lim (2,2)
0 r—=£o0

= 400 uniformly for a.a. z € €;

(iii) there exists u € C(Q) such that

e (s =01 )

p—

—p F
0 < g < limint LG22 = DL F(z,0)
T— 400 xﬂ(z)

uniformly for a.a. z €
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(iv) there exist 7 € C(Q), § > 0 and ¥ > 0 such that
1<7(2) <q-,
cor™® 1 < f(z,x) for a.a. z € Q, all z € [0, dy], some ¢y > 0,
9713 4 f(z,0) < —¢y < 0, for a.a. z €

(v) there exists €5 > 0 such that for a.a. z € €, the function
> f(2,7) + Epar) !
is nondecreasing on [0, 9].

Remarks. Since we aim to find positive solutions and all the above hypotheses concern the positive
semiaxis Ry = [0, +00), without any loss of generality, we may assume that

f(z,x) =0for a.a z € Q, all x <0. (2.1)

Hypotheses Hj (ii),(iii) imply that for a.a. z € Q, f(z,-) is (p+ — 1)-superlinear. However, this super-
linearity is not expressed using the well-known Ambrosetti-Rabinowitz condition (the AR-condition for
short, see Ambrosetti-Rabinowitz [1]). Instead, we employ hypothesis Hj (iii) which is less restrictive and
incorporates in our framework (p; — 1)-superlinear nonlinearities with “slower” growth near +oo. For
example, consider the following function

(see (2.1))

2T()=1 _ 9,0(2)—1 if0<z<1
f(Z7.T> = 1 s(z)—1 Az) -1 4
2P+ lnx +x -2z ifl<w

with 9,5, € C(Q), 7(2) < 9(2), 1 < s(2), A(z) < p(z) for all z € Q. Then, this function satisfies
hypotheses Hy, but fails to satisfy the AR~condition.
On account of hypotheses H; (i),(iv), we have

f(z,2) > cor™@ ™ — c1a"® L for aa. 2z € Q, all z > 0, with ¢; > 0. (2.2)
We introduce the following truncation of the right-hand side of (2.2):

+\7(2)—1 _ +yr(z)—1 <
Bz, 7) = {co(x ) c1(x™) if o <9

— 2.3
o011 <o (2:3)

with ¥ > 0 as in hypothesis H; (iv). Evidently, this is a Carathéodory function. Using k(-, -) as the source
term, we consider the following auxiliary Dirichlet problem:

{—Ap(z)u(z) — Agmyu(z) = k(z,u(z)) inQ .

(2.4)
u‘ =0,u>0
o0

Proposition 2.3. Problem (2.4) admits a unique positive solution T € inter g [0,9].

x
Proof. First we prove the existence of a positive solution. So, let K(z,z) = [ k(z,s)ds and consider the

(e}

Cl-functional o : Wol’p(z)(Q) — R defined by

1 1
o(u) = /%|Du|p(z) dz + / @|Du|qm dz — /K(z,u+) dz forall u e Wol’p(z)(ﬂ).
Q Q
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From (2.4) and Proposition 2.1, we see that U( ) is coercive. Also by the anisotropic Sobolev embedding
theorem and the convexity of the map u +— f o) |DulP®) dz+ [ ﬁ|Du\q(Z) dz, we see that o(-) is sequen-
Q

tially weakly lower semicontinuous. So, by the Weierstrass-Tonelli theorem we can find uw € VVO1 P (z)(Q)
such that
(@) = min {a(u) Tu€ W[}W)(Q)} . (2.5)

Let u € int . and choose t € (0,1) small such that tu(z) < for all z € Q. Then, using (2.3) we have

P+ ta+ tr+ t7-
o(tu) = —pp(Du) + —pg(Du) + —pp(u) — —pr(u).
Db+ 4+ T+ T

Since 1 < 7_ < ¢4 < p4 < 74, by choosing t € (0,1) even smaller if necessary, we have

o(tu) <0,
= o) <0=0(0) (see (2.5)),
= u#0.
From (2.5), we have
o'(u) =0,
S (Ao (@), ) + (Ag(oy (@), B = / Kz mhdz for all h e WEPO(Q) (2.6)

Q
In (2.6) first we choose h = —u~ € Wy*'*)(Q). We obtain
pp(DT) + py(DT) =0 (see (2.1)),
= u>0,u#0 (see Proposition 2.1).
Next in (2.6), we choose h = (T — )" € Wy P*)(Q). Then,
(Apz) (@), (@ = 9) ) + (Ag(x) (@), (@ —9)T)
oA — @@ —9) T dz (see (2.3))

[
Q/f 9)Tdz  (see (2.2))
<0

(see hypothesis Hy (iv)),

IN

=u <.

We have proved that
u € [0,9], u#0. (2.7)
From (2.7), (2.3) and (2.6), it follows that
—Ap)U(2) — Agxyu(z) = coﬂ(z)T(’z)f1 — clﬂ(z)r(z)71 in Q, alpn =0.

From Fan-Zhao [9, Theorem 4.1] (see also Gasinski-Papageorgiou [12, Proposition 3.1]), we have that
ue L(Q).

Applying Lemma 3.3 of Fukagai-Narukawa [10] (see also Lieberman [24]), we have that
u e CL\{0}.
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Moreover, Lemma 3.5 of [10] implies that
u € int Cy.
Let 519 > 0 be as postulated by hypothesis Hy(v). We have
— Ap()T — Aoy + Egu? D
_ COET(Z)—l _ clﬂr(z)—l +gﬂﬂp(2)—1
< flz,@) + EuP 7! (see (2.2))
< f(z,9)+ 219191’“)‘1 (see (2.7) and hypothesis Hy(v))
< —971) 4 gp(a)-1 (see hypothesis Hy(iv))
< —Dpoy? = Ayg(y? + EUPD 1 in Q,

= 1u(z) <dforall z€Q
(see Proposition 2.5 of Papageorgiou-Radulescu-Repovs [29]).

We conclude that

Next we show the uniqueness of this positive solution. -
To this end, we consider the integral functional j : L'(Q) — R = RU {+oc} defined by

a1 o o
i) = s{p(lz) |Du- [P() dz —|—S{ $|Duq— 19=)dz  ifu >0, us- € Wol’p(z)(Q)

400 otherwise

From Theorem 2.2 of Taka¢-Giacomoni [41], we have that the functional j(-) is convex.

155

Suppose that v € Wol’p(z)(Q) is another positive solution of the auxiliary problem (2.4). As above, we
show that T € int C;.. Then, from Proposition 4.1.22, p. 274, of Papageorgiou-Radulescu-Repovs [30], we

have

€ L*(Q) and € L= (Q).

SRS
SRS

Hence, by Theorem 2.5 of Taka¢-Giacomoni [41] and the convexity of j(-), we have

1| [ =Dyt — Ay — D)7 — Dg(z)T
0< - / P~ D )U(ﬂq,_@q,)dw/ PV~ Ba o ga-y g,

- ve-1
L2 Q

1 1 1
— _ 79— _ 79—
T /CO (uq_—ﬂz) Uq_—f(z>> (@t —vi")dz

—|—/cl (Er(z)_q‘ - E’"(z)_q‘) (@l —v9-)dz| <0 (see hypotheses Hy, Hy(iv)),

Q

= u="n.

This proves the uniqueness of the positive solution of problem (2.4).
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We consider the Banach space Co(Q) = {u € C(Q) : u|sq = 0}. This is an ordered Banach space with
positive cone K| = {u € Cy(Q) : u(z) > 0 for all z € Q}. This cone has a nonempty interior given by

0
intK+:{u€K+:cuc/l\§uforcu>0},

where d(z) = d(z,09) for all z € Q. Lemma 14.16, p. 335, of Gilbarg-Trudinger [20], says that we can
find 6y > 0 such that d € C%(Qs,) with Qs, = {z € Q: d(z,0Q) < dp}. Hence, d € int Cy and so we can
use Proposition 4.1.22, p. 274, of Papageorgiou-Radulescu-Repovs [30] and find 0 < ¢; < ¢3 such that

CQC/l\S u < 03&\
= ueint K. (2.8)
Let s > N. We have 11 (p_)+ € K, and so on account of (2.8), we can find ¢4 > 0 such that

~ 1 _
0<ui(p-)* <t

n(z)

= 0<u "®) <ty (p—)~ = for some c5 > 0.

Note that

- R A VS RTE
{@1(p-)<1} {u1(p-)>1}
[y dz+ o,
Q
= w(p-)() " e L*(Q)
(see the Lemma of Lazer-McKenna [23] and recall that ny < 1),
= a(-)7"") e L¥(Q), s > N. (2.9)

IN

3. Positive solutions

In this section, we prove a multiplicity theorem for the positive solutions of problem (1.1).
To produce the first positive solution of (1.1), we use (2.7) and (2.9) to define the following truncation
of the reaction in problem (1.1):

W(z)7"3) + f(z,u(z)) if @ <u(z)
e(z,x) = a7 4 f(z,2) if u(z)<z<9. (3.1)
971 4 f(2,0) if ¥<z

This is a Carathéodory function. We set E(z,2) = [e(z,s)ds and introduce the functional ¢ :
0

Wy P(Q) - R defined by

P(u) :/$|Du|p(z) dz+/q(1z)|Du|q(z) dzf/E(z,u)dz for all u € Wol’p(z)(ﬂ).
Q 9)
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From (2.9) it follows that ¢ € Cl(Wol’p(Z)(Q)) (see also Papageorgiou-Smyrlis [32, Proposition 3]).
Using this functional, we can now produce the first positive solution of (1.1).

Proposition 3.1. If hypotheses Hy, Hy (i), (iv),(v) hold, then problem (1.1) has a positive solution ug €
[, 9] Nint Cy, ug(z) <9 for all z € Q.

Proof. From (3.1) and Proposition 2.1, we see that 1(-) is coercive. Also, it is sequentially weakly lower
semicontinuous. So, we can find uy € Wol’p(z)(Q) such that

(o) = min [v(u) : w e WP (@),
= w'(uo) = 0,

S (Ao (o) )+ (Ageay (), h) = / e(z,up)hdz  for all h e WH)(Q), (3.2)
Q

In (3.2) first we choose h = (i — ug)*t € Wy **) (). We have
<Ap(2)(u0)v (w— u0)+> + <Aq(2) (UO)a (w— U0)+>
_ / [ 4 ()] (@ - o) dz - (see (3.1))
)
> [ f(z,a) (T —uo)t dz
!

couT(Z) i 1} (W —wup)"dz (see (2.2))

/:;ZO\

() (@), (W= o)) + (Ag(z) (W), (@ —ug)™) (see Proposition 2.3),

=u < ug.

Next we test (3.2) with (ug — )" € Wol’p(z)(ﬂ). Then

(Ap(z) (o), (Uo —0)") + (Agz) (o), (uo — 9)7)
/ )+ f(z 19)] (up — )T dz  (see (3.1))
Q
<0 (see hypothesis Hy(iv)),
= ug < 1.
So, we have proved that
Ug € [ﬂ, 19] (33)
From (3.3), (3.1) and (3.2) it follows that
— Apyug — Dy = uo_n(z) + f(z,u0) in Q, wuplag =0. (3.4)

From (2.9), (3.3), (3.4) and Theorem 4.1 of Fan-Zhao [9] (see also Tan-Fang [42, Theorem 3.1]), we
have that

ug € L°(Q) (recall that s > N is arbitrary).
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Then (2.9) and hypothesis Hy (i) imply that

BC)=uo()") + f( () € L°(Q), s> N. (3.5)
We consider the following linear Dirichlet problem
—Ay(z) =p(z) in Q, yloq =0. (3.6)

Then (3.5) and Theorem 9.15, p. 241, of Gilbarg-Trudinger [20], imply that problem (3.6) admits a
unique solution y € W2#(Q), s > N, (in fact y > 0 since 3 > 0). From the Sobolev embedding theorem,
we have

W25(Q) — C»*(Q) witha=1— g € (0,1),
= yEC (@) =@ N G(Q),
= w=Dyec C"Q,RN).
We rewrite (3.4) as follows:
—div (|Du0|p(2)_2Du0 + | Duo|"*) =2 Dugy — w) =0 in Q.
As before, from Fukagai-Narukawa [10] (see also Lieberman [24]), we have that
ug € int Cy  (see (3.3)).
Let 579 > 0 be as postulated by hypothesis Hy(v). We have
= Bpeyn = Byayun + g T —ug "
= f(z,up) + agug(z)fl
< f(z,9) + EpP2) 1 (see (3.3) and hypothesis H;(v))

< —Cp — 97 4 gyp() 1 (see hypothesis H; (iv))
< —Ap(z)ﬁ — Aq(z)ﬁ + gg’ﬂp('z)il — 97" in Q.

But then from the anisotropic strong comparison principle (see Proposition 2.5 of [29] and Proposition
6 of [28]), we have

ug(z) <9 for all z € Q.
O

To produce a second positive solution for problem (1.1), we introduce the following truncation of the

reaction:
B (z)""3) 4 f(2,7(2)) if x <7(2)
o) = {x‘"(z) + f(z,2) if a(z) <a 3.7

This is a Carathéodory function. We set L(z,2) = [I(z,s)ds and consider the functional ¢ :

Ot—sy

W (Q) — R defined by
o(u) = /$|Du|p(z) dz + / $|Du|q(z) dz — /L(z,u) dz forall u e Wol’p(z)(Q).
Q

As before, on account of (2.9), we have that ¢ € Cl(Wol’p(z)(Q)).
From (3.1) and (3.7), we see that

Q

/

and ¢

w‘ [0,9] - w‘ [0,9] [0,9] [0,9]
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Proposition 3.2. If hypotheses Hy, Hy hold, then uy € int Cy is a local minimizer of .

Proof. From the proof of Proposition 3.1, we know that
ug € int Cy is a minimizer of ¥ (-) and ug(z) < ¥ for all z € Q,
= g € intey () [0, 7]
From (3.8) and (3.9), it follows that
ug is a local C§(Q) — minimizer of p(-),
= o is a local Wol’p(z)(Q) — minimizer of ¢

(see Fan [8], Gasinski-Papageorgiou [12] and Tan-Fang [42]).

Proposition 3.3. If hypotheses Hy, Hy hold, then K, C [u) Nint C..
Proof. Let u € K,. We have
¢'(u) =0

= (Ape) (), h) 4+ (Agz)(u), h) = /l(z,u)h dz for all h € Wo"®(Q).
)

In (3.10) we choose h = (7 —u)* € W()Lp(z)(Q). We have
<AP(z) (u)v (H - u)+> + <Aq(z)(u)7 (ﬂ — u)+>

[ﬂ*’ﬂz) + f(z,ﬂ)} @—w)tdz (see (3.7))

[COHT(‘Z)_l - clﬂT(z)_l} (@—u)Tdz (see (2.2))
= (Ap) (@), (@ —u)*) + (A (@), (W —u)") (see Proposition 2.3),

=u<u.

From (3.7) and (3.10) it follows that
—Apu — Agyu = w3 4 f(zu) in Q,  ulsg = 0.
As before, the anisotropic regularity theory (see [9,10]) implies that
u € int C+,
= K, C[m)nintC,.

From Proposition 3.3 and (3.7), we see that we may assume
K, is finite.

Otherwise, we already have an infinity of positive smooth solutions and so we are done.

155

(3.10)

(3.11)
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From (3.11), Proposition 3.2 and Theorem 5.7.6, p. 449, of Papageorgiou-Radulescu-Repovs [30], we
know that we can find p € (0,1) small such that

o(ug) < inf [p(u) :u € Wol’p(z)(ﬂ) lu = uwoll = p| =mo. (3.12)
On account of hypothesis Hj (ii) we, have:
Proposition 3.4. If hypotheses Hy, Hy hold and u € int Cy, then p(tu) — —o0 as t — +00.

Proposition 3.5. If hypotheses Hy, Hy hold, then the functional o(-) satisfies the C-condition.

Proof. We consider a sequence {uy }n>1 C Wol’p(z)(Q) such that

|o(un)| < cg for some cg >0, all n € N, (3.13)
(1+ Jun )¢ (un) — 0 in WP E)(Q) as n — oo. (3.14)
From (3.14) we have
(Ap(z)(un)7 h> + <Aq(z)(un), h> — /Z(Z,un)hdz < M
T LA fluall
Q
for all h € Wol’p(z)(Q)7 with €, — 0. (3.15)
In (3.15) we choose h = —u,, € Wol’p(z)(Q). Then using (3.7), we obtain
pp(Duy,) + pg(Du,) < cr||lu, || for some ¢; >0, all n € N,
= {u, }n>1 C Wol’p(z)(Q) is bounded. (3.16)
If in (3.15) we choose h € u;” € W) (Q), then
— pp(Duf) — py(Duf) + /l(z,u:)u;f dz <€, forallneN. (3.17)
Q
On the other hand, from (3.13) and (3.16), we have
1 +1p(2) 1 +1a(2) +
——|Du P dz+ | —|Du, |9 dz — | L(z,u,))dz| < cs
p(2) q(2)
Q Q
for some cg > 0, all n € N,
= pp(Du)) + py(Du) — /p+L(z,u:[) dz <picg forallneN. (3.18)
Q
We add (3.17) and (3.18) and obtain
/ [z, u)u — pyL(z,ut)] dz < cg for some cg > 0, all n € N,
Q
= / [f(z,ux)u: —p+F(z,u;)} dz<ecpo |1+ /(ug)k"(z) dz
Q Q
for some c19 > 0, all n € N (see (3.7)). (3.19)

From hypotheses H; (i),(iiii), we see that we can find v; € (0,79) and ¢11 = ¢11(71) > 0 such that
) — 1 < f(z,2)x — prF(z,2) foraa. ze€Q, all 2> 0. (3.20)
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We return to (3.19) and use (3.20). Then

pu(u) < ez [1+ llut|l,z)]  for some c1o >0, all n €N,
= {ul}u>1 C L*)(Q) is bounded (see Proposition 2.1). (3.21)

From hypothesis Hy (iii), we see that without any loss of generality, we may assume that p(z) < 7(z) <
p* for all z € Q (see hypothesis H; (i)). Hence,

no <ry <pt.

We choose t € (0,1) such that
11—t ¢

—. 3.22
T+ p—  pL (3-22)

From the interpolation inequality (see Papageorgiou-Winkert [36, Proposition 2.3.17, p. 116]), we have

(a7 Y S

tT‘+
Py

(see (3.21) and recall that L**)(Q) < L~ (Q) continuously),

= ||u+||;i < eyl ||+ for some c14 > 0, alln € N

= Jlut i+ < cusllut

for some c;3 >0, alln € N

n

(since Wol’p(z)(ﬂ) < [P~ () continuously). (3.23)
We test (3.15) with h = u} € Wol’p(z)(Q) and obtain

(D) + py(Dul) < 0+ [ e Juf d,
Q

= pp(Duf) + po(Dul) <15 |1+ /f(z, uut dz|  for some c15 > 0, all n € N (see (3.7))
Q

< 6 [1 + ||u:||:ﬂ for some c16 > 0, all n € N (see hypothesis Hj (1))
<cor [T+ lut||"+]  for some c17 > 0, all n € N (see (3.23)). (3.24)

From (3.22), we have

ry —p
try = M < p_ (see hypothesis Hy (iii)).
Pt —

Then from (3.24), it follows that

{ut}ns1 € WPH(Q) is bounded,
= {un}n>1 C Wol’p(z)(Q) is bounded (see (3.16)).

So, we may assume that

Up — u in Wol’p(z)(Q) and u, — u in L"*)(Q) as n — oco. (3.25)
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In (3.15), we choose h = u, —u € Wol’p(z)(Q)7 pass to the limit as n — oo and use (3.25). Then
m  [(Ape) (un), tun — u) + (Agey (un), un — u)] =0,

n—-+oo

= limsup [(Ape)(un), un — u) + (A (u), uy —u)] <0 (since Ay(,)(-) is monotone),
= limsup(Ap.)(un), un —u) <0 (see (3.25)),

2)

= u, —uin Wol’p( as n — oo (see Proposition 2.2).

This proves that the functional ¢(-) satisfies the C-condition. O
Now we are ready for the multiplicity theorem.
Theorem 3.6. If hypotheses Hy, Hy hold, then problem (1.1) has at least two positive solutions
up, W €int Cy,  wg #U, up(z) < forall z € Q.
Proof. From Proposition 3.1, we already have one positive solution
uo € intey (o) [0, ¥]. (3.26)
Propositions 3.4, 3.5 and (3.12) permit the use of the mountain pass theorem. So, we can find u €
Wol’p(z)(Q) such that
ue K, C[u)Nint C; (see Proposition 3.3) and mg < ¢(u) (see (3.12)). (3.27)
From (3.27) and (3.7), it follows that
u € int Cy is a positive solution of problem (1.1),
u # o,

and ug(z) < o for all z € Q (see (3.26)). O
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