
Afrika Matematika          (2025) 36:115 
https://doi.org/10.1007/s13370-025-01329-2

Discrete mode-mixtures of unimodal positive distributions
with an application to solar energy in South Africa

A. Bekker1 · A. F. Otto 1 · A. Punzo2 · S. D. Tomarchio2 · J. T. Ferreira1,3

Received: 18 December 2024 / Accepted: 18 May 2025
© The Author(s) 2025, corrected publication 2025

Abstract
Comprehensive earth science studies consistently yield complex datasets seldom adequately
represented by straightforward parametric distributions. In this paper, we introduce a discrete
mode-mixture (DMM) model, motivated by the formulation of the mean mixture paradigm
via the compounding method. Here, unimodal positive support mode-parameterized beta
and gamma distributions represent the basic component, but with the superposition of a
discrete random component on the mode. The probability density functions of the DMM
models are derived in closed-form expressions, and specific characteristics are investigated.
This alternative viewing of a mixture on the mode paves the way for alternative models
and provides natural leverage on separation in data. With an emphasis on a solar dataset
and a benchmark dataset, the performance of the proposed models is compared with that of
well-known models.

Keywords Beta · Compound · Gamma · Negative binomial · Poisson · SAURAN dataset ·
SDG 7 · SDG 13

1 Introduction

In light of the increased essential focus on clean and renewable energy, climate action—
within the context of sustainable development goal 7 (affordable and clean energy) and 13
(climate action) [29]—and South Africa’s dire power situation due to load shedding [45, 46],
the consideration and analyses of solar energy production data is essential. The peculiarities
of such data require innovative approaches for modeling—the modern-day statistician has
experienced a staggering increase in the scale and scope of datasets, oftenwith vastly different
underlying characteristics, across all areas of scientific research. This highlights the necessity
of flexible models encompassing significant heavy-tailedness and non-negligible skewness.
Numerous approaches have been considered in the literature to deal with this challenge; for
instance [19, 20, 25, 47].
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The concept of location-scale mixtures originated several decades ago, as evidenced by
the foundational works of [2, 49]. In short, it displays finite or continuous mixtures of refer-
ence (basic component) distributions concerning one or more of their parameters through a
convenient discrete or continuous mixing distribution, with parameters that govern the over-
all model’s flexibility; in the statistical literature, this approach is often called compounding.
Compounding remains an intuitive theoretical approach to account for peculiarities present
in data, and to describe them into a representative mathematical (and thus, statistical) frame-
work [17, 18, 25]. According to [43], there are countless statistical models based on the
location-scale mixture concept, but they can all be categorized according to how the com-
pounding process is integrated into the model. Motivated by this, in this paper, we borrow the
idea of mean mixtures [30], but from a mode viewpoint to construct a discrete mode-mixture
(DMM) of positive support unimodal distributions.Multiple justifications exist for preferring
the mode as a location parameter; refer to the discussion of [43] for further insights. As [9]
points out, there is growing interest in evaluating numerous statistical models from a modal
perspective. The mode, median, and mean are the three prevalent metrics of central tendency
utilized in data analysis. However, for data originating from skewed distributions with large
tails, the mode might be a more useful and intuitive indicator of central tendency [22] as the
mode may be graphically located, is simply interpreted, and is unaffected by extremely high
or low values.

This paper considers two 2-parameter mode-parametrized distributions as the reference
distributions. First, we examine mode-parameterizations of the unimodal gamma and beta
prime (beta type II) models, which are specified on positive support and parameterized by a
mode parameter and a dispersion parameter.

Secondly, as discrete mixing distributions within the compound model, we consider the
(a) Poisson, and (b) negative binomial, with parameters governing the tail weight. This is
inspired by the weights usually considered in the shape mixture cases [6, 13, 14, 51]. The
particular advantages, among others, for models constructed in this way is that i) for positive
support data, we retain a clear and intuitivemeasure of central tendency (themode), ii) there is
no ambiguity on the modality of the models, and iii) the proposedmode-mixture construction
is a previously unconsidered theoretical framework, but inspired from the well-known mean
mixture methodology. We therefore extend and contribute to the literature with this unique
perspective on positive support models indexed explicitly with a location type parameter.
The resulting models have closed-form probability density functions (pdfs) and closed-form
expressions for other statistical characteristics of interest, such as moments and moment
generating functions.

Section 2 gives a brief background of the mode-parametrized gamma and beta prime dis-
tributions. By combining them as conditional distributions with the discrete models acting
on the mode parameter, we introduce models within this mode-focused environment (Sec-
tion 3). In Section 4, these flexible models are illustrated on solar irradiance data from South
Africa (aligned with the focus on clean energy and climate action, as described earlier). In
addition to this, these contributions to the literature are also fitted to the well-known Nor-
wegian insurance dataset to benchmark our proposals. In both cases, our contributions are
compared to other popular and often considered unimodal models with positive support [36,
37]. Section 5 summarizes the key aspects of this paper.
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2 Background: 2-parameter mode-parameterized distributions

This section provides a brief overview of the gamma and the beta-prime distributions’ mode
parametrization and some of their properties. These will be the reference distributions in the
compound models.

2.1 Mode-parameterized gamma distribution

Let X be a positive random variable having a gamma distribution with a pdf given by

f (x;α, β) = 1

� (α) βα
xα−1 exp (−x/β) , x > 0, (1)

where α > 0 and β > 0 denote the shape and scale parameters, respectively, and � (·)
denotes the usual gamma function. If α ≥ 1, the distribution is unimodal with the mode in
x = β(α − 1).

The pdf of the mode-parameterized gamma distribution that has been considered in [10],
[4], and [37], is given by

fG(x; θ, γ ) =
x

θ
γ exp

(
− x

γ

)

�
(

θ
γ

+ 1
)

γ
θ
γ

+1
, x > 0, (2)

where θ > 0 is the mode and γ > 0 is a dispersion parameter. Figure 1a illustrates the
impact of varying γ (when θ = 2), and Figure 1b illustrates the impact of varying θ (when
γ = 0.5). See [4] for further details on how these parameters affect the distribution’s shape.
The link between the parameterizations (1) and (2) is given by

{
α = θ

γ
+ 1

β = γ
�⇒

{
θ = β (α − 1)
γ = β

.

The sth moment for a variable with pdf (2) is given by

E
(
Xs) =

�
(

θ
γ

+ s + 1
)

γ s

�
(

θ
γ

+ 1
) .

Specifically, the variance is γ 2 + θγ , while the moment-generating function (mgf) has the
form

MX (t) = 1

(1 − γ t)
θ
γ

+1
.

2.2 Mode-parameterized beta prime distribution

The pdf of the beta prime (BP) distribution [11] is given by

f (x;α, β) = xα−1 (1 + x)−(α+β)

B (α;β)
, x > 0, (3)

whereα > 0 andβ > 0 are two shape parameters, and B (·, ·) denotes the usual beta function.
It is known that if α ≥ 1, the pdf in (3) will have a single mode at x = α−1

β+1 .
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Fig. 1 Mode-parameterized gamma (2) with θ = 2 (left panel) and γ = 0.5 (right panel)

We introduce the mode-parameterized beta prime distribution with pdf

fBP (x; θ, γ ) = x

(
3+ 1

γ

)
θ

(1 + x)
− (1+3γ )(1+θ)

γ

B
(
1 +

(
3 + 1

γ

)
θ; 2 + 1

γ

) , x > 0, (4)

where θ > 0 is the mode and γ > 0 is a dispersion parameter, similar to the unimodal gamma
distribution defined in (2). The link between the parameterizations (3) and (4) is

{
α = 1 +

(
3 + 1

γ

)
θ

β = 2 + 1
γ

�⇒
{

θ = α−1
β+1

γ = 1
β−2 .

The sth moment for a variable with the pdf in (4) is given by

E
(
Xs) =

�
((

3 + 1
γ

)
θ + s + 1

)
�

(
2 + 1

γ
− s

)

�
((

3 + 1
γ

)
θ + 1

)
�

(
2 + 1

γ

) ,

where the mean and variance are

E (X) = (3γ + 1) θ + γ

1 + γ

and

Var (X) = γ (γ + θ + 3γ θ) (1 + θ + γ (2 + 3θ))

(γ + 1)2
.

The mgf for (4) is given by

MX (t) = exp(−t)
�

[
3 +

(
3 + 1

γ

)
θ + 1

γ

]

�
[
2 + 1

γ

] G2,0
1,2

[
−t |3+

(
3+ 1

γ

)
θ+ 1

γ

2+ 1
γ

,0

]
,

where G(·) is Meijer’s G-function [24].
Analogous to the gamma pdf (2) (see [4]), Figure 2 illustrates how the beta prime pdf

shape changes for θ = 2 (left panel) and γ = 0.5 (right panel).
We restrict our attention to the subclass of unimodal, hump-shaped pdfs for both the

gamma and beta-prime distributions, excluding all reverse J -shaped cases that exhibit an
asymptote at x = 0.
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Fig. 2 Mode-parameterized beta prime (4) with θ = 2 (left panel) and γ = 0.5 (right panel)

3 General framework for DMMof positive support unimodal
distributions

We propose a compound approach inspired by the normal mean mixture, where the mode
parameter, θ , from (2) and (4), is shifted to the right by a positive mixing variable. This
mixing variable has a probability density or mass function h, which is characterized by a
(potentially vector) shape parameter φ. The selected mixing distributions offer the advantage
of yielding a compound model with a closed-form pdf, a feature of significant importance
[41]. In particular, we focus on discrete mixing variables.

In Definitions 1 and 2, we introduce the DMM of positive support unimodal distributions,
with a focus on the mode-parameterized gamma and mode-parameterized beta prime as the
(conditional) unimodal distributions. The mixing distribution we will implement is discrete
– led by the noncentral representations of many models that are effectively shape mixtures
based on Poisson weights [6, 14, 34, 51].

Definition 1 (Gamma DMM) A positive random variable X is said to have the DMM of
gamma distributions with mode θ > 0, dispersion parameter γ > 0, and (potentially vector)
shape parameter φ, if the pdf is given by

p(x; θ, γ,φ) =
∞∑
j=0

fG(x; θ + jγ, γ )h( j;φ), x > 0, (5)

where fG is the unimodal conditional gamma pdf in (2), and h ( j;φ) is a mixing probability
mass function (pmf) indexed by the vector of parameters φ.

Definition 2 (Beta prime DMM) A positive random variable X is said to have the DMM of
beta prime distributions with mode θ > 0, dispersion parameter γ > 0, and (potentially
vector) shape parameter φ, if the pdf is given by

p(x; θ, γ,φ) =
∞∑
j=0

fBP(x; (3γ + 1)θ + jγ, γ )h( j;φ), x > 0, (6)

where fBP is the unimodal conditional beta prime pdf in (4) and h ( j;φ) is a pmf indexed
by the vector of parameters φ.

The distribution of X can be considered a composite distribution constructed by taking an
infinite set of component distributions by adding an index j to the mode scaled by the vari-
ability parameter. We consider two mixing distributions: Poisson and negative binomial. The
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Poisson distribution we consider, compactly denoted as Pois( λ
2 ), depends on the parameter

λ
2 , and has pmf

hP( j; λ) = exp
(− λ

2

) (
λ
2

) j
j ! , j = 0, 1, 2, . . . and λ > 0. (7)

As the second choice for a mixing distribution, we consider the negative binomial distri-
bution with parameters r and p, compactly denoted as NB(r , p). If r = 1, the geometric
distribution follows. This distribution is implemented to model count data and overcomes
the equidispersion constraint of the Poisson distribution. The pmf is given by

hNB( j; r , p) =
(
j + r − 1

j

)
pr (1 − p) j , j = 0, 1, 2, . . . , for r > 0 and 0 ≤ p ≤ 1.

(8)

Both (5) and (6) will be unimodal hump-shaped (see Appendix). As we have mentioned
before, the conditional distribution f in (5) and (6) is embedded as a special case of either
(5) or (6) if λ → 0, for the Poisson mixing variable, and p → 1 for the negative binomial
mixing variable.

The alert reader will notice the difference between the proposed compound models and
models in literature that are being referred to as compound gamma, compound gamma-
Poisson, Poisson compound gamma, Poisson beta, beta negative binomial; see for example
[15, 21, 28, 32, 35, 48, 50].

3.1 Poissonmixing distribution

3.1.1 Conditional gamma distribution

Using (7) in model (5), we obtain the following pdf for the mode Gamma-Poisson (G-P)

pG-P(x; θ, γ, λ) =
∞∑
j=0

x
θ
γ

+ j exp(− x
γ
)

�
(

θ
γ

+ j + 1
)

γ
θ
γ

+ j+1

exp
(− λ

2

) (
λ
2

) j
j !

= x
θ
γ exp(− x

γ
)

�
(

θ
γ

+ 1
)

γ
θ
γ

+1 exp
(

λ
2

) 0F1

(
θ

γ
+ 1; xλ

2γ

)
, x > 0, (9)

with θ, γ , λ > 0 and 0F1(·) being a hypergeometric function with scalar argument. Using
[16] p. 815, eq. (9), the mgf becomes

MX (t) = x
θ
γ exp(− x

γ
)

�
(

θ
γ

+ 1
)

γ
θ
γ

+1 exp
(

λ
2

)
∞∫

0

exp

(
−x

(
1

γ
− t

))
x

θ
γ 0F1

(
θ

γ
+ 1; xλ

2γ

)
dx

=
exp

(
λ

2γ (1−γ t)

)

(1 − γ t)
θ
γ

+1
.
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Fig. 3 Mode G-P mixture (9)

Similarly, the sth moment is given by

E
(
Xs) =

�
(

θ
γ

+ s + 1
)

γ s

�
(

θ
γ

+ 1
)
exp

(
λ
2

) 1F1

(
θ

γ
+ s + 1; θ

γ
+ 1; λ

2

)
, (10)

where 1F1(·) is the confluent hypergeometric function with scalar argument. Using (10), the
variance can be calculated easily, using Var(X) = E(X2) − [E(X)]2.

Importantly, this model (as well as subsequent ones) has one unique mode – in the case
of (9), it is given by

mG-P = θ + γ
�

(
θ
γ

+ 1
)

0F1
(

θ
γ

+ 1; λ
2γ

)
∞∑
j=1

(
λ
2γ

) j

� ( j) �
(

θ
γ

+ j + 1
) ,

where the proof is outlined in the Appendix. If λ → 0, the mode reduces to θ , which
conveniently is the mode of the reference (conditional) model. It is also valuable to note that
for any increasing value of λ, the value of mG-P will also increase. Similar observations are
made for all subsequent models in this paper.

For the reader’s interest, the effect of varyingλ, with fixed θ = 2 and γ = 0.5, is illustrated
in Figure 3.

3.1.2 Conditional beta prime distribution

Using (7) in (4), we obtain the mode BP-Poisson (BP-P) distribution with pdf
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Fig. 4 Mode BP-P mixture (11)

pBP-P(x; θ, γ, λ) =
∞∑
j=0

x

(
3+ 1

γ

)
θ+ j

(1 + x)
−

(
1+3γ

γ
+ 1+3γ

γ
θ+ j

)

B
(
1 +

(
3 + 1

γ

)
θ + j; 2 + 1

γ

)
exp

(
−λ

2

) (
λ
2

) j

j !

= x

(
3+ 1

γ

)
θ

(1 + x)
−

(
1+3γ

γ
+ 1+3γ

γ
θ
)

exp
(

λ
2

)
B

(
1 +

(
3 + 1

γ

)
θ; 2 + 1

γ

) 1F1

(
3 +

(
3 + 1

γ

)
θ + 1

γ
, 1 +

(
3 + 1

γ

)
θ; λx

2(1 + x)

)
,

x > 0, (11)

with θ, γ , λ > 0. Using [12], p. 338, an expression for the sth moment is given by

E
(
Xs) =

�
(
1+3γ

γ
− s − 1

)
G1,2

2,3

[
λ
2 |−

[(
3+ 1

γ

)
θ+s

]
,−

[(
3+ 1

γ

)
θ+2+ 1

γ

]

0,−
(
3+ 1

γ

)
θ,1−

(
1+3γ

γ
+

(
1+3γ

γ

)
θ
)

]

exp
(

λ
2

)
�

(
2 + 1

γ

) , (12)

for s < 2 + 1
γ
. As before, one can use (12), to calculate the variance of X , using Var(X) =

E(X2) − [E(X)]2. The single mode of this model (mBP-P) is given by

mBP-P = θ + γ

∞∑
j=1

(
λ
2

) j(
3+

(
3+ 1

γ

)
θ+ 1

γ

)
j

�( j)
(
1+

(
3+ 1

γ

)
θ
)
j

(1 + 3γ )1 F1
(
3 +

(
3 + 1

γ

)
θ + 1

γ
; 1 +

(
3 + 1

γ

)
θ; λ

2

) .

Figure 4 describes the behavior of the pdf in (11) for varying λ, with θ = 2 and γ = 0.5.
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3.2 Negative binomial mixing variable

3.2.1 Conditional gamma distribution

From (5) and (8) the pdf of the mode Gamma-Negative Binomial (G-NB) is given by the
closed form expression:

pG-NB(x; θ, γ, r , p) =
∞∑
j=0

x
θ
γ

+ j exp(− x
γ
)

�
(

θ
γ

+ j + 1
)

γ
θ
γ

+ j+1

(
j + r − 1

r − 1

)
pr (1 − p) j

= x
θ
γ exp(− x

γ
)pr

�
(

θ
γ

+ 1
)

γ
θ
γ

+1
1F1

(
r; θ

γ
+ 1; x(1 − p)

γ

)
, x > 0, (13)

where θ, γ, r > 0 and 0 ≤ p ≤ 1. Using [16], p. 815, eq. (9), with the mgf beocmes

MX (t) = pr

�
(

θ
γ

+ 1
)

γ
θ
γ

+1

∞∫

0

exp

(
−x

(
1

γ
− t

))
x

θ
γ 1F1

(
r; θ

γ
+ 1; x(1 − p)

γ

)
dx

=
(
p(1 − tγ )

p − γ t

)r 1

(1 − γ t)
θ
γ

+1
.

Similarly the sth moment is given by

E
(
Xs) =

�
(

θ
γ

+ s + 1
)

(pγ )s

�
(

θ
γ

+ 1
) 2F1

(
r ,

θ

γ
+ s + 1; θ

γ
+ 1; (1 − p)

γ

)
,

where 2F1(·) is the Gauss hypergeometric function with scalar argument
∣∣∣ 1−p

γ

∣∣∣ < 1. The

mode of the G-NB (mG-NB) is given by

mG-NB = θ + γ
�

(
θ
γ

+ 1
)

1F1
(
r; θ

γ
+ 1; 1−p

γ

)
∞∑
j=1

(r) j
(
1−p
γ

) j

� ( j) �
(

θ
γ

+ j + 1
) .

The effect of varying r and p for θ = 2 and γ = 0.5, by a set of G-NB pdfs, is displayed
in Figure 5.

3.2.2 Conditional beta prime distribution

Using (8) in (4), we obtain the mode BP-NB distribution with pdf

pBP-NB(x; θ, γ, r , p)

=
∞∑
j=0

x

(
3+ 1

γ

)
θ+ j

(1 + x)
−

(
1+3γ

γ
+ 1+3γ

γ
θ+ j

)

B
(
1 +

(
3 + 1

γ

)
θ + j; 2 + 1

γ

)
(
j + r − 1

r − 1

)
pr (1 − p) j

= x

(
3+ 1

γ

)
θ

(1 + x)
−

(
1+3γ

γ
+ 1+3γ

γ
θ
)
pr

B
(
1 +

(
3 + 1

γ

)
θ; 2 + 1

γ

)

123



  115 Page 10 of 18 A. Bekker et al.

Fig. 5 Mode G-NB (13) for fixed r (left panel) and fixed p (right panel)

Fig. 6 Mode BP-NB ((14) for fixed r (left panel) and fixed p (right panel)

2F1

(
r , 3 +

(
3 + 1

γ

)
θ + 1

γ
, 1 +

(
3 + 1

γ

)
θ; x(1 − p)

(1 + x)

)
, x>0, (14)

where θ > 0, γ > 0, r > 0 and 0 ≤ p ≤ 1. An expression for the sth moment is given by

E
(
Xs) = pr�(3 + 1

γ
− s − 1)

�
(
2 + 1

γ

)
∞∑
k=0

(r)k (1 − p)k�
((

3 + 1
γ

)
θ + s + k + 1

)

k!�(1 +
(
3 + 1

γ

)
θ + k)

,

for s < 2 + 1
γ
. The mode of the BP-NB (mBP-NB) is given by

mB-NB = θ + γ

∞∑
j=1

(r) j (1−p) j
(
3+

(
3+ 1

γ

)
θ+ 1

γ

)
j

�( j)
(
1+

(
2+ 1

γ

)
θ
)
j

(1 + 3γ )1 F1
(
3 +

(
3 + 1

γ

)
θ + 1

γ
; 1 +

(
3 + 1

γ

)
θ; 1 − p

) .

Figure 6 describes the behaviour of the pdf in (14) for varying r (fixed p = 0.5) and p
(fixed r = 2) with θ = 2 and γ = 0.5.

Advantageously, these DMMmodels guarantee unimodality in X for our specific choices
of mixing distributions (see Appendix). This construction allows that the conditional distri-
butions (basic components) are special cases of the proposed models when λ → 0, for the
Poisson mixing or p → 1 for the negative binomial mixing, this results in nested models.
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3.3 Parameter estimation via maximum likelihood

Maximum likelihood (ML) is employed to obtain estimates of the parameters for the proposed
DMM of positive support unimodal distributions. Given a random sample x1, . . . , xn from
either pdfs (5) and (6), the log-likelihood function is given by

l(θ, γ,φ) =
n∑

i=1

ln
[
p(xi ; θ, γ,φ)

]
. (15)

The first order partial derivatives of (15), with respect to (θ, γ,φ′)′
, are

l ′(θ, γ,φ) =
n∑

i=1

∂

∂(θ, γ,φ)
ln

[
p(xi ; θ, γ,φ)

]
. (16)

The values of θ, γ and φ that maximize l(θ, γ,φ) are the ML estimates θ̂ , γ̂ , and φ̂ and
satisfy the condition l ′(θ̂ , γ̂ , φ̂) = 0. Numerical methods may be employed to maximize the
log-likelihood function in cases when closed-form estimates are not readily available, subject
to constraints that may be present on the parameters.

4 Data application

The real data analyses are conducted in R; the codes are available upon request. We perform
maximization of (15) numerically by the general-purpose numerical optimizer optim()
for R [39]. Both the Nelder-Mead and the BFGS algorithms were used. Ultimately, the
solution providing the best-observed data log-likelihood value was retained (see [42]). These
algorithms are used in conjunctionwith the following transformations/back-transformations:

θ̃ = ln θ ↔ θ = exp(θ̃)

γ̃ = ln γ ↔ γ = exp(γ̃ )

λ̃ = ln λ ↔ λ = exp(̃λ)

p̃ = ln( p
1−p ) ↔ p = exp( p̃)/ (exp( p̃) + 1)

r̃ = ln r ↔ r = exp(̃r)

to account for the parameter constraints.
For the hypergeometric functions, the hypergeo package is used. The empirical mode of

the dataset is used as an initial parameter for θ for both the gammaandbeta primedistributions.
The empirical mode is determined as the value with the highest density based on the kernel
density estimator provided by the density() function from R’s stats package, using its
default arguments [31, 36–38]. The initial estimates of γ are obtained by ML-fitting of the
conditional gamma and negative binomial distributions. The initial values of φ are such that
the proposed models tend to the respective conditional models.

4.1 Real data analyses

The performance of the proposed models is compared to alternative models by considering
a new dataset relevant to climate modeling (Section 4.1.1), followed by a widely known
dataset (Section 4.1.2). To compare models in terms of goodness-of-fit with the same number
of parameters, the log-likelihood is considered; when the number of parameters differs, we
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use the Akaike information criterion (AIC; [1]) and the Bayesian information criterion (BIC;
[40]).

4.1.1 Surface solar irradiance

Solar irradiance variation significantly impacts the performance of instantaneous non-linear
devices such as solar energy converters [3]. Therefore, by quantifying the solar irradiance
variability, effective management of power systems that inject solar-generated power into the
energy grid is possible [27]. Furthermore, this can lead to improving these power systems
to potentially avoid costly grid reinforcements, [26], resulting from voltage and frequency
fluctuations and instabilities [23]. Several components contribute to solar irradiance depletion
before it reaches the Earth’s surface, such as aerosols, ozone molecules, and clouds, with
clouds being the main component. We are interested in “statistical solar climatology,” which
is used to achieve instantaneous solar energy conversion goals [44]. This comprises statistical
data analysis on themain variables of interest, such as direct normal irradiance (DNI), diffused
horizontal irradiance (DHI), and global horizontal irradiance (GHI) of specific locations at
specific times. The interested reader is referred to [33].

South Africa has great potential for solar energy production as it has sunshine all year
round, with an average of more than 2500 hours of sunlight per year and an average solar
radiation level of between 4.5-6.5 kilowatt-hour per square meter (kWh/m2) per day. For
this paper, we are interested in modeling the diffused irradiance index. This is normalized
to eliminate the deterministic variation and time dependency within the irradiance variables
resulting from the sun’smovement in the sky throughout each day. To the authors’ knowledge,
only the gamma distribution is applied for the unimodal behavior of this variable in the
literature [26].

In this paper, the minute-average solar irradiance data for 1 January 2021 until 31 Decem-
ber 2021 (which includes the GHI, DHI, and DNI values) are obtained from the Southern
Africa Universities Radiometric Network (SAURAN) database for two locations in South
Africa. The two radiometric stations are situated at the (a) University of Pretoria (UP) (lati-
tude: -25.75308037, longitude: 28.22859001) in Gauteng and at (b) Stellenbosch University
(SUN) (latitude: -33.92810059, longitude: 18.86540031) in the Western Cape. Kipp and
Zonen CMP11 pyranometers were used to capture the data for the GHI and DHI variables,
whereas SOLYS-2 trackers and CHP1 pyrheliometers were used to capture the data for the
DNI variable. It is worth noting that the pyranometers at SUN and UP were last calibrated
on 2016/09/06 and 2018/08/11, respectively.

For this paper, we only considered the solar irradiance during the daylight hours in the
presence of sunlight. To mitigate the removal of observations, we have chosen the following
margins for both of the locations: for the UP dataset, a margin of between 7:00 and 17:00 was
chosen since the latest the sun came up was on 2 July 2021 at 6:54, and the earliest it went
down was on 9 June 2021 at 17:23. For the SUN dataset, a margin of between 8:00-17:00
was chosen since the latest the sun came up was on 30 June 2021 at 7:50 and the earliest it
went down was on 12 June 2021 at 17:42. The descriptive statistics are given in Table 1. It
is observed that the minute average has a positive skewness and excess kurtosis.

We compared the proposed models with the following compound models by [37]: (a)
G-G (unimodal gamma for both conditional and mixing distribution), (b) LN-LN (lognormal
for both conditional and mixing distribution), and (c) IG-IG (inverse Gaussian for both
conditional and mixing distributions). Figures 7 and 8 illustrate the fitted pdfs superimposed
on the diffused irradiance index data for UP and SUN, respectively. Tables 2 and 3 show the
performance measures for the considered models. From the results in these tables, the AIC
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Table 1 Descriptive statistics of minute-average data for GHI(W/m2)

Min Q1 Median Mean Q3 Max Skewness Kurtosis

UP 0.1174 251.4175 487.9658 509.3179 724.3266 1553.2980 0.3267 2.2181

SUN 0.7761 277.3994 528.6825 535.2764 780.1922 2367.2900 0.1325 2.0559

Fig. 7 Histogram of the diffused irradiance index (UP) data with the three best-fitted PDFs. The BP-NB
(dashed line), LN-LN (dotted line), G-NB (solid line)

and BIC support the G-NB as the best fit (indicated in bold), followed by the BP-NB for both
locations. It is observed that the Poisson mixing distribution for these datasets is not a good
choice.

4.1.2 Norwegian fire claims

This dataset contains 9181 fire insurance claims, in thousands of Norwegian krones (NKR),
for a Norwegian insurance company from 1972 − 1992. This dataset is available in the R
package Reins. The data were recorded with a priority of 500 thousand NKR, and thus, 500
thousand was deducted from each observation to ensure the positivity of the data. Numerous
authors studied this dataset; see for example [37], [7], [8], and [5]. As in previous investi-
gations, the same top-performing models from the paper [37], were applied and considered.
Figure 9 and Table 4 report that the AIC and BIC provide the same ranking with the best
model (indicated in bold), the G-G, followed by the G-NB.

5 Conclusion

We propose a discrete mode-mixture (DMM) where the unimodal mode-parameterized dis-
tribution is the conditional model (basic component or reference distribution) and a discrete
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Fig. 8 Histogram of the diffused irradiance index (SUN) data with the three best-fitted PDFs. The BP-NB
(dashed line), LN-LN (dotted line), G-NB (solid line)

Table 2 Diffused irradiance index (UP) data: log-likelihood, AIC, and BIC for the competing models, along
with rankings based on these criteria

Model #par Log-lik AIC Ranking BIC Ranking

Gamma (G) 2 201373.6 402743.1 8 402722.6 8

G-P 3 201373.6 402741.1 9 402710.4 9

G-NB 4 215571.9 431135.9 1 431094.9 1

Beta Prime (BP) 2 205416.1 410828.3 6 410807.8 5

BP-P 3 205416.1 410826.3 7 410795.5 6

BP-NB 4 215381.5 430755.0 2 430714.0 2

LN-LN 3 211989.9 423973.9 4 423943.1 3

G-G 3 208945.6 417885.2 5 417866.7 4

IG-IG 3 204604.9 423974.9 3 409185.3 7

Table 3 Diffused irradiance index (SUN) data: log-likelihood, AIC, and BIC for the competing models, along
with rankings based on these criteria

Model #par Log-lik AIC Ranking BIC Ranking

Gamma (G) 2 193631.5 387259.0 8 387238.6 8

G-P 3 193631.5 387257.0 9 387226.5 9

G-NB 4 214584.9 429161.8 1 429121.2 1

Beta Prime (BP) 2 197707.9 395411.8 6 395391.5 6

BP-P 3 197707.9 395409.8 7 395379.3 7

BP-NB 4 214297.6 428587.2 2 428546.6 2

LN-LN 3 208644.6 417283.2 3 417252.7 3

G-G 3 204766.1 409526.2 4 409495.7 4

IG-IG 3 204490.5 408975.0 5 408969.8 5
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Fig. 9 Histogram of the Norwegian fire claims data with the three best-fitted PDFs. The G-NB (dashed line),
BP-NB (dotted line), Gamma-gamma (solid line).

Table 4 Norwegian fire claims data: log-likelihood, AIC, and BIC for the competing models, along with
rankings based on these criteria

Model #par Log-lik AIC Ranking BIC Ranking

Gamma (G) 2 −77565.3 −155134.7 5 −155148.9 5

G-P 3 −77565.3 −155136.7 6 −155158.0 6

G-NB 4 −73952.3 −147912.6 2 −147941.1 2

Beta Prime (BP) 2 −162861.9 −325727.9 8 −325742.1 8

BP-P 3 −107823.6 −215653.1 7 −215674.5 7

BP-NB 4 −74964.3 −149936.6 3 −149965.1 3

LN-LN 3 −75333.5 −150672.9 4 −150694.3 4

G-G 2 −73857.6 −147721.2 1 −147742.5 1

mixing variable superimposed on the mode of the basic component, and obtain closed-form
expressions for the pdfs. However, the novelty of this approach is not limited to these models.
The introduced models were applied to two real datasets, and upon calculating the informa-
tion criteria, including AIC and BIC, the new models yielded the most favorable results in
both cases. A model that suits a particular data set may not exclusively outperform other
candidates of the same kind; thus, this paper is not to claim better modeling but to introduce
a new formulation and thought direction, focusing on the mode. The uniqueness of the focus
on the location of the mode gives the practitioner the leverage for informed insight detec-
tion. Our results yield the basis for future research with the mode mixture as the focus, for
example, in a multivariate setting.
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6 Mode(s) of considered DMMmodels

To establish the unimodality of the models (5) and (6), consider the following outline, choos-
ing the Poisson (7) as mixing distribution. From (5) the mode mG-P of the G-P can be
determined from the derivative of (5) set to 0:
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After some simplification, it follows
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In all of the respective cases, it is clear that the respective modes from the DMM distri-
butions considered in this paper are larger than, or equal to, the true conditional mode θ . In
addition, when λ → 0 and r → 1, the nested conditional mode θ is obtained.
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