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0. Introduction

Given a variety X C P* x -.. xP® an interesting problem is the description of the
homological invariants of the coordinate ring of X. This problem has been primarily
studied for points, although there is not a general answer in this direction. A great
difficulty comes from the fact that a set of distinct points X C P% x ---x P is not
necessarily arithmetically Cohen-Macaulay (ACM). See, for instance, [10, 11 [16-20]
for some results on this topic, and [12][13] for a recent characterization of the ACM
property in P! x --- x P! and, under certain conditions, in P! x P™. Recently,
multiprojective spaces have received more attention since they arise in many ap-
plications. For example, a specific value of the Hilbert function of a collection of
(fat) points in a multiprojective space is related to a classical problem of algebraic
geometry concerning the dimension of certain secant varieties of Segre varieties
(see [2, 4] 5] just to cite some of them). Or in [3, 6], the authors deduce new results
about tensors, and in [], the author focus on the implicitization problem for tensor
product surfaces.
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In particular, it appears of interest in combinatorial algebraic geometry to study
finite arrangements of lines (see [7, 22] for recent developments in P?). A line ar-
rangement over an algebraically closed field K is a finite collection L1, ..., Ly C P2,
d > 1, of distinct lines in the projective plane and their crossing points (i.e. the
points of intersections of the lines). In this paper, we investigate special arrange-
ments of lines in multiprojective spaces by focusing on ACM codimension 2 varieties
in P! x P! x P!, called varieties of lines, since we want to generalize the codimension
2 ACM property of points in P* x P!. Specifically, we study special cases arising
from their intersection points (see Theorem [5.6]). These varieties can be viewed as
special configurations of codimension 2 linear varieties in P®.

Our paper is structured as follows. In Sec. [1, we set up our notation and re-
call known results. In Sec. 2l we describe a connection between ideals of varieties of
lines and some squarefree monomial ideals (Lemma 2.2)). We introduce the Hyp,, (x)-
property (Definition 2:12) to give a combinatorial characterization of ACM varieties
of lines in P! x P! x P! using a well-known property of chordal graphs (Theo-
rem [ZT7)). In Sec. Bl we introduce a numerical way to check the ACM property for
any varieties of lines. In Sec.[d], we describe the Hilbert function of Ferrers varieties
of lines, a special case of ACM variety of lines. Finally, in Sec. [l we initiate an
investigation on varieties of lines whose set of crossing points is a complete inter-
section of points in P! x P! x P'. We also characterize varieties of lines defined by a
complete intersection ideal in P! x P! x P! (Theorem E.I0). We end the paper with
two possible research topics to explore: (1) the connection between our varieties of
lines in P! x P! x P! and special configurations of lines of P? and (2) the Hilbert
function of any ACM variety of lines (Question B.I3)).

1. Notation and Basic Facts

Throughout the paper N := {0,1,2,...} denotes the set of non-negative integers
and < denotes the natural partial order on the elements of N> := N x N x N
defined by (a1, asz,a3) < (b1, bs,b3) in N3 if and only if a; < b;, Vi = 1,2,3. Let
{el, €2, 83} be the standard basis of Ng. Let R := K[]Jl,o, x1,1,22,0,22,1,T3,0, 1‘3,1]
be the polynomial ring over an algebraically closed field K of characteristic zero.
We induce a multi-grading by setting degz; ; = €; for ¢ € {1,2,3}. A monomial
m = x‘ff’ox‘fflacg?onglxg%xgjl € R has tridegree (or simply, degree) degm = (ao +
ai,bo + b1, co + ¢1). We make the convention that 0 has degree deg0 = (i, 7, k) for
all (i, 4, k) € N3. Note that the elements of the field K all have degree (0,0, 0). For
each (i,7,k) € N3 let R, ;, denote the vector space over K spanned by all the
monomials of R of degree (4,4, k). The polynomial ring R is then a trigraded ring
because there exists a direct sum decomposition

R= & Rijx

(i,4,k)EN?

such that R;;xRimn € Ritijtmk+n for all (i,4,k),(I,m,n) € N3. An ele-

ment F' € R is trihomogeneous (or simply, homogeneous) if F' € R, ;; for some
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(i,j,k) € N3. Anideal I = (Fy, Fa, ..., F,) C R is a (tri)homogeneous ideal if F; is
(tri)homogeneous for all i = 1,2,...,7r.

Let I C R be a homogeneous ideal, and we let I; ;1 :== INR, ;  for all (i, 5, k) €
N3. Because I is homogeneous, the quotient ring R/I also inherits a graded ring
structure. In particular, we have

R/IT= @ ®R/Dijx= B Rijn/lijk

(4,5,k)EN? (4,5,k)EN?

Definition 1.1. Let Ix C R be the homogeneous ideal defining a variety X C
P! x P! x P'. We say that X is ACM if R/Ix is Cohen-Macaulay (CM), i.e.
depth(R/Ix) = Krull-dim(R/Ix).

Definition 1.2. We say that a homogeneous ideal J in a polynomial ring .S is CM
if S/J is CM.

A point in P! x P! x P! is an ordered set of three points in P!. Say P :=
([ao, a1], [bo, b1], [co, c1]) € Pt x P! x P!, the defining ideal of P is Ip := (a121,0 —
apri, i, bll‘Q,O — b0$271,61$370 — Col‘g,l). Note that IP is a height 3 prime ideal gen-
erated by homogeneous linear forms of different degree.

Throughout the paper, linear forms are denoted by capital letters. In particular,
we use A; to denote a linear form of degree (1,0,0), B; a linear form of degree
(0,1,0), and C% a linear form of degree (0,0,1). We denote by £(A4;), £(B;) and
L(Cy) the respective hyperplanes of P! x P! x P!, and we say that a hyperplane in
P! x P! x P! is of type e; if it is defined by a form of degree e;.

We recall the following definition (see [20, Definition 2.2]).

Definition 1.3. Let F, G € R be two homogeneous linear forms of different degree.
In P! x P! x P! the variety £ defined by the ideal (F,G) C R is called a line of
P! x P! x P! and we denote it by L(F, Q).

We say that a line £(F,G) is of type e; + e;, with i # j, if {deg F,deg G} =
{ei, ej}.

In particular, if A € Ry00, B € Roi1,0 and C € Rpp,1, then we denote by
L(A, B) the variety in P! x P! x P! defined by the ideal (A, B) C R and we call it
line of type (1,1,0). Analogously, we call the variety L(A,C) line of type (1,0,1)
and the variety L(B, C) line of type (0,1,1). We also refer to lines of type e + ez,
e; + es and es + eg by writing lines having direction eg, ea and ey, respectively.

Definition 1.4. We say that X C P! x P! x P! is a wariety of lines if it is given
by a finite union of distinct lines in P' x P! x P!,

Definition 1.5. Given X C P! x P! x P! a variety of lines, we denote by
Hl(X) = {,C(Al)7 . .7,C(Ad1)}7 HQ(X) = {,C(Bl)7 . .7£(Bd2)} and Hg(X) =
{L(CY),...,L(Cq4,)} the hyperplanes of P! x P! x P! containing some lines of X.
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In particular,

xX= J c@,B)u |J c@.cou UJ LB,
(4,5)€U3(X) (i,k)€U2(X) (3,k)EUL(X)
where Us(X) C [d1] X [da], Ua(X) C [d1] X [d3] and Uy (X) C [da] X [d3] are sets of
ordered pairs of integers, with [n] := {1,2,...,n} C N.
For i = 1,2, 3, we denote by X; the set of lines of X having direction e; and we
call U;(X) the index set of X;.

Thus, the ideal defining X is
Ix= () AB) () AC) [ (B;Ch).

(4,4)EUs(X) (4,k)€U2(X) (4,k)€UL(X)

In this paper, we are interested in a combinatorial characterization of ACM
varieties of lines in P! x P! x P! and their Hilbert function. In P! x P!, to describe
combinatorially ACM sets of points, it was crucial the definition of the so-called
Ferrers diagram (see for instance [19]).

Definition 1.6. A tuple A = (\1,...,\.) of positive integers is a partition of an
integer s if Y., A\; = s and \; > A\;qq for every i. We write A = (A1,...,\) b s.

Definition 1.7. To any partition A = (A1, A2,...,A) F s we can associate the
following diagram: on an r X A\ grid, place A; points on the first horizontal line, A,
points on the second, and so on, where the points are left justified. The resulting
diagram is called the Ferrers diagram of the partition A.

Definition 1.8. Let Y be a finite set of points in P! xIP'. We say that Y resembles a
Ferrers diagram if the set of points looks like a Ferrers diagram, i.e. after relabeling
the horizontal and vertical rulings, we can assume that the first horizontal ruling
contains the most number of points of Y, the second contains the same number or
less of points of Y, and so on.

Applying [19, Lemma 3.17, Theorems 3.21 and 4.11], we have the following.

Lemma 1.9. Let Y be a finite set of points in P! x P1. Y is ACM if and only if
Y resembles a Ferrers diagram.

We adapt Definition [I.7] to our context.

Construction 1.10. Let X be a variety of lines in P! x P! x P! and consider the
set X3 of lines of X of type (1,1,0) indezed by Us(X) C [d1] x [d2]. We represent
X3 as a di x do grid, where the horizontal lines are labeled by the L(A;)’s for
i =1,...,d1 and the vertical lines by the L(B;)’s for j = 1,...,d2. By abuse of
notation, we denote the horizontal lines by L(A;) and the vertical lines by L(B;).
Then, a line L(A;, B;) € X3 is drawn as the intersection point of L(A;) and L(B;)
in the grid. Similarly, we can construct a dy X ds grid representing Xo and a do X d3
grid representing Xi.
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Definition 1.11. Let X be a variety of lines in P! x P! x P! and h € {1,2,3}. We
say that X resembles a Ferrers diagram with respect to the direction h if the grid
representing the lines of X}, constructed as above, resembles a Ferrers diagram.

Definition 1.12. A finite subset U = {(u;,u;)} C N? resembles a Ferrers diagram
if it satisfies the following property:

(us,u;) €U = (up,ux) €U, V1I<h<i, 1<k<j.

Remark 1.13. Note that Definition [[LT1l is equivalent to say that the index set
Un(X) C N2 resembles a Ferrers diagram as Definition

Remark 1.14. Construction [[.TI0] makes clear the connection between X (h €
{1,2,3}) and a set of points in P! x P1. X, is a cone of a set of distinct points on a
hyperplane of P! x P! x P'. So, we can look at it as a set of points in P! x P! with
associated grid as described in the construction.

Example 1.15. Let X be the following variety of 15 lines in P! x P! x P!
X = L(A1,B2) UL(A1,By) UL(A1, Bs) U L(Az, Ba) U L(As, Bs)
UL(Ag, B4) U L(As, Bs) U L(As, B1) U L(As, Ba) U L(As, Bs)
UL(As, B4) U L(As, Bs) U L(A4, B4) U L(B1,C1) U L(Ba, Ca).
Then,
X3 = {L(A1, B2), L(A1,B4),L(A1, Bs), L(A2, Bs), L(Aa, B3), L(Az2, By), L(Az, Bs),
L(As, B1), L(As, B2), L(As, Bs), L(As, Ba), L(As, Bs), L(A4, Bs)}.

Using Construction [[.10, X3 is represented by a 4 x 5 grid as Fig. [[l After renam-
ing, we see that X3 resembles a Ferrers diagram of type (5,4,3,1). Then, using
Lemmal[l.9] X3 is ACM (Fig.[2).

L(B1)L(B2) L(Bs3) L(Ba) L(Bs) L(B1)L(B2) L(B3)L(B4)L(Bs)
L(A1) L(Ay)
L(A2) L(A2)
L(As3) L(A3)
L(Ag) L(A4)
Fig. 1. The set of lines X3. Fig. 2. X3 after relabelling.

Example 1.16. Let X be the variety of lines as in Example [LT5. We have X; =
{L(B1,C1),L(B2,C3)} and the 2 x 2 grid representing X; does not resemble any
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Ferrers diagram (Fig. B)). Thus X does not resemble a Ferrers diagram with respect
to the direction 1. Hence, from Lemma X is not ACM.

L(B1)L(Bz)

L(A1)

L(Az2)

Fig. 3. The set Xj.

Since Ferrers diagrams play a crucial role in the characterization of the ACM
property for a finite set of points in P! x P! (see for instance [20]), it is natural for
us to investigate the same property for a variety of lines X C P* x P! x P! (since X
has also codimension 2). In the next section, we will show that the ACM property
of X depends on the X; (see Corollary X)), but the ACM-ness of the X; is not
sufficient to ensure that X is also ACM (see Remark 2.9).

2. A Combinatorial Characterization of ACM Varieties of Lines

In this section, we study the ACM property for varieties of lines from a combina-
torial point of view. We refer to [23] for all the introductory material on monomial
ideals.

The next lemma can be recovered from [25] Proposition 3.2].

Lemma 2.1. Let X C P' x P! x P! be a variety of lines. Then, there exist three
forms A, B and C of degree (1,0,0),(0,1,0) and (0,0,1), respectively, such that
(A, B,C) is a regular sequence in R/Ix.

Proof. Let A € Ry, be such that £(A) ¢ H1(X). We claim that A is a nonzero
divisor of R/Ix. Indeed, take F' € R a homogeneous form such that AF € Ix.
Then AF € I, for any line £ € X. Since I is a prime ideal and A ¢ I, then we
get I € Iz, for any £ € X.

Now we prove the existence of the linear form B. Since X is ACM, then J :=
Ix + (A) is CM. Moreover, J is homogeneous and its height is 3. Take the primary
decomposition of J, say J = q1 N ---Nqq, and let p; = /q; for i = 1,...,¢.
The set of the nonzero divisors of R/J is then |J, p;. In order to prove that there
exists an element B € Ry 1,0 nonzero divisor of R/J, it is enough to show that
(Ui pi)o,1,0 € Ro,1,0. Since Ry 1,0 is a K-vector space over an infinite field, it is not
a union of a finite number of its proper subspaces, and so it is enough to show that
(pi)O,l,O - RO,I,O for each ¢ = 1,...,t.

Let ¢ € {1,...,t}, then we have Ix C J C p;. Therefore, there exists £L € X
such that Ix C I; C p;. This implies p; = Iz + (A). Since Iz # Ro,1,0 we are done.
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Analogously we prove the existence of a form C' € Ry 1. |

We set the notation for this section. Let X be a variety of lines and Ix its
defining ideal

Ix= () (A.,B) () A.C) () (B;C)CR

(4,7)€U3(X) (i,k)eU2(X) (4,k)€UL(X)

We construct a new polynomial ring in dy + de + ds variables each of them
corresponding to a hyperplane containing some lines of X. We denote by S :=
Klay,...,a4,, b1,...,bdy,C1,. .., cd5] the polynomial ring in d; + d2 + d3 variables
and dega; = (1,0,0), degb; = (0,1,0), degcr, = (0,0,1). We set

Jx = m (ai,bj) ﬂ (ai,ck) m (bj,ck) CS.

(4,5)€Us(X) (i,k)€U2(X) (4:k)€UL(X)

Jx is a height 2 monomial ideal of S and its associated primes correspond to the
components of X.

The next lemma is crucial since, as its consequence, we can connect homologi-
cal invariants between ACM varieties of lines and some height 2 monomial ideals.
Similar arguments were also used in [I2] (see proof of Theorem 3.2).

Lemma 2.2. Let X be a variety of lines in P x P x P1. Then X is ACM if and
only if Jx C S is CM.

Proof. Set T := S[z1,0,21,1, 72,0, 72,1, 73,0, 73,1]. Consider Jyx as an ideal, say Jx,
in the ring 7. Since Jy is a height 2 monomial ideal in S, then Jx, being a cone,
continues to be a height 2 monomial ideal. Moreover, Jyx has the same primary
decomposition as Jx. Consider the linear forms a; — A;, b; — B;, ¢, — C) and let L
be the ideal generated by all these linear forms.

Assume Jx is CM. Thus, in the quotient T/(Jx, L) we can view the addition
of each linear form in L as a proper hyperplane section. We have that R/Ix and
T/(Jx,L) both have height 2 and R/Ix =2 T/(Jx,L). Then, since Jx is CM, we
get X is ACM.

On the other hand, if X is ACM, then, applying Lemma there exists a
sequence of linear forms (A, B,C) C R that is regular in the quotient R/Ix. Let
q:= (A, B,C) C R be the ideal generated by these three linear forms. Consider the
ideal (Ix +q)/q C R/q, that can be viewed as a codimension 2 monomial ideal in
a polynomial ring in three variables. Since a Hilbert—-Burch matrix of I'x has the
same “structure” as the Hilbert—Burch matrix of a monomial ideal, i.e. it is a matrix
with only two nonzero entries in each column (see for instance [14, Lemma 3.21]
or [24] Theorem 1.5]), then Ix is generated by some products among the linear
forms defining the lines of X. Since the addition of each linear form in L can be

seen as a proper hyperplane section, we also have R/Ix = T/(Jx,L). Then Jx is
CM. |
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Corollary 2.3. Let X be an ACM variety of lines in P' x P! x P'. Then Ix is
generated by products of linear forms.

As a consequence of Lemma .2 it is interesting to further investigate the struc-
ture of the monomial ideal Jx associated to X. Now we recall only a few definitions
we will use in the sequel. We refer to [23] 26] for all preliminaries and for further
results on graphs.

A (simple) graph G is a pair G = (V, E), where V := {v1,...,un} is a set
of vertices of G and FE is a collection of 2-subsets of V| called the edges of G.
The complementary graph of G, denoted by G€¢, is the graph G¢ = (V, E€), where
E¢ = {{v;,v;}|{vi,vj} ¢ E}. A sequence of vertices of G, (v1,v2,- -, v¢), is a cycle
of length ¢ if {v1,v2}, {va,vs3},...,{vi,v1} € E. A chord is an edge joining two not
adjacent vertices in a cycle. A minimal cycle is a cycle without chords. A graph
G is called chordal when all its minimal cycles have length three. We associate to
a graph G = (V| E) two squarefree monomial ideals in the ring K[vi,...,vy], the
face ideal of G

I(G) = (viv; [{vi,v;} € E)
and the cover ideal of G
J(G) = ﬂ (Ui,vj)~
{viv ek
It is a well-known fact that I(G) and J(G) are the Alexander dual each of other.
In the sequel we will use the following results.

Theorem 2.4 ([15, Theorem 1]). Let G be a graph. Then I(G) has a linear
resolution if and only if G° is a chordal graph.

Theorem 2.5 ([9, Theorem 3]). Let G be a graph. Then I(G) has a linear
resolution if and only if J(G) is CM.

Remark 2.6. Let X be a variety of lines. Let Gx = (Vx, Ex) be the graph with
vertex set

Vx :={a1,...,a4,,b1,...,bdy,C1,...,Cas}
and edge set
Ex = {{a;,b;} C Vx| L(A;, B)) € X3}
U{{ai,ck} C Vx| L(A;,Cr) € Xa}
U{{bj,cx} € Vx | L(B},Cy) € X1}.
Then, we note that the monomial ideal Jx is the cover ideal of the graph Gx:
Jx =J(Gx) C S,
that is the Stanley—Reisner ideal of the simplicial complex (see [23, Lemma 1.5.4])
Ax = (Vx\e|e € Ex).
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An useful application of Remark is the following lemma.

Lemma 2.7. Let X be an ACM variety of lines in P' x P! x P! and let H C
P! x P! x P! be a hyperplane containing some lines of X. Then the variety of lines
Y={LeX|LgH}is ACM.

Proof. Let H be the linear form defining /. Denoted by z the variable of S cor-
responding to H (the linear form H is one of the forms A;, Bj,Cy and z is the
corresponding variable among a;, b;, ;). We have

(i) Jx : 2 =[)p c asssx P- Both are monomial ideals, so the equality easily follows
z&p

by checking the inclusions for monomials.

(ii) Jx : z is the Stanley-Reisner ideal of the simplicial complex linka , z (see [23]
Secs. 1.5.2 and 8.1.1]). Indeed, the Stanley—Reisner ideal of the link of z in Ax
is generated by monomials corresponding to the elements F' C Vx such that
{z}UF ¢ Ax. All these monomials are in Jx : z = Ia, : z and vice versa.

Then, in order to prove the statement, it is enough to show that Jx : z is CM. From
Lemma 22, we have that Jx is CM, so the statement follows by [23] Corollary
8.1.8]. |

Corollary 2.8. If X is an ACM wvariety of lines, then X resembles a Ferrers
diagram with respect to the direction h, for each h = 1,2, 3.

Proof. We show that U;(X) resembles a Ferrers diagram. Analogously, one can
show the same for Us(X) and Us(X). Let us consider the variety of lines X; consist-
ing of the lines of X of type (0,1, 1). Since Ix, = Ix\{c(A1),....c(Aq,)}» X1 PrEserves
the ACM property by Lemma 2.7 Moreover, X; = Uimetn (x) £(Bj, Ck), ie.
it is a cone of an ACM set of distinct points on a hyperplane of P! x P! x P!,
see Remark [[LT4 A well-known characterization, see for instance [19, Theo-
rem 4.11], shows that this set of points resembles a Ferrers diagram. Using Re-
mark U1(X) resembles a Ferrers diagram. Then, the statement follows from
Lemma [T.9] O

Remark 2.9. From previous corollary, if there exists ¢ € {1,2,3} such that X; is
not ACM, then X is not ACM. The following example shows that even if all X; are
ACM X could be not ACM.

Example 2.10. Let us consider the following variety of lines in P* x P! x P
X = {L(A1, B1), L(A2, Ba), L(B3,C3)}.

It is clear that the sets X1, X2 and X3 resemble a Ferrers diagram, so each of them
is ACM. But, in this case, X is not ACM. This follows for instance from Lemma 2.2]
and from [23] Lemma 9.1.12].
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The next definition introduces a property for varieties of lines in P! x P! x P! in
analogy to the known (x)-property defined for sets of points in P! x P! (see [1]]).

Definition 2.11. Let X C P! x P! x P! be a variety of lines. We say that X has
the (x)-property (or explicitly, star property) if given any two lines L1, Lo € X,
there exists L3 € X such that L1, L3 and Ls, Ls are coplanar.

We slightly generalize this property for varieties of lines.

Definition 2.12. Let X C P! x P! x P! be a variety of lines. Let n > 4, n € N, we
say that X has the n-hyperplanes (x) property (for short, Hyp,, (x)-property) if given
n hyperplanes Hq, Ho,. .., H, such that £(H;,H;) € X for any j #i—1,i,i+1
then £L(H,, Hy+1) € X for some u € {1,2,...,n}, where Hy = H,, and H,,+1 = H;.

Remark 2.13. Note that if n > 6, then X has the Hyp,, (x)-property. Indeed,
among n > 6 hyperplanes there are at least three of the same type and so the
condition L(H;, H;) € X forany j #i—1,i,i+1 (where Hy = H,, and Hp,41 = H)
fails to be true.

Remark 2.14. Note that the Hyp4(*)-property is equivalent to (x)-property as
Definition 2111

Example 2.15. Let us consider the following variety of lines in P! x P x P!:
X = L(A1,B1)UL(A1,By) UL(A1, Bs) U L(As, By)
UL(Az, B2) U L(A1,C1) U L(A1,C2) U L(A2,CH)
UL(B1,C1) UL(B1,C2) U L(By,C1) U L(Bs,Ch).

X has the Hyp, (x)-property. Indeed, if we take the four hyperplanes £(A;), L(Az2),
L(B1), L(B3), we have that £(A1, B1),L(As, B2) € X and also L(A41, Bs) € X; if
we take the four hyperplanes £(A1), L(A3), L(B1), £(C1), we have that £(A;, By),
L(A2,C1) € X and also L(B;,C1) € X; and so on, if we take any two lines in X,
there exists a third line in X that is coplanar with the other two.

Example 2.16. Let us consider the following variety of lines in P! x P! x P!:
X = [,(Al, Bl) U ﬁ(Al, Bg) U ﬁ(Al, Bg) U [,(AQ, BQ) U ﬁ(Al, Cl)
UL(A;,Co) U L(A2,Cy) U L(B1,C1) U L(Bs, Ch).

X has the Hypg(x)-property. Indeed, if we take the five hyperplanes L£(A;),
,C(AQ)7 ,C(Bl)7 ,C(Bg), ,C(Cl) we have that the lines ,C(Al, Bl)7 ,C(Ah Bg), ,C(A27 Bg),
L(As,Cy), L(B1,C1) € X and also L(A1,C1) € X; if we take the five hyperplanes
ﬁ(A1)7 ,C(AQ), ,C(B3)7 ,C(Bg), ,C(Cl), we have that ,C(Ah Bg), ,C(Ah Bg), ,C(A27 Bg),
L(As,C4), L(Bs,C1) € X and also £(A1,C1) € X; and so on, if we take any five hy-
perplanes Hy, ..., Hs among L(A1), L(A2), L(B1), £L(B2), L(Bs), L(C1), L(C2) such
that £(H,;,H;) € X for any j # i — 1,4,i + 1, then there exists v € {1,...,5}
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such that L£(H,,H,y1) € X, where Hy = Hs and Hg = H;. Note that if we
take L£(B1),L(B2),L(B3) among the five hyperplanes we choose, the condition
L(H;,H;) € X for any j # ¢ — 1,4,7 + 1 fails to be true and then there is nothing
to verify.

The following theorem is the main result of this section.

Theorem 2.17. Let X be a variety of lines. Then X is ACM if and only if X has
the Hyp,, (x)-property for n = 4,5,6.

Proof. Let Ix be the ideal defining the variety of lines X C P! x P! x P!. From
Lemma 2] X is ACM if and only if Jx C S is CM. From Remark[26] the ideal Jx
is the cover ideal of the graph Gx, i.e. Jx = J(Gx). From Theorem 2] the face
ideal I(Gx) has a linear resolution and then, using Theorem [Z4] G% is a chordal
graph, that is, X has the Hyp,, (x)-property for any n. Remark 213 completes the
proof. O

3. A Numerical Characterization of the ACM Property

Since we are interested in the study of the ACM property for varieties of lines X,
from now on we assume that Uy (X) resembles a Ferrers diagram for each h = 1,2, 3.
In order to give a characterization of the ACM property we introduce the following
notation.

Definition 3.1. Let P = Py, = L(A4;) N L(B;) N L(Cy) be a point of a variety
of lines X, we call multiplicity of P the number of lines of X passing through the
point P and we denote it by k.

Remark 3.2. Since at most three lines of X (one of each type) pass through the
point P, u;r < 3.

Definition 3.3. Given a variety of lines X, we define a 3-dimensional matrix
Mx = (uijr) € Ndxd2xds whose (i, j, k)-entry is the multiplicity of P . We
call it the matriz of the multiplicities of X.

We also define
Definition 3.4. M(3) (pijo) € N41xd2 where
1 if (27]) S U3(X)7 ie. ,C(AMB]) eX
Hijo = .
0 otherwise.

Analogously, M := (o) € N¥95 where o := {¢ 5 EA0 0 €X anq M) =

. doxd . 1f£(B,Ck)€X
(IJ‘OJ’C) € N® 3’ where Hojk = {0 Otherv&?lse
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Example 3.5. Let us consider X C P! x P! x P! as Fig.d
X = L(A1,B1) U L(A1, B2) U L(As, B2) U L(A1,C1) U L(Az, Ch)
UL(Az,C2) U L(By,C1) U L(By,C3) U L(Bg, Cy).
We have

111 = po22 = 3, 121 = M221 = f211 = (112 = M122 = fi212 = 2

11 10 11
MQ:(O 1)’ Mﬁ?z(l 1)’ Mé(l):(o 1)'

and

Fig. 4. The variety of lines X (in bold).

Now we provide a criterion to establish if X is ACM or not just looking at the
matrices of the multiplicities Mx, M, M and M.

Proposition 3.6. Let X be a variety of lines. X has the Hypg(x)-property iff for
all ai,as € [dﬂ,bl,bg S [dg},cl,CQ S [dg}

cither Haibrer  Maiboe; y 3 2 or Haibica  Haibzes y 2 2 .
Hasbice;  MHazbacy 2 2 Hasbice  Magbace 2 3
Proof. If X does not have the Hypg(x)-property then there exist six planes,
say E(Al),E(AQ),E(Bl),E(BQ),E(Cl),E(CQ), such that the lines E(Al,Bl),

L(A1, B2), L(A1,Ch), L(A2,B2), L(A2,C1), L(A2,C2), L(B1,C1), L(B1,C2),
L(B2,C3) belong to X and L(Az, B1), L(B2,C1), L(A1,C2) ¢ X. Then we have

that
H111 P21 3 2 Hi12  M122 2 2
= and = .
Ho11  M221 2 2 H212  H222 2 3
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On the other hand if (%' %12} = (3 2) ana (412 #122) = (3 3) then it is easy
to check that X does not have the Hypg(*)-property since the lines L£(A1, By),
L(A1, Ba), L(A1,C1), L(Az,Ba), L(A2,C1), L(As,C2), L(B1,C1), L(B1,C2),

,C(BQ7CQ) € X and ﬁ(A27Bl), ,C(Bz701)7 ﬁ(A17CQ) iﬁ X. O

Proposition 3.7. Let X be a variety of lines. X has the Hyps(x)-property iff for
all ay,as € [d1],b1,b2 € [da], c1, co € [d3] the following three conditions hold:

(1)
either (Malblq ua1b201> # (2 1) or (“alblo Malbz()) 2 (1 1)7
Hazbic:  Hasbacy 2 2 Hasbi0  Hasbs0 0 1
(2)
Haybyc Haybic 2 1 Hai0c fhai0c 1 1
either e R I or 10c1 e} ’
Hasbicy  Maszbico 2 2 Has0er  Mas0cs 0 1
(3)

either Haibrer Haibies 7& 2 1 or Hobicr  HObicy # 1 1 .
Haibacr  Haibaco 2 2 HOboe;  MHObyeo 0 1
Proof. If X does not have the Hypg (x)-property, we say, without loss of generality,

that there exist five planes £(A1), L(A2), L(B1), L(Bz2), L(C1) such that, among all,
only the lines £(As, B1), £(A1,C1), L(Ba,C1) ¢ X. Then we have

H111 p121 2 1 110 H120 11
= and = .
H211  H221 2 2 H210  M220 0 1

On the other hand, assume, for instance, we have the following equalities:

H111 H121 2 1 H110  [4120 11
= and = .
H211  H221 2 2 H210  H220 0 1
From the previous equalities, we get £(A;,C) ¢ X thus, since 111 = 2, we have
L(A1,B1),L(B1,C1) € X. Analogously £(A4;, B2) € X and so, since p121 = 1, we

have L(Bs,C1) ¢ X. Moreover, L(A2,B2) € X and so, since p221 = 2, we have
L(Ay,Cq) € X. Finally L(As, B1) ¢ X since p210 = 0. So X does not have the

Hyps (%)-property. |

Proposition 3.8. Let X be a variety of lines. X has the Hyp,(x)-property iff for
all ay,ag € [d1],b1, b2 € [da], c1,co € [d3] the following three conditions hold:

(1)
ai1bic 1 a 1
cither (/jf 1b1 1) 7& ( ) or (/j’ 1b10> # ( )
ﬂagblcl 1 /Ja2b10 O
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Hayibic 1 Hay0c 1
either<111>7é<> or <ll>7€<>
Haybyco 1 Hay0co 0
a1bic 1 0byc 1
either(’ulll>7é<> or (’ull)#().
Haqibscy 1 HObsy ey 0

Proof. Suppose that X does not have the Hyp,(*)-property. Since we are
assuming there do not exist four planes L(A1),L(A2),L(B1),L(Bz) such
that ﬁ(A17Bl),,C(A27BQ) € X and ,C(Al,Bg) or ,C(AQ,Bl) @f X, then,
X fails the Hyp,()-property if, without loss of generality, there exist

four planes L(A1),L(As),L(B1),L(Cy) such that, among all, only the lines
L(As,B1),L(B1,C1), L(A1,C1) ¢ X. Then we have

(o) = () e G- (0)

On the other hand, assume, for instance, we have the following equalities:

H111 1 1110 1
= and = .
211 1 210 0
From the previous equalities, we get L(A1, B1) € X thus, since p111 = 1, we have

L(A1,C1),L(B1,C1) ¢ X. Analogously L(As, B1) ¢ X and so, since pua11 = 1, we
have L(A3,C1) € X. So X does not have the Hyp, (x)-property. O

(2)

Example 3.9. Let X be as in Example (see Fig. []). We observe that

M1l 21 3 2 Hi12  fh122 2 2
= and =
M211  f221 2 2 H212  fl222 2 3
and then, by Proposition B, we have that X does not have the Hypg(*)-property
and so, by Theorem 2T, X is not ACM.

Example 3.10. Let us consider the variety W = X U L(As, B1), where X is as
Example B.5 (see Fig. [l).
We have p111 = poo2 = pio11 = pi212 = 3, Hi121 = po21 = fli12 = Hi22 = 2. And
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Po1y Paoy )\ -7

Fig. 5. The variety of lines W (in bold).

for all a1, a2 € [2], b1,b2 € [2], c1,c2 € [2], we have:
Haibier  Maibacy 3 2 Haibicr  Maibacy 2 1
# ;
Masbier Masbsocr 2 2 Masbici  Masbacy 2 2
Haibici  Maibies 2 1 Haibici  Maibies 2 1
# ;
Hasbier  Masbico 2 2 Haibser  Maibaco 2 2
<Ha1b101> # <1> <ua1b101> # <1> <ua1b101> # <1>
Hasbicy 1 Haibico 1 Haibsecy 1

and then, by Propositions B.6H3.8| the variety of lines W has the Hyp,, (x)-property
for n =4,5,6 and then, by Theorem 2.17 W is ACM.

4. The Hilbert Function of ACM Codimension Two Varieties in
Pl x P! x P!
In this section, we approach the study of the Hilbert function of these varieties. We

start from the following specific case.

Definition 4.1. If X is a variety of lines such that the index sets Uy (X), U2(X)
and Us(X) are Ferrers diagram, then we call X a Ferrers variety of lines. That is,
after renaming, we assume that if £(A4;, B;) € Up(X) then L(A;, Bj/) € Up(X) for
every 1 <i' <i, 1 <j < j and for each direction h = 1,2, 3.

Remark 4.2. As a consequence of Theorem [ZI7, note that a Ferrers variety of
lines is ACM.

Recall that given a homogeneous ideal I C R, the Hilbert function of R/I is the
numerical function

Hp/r:N* = N
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defined by
HR/[(i,j, /{1) = diIIlK(]%/I)i,jﬂlf = dimKRi,ij - dimKIi,j,k~

The first difference function of H, denoted AH, is the function AH : N3 — N
defined by

AH (i, j, k) = > (=)™ H(i — 1,5 —m, k —n).
(0,0,0)<(l,m,n)<(1,1,1)

Now, let X be a Ferrers variety of lines and let X5 = U, ey, (x) £(Ar, Bs) be
the variety of lines consisting of the lines of X of type (1,1,0). Since Us(X) is a
Ferrers diagram, the variety X3 is ACM (in P! x P!) and we can explicitly write out
a set of minimal generators of Iy, see Remark [[T4 and [19]. If {(as,b3,)} is the
set of the degrees of these minimal generators, we denote D3(X) := {(as,, b34,0)}.

Analogously, if we consider the varieties of lines X; and X5 consisting of the
lines of X of types (0,1,1) and (1,0, 1), respectively, we obtain the sets of degrees
Dy(X) ={(0,b1,j,c1,5)} and Dao(X) = {(az%,0,c2.x)}. Then we denote

D(X) = {(max{a&“ ag,k}7 max{bg,i, bLj}, max{clﬁj, 027]@}) | v (a3,i, b3’i7 0) S Dg()()7
(az,k,0,cok) € Da(X),(0,b1,5,c1,5) € Di1(X)}.

Finally, we denote by D(X) the set of the minimal elements of D(X) with respect
to the natural partial order < on the elements of N3,

Theorem 4.3. Let X be a Ferrers variety of lines. Then Ix is minimally generated
by the following set of forms:

HAi HBj H Cy | for each (a,b,c) € D(X)

i<a  j<b  k<c

Proof. First, we prove that if (a,b,¢) € D(X), then [],., Ai[];<;, Bj [[1<. Ck €
Ix. Indeed (a,b,c) € D(X) implies J[;o, Ai[[;<;, Bj € Ixy, [Li<p Billi<. Ck €
Ix,, HKG A; Hk<c Cy € Ix, and they are not necessarily minimal elements of the
respective ideal. Thus nga A; ngb B; Hkgc Cr €Ix,NIx,NIx, =Ix. Now, we
show that if (a,b,c) € D(X) and a > 0, then [[,, 1 Ai[[;<;, Bi [ ;<. Cr ¢ Ix.
This fact follows by contradiction. Indeed if Higa—l A; Hij B Hkgc Cy € Ix,
then (a — 1,b,0),(a — 1,0,¢),(0,b,c) are degrees of some (not necessarily mini-
mal) elements in the ideal and therefore there is an element in D(X) less than
or equal to (a — 1,b,¢), contradicting the minimality of (a,b,¢) € D(X). Analo-
gously, it can be easily showed that if (a,b,¢) € D(X) and b > 0 (or ¢ > 0), then
Higa A; ngb_1 B; Hkgc Cr ¢ Ix (or Higa A ngb B Hkgc_l Cy ¢ Ix). Finally,
we claim that Ix is minimally generated by the forms [[,, 4i[];<;, Bj[[;<.Ck
with (a,b,¢) € D(X). Take a form F € Ix, without loss of generality we can assume
that F:= J[;c 4 Ai [[;e5 Bj [Ixec Ok is product of linear forms. By contradiction
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we assume A; divides F and A;_; does not divide F'. Then [],. , 4; HjeB Bj € Ix,.
Then F € ([[;<, Ai [I;< Bj) for some a’, . Repeating the same argument with
respect to the other two directions we get the proof. The minimality come from the
minimality of the degrees in D(X). O

The following corollary is an immediate consequence of Theorem and the
ACM property. Set (D(X)) := {(¢,5,k)|(4,5,k) > (a,b,c), for some (a,b,c) €
D(X)}.

Corollary 4.4. Let X be a Ferrers variety of lines. Then
0 if (i,5.k) € (D(X)),

1 otherwise.

AHx(i,j,k) = {

Example 4.5. Let us consider the following variety of lines:
X = {,C(Ai,Bj) UL(Ai,Ck)Uﬁ(Bj,CkHl <i<4,1<5<3,1<k< 2}.

In this case we have D3(X) = {(4,0,0),(0,3,0)}, D2(X) = {(4,0,0),(0,0,2)} and
D;(X) ={(0,3,0),(0,0,2)}. Then D(X) = {(4,3,2), (4,3,0), (4,0,2),(0,3,2)} and
D(X) ={(4,3,0), (4,0,2),(0,3,2)}. Therefore, from Theorem A3} a minimal set of
generators of Iy is given by

A1AsA3AyB1BoBs, A1A3A3A4C1Cy, B1BaB3CiCo

and
0 if (¢,7,k) > (4,3,0) or (4,0,2) or (0,3,2),
\Hx (i, j, k) { (4,4, k) > ( ) ( ) ( )

1 otherwise.

5. Case Study: Grids of Lines and Complete Intersections of Lines

In this section, we focus on the study of special arrangements of lines in P! x P! x P!
having the ACM property. Recall that for a point P € P! x P! x P! there are
exactly three lines passing through P, one for each direction. We have the following
definition.

Definition 5.1. Let ) be a finite set of points in P! x P! x P'. We call grid of lines
arising from ), and denote it by Xy, the set containing all the lines of P* x P! x P!
passing through some point of ).

In other words, if ) is a finite set of points in P! x P! x P!, then

Xy:= |J L(Ai Bj)UL(A;, Cr) UL(B;, Cr),
Pijr€Y

where Pijk = ,C(Al) N ,C(Bj) N ,C(Ck)
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The next example shows that even if ) is an ACM set of points, Xy could not
be ACM.

Example 5.2. Suppose y = {Pllg,P122,P121,P212} - Pl X ]P)l X ]P)l. Accord-
ing to [12], Y is an ACM set of points. We have L£(Az, B1), L(B2,C1) € Xy and
L(Ag, Bs), L(As,C1), L(B1,C1) ¢ Xy, that is, Xy has not the Hyp,(*)-property
and then Xy is not ACM.

It is interesting to ask which sets of points ) C P! x P! x P! lead to an ACM grid
of lines Xy. A special class of CM rings is represented by complete intersections.
We recall their definitions and properties.

Definition 5.3. An ideal I C R is a complete intersection if it is generated by a
regular sequence.

As pointed out in [19, Lemma 2.25], a complete intersection is also CM.
Definition 5.4. In P! x P! x P!, we say that a set of points C is a complete inter-

section of points of type (ai1,as,a3) if Ic = (Fy, Fa, F3) is a complete intersection
and deg F; = a;e; for i = 1,2, 3.

Note that each F; in Definition 5.4 is product of linear forms.

Definition 5.5. We say that a variety of lines X is a complete intersection of lines
in P! x P! x P! if Iy is a complete intersection.

Theorem 5.6. Let C C P! x P! x P! be a complete intersection of points of type
(a,b,¢). Then X¢ is ACM and a trigraded minimal free resolution of Ix, is

0 — R*(—a,—b,—¢) = R(—a, —b,0) ® R(—a,0,—c) ® R(0, —b, —c) — Ix, — 0.
Proof. The grid of lines X := X¢ has the Hyp,, (%)-property for n = 4,5,6 and

then, by Theorem ZI7, X is ACM. Moreover, by Corollary [Z3] the generators of
Ix are product of linear forms, so

Ix=]JT4I]B [I]AIlC I]IB ] cCx

i€la) JE[b] i€la) ke(c] JE[b] ke(c]

Then a Hilbert—Burch matrix of Ix is

14 IIA

i€[a] i€[a]
H B; 0
JE(b]
0 IT Ck
kelc] o

Example 5.7. If C C P' x P! x P! is a complete intersection of points of type
(2,3,2), then the grid X¢ is formed by six lines of type (1, 1,0), four lines of type
(1,0,1) and six lines of type (0,1,1) (see Fig. B)):
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Fig. 6. The grid of lines X¢ arising from a CI of type (2, 3, 2).

In particular, Ix, has a trigraded minimal free resolution of the following type:
0 — R*(—2,-3,-2) = R(—2,-3,0)® R(—2,0,-2) & R(0, -3, —2) — Ix, — 0.

The following example shows that there exists an ACM grid of lines Xy arising
from a not ACM set of points ).

Example 5.8. The fOHOWng set of pOiIltS y = {P1117P1217P211a P122, P212,P222}
is not an ACM set of points in P* x P! x P! (see [12]). However, Xy = X¢ where
C:={Pir|1<14,j,k <2}, and then Xy is an ACM grid of lines.

From Theorem B.6, we note that the ideal Ix, is generated by three forms that
do not form a regular sequence. That is, even if C is a complete intersection of points,
then its associated X¢ variety of lines is not a complete intersection of lines. Thus,
it is natural to study which varieties of lines are defined by a complete intersection,
i.e. their defining ideal has only two generators. Theorem and Remark E.TT]
will describe complete intersections of lines in P' x P! x P!,

Remark 5.9. If X is an ACM variety of lines, from Corollary[2:3] Ix is generated
by products of linear forms. Then

Ix 2 | [ A HBJ, I 4 I ¢ II B[] ¢

i€[al i€[al k€[] JE[b] ke(c]

So any set of minimal generators of Ix contains one element of degree (as, b3, 0),
one element of degree (a2, 0, c2) and one element of degree (0, b1, ¢1).

Theorem 5.10. Let X be a variety of lines of Pt x P! x P'. Then the ideal Ix
is a complete intersection if and only if Ix = (F1,Fy), with deg F1 = ae; and
deg Fy = bej + cey, with j, k # i, for some a,b,c € N.

Proof. One implication is trivial. Let Ix be a complete intersection, i.e. Ix is
generated by a regular sequence of length 2, then X is ACM. So, from Remark (9]
any set of minimal generators of Ix contains one element Gy of degree (0,b1,c¢1),
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one element G5 of degree (as, 0, c2) and one element G3 of degree (as, b3, 0) for some
integers a;, bj, cx. Since Ix is a complete intersection, one of these three generators
say, without loss of generality, the one of degree (0,b1,¢1), is not minimal, i.e.
G; € (G2,G3). This easily implies asas = 0. O

Remark 5.11. From Theorem a complete intersection of lines X is then
obtained from a grid arising from a complete intersection of points by removing
either all the lines having direction e; for some ¢, or all the lines having direction
e; and e; with 7 # j. Indeed, from Remark [5.9] we have for instance

Ix = H A;, H Bj H Cy | = ﬂ (A“Bj) N n (Ai,Ck).
]

i€la j€(b] kelc] ;ee[[ab% Iiee[[ril]

Example 5.12. Let X be the set of lines of P! x P! x P! obtained by a grid of
lines X¢ arising from a complete intersection C of type (4, 3,2) removing all the
lines having direction ez:

X =] £, B)) | LB, Cr).

ie[4] JE[3]
J€l3] ke[2]

Then the ideal Ix is a complete intersection and it is generated by the regular
sequences I} = B1Bs B3 and Fy = A1 Ay A3 A4C1Cs of degrees (0,3,0) and (4,0,2),
respectively.

We end the paper with two research topics that are still under our investigation.

(1) Guida, Orecchia and Ramella, in [21], studied the complete grids of lines in
P3, whose defining ideal is the 1-lifting ideal of a specific monomial ideal .J in
a polynomial ring S in three variables. In particular, from [2T] Example 4.9]
and Corollary 4] we noted that the first difference of the Hilbert function of
the ideal Ix, of a grid of lines arising from a complete intersection of points

L(A1,B1) L(A1,B1)
ﬁ(Al,Cl) . 4 ﬁ(Al,Cl)
L(B2,C1) L(B1,C1)
Fig. 7. The set X. Fig. 8. The set X'.
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of type (2,2,2) in P! x P! x P! in degree (4,4, k) is equal to 1 if and only if

(i, 7, k) belongs to the order ideal N(J) C N? of the specific monomial ideal
2 .2

J = (2323, 2323, 232%) in S.
(2) Let us consider the ACM varieties of lines X and the Ferrers variety of lines
X’ as in Figs. [l and B, respectively. We have that, for each h = 1,2,3, X} and
X, have the same Hilbert functions. We also get Hx = Hx.
According to many experimental computations using CoCoA [1], we ask the

following question.

Question 5.13. Let X be an ACM variety of lines and X' be a Ferrers variety of
lines such that, for h = 1,2,3, X} and Xj, have the same Hilbert functions. Is it
true that Hx = Hx/?
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