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In the present paper, a system constituted by two families of nearly inextensible fibers is studied. The inter-
est towards this kind of structures, which can be suitably modeled by 2D continua with inextensible curves,
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one of the considered forms for the energy density are provided in the Appendix.
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1. Introduction

The conceptual framework of this paper coincides with the one
set in the pioneering works by Pipkin and Rivlin, in particular in
Pipkin (1981), Rivlin (1997). We introduce a bidimensional contin-
uum B whose placement is always plane. This continuum models fi-
nite and plane deformations of sheets or nets formed by two inter-
secting families of fibers orthogonal in the reference configuration.
The intersection point of two initially orthogonal fibers is always the
same material particle, which is identified with a material particle
of the introduced 2D continuum. The fibers are assumed to be inex-
tensible and the network resists shearing: this is modeled by a de-
formation energy which depends (only) on the shear angle between
the fibers. The equilibrium configurations are characterized via the
condition of stationarity of total energy.

The growing interest in such systems stems both from theoreti-
cal and technological fields. From a theoretical point of view a deep
understanding of the mechanics of such systems can need the fur-
ther development of an exhaustive and coherent theory of general-
ized continua. It is well known in fact that by means of suitable ho-
mogenization procedure one can recover, from a system similar to the
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one considered in this paper, higher gradient continuum models (the
reader interested is referred to Forest (1998); Placidi et al. (2014); Neff
et al. (2009); Alibert et al. (2003); dell'Isola et al. (2014); Assidi et al.
(2011); Dos Reis and Ganghoffer (2012); Dell'lsola and Steigmann
(2015)). It is important to notice that higher continuum theories can
be contextualized in the widest field of micromorphic continua (a
general coverage of the field can be found e.g. in Altenbach et al.
(2010); Garusi et al. (2004); Rinaldi and Placidi (2013); Federico
et al. (2004); Neff (2004); Boutin (1996); Federico (2010a); Neff et al.
(2013); Placidi and Hutter (2006); Alibert and Corte (2015); Neff and
Forest (2007); Mindlin (1964); Misra and Yang (2010); Madeo et al.
(2013)). From a technological point of view such systems are finding
very wide applications in different fields (see e.g. Ferretti et al., 2014;
Seppecher et al., 2011; Grillo et al., 2009, 2014, 2012; Hamila and
Boisse, 2013; Misra and Singh, 2013; Scerrato et al., 2014), including
biomedical applications (see for instance Laurent et al., 2013, 2012,
2010; Goda et al., 2012; Hollister, 2005; Grillo and Wittum, 2010;
Andreaus et al., 2014; Giorgio et al., 2014).

In dead-loading traction boundary-value problems, the vectors
representing the directions of the fibers of our system satisfy a
pair of coupled integral equations, which are highly nonlinear. The
main result of the paper consists in the determination of such equa-
tions for a specific class of deformation energies. The model con-
sidered in the present paper is exposed and studied in detail in
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dell'lsola et al. (2015). In the first section we provide a condensed
exposition of the formalism there introduced and of the basic prop-
erties of the system, together with a suitable set of boundary condi-
tions that define what is called a standard bias test. In the same section
inextensibility and some symmetries of the system are taken into ac-
count in order to define a set of constrains and conditions that, in the
framework of the principle of stationary action, will bring to the men-
tioned equations. To the stability of the solution of these equations
are devoted Sections 3 and 4, in which a perturbative analysis near
a homogeneous constant solution is performed. Finally it is shown
how the class of energies we consider can be suitable for describing
a particular 3D-printed sample.

2. Avariational deduction of equilibrium conditions

For the considered mechanical system the most suitable postula-
tion process is to be framed in the Lagrangian Continuum Analyti-
cal Mechanics (see dell'lsola and Placidi, 2012; Placidi, 2012, 2014).
The concept of balance of force itself, in the present context, becomes
even more difficult to grasp than usual.!

The main difficulty to be confronted with concerns the need to
take into account (in the considered mathematical model) the inex-
tensibility of all material lines belonging to two families of parallel
curves. These families are a natural choice for a reference system in
the Lagrangian configuration of B. In the fundamental paper by (Ball,
1976) it is clearly stated that

Note, however, that the constraint of inextensibility [..] is not in-
cluded [in the presented treatment)]. It seems possible, therefore,
that solutions do not in general exist for boundary-value prob-
lems of inextensible elasticity, and that a higher order theory is
required to make such constraints well behaved.

We therefore attack the problem as follows: we characterize the
kinematics of considered continuum by finding a suitable set (the
space of configurations) which specifies all admissible states. Since
it does not seem that we have available (for safely proceeding in our
treatment) any general and sound mathematical result, after having
characterized the kinematics of the system, we simply choose a set of
deformation energies and look for the minimum in the set of place-
ments verifying some precise boundary (kinematical) conditions.

Besides the inextensibility, another feature of the mechanical sys-
tem we want to investigate can cause difficulties. The modeling of
elastic systems with an intrinsically mixed continuous-discrete na-
ture, like the one herein considered, can indeed involve hard mathe-
matical problems. We will try to outline the key difficulties along the
path of achieving a more advanced (generalized) continuum theory
in the following sections; however, the classical mathematical tools
developed for the mathematical description of elasticity are still of
course very useful, and in this regard useful references are (Eremeyev
and Lebedev, 2013; Federico, 2010b; Federico et al., 2014).

2.1. Geometry of standard bias test; placements.

Let us consider the set of material particles of the considered con-
tinuum B included in the Lagrangian space &£;. We introduce an or-
thonormal system (O, Xy, X) in & to label material particles. In ev-
ery configuration each material particle is placed, by a map r, into
positions belonging to the Eulerian space &:

B -5 r(B)cé.

1 As a brief historical remark, we simply want to recall that in the Traité de Dy-
namique by D’Alembert one finds the following (very impressive) statement: I have
proscribed completely the forces relative to the bodies in motion, entities obscure
and metaphysical, which are capable only to throw darkness on a Science which is
clear by itself.

In this paper, we assume that B is a rectangle whose sides have
length [ and L, described by the following conditions:

B= {(Xl,XZ) cér: Xy e [O,L], X, € I:—é, éi|}

We explicitly observe that the length ratio plays a relevant role. In
this paper we will limit ourselves to the case of standard bias test, i.e.
L=3lL

The continuum body B is intended as a suitable homogeneous
limit for a mechanical system composed by two (nearly-)inextensible
families of fibers which form a uniform orthogonal net intersecting
the perimeter of B with an angle of 77 /4. In order to take into account
the material properties related to inextensibility, it is useful to in-
troduce an adapted orthogonal reference system, (O, &1, &), which
is oriented according to the directions of the inextensible fibers and
which uses dimensionless space coordinates. This is done by means
of the following definitions:

£ ;=%(x17x2)+%, & = %(X1+X2)+%- )

This secondly introduced reference system will be called fiber ref-
erence and the two directions &1, &, fiber directions. Clearly it will be
useful to represent all deformation measures in (O, &1, &), since &1,
&, represent the orthotropic directions of the material. We can use
the coordinates (£, £;) to label a generic material particle of B and
we will indicate with D(£4, £,) and D,(&4, &) the unit vectors tan-
gent to the two families of fibers in the reference configuration at

point (§1, &>).

2.2. Inextensibility and consequent representation
of admissible placements

Let y C B be a rectifiable curve whose length is I: we say that y
is inextensible for an admissible placement r of B if for every arc «
of y we have that r(c«) has the same length as «. To formulate this
condition for every curve with support belonging to the reference
configuration C*, it is necessary that the considered placement maps
rectifiable curves into rectifiable curves. It seems that the space of all
placements verifying such condition is the most suitable one for de-
scribing the kinematics of continua with inextensible curves. While
it is quite easily seen that continuous functions of Bounded Variation
(from D c R? taking values in R?) have the aforementioned property,
it is harder to prove that the inverse implication holds, and in the
present work this is merely suggested as a reasonable conjecture.

The previous considerations indicate that the regularity require-
ments for the set of admissible placements must be consistent with
inextensibility constraint. However in the present work, having in
mind the results by Rivlin (1997), we will simply assume that the
placement field r is piecewise twice continuously differentiable in B.
If we indicate with F the gradient of r in the points where it is defined
we get obviously that

d;=F.D;, d,=F.D,. )

where the two vectors d; and d, represent the directions of the fibers
in the current configuration.

Under Rivlin’s regularity requirements the inextensibility of the
fibers implies that the considered admissible placements have a
rather particular form. Indeed the inextensibility constraint implies
that a placement field of class C' in the neighborhood of a material
particle P must verify the following conditions in P:

IF-Dy[* = |di||* = [F-D,||* = [|dy]|* = 1. (3)

Moreover, when r € C2(A), where A is an open simply linearly
connected subset of B, the inextensibility of the fibers implies that it
is possible to decompose the placement field in the following manner
(see Rivlin, 1997): there exist two vector fields rgA)(&) and rgA) &)
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respectively defined on the projection of A on the fiber axes £; and
&, such that

1) €L &) =1V (&) + 1V (). (4)

We can represent these two vector fields in the basis (D¢, D;) as
follows:

A A A
{rﬁ '&) = Y EODy + vV (61)D; .
A A A
5% (62) = v (&)D1 + 15 (52)Ds,
being MgA), M;A), v{A), vz(A) suitably regular scalar functions on the

projections of A on the fiber axes £; and &5.
If we indicate with I; o the projection of A on the axis & and with
I, the projection of A on the axis &, we have

2

IE-DP = 1= (1) + (&) =1 (6)

= 319] (E]) : (Vf] IS I1A) F-D; = COS(191 (E1 ))D] + sin(ﬁ1 (E] ))Dz
2 2

IE-Dyf> =1= (us3)) +(133)) =1 (7)

= 3(52) : (V&2 € ba) F-Dy =sin(¥2(52))D1 + cos(P2(52))D2

Roughly speaking, the previous equations clearly means that on

any subdomain A whose points can be connected with segments par-

allel to & axes, the whole displacement field is known in terms of only

two real functions of one real variable. Indeed once, for instance, the
&) (%) are chosen then the functions V{A) and véA)

functions p;™’ and p,
are simply obtained via integration in terms of the functions ,ugA) and
MgA) plus some integration constants (to be determined via suitable
boundary conditions).

2.3. Imposed boundary conditions

The two segments ¥; and X, characterized respectively by the
conditions

I Il
X] =0, X2 € |:—2,2], X] =L, Xz (S |:—2,2:|

are described, in the fiber reference, by the following corresponding
ones:

Y1:={¢1.6)eB: & €[0,1].5=1-4§}, (8)

¥y :={(61.62)€eB: & €[3.4].5=7-&}. (9)

In this paper, we impose the following boundary conditions on the
two subsets ¥; and X, of the boundary of B:

1. vanishing displacement of the side X,

2. imposed displacement uy = uO% of the side X,.

As already remarked in Pipkin (1981), Rivlin (1997) because of in-
extensibility the boundary conditions determine the placement field
not only at the boundary but also in some regions inside the con-
tinuum at which they are applied. Depending on the geometry of
the body and on the nature of applied boundary conditions one can
distinguish different regions in considered body each of which is af-
fected in a specific way by the applied boundary conditions. This can
be done in our case by defining the following lines:

S1:={(1,6) eB:§ €[0,2],5 =1},
Sy :={(1,6)eB: &1 =1,6¢[0,2]},
S3:={(61,62) e B: &1 €[1,3], 6, =2},
Sa:={(1.6)eB: & =26 ¢[1,3]}
Ss = {(61,62) e B: &1 €[2,4], 6 =3},
Se :={(51,62) e B: &1 =3,5 € [2,4]}. (10)

4 & e N
I
An;

3
2 Az

122 A Azz

: 12 :

Ay

I . Aq
Ago | Ao

Iy

, , &

0 * - - >
R Io R I R I, R I3 R

0 1 2 3 4

Fig. 1. Partition of B in Aj regions.

It is necessary to consider the projections of these lines on the
fiber axes: we indicate with 71 and 77, the projection maps respec-
tively on £; and &, and introduce the following notations:

Lo :=m(21) =[0,1] I3 :=m(Z2) =13.4] (11)
Lo :=m1(Z1) =[0,1] I3 :=m (%) =[3.4] (12)
L :=m (B), L= 7T2(B). (13)

Iy :=[m1(52). m1(S4)] =[1.2], Iz :=[71(S4). 71 (Se)] =[2. 3]

(14)

I3 :=[m2(83), m2(S5)] = [2, 3].
(15)

Ly :=[m2(51), m2(S3)] =1, 2]

As a consequence, a natural covering of the two intervals I; and
I, by means of intervals whose intersections reduce to single points,
can be introduced (for simplicity we will call it simply a ‘partition’):

I =loUlyUlpUlis L =hLoUbiUlpUls (16)

Obviously this partition of the intervals I; and I, naturally induces
a covering of B by means of the regions A, whose intersections re-
duce to curves, defined as follows (also in this case we will simply
refer to this covering as a ‘partition’):

3
Ajj = (11,' X 12]) NB, B= U AU (17)
i,j=1

The partition of B is graphically represented in Fig. 1.

We can therefore assume that the placement field is twice con-
tinuously differentiable in the interior of any Ay. If we indicate with
rlii)(£4, &) the restriction of r to the region Ay, recalling (4) we have

rt) (. 6) =1 ) +17 &), 1e)

Because of the the global continuity condition of r, we are allowed
to identify the vector fields rgl) (&1) and rgj) (&) along straight lines
included in B.
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So, if we consider two regions Aj; and Ay withi= hor j =k, then
we have respectively that rgl) &) = rgh) &), rgf) &) = rék) (&2). This
property allows us to define the continuous scalar fields j¢1 and i, in
the entire intervals I; and I, respectively. These two scalar functions
will belong to C'[1, 3].

2.4. Placement field in Ay and As3 and integral conditions implied
by boundary conditions

The chosen boundary conditions on ¥ and X5, imply that r is the
identity on Agy and a translation in As3 (for the proof the reader is
referred to dell'lsola et al. (2015)).

In Ao we have that

r(§1,62) = §1D1 4+ &D; (19)
while in A3 we get:
r(&1.&) = (&1 + uo1)Dy + (&2 + up2)D2 (20)

The continuity conditions in B = (1,1) and Py = (3,3) of the
placement field can be written as (see dell’lsola et al., 2015):

{M1(3) + [ sin(9,(n)dn = 3 + ug

B2 (3) + J7 sin(®1(n))dn = 3 +ug

This condition imposes the continuity of the translation imposed
to A3 with the displacement of the contiguous domains. Once one
recalls that (i = 1, 2)

dui(&i)
dé;

it is easy to express the found integral conditions exclusively in terms

of the fields 9;(&;) as follows

I (cos(B1(m)) +sin(D2(1)))dn = 2 + gy

i (cos(@2 (1)) + sin( (n)))dn = 2 + o,

This form will be useful when looking for the equilibrium shapes of
considered body.

A remark can be done regarding the interface separating the un-
deformed triangles Agg and A3 from the other regions. In the simple
model here considered, indeed, there exists an a priori determinable
and geometrically constant interface between regions with different
deformation. Since this fact is closely related to the particular set of
boundary conditions imposed, one can easily understand that such a
priori determination is not possible anymore whether more general
and complex conditions are chosen. The theoretical treatment of the
problems related to this fact can be rather difficult; a set of useful
tools has been developed (also in connection with phase transitions)
in Yeremeyev et al. (2007), Pietraszkiewicz et al. (2007), Eremeyev
and Pietraszkiewicz (2009), Eremeyev and Pietraszkiewicz (2011).

(21)

—cos(¥i(&)) =0, ni(1) =1, (22)

(23)

2.5. Symmetric placements

In this section we will consider placement fields verifying some
specific symmetry conditions.

2.5.1. Placement fields symmetric with respect to the X; axis.
This means that, given a point P of coordinates (&, n) and his sym-
metric Ps having coordinates (7, &), the following conditions hold:

H1.1(8) = n22(8)
v11(§) =122(8)

Considering the symmetry of boundary conditions and the first
equality in (24) we derive directly the following identities:

mE) =1 (E)=pn2(8) 0 (§):=11(5)=12(5) VE€[0,4]. (25)

d;(P)-Dy =dy(F) - D,
(24)
d{(P) Dy =dy(R) - Dy

Therefore, considering the relation between p and v, the kine-
matics of the problem is completely described by means of an unique
field.

It is easily verified that a similar conclusion can be obtained re-
placing this type of symmetry with the invariance for a reflection
with respect to the X; axis.

2.5.2. The space of configurations for 2D continua with two families of
inextensible fibers in symmetric plane motion

If we assume the hypothesis of symmetry described in 2.5.1, the
placement of B is completely determined by one scalar field (&)
only, defined in the real interval [0, 4]. Because of the considered
boundary conditions, recalling (19) and (20), x has to be determined
only in the interval I = [1, 3]. Thanks to (21) we have also the condi-
tions

3
p(ly=1, u<3>+/] sin(¥ ())dn = 3+ u, (26)
or equivalently the conditions
3
w(y=1, /1 (cos(D (m)) +sin(® (1)))dn = 2 + uo. (27)

The space of (admissible) configurations for 2D continua with two
families of inextensible fibers (having everywhere orthogonal tan-
gent vectors in the reference configuration) in plane motion is given
by the set of pairs of fields (u, 9) the first of which is piecewise € and
the second of which is piecewise C' with possible discontinuities in
the point & = 2 which, together with the conditions (27), verify the
local condition

du(§)

dé
2.6. Euler-Lagrange equilibrium condition for a class
of factorizable energies

—cos(P(£)) =0 VEe[1,3] (28)

The equilibrium configuration will be given by means of two pairs
of fields (u;, 9;) defined in the interval [1, 3] which verify the con-
ditions (23), (22), respectively two and one times continuously dif-
ferentiable in the set [1, 3] — {2}, which minimize the deformation
energy functional. Because of the definitions of the fields §; and the
definitions (2), (3) and because of the requirement of objectivity, the
density of deformation energy W, in the case of first gradient con-
tinua, must be a function of the shear angle y = ¥ + ;. As dis-
cussed in Dell'lsola and Steigmann (2015) when second gradient de-
formation energies will be needed then the deformation energy must
be assumed to depend also on V.

2.6.1. Some examples of deformation energy density.

We may find several physically reasonable constitutive assump-
tions for the deformation energy density. In the present paper we will
consider the following ones

Wi(y) = Izi(siny)2 = l%(cosz?lsim?z + sindycosy)? = g(dl -dy)?
(29)

N
Wa(y) =D k(P + 92)” (30)
i=1

These examples suggest that an interesting class to be considered
is the one in which the function W can be represented as the sum
of products of two functions each depending only on one of the 9;.
The determination of corresponding Euler-Lagrange conditions will
be made easier by considering that both fields 3; depend only on the
variable ;.

In the following, we will mainly focus on the energy W;, which
our experimental work has shown as a particularly relevant case (a
related article is in preparation).
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2.6.2. Factorizable energy densities and corresponding
Euler-Lagrange conditions

In this paper we will consider deformation energy densities hav-
ing the following structure

M

W +0,) =Y 1§ (91§ (92) (31)
a=1
In the previous subsection some examples of factorizable energies
which are also objective were given.

The deformation energy functional is therefore given by

M
EPEF /B S 91 (9) (32)
a=1

We start by calculating its first variation relative to the variations

(81, 891).
To this aim we start by remarking that the region B can be repre-
sented as follows

B= {J [& @&.& &)
§1€[0.4]

where the functions (;%zi have as graph two curves whose union forms
the perimeter of B and are defined as follows

§1€[0,1] &G =1-§&
§1e[l,4] & (&)=& -1
§1€[0.3] &) =8+1
§1€[3.4] & (&) =76

By applying Fubini’s Theorem we get that the energy functional can
be represented in a form which is more suitable for calculating its
variation with respect to the variations (541, §91). Indeed it can be
transformed as follows

£PEF = fd& (ll(z%) / tz(ﬁz@z))dsz). (33)

Further calculation will become easier if we introduce the integral
operator defined as follows:

f(&)dé.

+

()
Adf@lon:= [ '

5 (n

Among the introduced constraints two are of local nature (see
(22)), while two others are of integral nature (see (23)). Therefore
the functional whose stationarity conditions will supply the searched
equilibrium conditions is the following one (remark that the integra-
tion interval is now [1, 3] as in the intervals [0, 1] and [3, 4] the fields
(w1, 91) are fixed by the imposed boundary conditions)

3 M
£ = /1 DAl (Do) 60 91 61 d
duy(§1)
; /1 (x( i
3 di;(82)
+ (“( d&,

3
A1<M1(3) + /1 sin(9(n))dy — 3 —U01>

— cos(P (&1 ))))d§1

— costh, (52)))‘152

3
+A2<M2(3) + /1 sin(91(7))dn — 3 - u02>+,

where we introduced the global Lagrange multipliers A;(i=1,2)
and the fields of Lagrange multipliers A; each depending only on the
variable &;.

By denoting with §; the first variation of functional to be mini-
mized with respect to the variations (541, 69) while keeping (15,
9, ) fixed, we get

M oz
8, EPEF :/ (Zg Ac[l§ (92)]+ Azcos (D)

3
+)\.]Sl.n(l91)> SﬁldS] -|—/; (_d)hl (Sl)>sﬂldél

&,
+(A1(3)+A1)du1(3) =0. (34)

Because of the arbitrariness of the variations (641, 891) and con-
sidering the similar results obtained by interchanging the role of in-
dexes 1 and 2, we get the following Euler-Lagrange conditions:

dxr;i(§1) Ry .

3 =0; Aj=-1(3) (i=1,2) (35)
&l ,
Z 9 Ae[la(f}z)] + Aqcos(Dq) — Agsin(d) =0 (36)
M aa
Z s A1[l“(z9])]+A1cos(192) — Agsin(d) = (37)

The Lagrange multipliers A; (i=1,2) will be determined by
means of the integral conditions (27).

2.6.3. Euler-Lagrange condition for the energy W,
The factorization of the energy W; is easily obtained via trigono-
metric identities

sin? (% + 1) =sin®6,cos>6, + cos?6,sin%6, + gsinw] ?sinZ@z
The Eq. (36) becomes

sin(2%) Ac [cos2 (% )] —sin(2%4) Ac [sin2 (¥, )]
++/2c0s(2091) Ac [fszn(zﬁz)}

+ Aycos(9) — Agsin(P1) =0 (38)

which when recalling the first between equalities (22) becomes
(when assuming that both 9; belong to the interval [0, Z]),

zdl/ﬂ

diy diiy ?
() + ()
duq duq ’ duy ’
e 1<ds>“4[l()]
du d/L
+f( (d&l) 1>,4E «/i / - ?2

du dur\’
+A A1) =0 39
23 (d&) )

When the symmetry conditions are accepted we have that A; =
A, =: A and the last condition becomes the following integral rela-
tion for the field Z—‘g

= 1_@)2{@?)2}
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(&) AN ()

2
du du\
+A@—A 1_<d$> =0 (40)

which will be studied later.
2.6.4. Euler-Lagrange condition for the energy (¥ + 192)2

The factorization of considered energy is easily obtained as
follows

01+ 92)" = (00" + (92)" + V20,20,
so that the (36) becomes, in the considered instance,
201 A[1] + V2A[V202] + Aycos(91) — Agsin(dr) =0
which, when the symmetry conditions are accepted, become
20 A[1] + V2A[V20 | + A(cos(¥) —sin(9)) = 0.
The reader will easily note that this Euler-Lagrange condition ex-
cludes that the field 9 can be constant in the interval [1, 3].

3. Problem formulation for symmetric solutions

Once we recall the symmetry conditions given in 2.5.1, the prob-
lem is governed by field equations of the following form (the deriva-
tion of which is performed in dell’lsola et al. (2015)):

1-2x(s)?

21 =x(s)°

se[l,2]

ai(s) —x'(s)by(s) + A(l - %) =0

1-2x(s)*

X' (s)
=2 =0
2/1-x(s)? V1 —x’(s)2>

se[2.3] (41)

ay(s) — X' (s)by(s) + A (1 -

sided by the constraint equation:

x(3)+/]3mds:3—u (42)

together with the boundary condition:
x(1) =1 (43)

In Eq. (41), A is a Lagrangian multiplier, u the control parameter,

and:
Bi(s)

a(s) ::/ X ()41 =X (t)2dt,
a;(s)

Bi(s)

bi(s):=1 —/a(s)

(@1(5). B1(s)) = (1.s+ 1), (2. 2) = (s 1. 3) (44)

Note that Eq. (41) are coupled by the integral terms. Namely, when
s belong to the left (right) interval, the integrals are extended to this
whole interval and a part of the right (left) interval. Therefore, the
integrals can be more conveniently broken as follows:

s+1 2 s+1
/] (-)dt:[1 (-)dt+/2 (dt se[l1,2]

3 2 3
/5_1 (-)dt:/s_l (~)dt+/2 (ydt se[2 3] (45)

It can be shown (see the Appendix) that the problem admits solutions
y(s) := x/(s) which are symmetric with respect to the midpoint s = 2,

(1-x(0)*)dt

ie. y2-£&)=y2+&). Exploiting the symmetry property, we can
write:

1= [ e = | " e | 7 e

3 2
f (ds = 2/ (ds sel1,2] (46)
1 1

In conclusion, the problem is recast in the form of an integral-
algebraic equation in the unknowns y(s), A, namely:

1-2y(s)°
I[y(t)\/l —y(t)z}m - (1-2[1-y®])ys)

+A(1\/%) —0 se[1,2]

1+2/12y(s)ds+2/12,/1—y(s)2d5=3—u (47)

where use has been made of Eq. (43). Once the problem has been
solved, the original variable is found by integration:

x(s) =1+ /15y(t)dt (48)

The shear strain § is successively recovered using (22).

4. Critical solution

A simple inspection of Eq. (47a) reveals that y = y. = const are,
in principle, solutions, representing homogeneous states of strain for
the system. However, since the problem is nonlinear, the number, val-
ues and character (real or complex) of the the constant solutions are
unknown. We denote by a subscript c all the quantities associated
with the constant solution, namely (y., A¢, uc¢), and refer to it as the
‘critical solution’, since it possibly occurs at critical values of the con-
trol parameter Fig. 2.

By substituting the ansatz in Eq. (47a), and performing the inte-
grations, we find:

%yc(l =2y2)s —ye(1-s(1-y2)) +Ac<l - X

=0
vV 1 =Y
(49)
By requiring that it is satisfied for any s, two algebraic equations are

derived:

3
2y¢ = 5ye=0

Ye
Acf1- Y =0 (50)

They admit the unique non-trivial solution in the real field:

V3 V3
Vo=, Ae=—F—pqr (51)
2 2(1-v3)
after having disregarded the opposite one for physical reasons.
With y = y. now known, Eq. (47b)) provides the critical value of
the control parameter:

u. =+/3-1~0.732051 (52)

consistently with the numerical results.
Finally, coming back to the original variable, we have:

x(s)=1+?(s—1) (53)
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Fig. 2. Convergence behavior of the coefficients Ao, Ay, Ay and A, for the first order
perturbation approximation.

5. Perturbation solution

In this paper a numerical investigation of the solution in the
neighborhood of the critical parameter u. is provided via pertur-
bation method (an explanatory application of which can be found
in Luongo (1996)). In the considered case the numerical problems
are relatively easy. However, if one is interested in performing nu-
merical investigations of 3D continua which model the real-world
3D-printed object graphically represented in Fig. 6, some sophis-
ticated numerical methods would be required. In particular, a re-
fined choice of the mesh is called for, capable to take into account
all the peculiarities of the geometry and of kinematics of the ob-
ject without leading to an explosion in terms of computational costs.
Among them, a suitable version of isogeometric FE methods can be
of use; the reader interested can see for example (Turco and Carac-
ciolo, 2000; Cazzani et al., 2014; Greco et al., 2014; Carassale and
Piccardo, 2010; Cazzani and Rovati, 1991; Descamps, 2014; Andreaus
and Colloca, 2009; Greco and Cuomo, 2013, 2014; Javili and Stein-
mann, 2009, 2010; Berezovski et al., 2016; Andreaus et al., 2013, 2012,
2011).

The previous analysis revealed that no other homogeneous so-
lutions, in addition to the critical one, are admitted by the system.
However, by means of a continuity argument, it should be clear
that solutions ‘close enough’ to the homogeneous state exist in a
small neighborhood of the critical parameter u., which we want to
investigate here.

First, the control parameter is written as:
U=1Uc+ €l (54)

where u; the increment of u measured from the critical state, and
0 < € « 1is a bookkeeping (perturbation) parameter (to be removed
at the end of the procedure), which remember us that the increment
is small with respect to u.. Consistently, the unknowns are expanded
in Taylor series of €, taking the critical state as the starting point :

Y(S) = Ye+€y1(5) + 2y2(s) + 0(e?)
A=Ac+eA +2A,+0(€3) (55)

where y;(s), A; are unknown. By substituting Eqs. (54) and (55) into
the problem Eq. (47) and expanding in series, the order-1 terms mu-
tually cancel; by separately equating to zero the terms with the same
power of ¢, the following perturbation equations, at the - and &2-
order, are derived:

Order ¢:
3v3+1 V3-2
Iy1 ()] + (m - 25))’1 () + zﬁlh =0
2 1
/1. yi(s)ds = mul (56)
Order &2:
3v3+1 V3-2
Iy2(9)] + ( 7Ao1 —2S>J’2(5) +2ﬁ_ ] A
g 21l )]+ Zg ©)1(5) Ty 5)]
36+ 6(v3—3)s
F8AWI(S) - T“(s) [ vaspas
2

For any given uq, Eqgs. (56) and (57) must be solved in sequence to find
first- and second-order quantities of the series (55).

5.1. First-order solution

If we try the solution y; = const in Eq. (56), we find that this con-
stant can only be zero, according to the fact that the unique constant
solution of the nonlinear problem is y. Fig. 3.

Eq. (56a) can be transformed, by performing simple variable sub-
stitutions, in a Forward Differential Equation with variable coeffi-
cients. Setting:

. st . 1
CGs+1) = /1 yiO)de,  als) = i
B(s) =~ ?_ 2A1a(s) (58)
Eq. (56) indeed becomes:
LY et 641 +B) (59)

For numerical evaluation we will start directly from Eq. (56), and
will search a solution in the form of a truncated series of powers of
the independent variable s, namely:

n
yi(s) =Y A (60)
where A, are unknown coefficients, and n is the degree of the ap-
proximating polynomial. By substituting the power series in Eqgs. (56a
and b), and separately equating to zero the coefficients of sk, with
k=0,1,...,n(ie. ignoring the residuals of higher degrees), a linear
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Fig. 3. Convergence behavior of the coefficients By, By, B, and A, for the second order
perturbation approximation.

algebraic system of n + 2 equations in the unknown Ag, Ay, ... An, Aq
is derived, having the following form:

Coo  Cot Co.n-2 Co.n-1 Con Coa Ao
Clo  Cn Cn=2 Cln-1 Cin 0 Aq
0 o Con-2 Con-1 Con 0 .
e . . 0 An_
0 0 Cn—1,n-2 Cn—1,n-1 Cn—l,n 0 An—l
0 0 ... 0 Cnn—1 Cnn 0 An
| bo by ... bn_> bn_1 b, 0 1\ M\
0
0
0
=10 (61)
0
0
Uy

where the b’s and ¢’s are numerical coefficients. The almost-
triangular structure of the matrix of coefficients permits, by back-
ward substitution, to get a closed-form solution for any n. By solv-
ing Eq. (61) for increasing n’s, the solutions reported in below table
are found, where Ak := Ay/uq and similar. There, the residual R, 1 is
the value assumed by coefficient of the n + 1th power of s, when the
series truncated at the nth term is substituted in it. It is seen that
the coefficient of the series converge fast, and that the residual goes
rapidly to zero Fig. 4.

o

o

o

o
——

0 2 4 6 8 10

n

Fig. 4. Convergence of the residual for the first (blue line) and second (red line) per-
turbation approximation. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

n A1 Ag A] Az A3 Rnﬂ

0 -7897114 —0.683013 0.683013
1 -6.816709 —0.589569 —0.062295 0.093443
2 -6.612251 —0.571886 —0.059431 —0.009419 0.015699
3 -6.562494 -0.567583 —0.058844 —0.009073 —0.001597 0.002796

Below we give the exact expressions for the y(s) and for the La-
grangian multipliers A by truncating the series respectively at n =
0,1, 2, 3, for the first order perturbation approximation.

Casen = 0:

(1++3)
yi(s) = e L (62)
(16 +9v3)
AN=——77—"- (63)
4
Casen=1:
2(7+6v3)  (3+11V3) 61
e =|-—-s5 557 S|t (64)
(203 + 115v3) o
=759 (65)
Casen =2:
3(1053+851v3) 244433  3(35V3-19)
NO=1"""T336 " 1657 ° 13256 H
(66)
. 3(14727 1 83663) .
== 13256 (67)
Casen = 3:
o _ [ 994993 + 783681v/3 66049 + 1026733
nE) = |- 4144537 - 4144537
12(2050+/3-417) , 5(2189v/3 - 2467) ,
- - s |uy (68)
4144537 4144537
13701112 + 77927213
Ar=- 4144537 (69)

For the sake of completeness it is show the convergence plots of the
principal coefficients with the increasing of n.
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Fig. 5. Solution y(s) for s e [1, 3] for different values of ¢ in a neighborhood of the
critical solution.

5.2. Second-order solution
In the Eq. (57) the first-order quantities y;(s) and A; are known.

They can be transformed in FDE in a similar way as done before, and
here are solved again in power series, by taking:

n
Y2(s) =Y Bys* (70)
k=0
where B, are unknown coefficients. By proceeding as before, a linear

algebraic system in the unknown is obtained, in which the matrix is
the same than Eq. (61), but the known terms are much more involved.

n A, By By By By Rni

0 -45.163774 —1.366025 0.125

1 —-38.234434 1411087 0.029140 —0.130869
2 —37373062 —1.447710 0.009535 0.027427 —0.051697
3 37281122 —1.466172 0.004268 0.024249 0.008545 —0.014475

By summarizing, the second-order solution (with ¢ reabsorbed)
reads:

Y() =Y+ 3 [A(u—ue) + By (u — u)*]s*
k=0

A=Ac+Ayu—u)+ Ay(u-—uc) (71)

The original variable, consequently is:
x(5) = 14ye(s—1)

n 1 R R
+ g m[Ak(u — i) + Be(u — uc)® (s - 1) (72)

We observe that, since all the A’s coefficient are negative, y(s) ~
Ve +Yy1(5) <yc Vs when u — ue > 0 (supercritical range) and y(s) ~
Ye+y1(5) <ycVYswhen u — u. < 0 (subcritical range). Moreover, y/(s)
< 0Vs in the supercritical range and y’(s) > 0Vs in the subcritical
range, this enatiling a change of concavity of y(s) passing through the
critical state. Second-order terms y,(s) are always negative, but, being
oh higher order, do not change the qualitative behavior described.

In Fig. 5 the solution y(s) is plotted (up to second order) for a set
of values of ¢.

6. Appendix: nonlinear torsion extension of a circular cylinder

In this appendix we present a simple analysis for the assumption
of a particular deformation energy associated to every node of the
considered model, namely deformation energy density W, defined
in Eq. (30). We assume that the structure is made of two families of
parallel and equally spaced beams overlapping, with the connection
between the beams of the two families being realized by means of
circular cylinders (see Fig. 6). The shear deformation energy of B is
then related to the torsion of the cylinders; since we need to con-
sider large deformations, the torsion, because of Poynting effect, is in
general coupled with an elongation.

We consider a cylinder subjected to a combined elongation-
twisting deformation (with respect to z axis). During the considered
deformation the circular cross section remains undeformed. The aim
of this section consists in deducing a 1D constitutive law from the 3D
case by means of standard Saint Venant assumptions. Although the
proposed model is satisfactory for a 3D system such that of Fig. 6 be-
low, a generalization to micro- and nano-scale systems may require
taking into account the important effects arising from a large ratio
between surface and volume. Effects of this kind are becoming in-
creasingly relevant from a theoretical and practical point of view be-
cause of the novel possibilities in micro- and nano-engineering; for
useful references, the reader can see e.g. (Eremeyev, 2005; Eremeyev
and Morozov, 2010; Altenbach et al., 2013).

6.1. Kinematic model

We assume that the cross section remains plane during the defor-
mation process, i.e. the warping of the cross section is neglected. The
displacement consists in an arbitrary rotation, 6(z), around the cen-
troid z and in a translation w(z) along the z axis independent of x and
y coordinates on the cross section:

U =x(cosf(z) —1) —ysinf(z)
v =xsinf(z) +y(cosf(z) — 1)
w=w(z) (73)

Fig. 6. 3D view of a possible physical realization of B, with a zoom showing the cylindric pivots.
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in which u, v are the orthogonal components in the cross section
plane. The strain gradient deformation tensor associated to (73) is
given by

cos(¥) —sin(¥) ¥ (—xsin(¥) —ycos(1))
F= | sin(9) cos(?) ¥ (xcos(¥) —ysin(F)) (74)
0 0 w(z) +1

The Green-Lagrange tensor, 2E = F'F — I, associated to the displace-
ment (73), is

0 0 —Ly
{E};=] o0 0 1/ (75)
_%19/ %7}/ w o+ %(W/)Z + %(ﬂ/)Z

where 12 = x2 + y2. The only non vanishing terms are:

L (r8)?
sz._w+2(w)+ 5

Yy i=\vet+vi=r0" (76)

6.2. Elastic energy and constitutive equations

By assuming a linear elastic material, the potential energy for the
considered model reduces to

1
u:/ dz/l(EngrGyz)dA (77)
0 2

where A is the cross section area. By substituting (76), and integrating
with respect to A, we obtain:

Lf/{mﬂ+mﬁ

B2 s

FIWO + W7+ 200+ D07 |dz 78
where:
N ) N !
]._/Ar dA, H._/Ar dA. (79)

Let w = ¢ and 0’ = k. The density of the energy for the 1D model
becomes then:

P(e, k) = Esz + %83 + %54 + ﬂg

182/(2 + 8 .] 2 (80)
so that the constitutive equation are given by:
N=0.¢(e,k), M=0p(e k), (81)

in which N and M are the the axial stress and the twisting moment
respectively. The non linear coupled constitutive equations for the re-
duced 1D theory are given by:

3EA , EA 5 EJ , E]

N(S,K):EA8+T8 +78 +5K +58K

M(e, k) = G]K—l—EH J &%k

> (82)

K>+ EJex + =
6.3. Condensation of the constitutive equations

If there is no axial stress, we can assume N(z) = 0 to define the
& = ¢(k) and finally one has M = M(«x), i.e. exists a local axial de-
formation on the generic fiber that globally produces N = 0. But the
condition, N = 0, in not solvable in an easy analytical way, so we as-
sume for the ¢ the subsequent even power series expansion:

Z CiKi (83)

i=2.,4,6

in this way the elongation id independent on the sign of the torsion.
Substituting in the equation of N = 0 by means of the polynomial
identity principle we get a linear set of equations defining the co-
efficients c;. In this way, considering only the first three terms of the
series (83), we have:

1, EJ\? EJ
€= —5pak’— 8<ﬂ)x 16( )K + - (84)
so that, the twisting moment is M (e, k) = M(k):

_ 1 (E]) 5 (E)°
M—G]K+2(EH A )K +123(EA)4K + ... (85)

in which only odd powers of « are present, and then the sign of
M(k) changes according to the sign of the x deformation compo-
nent. It is easily verified that the related deformation energy is of
the polynomial form W, above considered. As already mentioned,
experimental results are indicating the alternative form W; as a
reasonable assumption. The fact that basic assumptions lead to the
form W, is interesting and suggests that probably a more refined
reduction procedure has to be considered in order to better capture
the peculiarities of the mechanics of the system.

7. Conclusions

The considered mechanical system entails rich prospects of theo-
retical and application-oriented developments, as it can be general-
ized in many possible directions:

- More general geometry, e.g. non orthogonal or non rectilinear
fibers.

« More general kinematics, e.g. non symmetrical/non uniform

boundary conditions, non planar placements, non planar refer-

ence (unstressed) configuration.

More general beam model, e.g. non exactly inextensible and shear

deformable beams (on generalized beam theory the reader can

see e.g. Birsan et al. (2012); Piccardo et al. (2014); Piccardo and

Tubino (2012); Boutin et al. (2010))

More general forms for the deformation energy.

Multiphysics systems, e.g. beams displaying piezo-flexo elec-

tric effects (for general references see Giorgio et al. (2009);

Del Vescovo and Giorgio (2014)).

Investigation of dynamical effects due to inertia, and in particular

wave propagation. In this connection, one can observe that pecu-

liar geometry and kinematics like the ones considered can entail

the onset of various kinds of instabilities (see e.g. Luongo et al.

(2007); Piccardo et al. (2015)).

Besides these possible generalizations, some delicate theoretical
questions, touched in the present paper (in particular concerning the
most suitable function space in which one has to settle), have to
be more deeply addressed and rigorous results have to be provided.
Moreover, numerical investigations, as already observed, have to be
widened and results related to 2D nd 3D modeling have to be sys-
tematically compared. Finally, the development of new experimental
results is also crucial in this line of investigation. The joint effort of
researchers from many areas is therefore called for to achieve sub-
stantial progresses on this topic, as is always the case with rich and
potentially fruitful subjects.
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