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1. Introduction

Kinetic equations and quasi-linear systems of conservation laws are strongly related. For example, the behavior of rar-
efied gas is well described by the Boltzmann transport equation (BTE) [1]. Once velocity space is discretized, BTE has the
mathematical structure of a semi-linear hyperbolic system of balance laws. In the so-called fluid dynamic limit, the dis-
tribution function approaches the Maxwellian whose parameters satisfy the Euler equations of gas dynamics, which is a
quasi-linear system of conservation laws. The Broadwell model of the BTE in one space dimension is a semi-linear 3 x 3
relaxation system. As the relaxation parameter vanishes, the model relaxes to a 2 x 2 quasi-linear hyperbolic system of
conservation laws. An implicit treatment of the collision term using L-stable schemes allows the construction of asymptotic
preserving schemes which become consistent schemes of the relaxed limit [2-4].

Quasi-linear hyperbolic systems generically develop jump discontinuities in finite time. Most schemes for their numeri-
cal solutions are based on two fundamental ingredients: conservation and non-oscillatory reconstruction. Finite volume and
finite difference methods have been widely used for the discretization of the convective terms of kinetic models (Eulerian
approach), which are usually treated explicitly. In this way, it is relatively easy to construct conservative schemes. Con-
servation is relevant especially in the relaxed limit: lack of conservation will prevent weak consistency of the method for
discontinuous solutions leading, for example, to O(1) errors in the propagation of shocks.

Conservative non-oscillatory reconstruction such as the essentially non-oscillatory (ENO) or weighted essentially non-
oscillatory (WENO) methodology [5] have been widely adopted in many practical problems [6-8]. The approach has been
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extended to a compact WENO (CWENO [9-14]) reconstruction which gives uniform accuracy in a whole cell, and it al-
lows the construction of efficient high order finite volume scheme in several space dimensions [15]. Unfortunately, explicit
Eulerian schemes cannot avoid CFL-type time step restrictions imposed by convection-like terms in hyperbolic equations.

To treat this difficulty, semi-Lagrangian approaches recently have gained popularity because they do not suffer from such
CFL-type time step restriction which arises in the treatment of Eulerian counterparts. Instead, since the semi-Lagrangian
method is obtained by integrating the equations along its characteristics, this approach necessarily requires the computation
of numerical solutions on off-grid points by a reconstruction which makes use of the numerical solutions on grid points.

If one uses piecewise Lagrange polynomial reconstruction, then conservation is guaranteed if the same stencil is used in
each cell, because of translation invariance (we shall call this a linear reconstruction). On the other hand, such linear recon-
struction may introduce spurious oscillations or may cause loss of positivity. If one wants to prevent appearing of spurious
oscillations, then one can use high-order non-oscillatory reconstruction, such as ENO or WENO [5,6,16]. Similarly, positivity
of the numerical solution can be maintained by positivity-preserving reconstructions [17,18]. Unfortunately these non-linear
reconstructions destroy the translation invariance guaranteed by linear reconstruction, causing lack of conservation [19].

Numerous approaches have been introduced to treat such difficulties, and maintain conservation even with non-linear
reconstruction. In particular, in the context of Vlasov-Poisson system several techniques were proposed. Among them, we
mention the Flux-form semi-Lagrangian (FFSL) schemes based on primitive polynomial reconstruction [20-23]. In [20], the
authors developed the Positive and Flux Conservative scheme. The authors considered essentially non-oscillatory method
(ENO) or reconstructions based on positive limiters. In [21], the authors took a similar approach in the construction of
primitive functions using splines. A WENO approach is also proposed to construct high order conservative non-oscillatory
schemes in [22,23]. All these methods are either one-dimensional or they provide a dimension by dimension interpolation.
A general technique to restore conservation in semi-Lagrangian schemes was presented in [24]. The technique has been also
applied to the BGK model [19]. Although quite general, the technique suffers from CFL-type stability restrictions.

In this paper we present a general scheme which is somehow related to FFSL scheme and allows the construction of
high-order conservative non-oscillatory semi-Lagrangian schemes in one and several dimensions, which are not affected by
CFL-type restriction. In the context of finite volume schemes, given cell averaged values of the solutions on uniform grids,
the idea is to compute sliding average of a precomputed non-oscillatory piecewise polynomial reconstruction (from cell
averages to point-wise values), thus obtaining a conservative mapping from cell averages to cell averages. In this paper we
call the piecewise polynomial reconstruction ‘basic reconstruction’. We remark that the same technique can be adopted in
the context of finite difference schemes to provide a conservative mapping from point-wise values to point-wise values.

The resulting reconstruction inherits the non-oscillatory properties of the precomputed polynomial and guarantees con-
servation of all discrete moments. The technique requires characteristic lines are parallel, which is the case of kinetic
equations in which velocity space is discretized on the same velocity grid throughout space. An advantage of our method is
that one can easily adopt previous techniques such as ENO, WENO, CWENO polynomials as our basic reconstructions.

The mathematical properties of the proposed reconstruction are analyzed. In particular, we show that if we take CWENO
polynomials of even degree k, for example k = 2,4 [9,13], as a basic reconstruction, our approach gives k + 2th order
accuracy. Similar properties are also generalized to two dimensional reconstruction with CWENO polynomial in two space
dimensions [13].

To test the quality of the proposed reconstruction, we apply it to the finite difference implicit semi-Lagrangian schemes
for semi-linear hyperbolic system such as Xin-Jin model or Broadwell model. Applications to more general equations will be
presented in a companion paper.

This paper is organized as follows: In section 2, we present a general framework for our conservative reconstruction in
1D and its related properties, section 3 is devoted to the conservative reconstruction in 2D. Semi-Lagrangian methods are
described in section 4. In section 5, several numerical tests are presented to verify the accuracy of the proposed schemes
and its capability in treating shocks arising in the relaxation of semi-linear hyperbolic system.

2. Conservative reconstruction in 1D

Let u:R — R be a smooth function and i : R — R be a corresponding sliding average function:

X+Ax/2
! / u(y)dy =u(x)
Ax yyay = .
X—Ax/2

Given cell averages on uniform grids x; =iAx:

2 2

1 _
E/u(X)dx:ui, Li=1[x_1,%,1],
Ii

for each i € Z, our goal is to construct an approximation Q (x) of the sliding average u(x), which is conservative in the sense
that for any periodic function u(x) with period L = NAx, N € N, we have
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Fig. 1. Description of one-dimensional conservative reconstruction.
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Y Q@i+ =) i), 0€[0,1).
i=1 i=1

Assume we have a piecewise smooth reconstruction R(x) = >; Ri(x) xi(x), for i € Z, where x;(x) denotes the character-
istic function of cell i and each R;(x) denotes a polynomial of degree k and has the following properties:

1. High order accuracy in the approximation of u(x):
— R: k+1 .
u(x)_R,(x)—i-(’)((Ax) ) xel. )
2. Conservation in the sense of cell averages:

X1
i+5

1 _
Ax / Ri(x)dx = u;.
X'_l

=2

Consider a shifted interval [Y,',% , yi+%] whose center is x;19 = x; +0Ax, 6 € [0, 1), and denote by u(x; 1) the sliding average
of u at xj;¢ (see Fig. 1). We see that

<y, <y, :
X 13V 1 <X 1=Yl <xl+%'

Our strategy is to approximate u(x;1+g) by Qi+¢ = Q (Xi+9), Where

yi+% xi+%+9
Qitg = ! / R(x)dx = ! / R(x)dx (2)
0T Ax T Ax ’

Vil Xilyo

which is equivalent to

il iy lo
1 1
itg=— Ri(x)dx + — Ri1(x)dx. 3
Q1+9 Ax / 1( ) + Ax / 1+1( ) ( )
Xi—%+9 Xi+%

From now on, we consider R;(x) to be piecewise polynomials of degree k of the form:

Ri) =) ——(x—x)". (4)

Making use of (4) in the first term, we obtain

X1

i+3 i+3
1 15 o0 1 ¢ o p(®
~ Ri(x)dxzﬂzz_;)Ri / =) dx:g(Ax) RV (6)
Xil1e B i1t -

where
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1— (20 — 1)1
o (0) 2@ T 1] (5)
Similarly, we can write
: iylo P
._ Lp0)
~ / Rix1(0dx:=) (AR, B (),
x4 £=0
i+5
with
(20 _ ])€+1 _ (_I)K-H
Be(®) = = : (6)
26+ (g 4+ 1)!
Letting Qj+¢ denote the approximation of u(x;1¢), we obtain
k
Qiso = Y (A0 (€ ORY + Be@RL,). )
(=0
Here, we note that «¢(6) and B, (6) satisfy the following relations:
e If ¢ =2n, 0 <n, is a even number
1 1 2n
0 )=———| = . 8
ae(0) + Be(0) ! (2) (8)
e If ¢=2n+1, 0 <n, is an odd number
a(0) + Be(0) =0. 9)
We list the explicit form of «¢(#) and B¢(9) for £ =0,1,2:
0(1—0) 1—-q(0)
ap®)=1-0, o1(0)= — ax(9) = 1
(10)
po@ =0, p@)=-"U"2 pg0=12
2 24

where q(0) =360 — 602 + 463, for 6 € [0, 1).

Remark 2.1 (Finite difference framework). Given a smooth function u, there exists a function i whose sliding average recovers
the value of u:

x+Ax/2
1
ux) = — u(y)dy.
*) Ax / u(y)dy
x—Ax/2

Since we can look for a basic reconstruction R = )_; Ri(x) xi(x) with R; satisfying

Xi+Ax/2

1
— R(y)dy = i
Ax / Wy dy =u(x),
Xi—Ax/2

our reconstruction can be also used in the point-wise framework (see [5]). In view of this, we will apply it to the construc-
tion of semi-Lagrangian schemes in the finite difference framework.

2.1. General properties

In this section, we provide several properties of the reconstruction (7) such as accuracy, conservation and consistency
with the classical interpolation by making a suitable choice of R,@ in the reconstruction.

Recalling the assumption (1), we have a function R(x) which approximates point values of u and our goal is to approx-
imate the sliding average function u with our reconstruction (7). Before checking the accuracy order, we note that the cell
average function u(x) can be expressed in terms of derivatives of function u(x):

4
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X+Ax/2 x+Ax/2 ¢
00 = —— dy = - 1@, _ dy = Ax) u® ! 11
) = — f u(y)dy = — / ; (y—x‘dy= 42 (A%‘u <x)(z+l),( ) : (11)
x—AX/2 x—Ax/2 = even

Inserting x = X1y into (11), we obtain

1

€ 2

AX
-4 (A0 U (X 49) + -

u® (i) + - 1920

U(Xi4g) = Z (A% u® (xiy9) ———

{=even

(€+1)' <

With this formula, in the following proposition, we provide a sufficient condition for a polynomial reconstruction Q;4¢
to be a (k + 2)-th order accurate approximation of u(x + 6) for 6 € [0, 1).

Proposition 2.1. Let k > 0 be an even integer, R; € IP¥ be given by (4), and u be a smooth function u : R € R. Suppose we have a
piecewise polynomial R(x) = ) _; Ri(x) xi(x), which satisfies

ul@ = Rl“) + O(Axk”’[), 0 < ¢ <k, whenever £ is an even integer (12)
u,@ — ul.(?l = lez) — R,.(i)l + O(Ax"“_e), 0 < ¢ < k, whenever £ is an odd integer.

Then, the reconstruction Q¢ gives a (k + 2)-th order approximation of the sliding average u(x;¢) for any 6 € [0, 1).
Proof. For detailed proof, see Appendix A. O

Remark 2.2.

1. The reconstruction Q;;¢ approximates u(x;g) on the basis of cell average values {u;};c7. Similarly, we can extend the
idea of reconstruction to the framework of point values, which are used in conservative finite difference methods in
section 4.

2. We also note that the second condition in (12) can be easily satisfied. Let k > 0 be an even integer, and consider
a function u(x) € C¥*2(R), and its primitive function U (x) := ffoou(y) dy e Ck3(R). We first look for a polynomial
Pi(x) € Pk+1 such that

Pi(x,'_%_H') =

U 1y, J=-T s+l rds=k
Then, the classical interpolation theory gives
s+1

1
U@ = P = g, “‘*2)(5)]11@ Y1) &€y X1,

its first order derivative p;(x) = P{(x) € P¥ interpolates u in the sense of cell-average:

X jt+Ax/2
1
_ . dyv = u; i '=_r7...’s’
Ax / pi(y)dy =uitj, ]

Xigj—Ax/2

and, for 0 < ¢ <k, its (£ 4+ 1)-th derivative pl@ x) = Pf”l)(x) e Pkt satisfies

1 d@ +1 s+1
u”(x)—p,?@)(x):U(””(x)—P,f””(x)zm U E) [Ta—x_3.n]- (13)

j=-r

Similarly, we can find polynomials p;11(x) € P and Pit1(x) € Pk+1 such that
U@+ Ax) — pi (x+ Ax) = UV (x + Ax) — PV (x + Ax)

dert st
U g ar | TTetax—x 1],

_]——T

“ kT2

where &1 € Kiy1 X ). Then, the relation U%+2) (&) — UK+ (g,1) = O (Ax), gives

i+%+s

5
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(u®e) = p{ ) ) = (u®Gxis) = P2y (i) )
d s+1

Wm%%wmwm)é—H@4gw =0 (a2,

B 1
o !
(k+2)! =t
3. If R,@ can be represented with a Lipschitz function F:
¢ - _
R = Fy (@ir. -, liys)
which satisfies

Fe(lizr, -+ liys) —uPx) =0 ((Ax)kﬂ%) ’

the condition (12) is also satisfied. For more details, we refer to Appendix B.

In Proposition 2.1, we see that the choice of an even integer k > 0 leads to the improvement of accuracy. In such a case,
we show that the reconstruction Q;;y based on linear weights coincides with the classical interpolation.

Proposition 2.2. Let k > 0 be an even integer with k = 2r. For each i € Z, assume that we have a basic reconstruction R;(x) € P¥,
which is a polynomial of degree k in (4) and interpolates the function u in the sense of cell averages:

igjr)
1
— Rix)dx=uj,;, —-r<j<r, 14
Ax / i) i+j =J= (14)
Xij-1
with a symmetric stencil S; :={i —r,i —r+1,--- ,i+r}. Then, the reconstruction Q;¢ in (7) based on R; and R;1, is the Lagrange

polynomial L(x) that interpolates u;j, for —r < j <r 41, wherex =x; + 0 Ax and 6 € [0, 1).
The proof is based on the observation that interpolation in the sense of the cell averages is equivalent to point-wise
interpolation of sliding averages at cell center, which in turn, is equivalent to point-wise interpolation of primitive function

at cell edges. The proof is provided in [25].

Remark 2.3. For k = 0, the only possible choice is to set R;(x) = u; and the resulting reconstruction Q;;¢ reduces to the
linear interpolation constructed from two points u; and ;1.

In the following proposition, we show that total mass is preserved for any 6-shifted summation, 6 € [0, 1).

Proposition 2.3. Assume that R;(x) of the form (4) are polynomials satisfying

X1

it5
1 _
— / Rix)dx=1u;, ieZ, (15)
AXx
x',l

=2

and Qi is constructed according to (7). Then, for periodic functions ui(x) with period L= NAx, N e N

N N
ZQH—O:Zﬁis (16)
i=1 i=1

forany 6 €0, 1).

Proof. Since 6 does not depend on i,

N N iyl Xiv Lo
Y Q=) 1 R-(x)dx—i—i Rit1(x)dx
£ i+6 £ Ax i Ax i+1

- - Xilto ipd
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Table 1
Relative conservation errors (19) of the reconstruction for iy (17)
and ii; (18). Numerical solutions are obtained with Ny = 40.

Reconstruction tq in (17) i in (18)
Q-CWENO23 4.4409e-16 7.7716e-16
GWENO34 1.1102e-15 2.8523e-05
il Xilyo
> ! R0 dx+ — Ri(x)d
= —_ ix)ax + — i(X)dx
| Ax Ax
- Xilyo i1

Xip1
N 2 N
=>4 [ Reoa=Y"a.
i=1 X 1 i=1
=3

Here we used the periodicity to write the second line and (15) for the last line. O

Remark 2.4. We remark that this summation preserving property can be useful when our reconstruction is applied to the
semi-Lagrangian treatment of a constant convection term, where characteristic curves are given by parallel lines for each
grid point. In such cases, the proposed reconstruction attains conservation at a discrete level, hence it can be applied to the
simulation of physical models satisfying this conservation property. Considerable examples are the BGK type models of the
Boltzmann equation of rarefied gas dynamics. We can also apply this to the splitting method for the Vlasov-Poisson system
in plasma physics. These problems will be considered in the second part of this paper.

In the following section, we will show that our reconstruction (7) inherits some properties of the basic reconstruction
Ri(x) such as non-oscillatory property and positivity.

2.2. Choice of the basic reconstruction R

2.2.1. Non-oscillatory property

Most common reconstructions adopted in the derivation of high resolution shock capturing schemes are at the same
time conservative and (essentially) non-oscillatory. The WENO methodology [5], for example, satisfies such properties and
is widely adopted. Using it as a basic reconstruction R, the resulting sliding average Q based on (7) will be smoother than
R, and will inherit its non-oscillatory property. Throughout this paper, our particular choice of R will be one of such WENO
methodology called CWENO. For reader’s convenience, we illustrate CWENO23 [13] and CWENO35 [9] reconstructions in
Appendix C.

Now we compare the proposed conservative reconstruction (C.3) using CWENO23 [14], which we call Q-CWENO23, with
a generalized WENO reconstruction originally introduced in [6] in the context of semi-Lagrangian method, that we call
GWENO. Here we use GWENO34 obtained with four points, which achieves fourth order accuracy in the smooth solution.
Both reconstructions produce non-oscillatory solutions. If a function u is sufficiently smooth, then conservation errors in
the GWENO reconstruction will be negligible, however, if the function changes abruptly, then GWENO may suffer from
noticeable conservation errors. To show this, we consider two examples:

_ 1 .
u1(x)=l+§sm(4nx), -1<x<1, (17)

sin(7rx/2)
T/2

We assumed periodicity on the boundary condition for both functions. In order to clarify the difference between solutions,
in Table 1, we report the maximal relative conservation errors between the summation of reconstructed points Q;;¢ and
that of given points u,(x;), £ =1, 2, over § =0,0.001,...,0.999 using the following measure:

_maxg |25 Qivo — X lte(xp)]
Zi U (X;) ,
From the Table 1, we conclude that Q-CWENO23 recovers the reference summation of i, (x;) for any values of 6 € [0, 1).
The errors for Q-CWENO23 and GWENO34 are both within machine precision for the smooth function . In this case, the
two reconstructions almost coincides the standard Lagrangian interpolation which is conservative. When the function is not

smooth as in iy, Q-CWENO23 is still fully conservative within machine precision, hence it verifies Proposition 2.3. Numerical
experiments in which conservation is relevant will be discussed in section 5.

2
p(x) =2+ exp (—100( ) )sin(nx)—i—o.lcos(ﬂx) —1<x<1. (18)

Erry £=1,2. (19)

7
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(a) Comparison of g given by (20) and its reconstructions. (b) Comparison of g given by (20) and its reconstructions on [-0.85,—0.45] and
[0.35,0.75].

Fig. 2. Comparison of reconstructions between Q-Parabola and Q-CWENO23. Dashed lines are exact solutions g(x) and black circles are given values on grid
points of g(x) given in (20).

2.2.2. Positivity preserving property

In several circumstances the solution one is looking for is a non-negative function. This is the case, for example, of dis-
tribution function in kinetic equations. In such cases it may be important to preserve at a discrete level the positivity of the
solution. Standard piecewise polynomial reconstructions (linear reconstructions) do not preserve positivity, however several
techniques exist in the literature that can be adopted to ensure positivity in the reconstruction ([17,18]). Here we remark
that if the basic reconstruction R is positive preserving, then the sliding average of R will provide a conservative and pos-
itivity preserving reconstruction. Given a non-negative basic reconstructions R;(x) > 0, obtained from positive cell averages
u; > 0Vi, the positivity of the reconstruction (7) directly follows from (2). Here we verify this with a numerical example.
Let us consider a basic reconstruction R;j, obtained by the Positive Flux Conservative (PFC) technique in [20]. The technique
has been proposed to bound the numerical solution between zero and a prescribed maximum value. Hereafter we denote
by Q-Parabola the reconstruction (7) based on this. In Fig. 2, we compare Q-Parabola with Q-CWENO23 reconstructions. For
this, we consider a function on the periodic domain [—1, 1]:

107> 4+ 0.1 (1 +sin(rx)), —05<x<0.4

X) =
8 1073, otherwise

(20)

In Fig. 2a and 2b, the difference between two reconstructions appears near [—0.65, —0.55] and [0.45,0.55]. In case of
Q-Parabola, the use of positive limiter always guarantees positive reconstructions for any x € [—1, 1], while very small
oscillations appear near discontinuities. On the other hand, although Q-CWENO23 always prevents spurious oscillation,
negative solutions may occur depending on the choice of € used for non-linear weights (C.2). In this case, we took € = 1076,
and Eq. (C.2) of CWENO23 returns weights very close to the linear ones on the cell [-0.6, —0.5], which gives negative values
on the interval [—0.65, —0.55]. We remark that if CWENO23 reconstructions give linear polynomials on two consecutive
cells, the corresponding reconstruction (7) is to be positive between the two cell centers. Consequently, the suitable choice of
€ can enable Q-CWENO23 to avoid both negative reconstructions and spurious oscillations. Other possible ways to guarantee
the positivity of basic reconstructions are to adopt a linear scaling approach [26-28] or use positive limiters [29,21].

Remark 2.5. We remark that both WENO and CWENO reconstructions and PFC satisfy condition (15) required in Proposi-
tion 2.3. Therefore, the Q reconstruction (7) based on such reconstructions satisfy the conservation property (16).

3. Conservative reconstruction in 2D

In this section, we introduce the conservative reconstruction technique in two space dimensions, following the one
adopted in the previous section. Let u: R?2 — R be a smooth function and i : RZ — R be a corresponding sliding average
function:

Y+AY/2x+Ax/2

ux,y) = AxAy u(x, y)dxdy.

y—Ay/2x—AX/2
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Fig. 3. Description of two-dimensional conservative reconstruction.

Given cell averages on grid points,

AxAy/u(X)dX:ai’j’ Iij=[x_ 1,X1+1]><[y] 1, y]+1]

Iij

for each (i, j) € Z, our goal is to approximate the function u(x, y). Assume we have a piecewise polynomial reconstruction
R(x,y) = Zi’j Ri j(x, ) xi j(x, y), for (i, j) € Z, where y; j(x,y) is the characteristic function of cell I; ; and each R; j(x, y)
denotes a polynomial of degree k and has the following properties:

1. It is high order accurate in the approximation of u(x, y):

UG y) = Rijx, ) +0 (K1), xy) el 1)

where Ax, Ay = O(h).
2. It is conservative in the sense of cell averages:

y1+2 i+3

Ri i(x, y)dxdy = u;

AxAy/ / i,j(x, ) y ij-
AL

We start from a polynomial of degree k, R; j(x, y):
k R(ﬁ)

Rijxy) =D, i =x)" 1y =y (22)
le|=0

where we use a multi index ¢ = (£1,¢3). Consider a cell I ‘! whose center is (X0, Yj+n) for some 6,7 € [0,1). In
Fig. 3, we note that (X419, yj+y) lies inside one of I; j, Ii11,j, I, .j+1> liy1,j+1. Let us denote a cell Ijg jiy = [z;_ 1 Z., 1] X%

* ity
[wj_%, Wj+%] and a point (Xig, ¥jn) = (X; + 0 AX, y; +nAy). Now, we approximate ii(x;14, yj+y) by

Witl Zigl

UXito, Vj+y) ¥ AxAy / / R(x, y)dxdy

w. 12z
-3

N—=

Y 1 Y.

X
g Nl

Amy f /R,,(x y)d><dy+AA f /Rm](x y)dxdy

w. Z. w.
45 4%

z.
ity Gl

Nl—

X,
Wit %isl WirdZiel

AxAy / /R,m(x y)dxa!y+A Ay / /Rm j+1(x, y)dxdy.

. Z.
Vivg %n

+
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The first integral becomes

J’]+% x+2 ]+% X, 1
1 (e) Z1 22
AXAy / / Rl}(x J’)dXdy— AX A —= / Z ‘E '(X Xl) (y y]) dxdy
Wil %] [¢]= Lot 1ho
X. 1 v
k "2 ¢ i+1 ,
1 —x)h 1 A
_y | L / LESIEON | R pCE 2L
TR bt Ay 2y
= X,»,%#»H yj7%+n
k
=Y (M), O)ar, DR
1£]=0
where (A)" = (Ax)“(Ay)*. Similarly, we obtain
Yird %l
AxAy / / Rit1,j(x, y)dxdy = Z(A) ﬂgl(G)ab(n)Rl(_?] i
Yi-3%ied le1=0
iy il
¢
AXAy / / Rijr1(x,y)dxdy = Z(A) oy, (Q)ﬂez(n)R' yor
Vipl %ol l¢|=0
J+% zx+%
AXAJ/ / / Riv1,ja1(x, y) dxdy = Z(A) Buy (0) B, (DR, 1
Vied Xigl le]=0

Denoting the approximation of ii(Xi1g, ¥j+6) by Qite,j+n, We write it as
k
Qito.jin= y_ (D) (0% @)ate, (MR + Bey ©)te, (DR,
1¢1=0 (23)
+ e, (0)Bey (MR + By (0)Br, (DR, m)
where the explicit forms of ay, (8), e, (1), Be, (), Be, (1) are given in (5) and (6).
3.1. General properties

In the following proposition, as in Proposition 2.3, we show that the approximation Qi;¢,j+y is of order (k + 2) of
accuracy for an even integer k > 0. For simplicity, we assume Ax, Ay =h > 0.

Proposition 3.1. Let k > 0 be an even integer and u be smooth enough so that a piecewise polynomial R(x, y) = Zi’j Ri j(x, y) xi,j(x,
y) satisfies

=R+ 0@, rea

u® ) ©) ) k+2—|¢

ui —u =R =R+ O &h, ¢eB (24)
w9 _4©® O] () k-+2—¢

U —up g =R =R +OMT,rec

where the set A, B and C are defined
={{:|¢|=even, 0<|f| <k},
={{:¢1=o0dd, ¢;=ceven, 0<|¢| <k}, (25)
={€:¢1=even, {y=o0dd, O0<|¢| <k}

Then the reconstruction Qjyg,j+y gives a (k + 2)-th-order approximation of sliding averages ;¢ j1, forany 6, n € [0, 1).

10



S.Y. Cho, S. Boscarino, G. Russo et al.
Proof. For detailed proof, see Appendix D. O
The conservation property also holds in the 2D reconstruction (23):

Proposition 3.2. Assume that R; j(x, y) satisfies

Yivd Xl
1 _ L
AxAy/ /Rf,j(x,y)dxdy=ui,j, (i, J) eI
Vieyhieg

Then, for periodic functions ui(x, y) with period (L, L) = (Nh, Nh), N e N

D Qipojre= Yy, dij,

1<i,j<N 1<i,j<N

forany 6,1 €[0,1).
Proof. The proof is similar to the one-dimensional case. O

4. Semi-Lagrangian schemes for hyperbolic systems with relaxation

Journal of Computational Physics 432 (2021) 110159

In this section we apply semi-Lagrangian methods based on the conservative reconstruction (7) and (23) to two semi-
linear hyperbolic relaxation systems, namely, Xin-Jin system [30] and Broadwell model [31], where a relaxation parameter
k makes each system stiff as k — 0. In order to treat the stiffness, we use L-stable s-stage DIRK methods or BDF methods)
[32]. Following conventional notation, we represent L-stable s-stage DIRK methods by Butcher’s tables:

c|l A
b

where A = [ay¢] is a s x s lower triangle matrix such that ay, =0 for £ >k, ¢ = (c1,...,¢5)T and b = (b1, ...,bs)T are
coefficient vectors. (For BDF based methods, we refer to Appendix E.1.) In the numerical tests for each order of accuracy, we

will use the following high-order L-stable DIRK methods:

e second-order DIRK method (DIRK2) [33],

o o 0
11— o, a=1-—
1—-0 «o

ol

o third-order DIRK method (DIRK43) [34],
0 0 0 O
2y 14 y O
c c—6—y 5y
1 |1—by—bs—y by b3
1—by—b3—y by b3 y

R © ©o o

1767732205903 3 4482444167858 11266239266428

640167445237

with y

= 2055673282236’ © 5' 2T 7529755066697 >  11593286722821°

4.1. Xin-Jin relaxation system

Consider a simplified Xin-Jin relaxation system [30]:

d

ou av
e — =0,
at + ; 0X;

11

T 6845629431997

(26)

(28)
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where d denotes space dimension. When « goes to zero, the solution in (28) converges to

d
u IF (u)
ou —0, v=F), 29
at+i§ i v=F() (29)

provided that the subcharacteristic condition is satisfied, i.e., max, |F’(u)| < |a| (see [35]). For example, taking F(u) = u?/2,
the system (29) formally becomes the Burgers equation:

d 2
au au u
—+)Y u—=0, v=—. 30
at ; 0Xi 2 (30)
In this equation, shocks may appear in a finite time and we need to impose our scheme to be conservative to capture the
positions of such shocks correctly. We treat this shock problem in section 5.

4.1.1. Semi-Lagrangian scheme for Xin-Jin relaxation system
Hereafter we fix a=1. Using u — v = f and u+ v = g, we rewrite (28) as

Zaxl ()]

(31)
og 8_g:_1[g—f _F(g+f)]
at — 0X; K 2 2
Based on this, we consider its Lagrangian formulation:
dX

T o, t)-——[ (g”) g f](xm) o, Xi_

K 2 2 dt (32)

_ g—f g+f dX;

—(Xz(f) t)= T [T—F<T>] (X2(0),1t), F_L

where 1 =(1,---,1) € N? and X; (") = X, (t"*1) =x; e RA.
To clarify high order methods for (32), we introduce the following notation:

e The ¢-th stage values of f, g along the backward-characteristics which come from x; with characteristic speed —1,1 at
time t" + cy At:

FEO% fi+ (c— coAt '+ coAD), 59~ f(xi — (ck — cOAL " + ¢ AL

where “~” implies the necessity of suitable reconstructions. We also denote k-th stage value of f, g on x; by

O = fo "+ qan, g = g(x,-, t" + c AL

for 1 <k <s where f(k) = u(k) k and g (k) + v(k)
e For £=0, we set c;, =0 hence
% (k,0 ~(k,0)
FO~ fai+aat ™), g59~ g — At th). (33)

e Define a RK flux function by K; := F(u) — v, K, := —Kj, then
KO~ Kj(x — hjlor — c) AL + oAb, j=1,2
where A = —1,2, =1 and 1<<") K (i, " + i AL).

With these, we can represent a high order method compactly. Applying a L-stable s-stage DIRK method to system (32),
we have k-stage values

At k
(k) _ 7,0 (k,0)
fi —fi _72 :alei,l )
k ~(k,0 k.l
gz()_ 1(< ) E:aZK( )7

12
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1 141
o e . LR . .
K5 K K
"+ el At —@ S ° ° o
" @ @ @ @ L
2,0 ~(1,0 (1,0 72,0
20 PR (K 20

Fig. 4. DIRK2 based SL method for Xin-Jin model. Gray circles are points where reconstruction is required.

for k=1,...,s. It is worth mentioning that each k-stage value can be computed in an explicit way. After summing and
subtracting two equations in (34), we obtain

~k,0) . (k0 k—1
o _ &  tfi At ®0 | k0
bE T T (K“ +Kis )

~(k,0) (k,0) k—1

® _ & f, At (k,0) (k,0) akkAt k) _ &

Vi %_ﬂ Zakl(K’?2 — ki ) Tt (F( ) - ")'
=1

(k (k)

Here we first compute u; ) and use it to obtain v(k) Then, we recover the values of f<k) and g;

£ —y® o gy

using the relation:

Since we only consider stiffly accurate DIRK schemes, the s-stage values become the numerical solutions: fi"“ = fi(s) and

g?“ g,.(s). A schematic illustration of DIRK2 based scheme is given in Fig. 4. For any term where reconstruction is required,

we use QCWENO reconstruction (7). In a similar manner, BDF based methods can be also devised. The details are described
in Appendix E.1.

Remark 4.1. In case of the implicit Euler method for s =1, by taking a limit ¥ — 0 in (35) we obtain

(1,0 (1,0

+
u';“ % V?H _ F(u?ﬂ)! (36)
for all n > 0 regardless of initial data. Now, we assume At = Ax, combine (36) with (33), and use the relations u — v = f
and u + v = g to obtain

1 1
+1
I = 2 (g ) — o (F () = F ().
This is the Lax-Friedrichs method of the conservation law in (29) with At = Ax.
4.2. Broadwell model
Next example is the Broadwell model of kinetic theory [31]:
1
3tf + 8xf =-Q
K
1
Org — g =-Q (37)
1
dh=--Q,
K

where Q = h? — fg. Introducing the fluid dynamic moment variables density o, momentum m, and velocity u and an
additional variable z as follows:

p=f+2h+g m=f-g z=f+g, (38)
the system (37) can be rewritten as

atp +dym=0

ogm+40xz=0 (39)

1/ 2
atz—i—axm—ﬂ(,o —2pz4+m )

13
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Note that the original variables can be recovered by
z + m z—m p—2z
= = . h =
f= 8=— >

As k — 0, one can see that z goes to a local equilibrium

_ by 1 2
zZ— zp(p,m) = pr+m)=-(p+pu
20 2
and the system (39) becomes the Euler equations:

otp+oxm=0
1 (40)
dem + 0y <5 (,0 + pu2)> =0.

4.2.1. Semi-Lagrangian scheme for the Broadwell model

Here, we consider again DIRK methods based on Tables (26)-(27). The schemes are also explicitly solvable with algebraic
computations. (For BDF based methods, see Appendix E.2.)

Let us denote k-th stage values by fi(k), glk) h(k) 1 <k <s, and introduce the following notation:

k k k k
Qb = (h®)2 — [0 g%
k.0 n k.0) ~ n
Qi1 Qi —(ck —Cco)AL 7 +crAl), Q57 ~ QXi + (ck — CO)AL T+ CeAb),
k) k.6 .
fi( )& f(xi — (ck — COAL " + o A), g,-(‘ ) & g(xi — (ck — CoO) AL " + o AL).

Here we also use the QCWENO reconstruction (7) for interpolation. Applying a s-stage DIRK method to (37), we can write
k-th stage values in a compact form:

Qi At
fi(k) — Fi(k) kk Q(k) F(k) f(k ,0) + = Za Q(k )
(k k alkAf k k k 0 k ¢
K1
® _ ) akkAf GRS At 0
hY =H - =—q H; .:h?—YZangi ,

for k=1,2,...,s. For explicit computation, we first need to compute Fi(k), ng) and ka) using (41). Then, we can update

k) @) (k)
h®, f

and g;" as follows:

! k K ! k
po _ uAtHY + FOYHP + 6 + e
i = ,
aue At (G§"> +2H® 4 F-(k)) . (42)
fi(k) _ Hi(k) n Fi(k) _ hz(k)! gl(k) Hi(k) n Glgk) _ hz(k)-
Here the SA property also implies f1 = f, g"*1 = g and A" =h®.

Remark 4.2. In case s =1 for implicit Euler method, under the assumption At = Ax, the relaxation limit k — 0 in (42)
gives

(W + 1) + g7, )

iy +2h7 + fity (43)
+1 _ (1,0) +1 +l (1,0) +1
[ =hl+ 7 —hiT, gl =hl g R

hlj+1 —

This limiting scheme coincides with the relaxation scheme in [36] applied to the Broadwell model. Also, using the relation
(38), we can rewrite it as follows:

14
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1 1
pft = pl' - 5 (miyy —mi_y) + 5 (#Zy —22] +74).

1 1
+1
i= 5 (Mg +miy) = 5 (z 1 —2)
+1y2 +1y2
e _ (P + m{") .

1 2p;”l+]

m

We note that the scheme projects numerical solutions to equilibrium after one time step.
5. Numerical tests

Our main interest is to confirm the performance of the proposed reconstruction in one and two dimensions. For nu-
merical experiments, we consider the reconstruction (7) and (23) based on CWENO reconstructions. This section is divided
into three parts: 1D Xin-Jin model (28), 1D Broadwell model (37) and 2D Xin-Jin model (28). For each system, we check
the accuracy of the corresponding semi-Lagrangian schemes and consider the related shock problems which arise in the
relaxation limit x — 0. Considering that the maximum characteristic speed of Broadwell model (37) and 1D Xin-Jin model
(28) with d =1 is given by 1, we set CFL= At/Ax using uniform grid points based on Ax and At. For 2D Xin-Jin model
(28) with d = 2, we use CFL= +2At/Ax = +/2At/Ay.

5.1. 1D case for Xin-Jin model
Here tests are based on the numerical method in subsection 4.1.1. Note that we adopt F(u) = u?/2.

5.1.1. Accuracy test
We take well-prepared initial data up to first order in x [37]:

ug(x)
2

Uo(x) = 0.7 +0.2sin(x), vo(x) = + i (w0 — 1) o0, (44)

where periodic boundary conditions are imposed on x € [—1, 1]. In the limit k — 0 with F(u) = u?/2, system (28) becomes

the Burgers equation where shock appears after the positive minimum time: Tj, := inf . In view of this, we take

u6<0{ ug(x)
a final time as T/ =1 which is less than the breaking time T, = 5/ ~ 1.5915. In this test, we use several values of
CFL=At/Ax < 1. We remark that the subcharacteristic condition max, |F'(u)| < 1 is always satisfied. In Table 2, we verify
that a DIRK2 based method attains its desired accuracy between 2 and 3. In Fig. 5, DIRK43 based methods attain the desired
accuracy between 3 and 5, while some order reduction appears in the intermediate regimes. We remark that the spatial
errors are dominant for small CFL numbers, which make it easy to observe the order of spatial reconstructions. On the
other hand, for large CFL numbers time errors become dominant, thus determining the numerical order of accuracy of the
method.

5.1.2. Shock tests

To confirm the conservation property of the proposed reconstruction in shock problems, we here compare numerical
solutions obtained by conservative semi-Lagrangian schemes with non-conservative ones.

o Smooth initial data. We first take a smooth initial data

u3(x)
=

upg(x) =0.74+0.2sin(rx), vox) = (45)

where periodic boundary condition is imposed on x € [—1, 1]. We use grid points of Ny = 160 up to final time T/ = 4. Each
time step is taken by At = CFLAx. For each time t =t", we compute the relative conservation error as

n 0
EM .— ’Zi”i _Ziui|
con *— 0 .
| Xiup|
In Fig. 6, we compare the numerical solutions obtained from our reconstruction, linear interpolation (first order scheme),
GWENO34 and GWENO46 [6] with the reference solution in [38]. We observe that the use of our reconstruction and linear
interpolation leads to correct shock position. Also, the corresponding conservation errors show very small change as time

flows. In contrast, conservation errors become bigger when we adopt GWENO34 and GWENO46 reconstructions after time
t =1, which give wrong shock positions. (See Fig. 6.)

15
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Table 2
Accuracy test for 1D Xin-Jin model. Initial data is associated to (44). The errors and convergence rates are reported for DIRK2-QCWENO23.
Nyx-2Ny k=108 k=107 k=10"% k=102 k=107
error rate error rate error rate error rate error rate
% =0.1 160-320 141e-05 2.99 1.41e-05 2.99 1.40e-05 2.99 7.40e-06 3.01 4.16e-06 3.00
320-640 1.78e-06 1.78e-06 1.76e-06 9.22e-07 5.22e-07
% =03 160-320 1.27e-05 2.62 1.27e-05 2.62 1.22e-05 2.71 6.38e-06 2.77 3.44e-06 2.99
320-640 2.07e-06 2.07e-06 1.86e-06 9.33e-07 4.34e-07
% =0.5 160-320 2.02e-05 1.99 2.02e-05 1.99 1.89e-05 2.09 7.79e-06 215 2.55e-06 2.96
320-640 5.07e-06 5.06e-06 4.45e-06 1.75e-06 3.27e-07
%( =0.7 160-320 4.02e-05 1.98 4.02e-05 198 3.82e-05 2.04 1.44e-05 2.04 1.62e-06 2.86
320-640 1.02e-05 1.02e-05 9.28e-06 3.50e-06 2.24e-07
% =0.9 160-320 6.80e-05 199 6.80e-05 1.99 6.53e-05 2.04 2.48e-05 2.06 8.59e-07 235
320-640 1.71e-05 1.71e-05 1.59e-05 5.94e-06 1.69e-07
32 55
3 1 — — — 4
a1
\ /
g —6—CFL=0.1| \
281 ] 45 —A03 AN /1
/ 05 \ /
N\ —e—07 \ /
L 267 Y ] . $—09 \ ]
[} [0 /
2 B /
o] o] /
241 1 351 1
221 e cri=0q ]
—A—03
05
2 P 1 251 1
0.9 g
18 . . . 2 . . .
108 108 10 102 10° 108 108 10 102 10°

Relaxation parameter

(a) DIRK43 - Q-CWENO23

Relaxation parameter

(b) DIRK43 - Q-CWENO35

Fig. 5. Accuracy tests for 1D Xin-Jin model. Initial data is associated to (44). x-axis is for the relaxation parameter x and y-axis is for order of accuracy
based on Ny =160, 320, 640.

o Discontinuous initial data. In this test, we again solve the system (28) with initial data

09, x<0

0, x>0

u(x)
2

up(x) = . Vo) = (46)

under freeflow boundary condition on x € [—1, 1] with grid points Ny = 160 up to final time T = 1. In this test, we
compute the conservation error using

i |> i ulAx — 0.9 (14 st™|
con 0.9 ’
where s is the speed of shock, which is given by s = 0.45.
We show our reconstruction can be more effective in capturing shock position. In Fig. 6, we again compare the numerical

solutions for different reconstructions. As in the previous shock test, our reconstruction and linear interpolation show better
performance in capturing shock position compared to GWENO34 and GWENO46 reconstructions.

Remark 5.1. In the section 5.1, we confirmed that for Xin-Jin model high-order DIRK based SL schemes work for all ranges of
relaxation parameters. We also observed that, in the limit x — 0, oscillations appear near discontinuities for all high-order
RK and BDF based SL schemes. To understand these phenomena, as a simple case, let us consider F(u) = bu for |b| < 1. We
will show that oscillation appears even after one step t =t! for arbitrary second order DIRK based SL schemes with linear
interpolation (see Fig. 7). We use the Butcher’s table given by

16
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=4 t=1
1 : : . 1.2 : —
Linear |
0.95 GWENO34 | 4 |
GWENO46 1 I 1
0.9 Q-CWEN023 | | |
Q-CWENO35 h(
0.85 — — —Reference 4 0.8 i B
: |
0.8 I
’ 0.6 ,
075 \
|
04r ‘ 1
0.7 |
\
0.65 0.2 Linear b
GWENO34
0.6 GWENO46
or Q-CWENO23
0.55 Q-CWENO35 !
— — — Reference ‘
05 . . . 02 r : r . . . o .
1 08 06 -04 -02 0 02 04 06 08 1 4 08 -06 -04 -02 0 02 04 06 08 1
X X
(a) Comparison of numerical solutions w.r.t. reconstruction at x € [-1,1]  (b) Comparison of numerical solutions w.r.t. reconstruction at x € [—1, 1]
t=4 t=1
1 T : : 1.2 : . .
| Linear | Linear
0.95 I GWENO34 | | | GWENO34
| GWENO46 1h | GWENO46 |
09+ I Q-CWEN023 | 4 I Q-CWENO23
I Q-CWENO35 I Q-CWENO35
0.85 | — — —Reference 4 0.8 | — — —Reference
| |
0.8 ! , !
: | 0.6 |
| |
0.75 |
07 | 04
|
0.65 } 02k
0.6 I
\ ol \
0.55 } }
05 . . . . | . . . . 02 . . . . | . . . .
025 -024 -023 -022 -021 -02 -019 -0.18 -0.17 -0.16 -0.15 0.4 041 042 043 044 045 046 047 048 049 05
X X
(c) Numerical solutions w.r.t. reconstruction at x € [—0.25, -0.15] (d) Numerical solutions w.r.t. reconstruction at x € [0.4,0.6]
t=4 t=1
102 w 10° w
104k e ] ]
s i
. ~
,/‘/ |
6 [ -
_ 10 / _ 10°f il
5 = 5
[ o b //// Linear 3 o Linear
s 10 e GWENO34 s GWENO34
T / GWENO46 ® GWENO46
g s Q-CWENO23 | ] 5 Q-CWENO23
2 —— Q-CWENO35 2 4ol | Q-CWENO35
S S 10701 B
[$) o
L ! WM V\ﬁ 10715
b e

1 1.5 2 25 3 3.5 4 0 0.1 02 03 04 05 06 07 08 09 1

time time
(e) Conservation errors w.r.t. time (f) Conservation errors w.r.t. time

Fig. 6. Shock tests for 1D Xin-Jin model. Left: initial data (45) with CFL= 0.5 Right: initial data (46) with CFL= 0.3. The results are obtained by DIRK43
based SL methods for k = 10~8 with various reconstructions.

Then, with the initial conditions (46), the following calculation verifies our remark. e Assume CFL= % <1, and
@ 5 ud ud ufd . ud ,)=(0.9,0.9,0.9,0.9,0). Then, in the limit k — 0, we have
(> — 1)(A1)?

0 0, ,0
8(Ax)? (Ui_y —2u; +ugy,)

At At bAt
1 0 0 0 0 0
up = (1 - —> up + IAx ﬁX(”i—l +uig) + I Ax ﬁx(”i—l — U+
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: . .
| Linear
| — — —Reference
|
|
|

0.8 | q
|
|

. |

02F }\ 1

02 ‘ ‘ ‘ i ‘ ‘ ‘
02 015 01 005 0 005 01 015 02

Fig. 7. Shock test associated to Remark 5.1. For x = 10~8, DIRK2 based SL scheme is implemented with linear interpolation. Note that oscillation appears at
T/ = At =0.00625.

B2 2
=0.9 (1 + w) > 0.9,

8(Ax)2

for any o1 # 0, 1. In [39] the authors show that implicit RK and multistep schemes of order higher than one cannot be a
TVD when applied to Burgers equation.

5.2. 1D Broadwell model
Now, we move on to the semi-Lagrangian schemes for 1D Broadwell model (37).

5.2.1. Accuracy test
To check the accuracy of the proposed schemes, we consider well-prepared data [3]:

(x)=1+apsin 2jtx upg(x) = ! + ay sin an
pPo(X) = 0 . 0(X) = 3 u . (47)
2o(x) = zg(po(x), Ug (X)) + K21 (Po(X), Up(X))
where a, = 0.3, a, = 0.1, L =20, T/ =30, and
H (00, mp)
Lo ’
H(po, mg) = (1 —0pZE + (3mZE)2> 0xMo + (3pZEOmZE) 0x Lo-

1
Zg (o, mg) = 200 (,03 +m%), z1(po, mp) = —

The periodic condition is imposed on [—20, 20] upto final time T/ = 30. We take different CFL numbers less than 1. The
order of convergence is based on the grid points Ny = 160, 320, 640. Here the desired accuracy for DIRK2 is between 2 and
3, while for DIRK43, it is between 3 and 5.

In Fig. 8, one can see that the DIRK2 based method attains the desired accuracy for all ranges of k. On the other hand, in
the limit k¥ — 0, the DIRK43 based method shows order reduction, which could be prevented by adopting the BDF3 based
method. For small CFL numbers, space errors dominate so the order of accuracy comes from spatial reconstruction, while
for large CFL time discretization errors dominate so the order of accuracy comes from time integration.

5.3. Shock tests

We consider a test in [2] with the following initial data:

2,1,1) x<02
,m, z) = ,xe[-1,1]. 48
® ) (1,0.13962,1) x> 0.2 [=1.1] (48)

In Fig. 9, we depict numerical solutions at final time T/ = 0.5 using Ny = 200. For comparison, we also plot the reference
solutions obtained by solving (39) with an Eulerian approach based on finite difference scheme using RK4 and WENO35.
To compute the reference solutions, we take a sufficiently small time step At =0.7Ax with Ax=0.5 x 1073 for x = 1079,
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Fig. 8. Accuracy tests for 1D Broadwell model. Initial data is associated to (47). x-axis is for the relaxation parameter « and y-axis is for order of accuracy

based on Ny =160, 320, 640.

q=0,1,2,3. Note that the proposed schemes allow large CFL > 1 with the choice of relatively large relaxation parameters
Kk =1079, g =0,1,2, still showing good agreement to the reference solution. In case of k¥ = 1073, since we observe some
oscillations appearing near the discontinuity for CFL > 0.8, we plot solutions for CFL < 0.8. With x = 1073, our solution
captures the same shock position of reference solution, and the mismatch around x = 0 becomes negligible as we take

smaller time steps.
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Fig. 9. Shock tests for 1D Broadwell model. Macroscopic variables p (red - top), m (blue - bottom) and z (black - middle). We use the initial data in (48).

5.4. 2D simplified Xin-Jin model
For 2D tests, we here consider the DIRK2 based method.

5.4.1. Accuracy test
Here, we use well-prepared initial data:

ug(x, y)

S+ (U3 ) = 1) (Bxuo(x. ¥) + dyuo(x. y)). (49)

uo(x, y) = 0.8sin®(x)sin®(my), vo(x,y)=

The computation is performed in (x, y) € [0, 1]* with the periodic boundary condition with Ny = Ny. In this problem, the

breaking time is Ty = ~ 0.3063, we take a final time as T/ = 0.15. Since |ug| < 1, the subcharacteristic condition

1
0.67+/3
. . . . . At At .
is satisfied. We restrict the ratio to satisfy +/2 yvin V2 Ay < 1. In Fig. 10, we confirm that SL schemes based on DIRK2 and

BDF2 attains desired accuracy between 2 and 3 for all ranges of the relaxation parameter «.

5.4.2. Shock tests

Now, we move on to 2D shock tests for (28).
o Smooth initial data. Here, we solve the relaxation system (28) to capture the profile of the shock in Burgers equation. For
this, we consider the following initial data:

ud(x,y)

ug(x, y) = 0.8 sin® (7 x) sin® (T y), 5 (50)

Vo, y) =
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Fig. 10. Accuracy tests for 2D Xin-Jin model. Initial data is associated to (49). x-axis is for the relaxation parameter « and y-axis is for order of accuracy
based on N = N2 =160%, 3202, 6402,

11
(a) N, = 200

11

(c) Ny =400

(d) N, =400

Fig. 11. Shock test for 2D Xin-Jin model. Initial data is associated to (50). Numerical solutions are obtained by DIRK2 based SL scheme for x = 10~4. Mesh
plot (left) and contour plot (right) of the solution u with Ny = N, = 200, 400.

At At
on the periodic domain (x, y) € [0, 1] with grid points N, = Ny = 200,400 and mesh ratio ﬁﬂ = ZA_ =0.25. In

Fig. 11, results are reported for t = 2. Here, we only present result using 2D SL methods based on DIRK2 and Q-CWENO23.
o Discontinuous initial data. This test has been solved by solving a viscous Burgers equation in [40]. Here, we instead
solve the relaxation system (28) to capture the correct shock position of Burgers equation. Initial data is given by
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Fig. 12. Shock test for 2D Xin-Jin model. Initial data is associated to (51). Numerical solutions are obtained by DIRK2 based SL scheme for x = 10~. Mesh
plot (left) and contour plot (right) of the solution u with Ny = N, =200, 400.

—-0.5, x>0,y>0

025, x<0,y>0 ua(x, y)
Y , vox,y) =200

0.25, x>0,y<0 2

0.5, x<0,y<0

ug(x) = (51)

At At
with freeflow boundary condition (x, y) € [-1, 1].2 with grid points Ny = Ny =200, 400 and mesh ratio ﬁA—x = ﬁA_ =
0.25. In Fig. 12, we plot the results for t = 2. We only present result using 2D SL methods based on DIRK2 and Q-CWENO23.

6. Conclusions

We propose a simple technique to restore conservation in semi-Lagrangian schemes when non-linear reconstructions
are adopted to avoid spurious oscillation or to preserve the positivity of the solution. The reconstruction is obtained by
taking the sliding average of a basic non-oscillatory (positive-preserving) cell-average to point-wise reconstruction R, thus
it inherits the non-oscillatory (positivity-preserving) property of R. A detailed analysis is performed of the proposed recon-
struction, proving its accuracy and conservation properties, and its consistency with Lagrange interpolation in the case of
linear basic reconstruction. A two-dimensional extension is also considered and analyzed. The technique is then tested on
the Xin-Jin relaxation system in one and two space dimensions, and on the 1D Broadwell model. Applications to BGK model
and Vlasov-Poisson system will be presented in the second part of the paper.
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Appendix A. Proof of Proposition 2.1

Proof. We first write (7) as

k ¢ k
1 /1
Qo= Y. (A (a@(G)R,.(Z) -+ ((£+1)! (5) —Olg(@)) Rfﬁ) + ) (A0 a®) (R}‘f) Rfffl) (A1)

{=even {=odd

This, together with the assumption (12), gives

k l
1 1
Qro= Y. (A% (ae<9>u§“+< i <5) —W(Q)) l+1)+ > @0 e @) (uf - ully) + ax'

{=even ¢=odd

k
= Z(AX)Z (o{g(@)ul@) + ﬂz(Q)ugf?]) + (Ax)k+2.
=0

Using Taylor’s expansion u(l) = ul@) + uEHl)Ax—l- %ul(“z)(Ax)2 + %u§€+3)(Ax)3 + ..., we obtain

k+1—¢ u(€+m)
Qiso = Z(Ax) (az(e)u“” +Be(®) Z T (Aw) ) +0((an*?)

" , (Z+m) k u(k+1)
_ ZX(;(AX)ZOM(G)u( )y gn;)mx)“mm(e) + Z(Ax)k“ PO = O ((ax2)
- 0 k+1 (k+1) k+2
= a0 @u + %(Ax) B0 Gy =g + O (40F72),

14

where 1,(60) = a¢(0) + ) ﬂm(e)( 1m) Note that

m=0

k k+1

Zﬂz(%ﬁ = og+1(0) + Z ﬂm(G)% Ae+1(0).
= (k+1-—20)! = (k+1—m)!

The first equality follows from o1 (0) + Bk+1(6) = 0, which holds due to (9) for an even integer k. To sum up,

k+1
Qiso = Y (AN % @u +0 ((Aax}72),

=0

and this can be written explicitly as follows:
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Qivo =u” +6u Ax+ 1 u® (Ax? + il u®(ax?® + o +£+—1 u® (ax*
i i 2 24 6 24 48 1920/

0 6 0 0% 0% 02 1
+(—+—+@>u§5)( Ax)® + ( e )u§5>(Ax)6+--~+O((Ax)’<+2)

120 ' 144 720 ' 576 ' 3840 ' 322560
k+]
O (Ax) + (Ax)? (t+2) (Ax)* (C+4) o ¢
_Ze'l(A) 24 [Zﬁ'f (& )+19202£'f (A%)
(A° & LD k+2
322560Z P +O<(AX) )

Consequently, we can derive

Ax)? A
Qi = ki) + 4 (xi50) + (19’;)0 U (ag) + -+ + O ((A0)142)
1 14
= © Z k+2
= Z (Ax‘u (X1+9)(€+1)'( ) +(9<(Ax) )

{=even

=(xi10) + 0 ((A0*2). 0
Appendix B. Proof of Remark 2.2
Consider any polynomial reconstruction R;(x), Ri+1(x) € Pk of the form (4) such that
a0 = R = 0 (a0 170), u@xipn) — R, =0 ((an170),
From the assumption that nge) is represented by Lipschitz functions F, of {u;_;,---, Uj+s}, we can write it as
RO =u® () + Fe (@ir, -+ i) — 10 (x),

where F (li_r, - , Uis) —u© (x;) = O ((Ax)¥*17). Also, in (13), one can see that the function pgl) € P¥=¢ is written with
a Lipschitz function G, of {u;_r,---, uj4s} such that

P =uD00) + G @ir -+ Bis9) —u D), G i, i) —u®x) = O (A1),
Now, let us define Hy ({tii—r, - - - , Ujts}) by
Hy (@i, -+ Uigs) == G (Wi—r, -+ , Ujips) — Fo Ui—r, -+, Uiys) ,
then it is Lipschitz continuous W.r.t. {ili_r, -+~ , Uits} and H® (fi_y, -, lits) = O ((Ax)*+17¢). Consequently,
u®@) — R — (u(” (Xit1) — R,@) = {u("(xi) —p¥ (u(“(xiﬂ) - p,(i)])} + (p,“) Rl@) (pff?] — R,(?l)
=0 (A0 ) + He ({lir, -+ fish) = He (i, i)
=0 ((axk2).
Appendix C. Reviews on CWENO reconstructions
C.1. CWENO23 reconstruction

Here, we review the CWENO23 scheme described in [13]. We start from a polynomial of degree two P’b pr (%) which
interpolates u;_1, U;, Uj+1 in the sense of cell averages:

i)
1 . i
Ax / Popr(®)dx =iy, 1=-1,0,1.

Xi-¢—l—%
Then, this polynomial can be written as ngr(x) =1; + Uj(x — X)) + %ﬁ;’(x — x;)% with
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U L o, U — Uiy L, Wiy — 20+ Ui
Uy =1; — — (Ujyq — 2U; +Uj_q), Ui=—e, W=""T— "
i i 24( i+1 i i 1) i 2AX i (AX)Z

and it gives a third order accurate reconstruction of u in I;:

)

PBPT(X) =u(x)+ (’)(Ax)3, Vx e I;.

In the CWENO23 reconstruction, to avoid oscillations, we use the following convex combination:

Ri) =Y oPix), Y w,=1, ,>0, ke{L,C,R} (1)
k k

where P} and P% are first order polynomials such that

xi+l+% xi+l+%
/ Pl(dx=1iy, 1=-1,0, / Prxdx =1, 1=0,1,
- iy

which gives

Uj — Uj_q ; _ Ui — U

————(x—%), P () =1+ ———(x—x).
A ( i) R =1 + Ax ( i)

The second order polynomial Pic(x) is obtained from

Pi(x) =1 +

: 1 . ; .
PEO = ¢ (Popr() — CLPL) — CrPR)
with a choice of positive coefficients such that

CL,Cr,Cc>0, C=Cg, C+Cc+Cr=1.

A common choice is to set C; = Cg = 1/4, Cc = 1/2. The non-linear weights a),i< in (C.1) are chosen as follows:

. ai . C;
C();( = k oE a;{ = 7’ip’
ZZ a( (E + 'Bk)
where the constant € is used to avoid the denominator vanishing and the constant p weights the smoothness indicator. We

use € = (Ax)% or 107 and p =2 in the numerical tests. An explicit expression of smoothness indicators is the following:

k,te{L,C,R} (C2)

Bl = (i —Ui-1)% By = (lir1 —)?,
i 13 - T 2 1 - = 2
Bc = ?(uiﬂ —2u;+ui—1)“ + Z(Uiﬂ —uj—1)°.
We refer to [12] for details on CWENO reconstruction. As a consequence, the reconstruction (C.1) is third order accurate
in smooth region and automatically becomes second order accurate in the presence of discontinuity. The final form of the
CWENO23 reconstruction R;j(x) is given by

1
Ri(x) = Ri” + RV (x = x0) + S R (e — 1), (C3)
where
1 .
0 _ - - -
R =il — 5@ (Wiv1 =20 + i)
M U= i Uig1 —Uj i Uip1 — Ui
Ri"=w +o
i L ax R Ax ¢ 2Ax
R? =20 Uip1 — 2U; + Uj—g
! (Ax)?
The CWENO23Z reconstruction also takes the form (C.3), but its non-linear weights are calculated as follows:
i p
o= —gi—ci14 = k.te(L.C,R) (C4)
Kk = 7 k=L i s , > L .
ZZ 27 €+ lsk

where p > 1 and 7 = |8 — Bl|.
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Below, we prove that the condition (12) in Proposition 2.1 is satisfied both for CWENO23 and CWENO23Z if a given
function u is smooth enough. This shows that the corresponding reconstruction (C.3) becomes a fourth order accurate
reconstruction for smooth solutions. We first check if the condition (12) is satisfied by (C.3). For this, we assume that u is
smooth enough so that w} = 1 + el for el. = 0((Ax)?). We refer to [41] for the assumption. Then, we have

. 1 A\ o
Rgo) il — - <CC + €'C> Uipr — 2Ui +Uj—1)

—ii— = (5 +00ax)) (] + oan)

; 12 3 , (C.5)
— i — ((Ax)2 ”) +0((ax%
=u; +(9((AX) ).

P, ; i1 i i1 i vvith el el 2
Similarly, we write w; = 7z +e] and w} = 7 + e}, with e}, e}, = O((Ax)). Then,
Ui — Ui | Ui — U ol U1 — Ui

(€] i
R. = w
! L Ax + @R AX ¢ 2Ax

1T \[., Ax_, (Ax?_ 1 _, (A%
z(z+e1)[u/—7u;’+( 6) u§”]+(z+e‘R>[u +7 ”—I—( 6) ;”}

1 i — 1 2=m 3
+( 5 +ec ) |Ei+ g A0 | +0(ax’)

+—( 6) i 4+ 0((Ax)*).

In the last equality, we used ), a),’< =1. Hence, we can obtain

S, (Ax? _,
RV = RIy = ] — iy + @~ i1y) + O((AY?)
- (Ax)? _
= ilf — fijyy — @ — 8,) + O(A%?) (C6)
o (Ax)? _ (Ax)? _
= (”; 24 T U a4 iy ) + O(AN®) = uj — uj,, + O((AX)).

It is straightforward to show that

CUjyq — 20 +Uj— 1 Ujrq — 2Uj + Uj
R§2)=2w’c i+1 12+ i-1_, el i+1 12+ i—1
(Ax) 2 (AXx)
(C.7)

2
(1 + O((Ax) )) [ (Aé) a}‘”] =u! + O((Ax)%

From (C.5), (C.6) and (C.7), we confirm that (C.3) satisfies the condition (15) with k = 2.
Consequently, the condition (12) in Proposition 2.1 is satisfied by both CWENO23 and CWENO23Z.

C.2. CWENO35 reconstruction

We can take CWENO35 reconstruction [9] as a basic reconstruction R. Here we represent it as the following explicit form
of Ri(x):

4 p®
Ri(x) = — - x—x), (C8)

=0
with
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RO _ o 577{1' 29 Bt 19 i 29 Har 4 19 i
i 7% \480 " 240 "' 960 2 240 ' T g0 *2
® Uj_1 — 26U + Ujq ‘o 23ﬁ-+ ]11- ]ﬁ- tw 23ﬁ-+ ]ﬁ- 11]-
2 24 1 24 i 12 i—1 24 i—2 3 24 1 12 i+1 24 i+2
ngn — wc 8ilj_1 — Uj—p — 8Ujp1 + Uit + o 3uj — 4ty 3 3uj —4uip1 +Uip2 - Ui — Uit
12Ax 2AXx 2Ax 2AX
R? — 2wy uj — 21 + Ui + o) Ui — 2Uj + Uiy 3 Uj — 2Ujp1 + Uiy
! 2(Ax)? 2(Ax)? 2(Ax)?
10u; — 6uj_1 + Uj—p — 6Ujt1 + Uj42
—2w¢
4(Ax)?
RP = 6o Ui —Uip1  Uip — Uiy R = 240, Ui +6U; +Uiyp  Uig + Uit ,
! 3(Ax)3 6(Ax)3 ! 12(Ax)4 3(Ax)4
(C9)
where the non-linear weights w,'c are computed as in (C.2). (See also [9].)
The CWENOZ5 reconstruction also can be directly obtained from [11] with the following non-linear weights:
i t
ol = aki, al =Ci[1+ | . kee{1,2,3,0), (C.10)
ZZ O‘z €+ ﬂk

where t >1 and t = |/3§ —/3“.
Appendix D. Proof of Proposition 3.1

Proof. Recall the index set in (25). For each index set, apply corresponding approximations in (24) to (23). Then,

k
Qitojin= Y (A)Z<Olel @)ate, (Muf’) + e, @), (ul?; |
|€1=0 (D.1)

+ 0ty (0)Bey (MU + By (O)Bry (M, m) + Ok,

; ) ; () (0) ) .
Now, we consider Taylor’s expansion of Uiy o Ui jre Yitn jr

k—1¢] u([]er]'ZZ) u(€1+’<—\€|+5152)
o _ ij m ij k—€|+s
U= Q) ———(A)™M + = (A
i+1,j 2 m! (&%) (k — €] +s)! (&%)
m;=0
k—¢| u(51,52+m2) u(fl,iz-&-k—I@HS)
o _ ij m ij k—1€|+s
U= ), ——— A"+ - (AX
SEEDY mr (&Y ke s AY
my=0
k=le| o (e+m) yerm
() ij m i,j m
Uilq i = AT+ —=—— (A",
1 j+1 Z_: m1!m2!( ) _Z m1!m2!( )
[m|=0 |m|=k—|€|+s

where m = (my, my) is an multi index. Inserting this into (D.1), we obtain

k

Qirajn = Y (A Ac@, muf) +T0,m) +0 (H+?), (D:2)
1£]=0

where A¢(6,n) and I'(8, n) are given by

£
Ae(8,m) = e, (O, () + e, () Y Bimy (6)

mq1=0

1
(£ —my)!

€]

1%}
1
+ag©) ) By () s > By (0)Bmy () @
|m|=0

msy)!
o 2)

—my)!(ly —my)!
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k u(51+k [€]+s.€2)
L@ m =Y Be O, () —————— (A0 (a)
et ! 2k — 12] +5)!
(Z] Lo +k—|€]+s) k (£+m)
+ ZO% (G)ﬂez(U)W(AY)HZ'H(A)Z+ D Bu@But) Y ()"
[€]=0 1€]=0 imi=k—el4s 12

Now, we add 0 to I'(8, ) using the following identity:

0= )" () +Be, ) (e, () + oy () uf ) (A)"

|e|=k+1
= Y @ mud) + Y fu@anmulla) o
Je|=k+1 P
+ Y an@BumullA + Y B ®)nmul (A,
Je|=k+1 W
then
k+1 (€1+k [€]+s,€2)
LOM+0="Y" ar@anmu] ) + Y ﬂgl(9)0[[2(n)i(Ax)k—MH—s(A)e
(k—1€] +)!
[€]=k+1 e1=0
k+1 u(il Lo+k—|€]+s) ki1 (Zer)
e — k—1€]4+s ¢ AE B oyt
+M|2:an1(9)ﬂez(7)) T (A) +m2=joﬂel(e)ﬁzz(n) ‘m‘ZkZ_WH )

This reduces to

r@.m= Y (&) Ac® nuf}.
[e|=k+1

Based on this formula, we rearrange all terms in (D.2) as follows:

Qi ivp =Uj j+0AXU, . +nAyu ; + 92 L (Ax)zu ’7_2+l (APl + noAxAayu)
i+6,j+n = Ui j ij TNAYU; ; 24 24 y)u;j—n yu;

2 2
03 o 062
Ax 3 ", A A "\
+<6 24>( »7u <2 +24>( X Ay
9772 0 2 /\\ 773 3 \\\
- Ax(A - A
+<2 +24> x(Ay)“u 6 (Ay)’u
+ o+ O(hFT2)
(Ax)? o (Ay)?

— 1. . k+2
= Uito.jn T~ Uigg jun T 5 Uite jon T O
=Ujyg,jiy+ O(h*+2),

which completes the proof. O

Appendix E. Semi-Lagrangian schemes for hyperbolic system with BDF methods

The BDF methods [32] for an ordinary system y’(t) = f(y) can be represented by

N
=Dyt

k=1

where o, and B are coefficients corresponding to s-order BDF methods. Here, we consider two cases s =2, 3:

4 1 2
BDF2: yn+1:§yn_§yn71+_fn+1
18 9 2
BDF3: n+1 _ % _ = yn= 1 & n-1 n+1
VUEY oY Y f
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E.1. BDF methods for Xin-Jin model

Applying BDF method based SL methods to (32), we obtain:

fin+1 Zak fn k + ﬂ Kn+l
k 1 (E-l)

11+] Za + ,35 = I(TH-] .
Here we use the following notation:

e For k=1,...,s, the (n+ 1 — k)th stage values of f, g along the backward-characteristics which come from x; with
characteristic speed —1, 1 at time g,

T~ o +kae, 1R, g a g — kAt (1R,
e Fluxes at time t"+1:

Kin;rl ~ F(u?“) _ V?+] Kn+1 K"H.

The procedure for BDF based methods are simpler than DIRK based methods. At first, for k=1, 2,...,s we interpolate
fr * and g *kon x; + kAt and x; — kAt from {fM17%} and {g"""7*}, respectively. Then, by summing and subtracting two
equations in (E.1), we compute:

Zk 105k( nlc+fnk)

u?ﬂ
2
o = K Xk (gr ! f"nyk) /2+ PAtk (u?H)
L K + BsAt '
Then, we recover
fin+l — uzi‘H—] _ V?-H, g:1+1 1i1+1 + V?-H.

E.2. BDF methods for Broadwell model

Now, we extend this to high order s-order BDF methods. The solutions are obtained by

/3 At ~ e
fin-‘rl — Fl’l S Qn+l Fln = Zakf,-n’(,

Bs At
gt =Gl + =", Zakg” K (E2)
h?ﬂ —HI — 5sKAt QnH, Za hn+1 —*
where

an-ﬂ — (h?+1)2 _ fin+]g?+l’ fin,k ~ f(xi — kAE, tn+l—k), g? ko g(xi + kAL, t”“_k).
Then, we can update solutions by solving (E.2) as follows:
BsAt(H! + FI)(H} 4 G) + k HY
BsAt (G 4+ 2H! + FI') + «
I =HI 4 F R g = H G - R

hlj+1 —
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