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Abstract: In this paper, a tripled fractional differential system is introduced as three associated
impulsive equations. The existence investigation of the solution is based on contraction principle
and measures of noncompactness in terms of tripled fixed point and modulus of continuity. Our
results are valid for both Kuratowski and Hausdorff measures of noncompactness. As an application,
we apply the obtained results to a control problem.

Keywords: tripled system; impulsive conditions; caputo derivative; tripled fixed point; measures of
noncompactness

1. Introduction

Fractional differential equations are considered as the most appropriate models for
many applicable phenomena (see in [1,2] and references therein). This opens the research
gate to study analytic solutions and their behaviors in a theoretic sense such as existence,
uniqueness, stability, controllability, etc. [3-21].

The investigations of existence problems of fractional differential equations have di-
verse topics ranging from the shape of initial and boundary conditions including impulsive
conditions, throughout various types of the used fractional derivatives, and reaching to
different forms fixed point theorems.

The fixed point theorems are essential resources for solving many existence problems
of solutions of differential and integral equations. In the meantime, the standard Banach
principle for contractions can be used not only for establishing the existence of a solution,
but also to investigate the uniqueness of this solution. The main assumption for using Ba-
nach’s fixed point theorem [22] is the contraction principle applied to the operator equation.
Another famous theorem is the Schauder’s fixed point theorem [23], which mainly utilizes
the relative compactness of the image of the solution operator. The application of these
two important theorems can be observed in different fractional modeling problems such as
the investigation of existence-uniqueness criteria for the generalized Navier system [24],
the nonsingular 4D-memristor-based circuit model [25], the SARS-CoV-2 virus model [26],
the hearing loss model caused by mump virus [27], the Ebola model [28], the Langevin
problem [29], the fractional BVP of the hexasilinane graph [30], etc.

In connection with bounded relatively compact subsets, measures of noncompactness
are considered very applicable tools to investigate existence problems by imposing weaker
conditions [31-33]. Therefore, there exists a correlation between the measure of noncom-
pactness and the Schauder theorem. Darbo [34] used this idea to prove a generalization of
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Schauder fixed point theorem, and then many researchers presented extended results of
Darbo’s fixed point criterion [35].

Coupled systems are introduced as two associated differential equations that may be
solved simultaneously [36-38]. The main notion of the existence of coupled fixed points
to be a solution of coupled systems are considered recently by many researchers [39-43].
In [31], the authors considered coupled fractional systems using the idea of the measure
of compactness.

Recently, many researchers introduced a tripled system and a tripled fixed point [44—47]. In [45],
the authors used tripled fixed points and the measure of noncompactness to investigate
the existence of a solution in relation to a functional tripled system via fractional operators.

We design and discuss in this article a tripled impulsive nonlinear system formu-

lated as )
‘Dp"xm(t) = fu(t, x(t)),t €T,

xm(a) = Opx, x),(a) = Opx, (1)
A |t=t, = Dy je(x(tg)), x| =t = Li(x(t)),
where | = [a,b], ]’ = ]—{tl,tz,...,tp},a =ty <t < -0 <ty <ty =0, cpgm,

m = 1,2,3, are the Caputo fractional derivatives such that «,, € (1,2], fi : ] X R3 > R,
x(t) = (x1(t), x2(t), x3(£)), L ger L i - R® - R, k=1,2,..p,are given functions, @, Oy,

are given operators, Axy |i—t, = X () — xm (), Axpy|e=t, = X}, (£]7) — x7, (), and

+ _ . — _ .
Xm (tk ) = hliﬁ()l+ xm(tk + h)r Xm (tk ) = hlig)l— xm(tk + h)/

represent the right and left limits of the function x,, (¢) at the given points t = f;, respectively.
The main contribution and novelty of the present manuscript are that we here discuss
the existence notion with the help of a combination of extended fixed point theorems for
tripled fixed points in relation to a tripled impulsive system for the first time. Darbo’s
criterion and measure of noncompactness are used for tripled fixed points. Note that our
findings will be valid for both Kuratowski and Hausdorff measures [33-35].

The structure of the present research is organized as follows. In Section 2, some useful
preliminaries and lemmas are recalled to facilitate the proof of main theorems. In Section 3,
we prove and verify the existence results via different fixed point theorems. To conclude,
we introduce an example to examine the results.

2. Basic Notions

For convenience, we present firstly some preliminaries concerning with fractional
calculus. For more details on this topic, see the monograph [48].

Definition 1 ([48]). A real-valued function f is said to be xth-fractional integrable at t in the sense
of Riemann—Liouville (RL) if the integral
ot (f — x—1
[0,
a I'(x)

exists for k > 0. If f is xth-fractional RL-integrable for every t € ], then it is said to be xth-fractional
RL-integrable. The xth-fractional RL-integral of f is denoted by I¥ f(t), and conventionally, we let

If = f,and I*f(a) = 0.

It is obvious that if f is xth-fractional integrable, then it is Sth-fractional integrable
for any 0 < B < k. We also notice that if f is xth-fractional integrable on [a, b], then it
satisfies that I f (57) = I5f(t; ), k = 1,2,.., p. However, if f is continuous, then it is
kth-fractional integrable.
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Definition 2 ([48]). A real-valued function f is said to has a Caputo derivative on | of order
k € (n—1,n),n € N, if the nth derivative f") of f is (n — x)th-fractional integrable on J. It is
denoted by DY f, and then we write °DX f = [ f(1),

The continuity of the nth derivative f(") ensures the continuity of DX f. We notice that
the nth derivative of any function of the form of ¢;(t —a)’,i € {0,...,n — 1} is zero, then
the Caputo derivative on | of order x € (n — 1, n] for such functions is zero.

Lemma 1 ([48]). Assume that f has a Caputo derivative on [a, b] of order x € (n — 1,n|; then, D}
IXf = fand

n—1 .
Ii “Dif(t) = f(t) + ) ci(t—a)', )]
i=0
in which c; € Rand t > a.

Definition 3 ([44]). A triplet (3c1,50,553) € Y for Y := X° is termed as a tripled fixed
point of a mapping [ : Y — X whenever [ (s11,30,23) = s, [ (30,501, 3) = 30, and
F(%3/ 9, %1) = 3.

Here, in our fundamental theorem, X is a Banach space. In general, Definition 3 can
be applied for any space X which has some primitive algebraic structures such as partially
ordered space [49].

Define ¥ : X> — X2 so that

Y (301,50, 503) = (F (301, 322, 333), | (522, 311, 523), F (323, 510, 371) ).

Then, (511, 502, 53) is a tripled fixed point of F iff (31, 36, 5¢3) is a fixed point of ¥, i.e.,
1I}-(}!l/ n, %3) = (%1/ 2, %3)'
Next, we recall some preliminaries about a measure of noncompactness.

Definition 4 ([34]). Let X be a Banach space and By the collection of bounded sets in X. A
measure i : Bx — [0,00) is termed as the measure of noncompactness if for any V, V1, V, € By, it
fulfills the following:

(M1) (Requiarity)ker uy = {V € Bx : u(V) = 0} is nonempty subset of the category of relatively
compact sets in By;
(M2) (Monotonicity) Vy C V, implies u(Vy) < u(Va);

(M3) ( Invariance) p(Conv V) = u(V) = u(V), where Conv V, and V are, respectively, the
closed convex hull and closure of V;

(M4) ( Semi-homogeneity)u(cV) < |c|u(V), forc € R;

(M5) (Sublinearity) u(Vy + Vo) < u(vq) + u(Va);

M6) u(cVi+(1—c)Va) <cu(Vy) + (1= c)u(Va);

M?) If (V) is a decreasing sequence of subsets in Bx with im0 u(V,) = 0, N1V

is nonempty.

For more properties and details, the reader may refer to the works in [34,35]. Kura-
towski and Hausdorff measures of noncompactness are two famous measures of this type
which are defined, respectively, as

a(V) =inf{, > 0: V can be covered by a finite number of sets of diameter < R},
and

X(V) =1inf{®® > 0: V can be covered by a finite number of balls of radius < 9i},
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which are equivalent to regular measures, since x (V) < a(V) < 2x(V). In fact all regular
measures are equivalent [34]. The diameter diam V = sup{||a; — ay||, for all ay,a; € V}
and the norm | V|| = {||x|| : x € V} of a set A are nonregular measures with kernels of
singleton sets and {0}, respectively.

In the space of continuous mappings given on ], the modulus of continuity of x € C(])
is a function w(x, -) : [0,00) — [0, ) such that

w(x,R) = sup{|x(s) —x(t)| :s,t € J,|s — t| <R},
and the modulus of continuity of a set V C C(]) is defined as
w(V,R) =sup{w(x,R) : x € V}.
Define a measure of noncompactness wy as

V)= 1 V,5R),
w()( ) 11‘1‘10 w( )
where it satisfies that wq (V) = 2x (V) [34].

Schauder fixed point theorem is one of the well-known applications on existence
problems but it focuses on compact operators.

Theorem 1 ([23]). Let Q) # @ be a convex closed set with boundedness property in a Banach space
X. Then I x € Q) for every continuous compact mapping | : QO — Q so that x = F x.

Therefore, if () satisfies the hypotheses of Theorem 1, and [ is continuous whose
image embedded in () and the set f () is equicontinuous, then by Arzela Ascoli theorem
F is compact, i.e., F Q) is relatively compact. This means that F Q) € ker i, or u(F Q) =0,
where y is an arbitrary regular measure.

A useful extension of Darbo’s fixed point criterion is given in the next step.

Theorem 2 ([35]). Let Q) # @ be a convex closed set with boundedness property in a Banach space
Xand F : Q) — Q) be continuous which satisfies

u(r (V) <a(u(v)), ®)

VYV C Q, inwhich o : [0,00) — [0, 00) is increasing with lim; ;o 0/ (t) = 0, Vt € [0,00), and p
is an arbitrary measure of noncompactness. Then, 3x € Q) so that x = F x.

Assuming o (t) =kt fort > 0,and k < 1,

lim ¢/ (t) = lim Kt = 0.
] ]
Moreover, the condition (3) becomes y(F (V)) < ku(V) which is called Darbo’s con-

dition or p-contraction and the theorem will be the same original Darbo’s fixed point
result [34].

The next result concerns with an integral solution of the corresponding linear system
of (1).
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Lemma 2. Let f,, be kyth-fractional integrable with IS fu (£7) = I§fu(t, ), 0 < & < K,
k=1,2,..,p,and also x,, be differentiable of the Caputo type on | of order ik, where k,, € (1,2],
m =1,2,3. In this case, the solution of the impulsive fractional differential system

DE" X (t) = fu(t), t € T,
X (@) = am, Xy (a) = by, (4)
Az, = Luge(x(t)), Dy 1=, = Lui(x(te)),

is equivalent to

Km—1
am+bmt+/ t_s o) St fu(s)ds, t € Jo,
Km—].
wn(t) = § o+t + [ “erm(s)ds ©)
k k ~
+ Zlml(x(t,-)) + Z(f— ti)l,n,,-(x(ti)),t € Jr.
i=1 i=1

Proof. The given conditions imply that I;” D;"x,, exists and satisfies the identity (2).
Taking the fractional integral I;" to both sides of the differential Equation (4), and using
Lemma 1, we obtain

xn1(t) = Ak,m -+ bk,mt + Izlz(mfm(t)rt € Jx, (6)

and /
X (t) = bk,m + If’”_lfm(t),t € ]k,

Km 1

fm( )dS, al‘ld ak’m, bk’m, k —

Km—1

where I} f,,(t) = Z/ t—s ——fu S)ds-l-/ (t—s

Lp,m=1,23, are constants to be determmed Applymg the boundary conditions in
(4), if t € Jo, we have ag,, = ay, and by, = by, Then, the solution (6) becomes

Xm(t) = am + bt + I fin(1).
Next,ift € Jy, k=1,2,...,p, then
A = Ak—1m — Gkm — be—1,m) bk + Lk (x(t)),
bim = beoim + Lux(x(t))-

Solving these recursions leads to

k
= by + 2
and L
=y — Zt Li(x(t)) + Z% L, i(x(t:))
=
Substituting these constants in (6), we obtain
Xm(t) = @y 4 byt + 1" fiu (1)

k
+ ;(t — tl')l_m’l'(X(f[')) + 2 Im,[-(x(ti)).
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This is equivalent to the solution (5). On another side, as x;; has x,,th-Caputo deriva-
tive, using Lemma 1, it is easy to deduce (4). This finishes the proof. O

If x has a continuous second derivative and f is continuous on J, then the result of
Lemma 2 are valid, as I;" f,, and D" x,, are continuous.

3. Results on the Existence Criterion

In this place, we discuss the existence and uniqueness problems for the impulsive
tripled system (1).

A Banach space C(]) of all real-valued continuous mappings is endowed with the
supremum norm. Consider the space PC(]) defined by

PC(J) = {¢: ] = RIg € CU), ¢ (K) and g(t;) exist with ¢ () = E(t) },

endowed with the norm ||| = sup{|{(t)|,t € J}, and k = 1,2,...,p. Let X = PC(]),
and Y := X3 be the usual tripled product which becomes a Banach space with ||x|| =
max{||x1]|, ||x2||, [|x3]|} for any x = (x1, x2,x3) € Y. Define the operators ¥ : Y — Y, and
Y.u:Y— X,m=1,2,3 such that

¥ (x1,x2,x3) = (F1(x1,x2,x3), Yo (x2, %1, x3), ¥3(x3, X2, x1))

and ¥, satisfying Y, (Xl, X2, X3) = X1, Tlvz()Cz, X1, X3) = Xxp, and T3(X3, X7, xl) = x3. Without
loss of generality we use a common notation x = (x1, X2, x3) for three cases of domain
Y. Using Lemma 2, ¥, satisfies the corresponding integral solution (5) of the system (1)
given by

t (t _ S)Km—l

@mx + t@nlx +/ —frn(s, X(S))ds,t E ]O/
e T(km)

t t—S Km—l

me(t) = Dyyx + 1Oy x +/ %
a m

fm(s,x(s))ds @)

™1~
™=

+ 2 Imi(x(t)) +

i=1 i=1

(t—ti) Ly i(x(t)), t € T, k=1,2,...,p.

We need the following assumptions:

Hypothesis 1 (H1). f,, is a Carathéodory function, that is (s,x) —— fu(s,x) is continuous
in x and strongly measurable in s. There is a nondecreasing x;, th-fractional integrable function
¥f, 2] — [0,00), and

[fm(t,x) = fu (£, )| < g, (D)][x — yl],
Vt € Jand x,y € R3, m = 1,2,3. Moreover, let sup;¢; Iy, (t) < Ly, form = 1,2,3, and
Ly = max{Ly,, Ly,, Ly, }.

Hypothesis 2 (H2). I, ; and I, ; are continuous functions that maps zero vector into zero value,
and there exist constants L, L; >0, provided that ¥ x,y € R3,i=1,2,.., P,

L, (%) = Ln,i (W) < L, [l =yl [Ini(x) = L,i()| < Lg, [lx = yl].

Moreover, let L, = max{Ly,,, L,,, L1, }, and L;, = max{Lp , Ly, L }.
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Hypothesis 3 (H3). For continuous maps ®p, @y : R> - R, ILo,,, Lo, > 0 such that for all
x,y€R3m=1,23,
{ @ (x) = Pu(y)| < Lo, [l x = yll,

|®m(x) — Om(y)| < Lo, llx =yl
Moreover, let Ly, = max{La,, Lo, Lo, }, and Lo = max{Le,, Le,, Lo, }-

Theorem 3. Let (H1)-(H3) be held. Then, there is a unique solution for the impulsive tripled
system (1) whenever

P P
Lo+Leb+Ly+ Y L+ (tiz1—t)L; <1 (8)
i=1 i=1

Proof. Take X® =: Y. Let | ®,,0|| = Ng,, > 0, ||©,,0|| = Ng,, > 0, and max;|| fu (t,0)|| =
Ny, > 0. Define a subset B, = {x € Y : ||x|| < r} of Y via
No + Ngb + NN,
r> LA e s , ©)

p 14
1-Le+Leb+Ly+ Y L+ X (tivqg — ti)LI_,»
i=1 i=1

where No = max{No,, No,, No, }, No = max{Ng,, Ne,, Ne, }, and

_ (b_a)Km _
Ny = max{r(Km +1),m =1,2,35%.

In this case, for t € Jp,

Km 1

[Tmx(t)] < ||q’mx||+t||®mx||+/ —)”fm(s x(s))l|ds
< (Low + Loyt + 175, (1)) 2]
No + No 1 nlt =)
+ D, + @m + W
< (Lo, + Lo, tks1 + Ly,) [l x||

N (1 — )" >

t
+ (Nq)m + N@m k+1 + F(Km + 1)

Similarly, for t € J; we write (k =1,2,...,p),

Kml

—) 1 fm(s,x(s)) | ds

ox()] < @l + @]+ [ 1
k k )
o L) |+ L= )2
i=1 i=1
k k
< (Lo, +Lo,t+ "y, (t) + ) Li,, + Z (t—1) (kS
i=1 i=1

N
+( No,, + No,,t +
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k k
< (chm + Loy test + Ly, + 3 L, + ) (i — ti)LLn,f> Il
i=1 i=1

me (tk+1 - a)Km )

+| No,, + No  tri1+
( [ O tk+1 F(Km+1)

As Z Ly, + Z (t—t;)L; = >0, then for x € %B,, we obtain

i=

P P
[Fx| < (Lq; +Leb+Ly+ Z Ly + Z(ti+1 — t,')Lji)T’ + No + Nob + NfN().
i=1 i=1

In virtue of (9), we deduce that ¥Yx € ®B,. Next, the contractivity of ¥ is checked. Let
x,y € Y, we have

[Fnx(t) = F¥my(t)] < ||Pwx — Pyl + t|Omx — Opyl|

B Km 1
+/ Eo S (s, x(5)) — finls, (s)) s

IN

(Lo + Loyt + I;fmzpfmu)) lx =yl

IN

(Lo, + Lo, t1 + Ly, ) [x =yl t € Jo,

and for t € Ji, we get

Fox(t) —Fuy(B)] < [ @px — Pyl + H|Onx — Opy

Km 1

- t_im> (5, %(5)) — Fn(5,4(5)) s

+Z||1mz ti)) = Lni(y ()]

+ 2 (= ) | T (x(8) — Tni(y (£:)

Nv
I M»
N

IN

k k
(L% + Lo, t+ I"s, () + Y Ly, + Z (t—t) ) [[x =yl

i=1

IN

<Lq>m+L@mtk+1+L¢m+ZL1 +Z 1+1_t )||x—y||
i=1 i=1

In virtue of condition (8), and the estimate
|4 P
[¥x —¥y|| < (Lo +Lob+Ly+ Y Ly + Y (ts1 — t:)Lg. |llx —yll,
i=1 i=1

it is figured out that ¥ is a contraction. Therefore, by the Banach contraction criterion, a
unique fixed point and so a unique solution is found for ¥, and the impulsive tripled
system (1), respectively. The uniqueness proof is ended here. [
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The next result is an investigation of the existence of a tripled fixed point to the
operator ¥ : X3 — X that leads to a solution for the mentioned impulsive system (1) using
the Schauder Theorem 1. These hypotheses are needed to establish the result and are given
as follows:

(A1) fn : ] x R® — R is Carathéodory, and there exist nondecreasing xth-fractional
integrable function v : | — [0, 00) and nondecreasing continuous ¢ : Rt — RT
satisfying ¢(s) < s for all s > 0 equipped with

|fun(t, ) = fun ()| S ve(B)e([lx —yl). t €],
Vxye R3, k is chosen such thatsupte] I,’fvf(t) < C,. Moreover, let supt€]|fm(t,0)| <
Cf foranym =1, 2, 3.

(A2) I,; and I ; are continuous functions, and 3C;, C; > 0, such that for all x,y € R3,i =
1, 2, ..., p,we have

[ In,i (%) = In,i(v)| < Crllx = yll, 1Tn,i(x) = Tn,i(y)| < Crllx —y]l-

Moreover, let I, ;(0) = I, ;(0) = 0.

(A3) ®,, and O, are continuous operators for m = 1, 2, 3, and there exist constants Cg,
Co >0s.t. Vx,y € X3,

Collx —yl,

{ [P (x) — P (y)
Collx —y||.

Y
[®m(x) — Om(y)

Moreover, let | ®,,0]| < Co,, and [|©,,0] < Cg,.
(A4) The inequality

ININA

Cy(b—a)"

Cq;.o + bC@O + —F(K m 1)

+ (Cp + Cob+ pCr + Ci(b—a))r+ Cop(r) <r,

has a solution ¢ > 0.

The function ¢ that is satisfying the condition in (A1) is equivalent to the corresponding
condition in Theorem 2 [35]. It is obvious by definition of ¥ = (¥, ¥», ¥3) that, the value
of its norm on Jy is less than or equal to the corresponding norm value on Ji. Therefore,
without loss of generality, we apply the norms on Ji, in the next result (k = 1,2, ..., p).

Theorem 4. Let (A1)-(A4) be held. Then, the impulsive tripled system (1) involves at least
one solution.

Proof. Let Y = X3, and (x,) be a sequence in Y such that x, — xin Y. Let R > 0,

-1
and choose § = %(Cq; + Cob + Cs + pCy + Cy(b — a)) such that ||x, — x|| < J. Using
assumptions (A1)—(A3), we deuce that

[Frxn(t) = Fmx(t)] < [|[Pmxn — Pmx| + t||Omxn — Omx||

¢ _ o\ekm—1
[ s na(6)) it (50 s

k
+ ;”Im,i(xn(ti)) - Im,i(x(ti))”

_|_

-

(t = ti) | Ln,i (xn (ti)) — L (x(t:)) |

i=1
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k
< (qu + Cot + Igvs(t) +kCr +Cp ) (t — tl-)) llxn — x|
i=1

Hence
[¥x, —¥x|| < (Cop + Cob+ Cy + pCr + Ci(b—a))||xn — x|| < R.

This shows that ¥ is a uniformly continuous operator on Y.

Let B,y = {C € X : ||| < ro} # @, then By, is a closed, and convex set in X with
boundedness property. Further, the subset B?O = By, x By, X By, inherits the properties of
By, butin Y. We estimate

K —1

(D] < @l + 0] + [ s x(e) s

k Kk
+ ;”Im,i(x(ti))“ + ;(f — )| Tm,i (x (1)) |

IN

k
(Ccp +Cot +kCr+Cp ) _(t — ti)) [l x]]
i=

Co(t—a)*
K v
o9 (Ix]) + 1900+ £1On0] + S
Therefore, if x,, € By, m = 1,2,3, we deduce by (A4) that

||‘I’x|| < (Cq> + C@b + pCI + Cl'(b — 11))7’0 + Cuq)(}’o)

Cy(b—a)"
I'(x+1)

< 7o

+ + Cq:o + bC@O

This shows that ¥ maps B;’O into Bf’o.

Let Ay, m = 1,2,3 be a nonempty subset in B, ; then A;, inherits the boundedness
and convexity properties from B,. Let { € ¥, (A; X Ay X Az), then there exists y =
(x1,x2,x3) € A1 X Ay x Az such that ¥,y = {, and x,, € Ay, m = 1,2,3. The definition of
Y » implies that

¢  \km—1
Dy + tOmy + /,1 %fm(s,y(s))ds,t € Jo,

0 =Ty = Dyt 10+ [ %

k k -
+ ;1 Im,i(y(ti)) + g(t — ti)lm,i(y(ti))rt c ]k,k =1,2,.. p.

fn(s, y(s))ds

For any & > 0,let 7y, 7» € J be such that |, — 71| < R, then, we have

10(2) — &(m)|
7 (1o —s)m 1 (g —s)m!

< I nllowl + oyl f| S s— - Sy s
7 _ o\km—1 K1
+u/ (TZFOZ) _(Tlr(;,l) | (s,0)|ds
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7

+o(lvll) [ w@%+7

k
+| — 1| ZHIm/i(x(ti))||,a.e.on],
i=1

(Tz _ S)an—l

T (%)

(TZ _ S)Km—l

o £(5,0)lds

IN

72— ||| Oyl

ooy (| F ~

|T2 _ T1|Km>

T(km+1)
F(Km + 1) F(Km + ].) T(Km + 1)
71|K'” |72 — ™

| T - —)Cs
Without loss of generality, we take 73 > a, and R < 11 — a. Then,
w(@R) = sup{|l(r) —&(n)|:n, 2 €], |—nl <R}

< R(Collyll + Co,) + @([lyl)vs(T1)
(morlo)
T(#m +1) [ +1)

(ol o
f T(km +1) T(xm +1)

me Cmem
GD(Hy”)Uf(TZ)F(Km 0 Tlm 1)

+ ERpCI—,

where O ( 3 u) is the big O function [50] that converges to 0 as 93 converges to zero. It
follows that
w(‘{’m(Al X Ap X A3),%) = sup{w(x,g) 1 (€ Tm(Al X Ay X Ag)}

IN

R(Co, + Coro) + ¢(ro)v(b)
|Tl_a|xm O(Tf)ja)‘ PRfKm
X
Tom 1) Tomt 1)
R o
f T (i + 1) T (i + 1)

RKm Cfmxm
oo s O Fr ) T Flor v )

+ %pCl—.

Therefore, passing the limit as 9t approaches to zero, we deduce then wo (¥ (A1 X Ap x A3z))
approaches to zero for any Ay x Ay x Az C B;’O. Applying Schauder fixed point Theorem 1,
the impulsive tripled system (1) has a solution in B?O € kerwy. O
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The equivalent relations between the regular measures of noncompactness permit to
use Kuratowski « and Hausdorff y measures of noncompactness in the previous theorem.

It is still possible to use a general measure y together with general conditions to obtain
the existence result.

(A5) Assume that
u(fn(t, A)) < pm(t)p(u(A)),

for any bounded subset A C X, where p,, : ] = R4 be so that
Tg]x{lgpl(f)rlgpz(f)f1;‘93('5)} < Ly,

and ¢ : [0,00) — [0,00) is increasing with lim;, . ¢"(t) = 0, ¥t € [0,00) and
P(ks) =ky(s), k > 0.

(A6) There exist constants Lg,,, Le,, such that

(@A) < Lo, p(n(A)),
(OmA) < Le,p(u(A)).

Moreover, let Ly = max{La,, Lo,, Lo, }, and Le = max{Le,, Le,, Lo, }-
(A7) There exist constants Ly, , Ly = such that

#{Ini(x(t:), x € A} < Ly, 9(u(A)), w{lni(x(t:)),x € A} < Lp p(u(A)).

Furthermore, let L;, = max{LIl/l., LIZ,i’ LI3,,}/ and LL = max{LI-“, LI_Z:" Ll-si}'

(A8) Assume that
P

Lq>+bL@+ZL1+ Z Lp<1.
i=1 i=1

The further lemma is needed for our goal.

Lemma 3 ([33]). Regard f : | x X — R satisfying (A5), and let K:] x | — R be a bounded
continuous mapping. If A is an equicontinuous set of functions, then

y({/IK(t,s)f(s,x(s))ds 1X E A}) /|K (t,8)|p(s)p(pu({x(s) :s € A})ds

for any subset I of | and any t € I.

Theorem 5. Let y be any measure of noncompactness. If (A1)—(A8) are fulfilled, then the impulsive
tripled system (1) involves a solution.

Proof. Let Y = X3. The conditions (A1)—(A4) imply that the operator ¥ : B3 — B3 is

continuous operator on the closed convex bounded subset Bf’o of Y. Moreover, ‘I’B
compact subset in Bf'o. If y(BfO) = 0, then by (M2), we have y(A) = 0 forany A C B »
hence we have the result as in Theorem 4. Otherwise, let j¢(A) > 0, then, by (M4) and (M5),
we have

)Km 1

w( ) (1) < p({@ur 0t [ (s x(sas

Km )

xeAte k= 0,1,2,...,p})
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< u{Ppx:x € A +tu({Opx:x € A}) +

K
+ ;V({Im,i(x(ti)) x € A})

+

-

Il
_

(= t)p({Tni(x(t)) : x € A})

1

Pl o\Em—1
+y<{/a %fm(sfx(s))dsrxeA}).

Using Lemma 3,

u(¥mA)(t)) < u({®px:xe€ A}) +tu({Opx:x € A}) +

+ i.u({Im,iA X € A})
i=1

T (f—f) ({Tn,i(x(t:) : x € A})

||"[\1»

+/ F(K u({fin(s,x(s)) : x € A})ds.
In view of assumptions (A5)-(A7), we deduce

H(¥nA)(1) < Lo, p(u(A)) +tle, ¥(1(A)) +

zzzzz

1
H({fimn(s,x(s)) : x € A})ds

+/ut (t_

K K
< <L4>,,, +tle, + ) Ly, + ) Lj (t—t)+ I;‘pm(t)> P(u(A)).

i=1 i=1

Taking the maximum over m =1, 2, 3, we have

p((FA)(1) = sup{u((Y14) (1), u((F24)(1)), p((¥3A) (1))}

IN

k K
<L<1> +tlo+ ) Li+) Li(t—t)+ Lp> P(pu(A)).

i=1 i=1

Taking the supremum over |, we have

i=1

u((¥4)) < <L¢+bL@+2L1+ fLIJer) (u(A))

= ¢(r(A), (10
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IM":

where ¢(s) = (Lq> +bLe + f L+ (b— 11) I};p(b)> ¥ (s) which satisfies ¢"(s) =

<Lq>+bL@ + 2 Ly + (b—a) Z Ly + I,’{p(b)) "(s) by using (A5) and (A8). In accor-

dance with (A8) we get the requ1red results by applying Theorem 2. This finishes
the proof. O

4. Application

We give a general example to examine the obtained results.

Example 1. Consider the following impulsive tripled system:

AT M e®] )
Poxl) = s (1+ (D] T4 ] T 1 |x3<t>|>'
Dy = 0] | Hra()] | thn(e) an

10 1083 +1)  10(1+1¢t)’

; x| x)], Ixs(t)
D3 xp(t) = 1 ,
0% () VI+2 10+t 0VisR

where t € [0,1], subject to boundary conditions

10mx,, (0) = / sin o (5)) |ds, 10mxty (0) = — @
1+ (x9(0) + x1(0) + x5(0))
01jxn(05) 0.1, (0.5)]
A P L mA e — - 17mA .
mAxnli=05 = 171 gy MA%mli=05 1+ 2[x,(05)]

In view of the above data, we have (m =1, 2, 3)

1
®p(x) = ﬁ [1sinCan(s)lds,
0

O (x) = — [xm(1)]
1071 4 (x),(0) + 7 (0) + x5(0))
1 0.1]x,(0.5)]
I =
() = T en(05)]
and
T (x) = 1 0.1|x,(0.5)]
ml m 1+ 2[x),(05)]’
where k1 = g,Kz = ;, 3 = g,to = 0,t1 = 0.5, and t, = 1. Furthermore, we notice that
1

1
— _ — i —
P (t) = T ¥p, (t) = 1, and g, (t) = 0 Therefore, by the assumptions (H1)—(H3),

) 1
we can find that Lo = Le = Ly = Lj, = L} < 0 Hence

P 4
Lo+ Leb+Ly+ Y Li+ Y (tie—t)Ly =045 < 1.
i=1 =1

Thus, all hypotheses of Theorem 3 are satisfied, then there exists a unique solution to the
impulsive tripled system (11).

On other hand, by referring to hypotheses (A1)—(A4), similar calculations can be performed
and so we find Co, = Co, = 0,a =0,p =1=b,k =15and Cp = Cg = C; = C; = 0.1,
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Cy < 0.1. Therefore, we solve the inequality given in (A4) and we find that ry ~ 0.23 satisfies
this inequality. Therefore using Theorem 4, there exists a solution to the supposed impulsive tripled
system (11).

5. Conclusions

In this paper, we designed a tripled system consisting of impulsive fractional equations
involving the generalized boundary conditions with some given operators. By introducing
two types of measure of noncompactness (Kuratowski and Hausdorff), we investigated
necessary hypotheses and conditions implying the existence of solutions with the help of
the tripled fixed point and modulus of continuity. Furthermore, the Banach principle was
applied to confirm the uniqueness property. In this research, we showed that our results
are valid for both Kuratowski and Hausdorff measures of noncompactness. To confirm
this correctness, we designed an example of the control problem. For future works, we can
generalize our results to such an impulsive problem with nonsingular operators.
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