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In this paper, a novel Fractional-Order Element (FOE) is
modelled in a wide frequency range. The FOE is based on
a green bio-polymer, i.e., Bacterial Cellulose (BC), infused
with Ionic Liquids (ILs). The modelling is performed in the
frequency domain and a lumped-circuit model is proposed.
The model is an evolution with respect to a simpler one al-
ready introduced by the authors, for a narrower frequency
range. Results show that ILs generate a quite complex fre-
quency domain behaviour, which can be described in the
framework of FOEs. Furthermore, results on the time sta-
bility of the device under investigation are given.

1 Introduction
The scientific community has the responsibility to

switch from the present grey economy to a greener econ-
omy [1]. New technologies are therefore required to improve
human-beings quality of life in the respect of the environ-
ment. Precision Agriculture (PA), Internet of Food (IoF), or
Smart Cities (SC) can give a relevant contribution to achieve
a sustainable growth. New technologies need to focus on
a smarter use of resources. In the electronics field, this goal
can be translated into the realization of new devices with new
functionalities, low commercial costs, and furthermore, an
eco-friendly production.

Because of the envisaged low cost, new electronics de-
vices will have an ever and ever reduced utilization life
and this could lead, unfortunately, to the increasing of
electronics-wastes, e-wastes, difficult to dispose. It is esti-
mated that 44.7 · 109 kg of e-wastes has been produced in
2016, [2] - an equivalent of almost 4500 Eiffel towers, while
in 2018 its production has achieved an amount of approxi-
mately 50 · 109, see [3]. Only 20% of this is formally recy-
cled [4]. Such an huge amount of e-wastes is very compli-

cated to dispose, not only because of the logistic, but also,
and above-all, because of the environmental impact. Indeed,
electronic devices can release dangerous chemical matters
into the environment, if they are not correctly disposed. Such
a scenario can affect both the environment and human being
healthiness.

A possible solution to this issue can be represented by
the development of new production technologies, which re-
quire using less energy and less polluting materials, pre-
ferring renewable energy sources and recyclable or bio-
degradable materials.

Research is focusing on the most common biopoly-
mer on Earth, i.e., cellulose, [5]. It is biocompatible and
biodegradable and, although it is usually produced by plants,
a new kind of cellulose, Bacterial Cellulose (BC), produced
by bacteria, has created a lot of interest in many research
fields (e.g. electronics, material science), due to its unique
properties, [6, 7]. BC has the same chemical formula of its
plant-derived counterpart but, thanks to its unique nature, it
can be produced in typical laboratory conditions, without an
excessive use of water, energy, or other non eco-friendly pro-
cedures, which are required by the pulp industry. BC can
be produced by commercial tea bags, sucrose, bacteria and
yeast strain, , and acetic acid. Sodium hydroxide is used for
the final product purification, see [8].

BC has been proposed for realizing composites capable
of both mechanoelectrical and electromechanical transduc-
tion capabilities. These have been exploited to realize sen-
sors [9, 10], power harvesters [11], and actuators [12, 13].

Along with environmental issues, research for new elec-
tronics needs to realize and implement new functionali-
ties. An important active area deals with the realization
of Fractional-Order Elements (FOEs) [14, 15], i.e. ele-
ments whose behaviour can be represented by means of the
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Fractional-Order Calculus (FOC) [16,17]. More specifically,
FOEs can be defined as a generalization of the well-known
Constant Phase Elements (CPEs), which have been stud-
ied since decades and used to model, e.g., electrochemical
reactions and electrode impedance. These elements show
a constant-phase over a wide frequency range and this be-
haviour can be defined as the building block to develop
fractional-order electronics [18].

The most widely investigated FOE is the fractional ca-
pacitance. A fractional-order capacitance can be defined by
the following equation:

Z(s) =
1

sαC
(1)

where α is the fractional order and C is the pseudo-
capacitance. The unit of C is F/s1−α [19].

Eq. (1) can be thought as a generalization of the
impedance of the well-known integer-order capacitance,
which is obtained by imposing α = 1. It is quite evident that
the possibility of defining an arbitrary value of α allows us to
introduce new and more flexible electronics. Combining the
two aforementioned research fields, the possibility of realiz-
ing new devices with new functionalities in an eco-friendly
way emerges.

Recently it has been shown that BC can be used to re-
alize FOEs [14]. Also the possibility of changing the be-
haviour of BC based FOEs by exploiting Ionic Liquids (ILs)
has been introduced in [20].

In this paper, new results on the modelling of this latter
class of BC-based composites, indicated in the following as
BC-IL-FOEs, are reported. The behaviour of BC-IL-FOEs is
investigated in a wide frequency range. A lumped equivalent
circuits are used to model the BC-IL-FOEs. More specif-
ically, models of different complexities are considered and
their performance are compared. Finally, a long lasting ex-
perimental measurement campaign has been executed with
the aim of investigating device time instabilities.

The paper is organized as follows: in Section 2, a brief
overview on FOC and FOEs is given. In Section 3, the fab-
rication of the BC-IL-FOEs is discussed. In Section 4, the
experimental setup is shown, while in Sections 5 and 6 re-
sults and conclusions are drawn, respectively.

2 A brief overview on FOC theory and FOEs realization
An α − th order derivative or integral, with α ∈ R can

be evaluated by exploiting the FOC. The non integer-order
operator aDα

t with a, t ∈ R as operation limits, is defined as
follows:

aD
α
t =


dα

dtα : α > 0
1 : α = 0∫ t

a(dτ)−α : α < 0
(2)

Three different definitions can be used to compute the
previous operator. For the continuous time domain, these

are the Riemann-Liouville (RL) and Caputo (CP), while, in
the discrete case, the Gründwald-Letnikov (GL) can be used
[21].

The RL and CP definitions for a function f (t) are de-
fined, respectively, as:

{aD
α
t }RL f (t) =

1
Γ(n−α)

dn

dtn

∫ t

a

f (τ)
(t− τ)α−n+1 dτ, (3)

and:

{aD
α
t }CP f (t) =

1
Γ(n−α)

∫ t

a

f (n)(τ)
(t− τ)α−n+1 dτ, (4)

where n ∈ Z : n− 1 < α ≤ n and Γ(·) is the Euler Gamma
function.

Although (3) and (4) appear quite similar, the CP defini-
tion is more used because, in the Laplace domain, the initial
condition still maintains a physical meaning, while with the
RL one this does not occur.

The GL definition is given by the following relation:

{aD
α
t }GL f (t) = lim

h→0
h−α

[ t−a
h ]

∑
j=0

(−1) j
(

α

j

)
f (t− jh), (5)

where [·] evaluates the integer part of its argument.
Only in the last decades the FOC has been applied in

many research areas [22], like automatic control [23, 24],
electronic implementation [25], medical applications [26],
electrochemistry, economics [27], and civil engineering [28].

Strictly related to FOC, another practical and interesting
application can be found in the realization of FOEs: i.e., the
realization of devices that have, as their intrinsic nature, a
fractional-order behaviour. Different technologies have been
proposed to realize FOEs and, more specifically, CPEs. They
can be clustered in the following three main classes: multi-
components, emulated, and single-components [29]. The lat-
ter class is of interest because it allows us to develop compact
devices that could be used in real application. The largest
sub-family of single-components are the solid-state FOEs.
These can be further divided, according to the implement-
ing technologies, as graphene-polymer dielectric [30], car-
bon black-polymer dielectric [31], and MoS2-polymer com-
posites [32], Carbon Nano Tubes [33], and Ionic Polymer
Metal Composites [34].

3 BC-based FOEs
BC-based FOEs have been proposed by the authors [14].

In that contribution bacterial-derived cellulose is used as the
dielectric of a Cu-parallel plates capacitor.

In a successive contribution, the authors investigated the
possibility of modulating the behaviour of BC-based FOEs
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by means of ILs [20]. In this paper, the performance of this
latter device is analysed in a wide frequency range and a
model, in the form a lumped element circuit, is proposed.

The BC used to realize the BC-IL based FOE described
in the following of this paper was produced by a culture of
Acetobacter xylinum and was purchased by Biofaber s.r.l., in
the form of dehydrated sheets of about (23×28×0.04) cm.

Details about the BC production procedure adopted by
the supplier can be found in [8].

1-Ethyl-3-Methylimidazolium Trifluoromethanesul-
fonate (EMIM-TFMS), used as the IL (melting temperature
−13 ◦C), was purchased from Alfa Aesar. BC pieces were
dried and were then soaked with EMIM-TFMS for 24 h.
Finally they were dried in a vacuum oven for 2 h at 65 ◦C.

The IL uptake, calculated by comparing the weights of
the IL-treated sample and the dried one, was about 34% by
weight. The high IL uptake is due to the tendency of the
anion component of the IL to strongly coordinate to the car-
bohydrates’ hydroxyl groups of BC. This produces a disrup-
tion of inter and intra-molecular hydrogen bonding between
cellulose fibrils [35]. Because of this strong interaction, cel-
lulose fibrils are easily wetted by ILs that diffuse into the
whole polymer matrix, causing its swelling and the partial
hydrolysis on surface.

In order to investigate the BC-IL based FOE, a square of
roughly 6×6 mm2 has been cut from the original sheet. FR4
has been used to realize rigid electrodes.

The BC, imbibed with EMIM-TFMS, and the electrodes
used to realize the capacitor are reported in Fig. 1.

Fig. 1: BC-IL and Cu-electrodes, realized using FR4 card.

4 Experimental setup and results
It has already been outlined that BC-based FOEs are

sensible to both humidity and temperature [20]. To avoid
such undesired effects, the BC-IL-based FOE has been
wrapped with a polyethylene sheet to keep constant as much
as possible the relative humidity. In addition, the device has
been put inside a polysterene box, in order to reduce as much
as possible any temperature fluctuation. The BC-IL-based
device, depicted in Fig. 2, has been stored in a temperature-
controlled chamber at Tc = 10 ◦C when non used for experi-
mental surveys. Only the electrical connections emerge from
the box. In order to assure constant working conditions, one
measurement per day was performed.

(a) Sealed BC-IL-based FOE (b) Encapsulated BC-IL-based FOE

Fig. 2: BC-IL-based FOE under investigation

The experimental measurements have been performed
using a Keysight Network Analyzer E5061B. Both the mod-
ule and the phase of the device impedance were measured. A
logarithmic sweep in the frequency range [5,30×106]Hz has
applied. The Intermediate Frequency BandWidth (IFBW)
was set to 100 Hz, considering 201 points logarithmically
distributed along the investigated frequency range. Finally,
an averaging factor equal to 16 was fixed.

In Fig. 3, the probe and its connection to the Network
Analyzer are shown, while, in Fig. 4, a screenshot of a mea-
surement in the range [5;30× 106] Hz of the Device Un-
der Test (DUT), is reported. Due to inductive parasitic ef-
fects which can be noticed at the higher frequency range,
the investigation of the DUT has been limited to the range
[5,1×106] Hz.

(a) Probe 16047E (b) BC-IL-based FOE mounted in the
probe

(c) Measurement of BC-IL-based
impedance with Network Analyzer
E5061B

(d) Connecting scheme of the device
with the instrumentation

Fig. 3: Probe and electric schematics used for the measure-
ments.
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Fig. 4: Screenshot of a generic measurement where both
module (top) and phase (bottom) of the impedance are de-
picted.

The results of twenty different measurements, per-
formed at nominally identical operating conditions and in a
long time interval, about 160 d (3900 h), are reported in Fig.
5. It is possible to observe that the behaviour of the DUT
derives over time. More specifically, two clusters of curves
can be recognized in the figure. The first group (10 curves),
labelled as G1, contains measurements performed during the
first month (700 h). The second group, labelled as G2, con-
tains all the remaining measurements. It is, also, possible to
observe that the first group of curves has almost a constant
phase, see [29], from the lowest investigated frequency value
to about 1 kHz. Such a behaviour is in accordance with re-
sults already given by the authors in [20].

As a further consideration, when attempting to model
the measurements belonging to the second class, some pa-
rameters of the models suffered for lack of stability (see, e.g.,
the trend of α and β , which will be shown in Fig. 8).

For this reason, though the investigation will be per-
formed on the whole set of available measurements, only the
measurements belonging to the first group, indicated by a
ellipses in Fig. 5, will be considered for an in deep investi-
gation.

(a) Magnitude

(b) Phase

Fig. 5: Bode diagrams of the twenty different measurements.
The measurements grouped by the G1-ellipses will be con-
sidered in the following.

5 Modeling
A model for the BC-IL-based device, in the low-

frequency range, has been already proposed [20]. In par-
ticular, a fractional-order RCα circuit was proposed. Such
a model can not fit the measured magnitude and phase dia-
grams reported in Fig. 5. A more general model is, therefore,
required.

Nyquist plots are generally used to study the ionic con-
ductivity of polymeric electrolytes. Fig. 6 shows a Nyquist
plot of te impedance measured for the BC-IL-based FOE
under investigation (the first measurement among the entire
set). In particular, the circular-like behaviour is due to high-
frequency phenomena, while the straight line corresponds
to the low-frequencies [36]. Fig. 6 deviates from the ideal
case, where a semicircle should be obtained at high frequen-
cies, and a vertical line should characterize the low frequency
range. Such discrepancies, probably due to diffusion of the
mobile charges inside the composite, can be accounted for
if equivalent circuits consisting of combinations of CPEs are
used.

Taking into account these considerations, a possible
model to explain all the diffusive phenomena inside the di-
electric is depicted in Fig. 7, see [37]. R1 represents the bulk
resistance of the device, C1 is an integer-order capacitor that
models the geometry of the BC layer, C3 is a CPE of order
β which describes the non integer phenomena inside the di-
electric and C2, of order α , is another CPE that denotes the
double layer capacity between the electrodes and the dielec-
tric. The whole parallel block is mainly responsible for the
high-frequencies behaviour, while the C2 capacitances of the
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Fig. 6: Nyquist plot of BC-IL-based device first measure-
ment.

low-frequencies one.

R1

C1

C3

C2 C2

αα

β

Fig. 7: Proposed Equivalent Electric Circuit Model (EECM)
for the BC-IL-based device.

To obtain the impedance parameters of the aforemen-
tioned circuit, an identification procedure has been per-
formed by using Genetic Algorithms (GAs) [38, 39]. More
specifically, the optimization algorithm has been applied, for
each measurement, to a proper cost function. This consists
of a weighted combination of both the module and the phase
errors, in absolute values, between the real impedance and
the corresponding model estimation.

The obtained parameters are reported, in graphical form,
in Fig. 8, where the whole set of twenty observations is con-
sidered. The vertical dashed lines separate the two groups of
measurements described in the previous section. For the sake
of comparison, the results of two identifications, performed
on a measurement belonging to the first group and one to the
second group, are shown in Fig. 9 and 10, respectively. It
is possible to observe that the proposed model can fit data
belonging to the first group while it is not capable of fitting
data belonging to the second set. Similar results have been
obtained for all available measurements.

In order to perform quantitative analysis of the fitting ca-
pability of the model, a fitting goodness index is used. In par-
ticular, the Normalized Root Mean Square Error (NRMSE)
has been computed for both the magnitude and phase lag of
the available Bode plots. The one’s complement has been
used to evaluate the fitness goodness.

Considering the acquired signal, in the following xacq,
and the corresponding model estimation one, xest , the good-

ness of fit can be evaluated as:

f it = 1−
∣∣xacq− xest

∣∣∣∣xacq− xacq
∣∣ (6)

where · is the mean value of the acquired signal. In the
case of study, the acquired signal is obtained by the network
analyser, while the estimated one is the Bode response of
the identified impedance. Taking into account this expres-
sion and evaluating the magnitude (or phase lag) response
for both the analysed measurement and the corresponding
estimated impedance, it is possible to define the goodness of
the identification procedure.

Being eq. (6) the one’s complement of the NRMSE, it
returns a value between ]−∞;1], that increases according the
quality of fitting. The NRMSE has been computed both for
the module and the phase of the device impedance. In the
next table, the Goodness Of Fit (GOF) values are reported
for all available measurements. From Tab. 1, looking at the
fitting qualities for the first ten measurements, it is possi-
ble to notice that the identification procedure performs quite
well, with fit index values above 95%, for both module and
phase. From the 11th measurement and successive ones, al-
though the module is well identified, worse performances are
obtained for the phase identification. It can be therefore con-
cluded that the proposed EECM is not able to describe the
dynamics of the BC-IL-based FOE for observations belong-
ing to the second group.

5.1 Model validation
A deeper investigation has been performed on the rele-

vance of each capacitance in the model represented in Fig. 7.
More specifically, reduced models, obtained by eliminating
one capacitance at a time, have been investigated. Results of
this analysis will be shown by referring to one measurement
(Measurement 1 in G1).

In particular, the capacitors C1, C2 and C3 have been
eliminated one at a time. Reduced EECMs are labelled as
EECM-1, EECM-2 and EECM-3, respectively. In EECM-1
and EECM-3, the eliminated capacitances (C1 and C3, re-
spectively) have been replaced by open circuits. In EECM-2,
the capacitance C3 has been replaced by a short circuit. The
parameters of the reduced models have been identified and
the corresponding model behaviour has been considered.

The Bode diagrams of the reduced models are com-
pared, in Fig. 11, with the experimental Bode diagram of
the BC-IL-based FOE.

The model EECM-1 is able to correctly fit the modulus
of the impedance. Unfortunately, the corresponding phase
shows an error increasing with the frequency domain (up to
about 20 deg). The model EECM-2 cannot approximate the
real behaviour of the BC-IL-based FOE, both in module and
phase. Although the module of EECM-3 fits almost well the
module of the real measurement except for the middle fre-
quency range, the phase of the DUT is not satisfactorily re-
constructed in all the considered frequency range. Reported
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Fig. 8: Parameters values for the proposed equivalent electric circuit model.
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Fig. 9: Bode diagram of a measurement belonging to G1
(measurement 1 in Table I).

results show that none of the considered capacitances can be
eliminated from the model.

6 Conclusions
In this paper, the complex frequency behaviour of a BC-

IL-based FOE device has been deeply analysed in order to
model this device as a candidate for fractional-order elec-
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Fig. 10: Bode diagram of a measurement belonging to G2
(measurement 17 in Table I).

tronics.
Indeed, it combines both the requirement of being

greener and the implementation of new functionalities.
Eventually, the device is characterized by low impedance
values at low frequencies.

The composite has been characterized at constant tem-
perature and humidity working conditions. The proposed
model allows to validate the fractional-order nature of the
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Measurement GOF - Module GOF - Phase

1 - 0h 0.9641 0.9578

2 - 17 h 0.9850 0.9514

3 - 90 h 0.9920 0.9390

4 - 94 h 0.9914 0.9582

5 - 112 h 0.9922 0.9538

6 - 143 h 0.9928 0.9486

7 - 167 h 0.9855 0.9505

8 - 352 h 0.9916 0.9554

9 - 427 h 0.9885 0.9265

10 - 639 h 0.9347 0.9587

11 - 1654 h 0.9888 0.8785

12 - 1770 h 0.9749 0.8890

13 - 1798 h 0.9860 0.8604

14 - 1817 h 0.9773 0.8514

15 - 1935 h 0.9766 0.8449

16 - 3808 h 0.9868 0.8020

17 - 3809 h 0.9839 0.8383

18 - 3814 h 0.9875 0.7843

19 - 3831 h 0.9902 0.7997

20 - 3832 h 0.9838 0.7702

Table 1: Goodness of fit values for the performed measure-
ments.

device.
Investigations were performed for about six months. Af-

ter about one month the device lost its stability and a sta-
ble behaviour was not recovered. Further research activity is
required to understand the cause of such instability. More
specifically, investigations are needed to study and under-
stand how several and different ILs can solve this issue, while
modulating the behaviour of the proposed fractional-order
electronics.

As a future research activity, the possibility of using eco-
friendly ILs, whose ecological impact should be lower than
the commercial one used until now, will be investigated. In
this way a completely eco-friendly device can be realized.
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Fig. 11: Bode diagram of the reduced EECM without C1, C2
and C3, respectively (measurement 1 in Table I).
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