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Introduction

Since the dawn of the field, with the first experiments related to α-particle
decay, and up until the most recent advances in e.g. ab initio methods, a wide
fraction of nuclear physics studies revolve around the interplay between the
structure adopted to depict nuclei and/or nucleons and the models describing
their interactions, both bound to the role of approximated representations due
to the complex and non-perturbative nature of the underlying fundamental
interactions. This also caused the developments in the two directions to be
correlated to a certain extent. Very heavy nuclear systems more easily lend
themselves to a description in terms of spatial density and other properties
that may be commonly encountered in macroscopic physics (or at least their
quantum counterpart), as they show a behaviour comparable to that of a fluid,
including the possibility of undergoing phase transitions, and often respond
well to semi-classical treatments. In the “intermediate” mass regime, shell-
model descriptions of the nuclear structure proved to be a great success, as
the mutual interaction between a set of nucleons, thanks to the effects of
anti-symmetrisation, can in fact be reasonably accounted for as the result
of a self-generated mean-field, which provides an accurate description of the
system when appropriately corrected by the residual correlations. Nuclear
reactions are then routinely employed to deduce relevant properties regarding
such structure, and vice-versa.

In very light nuclei, which are the subject of study of the present work, the
available degrees of freedom are sufficiently small in number that more micro-
scopic techniques can be attempted, both for the structure of isolated systems
(as the No-Core Shell Model [1] or Quantum Monte Carlo [2] methods) and
even for nuclear reactions (as the Resonating Group Method [3]). These ap-
proaches bear considerable predictive power, being based on the elementary
interaction at the nucleon level with little reliance on phenomenological con-
straints. At the same time, such lack of flexibility complicates the physical
interpretation of disagreements with expected or measured properties, and
makes it harder to identify which ingredients or features of the model are
responsible of a given result. More macroscopic models, in contrast, find
their roots in general features observed in the regime of interest, and need
to be supplied with several phenomenological ingredients, mainly in the form
of model Hamiltonians and general structure properties, adapted to the spe-
cific situation at hand. This also implies that the impact of each ingredient
on the model predictions can be explored with relative ease, opening for the
possibility of a qualitative (and not merely numerical) understanding of the
observations. In this sense, macroscopic approaches can complement and
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Introduction

complete ab-initio studies, and their application thus maintains significant
scientific interest.

Specifically, in regard to the description of scattering and reaction phe-
nomena between light particles, the same sort of techniques often adopted
for somewhat heavier systems can be applied with profit: optical models,
distorted-wave Born approximation calculations and coupled-channels schemes
(an in-depth treatment of such concepts may be found for instance in [4]) are
routinely employed in this regime, for instance in the description of reactions
involving exotic nuclei (see for instance [5]). As for the representation of
the structure of light nuclear systems, an excellent framework is provided by
cluster models. In view of the general expectation that the characteristics of
the nuclear interaction and anti-symmetrisation can favour the formation of
correlated clusters of particles within a nucleus (see for instance [6, sec. 3.2]),
a system might be described as a bound state of a very small number of sub-
systems (rarely more than three, in practice), each with properties resembling
those of the corresponding nuclide in isolation. Most or all the non-essential
degrees of freedom regarding the relative motion of particles forming each
cluster are then neglected, simplifying the problem to a tractable level. Such
description is especially fruitful at relatively small excitation energies, where
resonances are sparse and there is often sufficient experimental information
to pinpoint the main characteristics of each excited state and the clustered
structure which best describes it.

This work is in particular concerned with the study of nuclear reactions
between light charged ions at incident energies around and below the re-
actants Coulomb barrier, with a focus on the energy range of astrophysical
interest for Big Bang and quiescent stellar processes. Cross-sections of re-
actions pertaining to this regime are of great interest in the modelling of
associated astrophysical scenarios, in particular for nucleosynthesis and stel-
lar evolution, where they appear as key physical ingredients. For instance,
reactions destroying Li6 are interesting with regard to the lithium-depletion
problem, and in the study of pre-main-sequence stars [7]. Other examples in-
clude several reactions involving lithium, beryllium and boron isotopes, which
are all nuclei known to exhibit a pronounced cluster structure. Some of these
processes can also be important in the field of controlled nuclear energy pro-
duction. The investigation of this class of collision processes is a challenging
pursuit from both the theoretical and experimental point of view. Regarding
the former, despite ongoing efforts current microscopic calculations are of-
ten not able to provide a fully satisfactory account of available experimental
data regarding cross-sections (see e.g. [8] and references therein for the case
of the Li6 + p → He3 + α reaction, and [9] and references therein for the
Li6 + p → Be7 + γ), and in some cases even ground-state structure prop-

erties (see [10] for a review, although not so recent, in particular regarding
Li6 ). In this respect, the possible influence of clustering effects on the low-

energy reaction dynamics has received some attention (see e.g. [11] for a Fad-
deev Li6 + p → He3 + α calculation including dynamic excitations in the
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inter-cluster motion) and still represents an interesting field of study. From
the experimental point of view, the reactants electrostatic repulsion causes
the cross-section to depend exponentially on energy, being reduced to val-
ues of the order of the nanobarn or less within the energy range of interest.
Direct measurements of these reactions are consequently very difficult and
time-consuming, and normally require heavy shielding from all background
sources (see e.g. [12] for a review). A valuable contribution in the field is
given by indirect measurement methods, in which the theoretical understand-
ing on nuclear reaction processes is employed to devise techniques yielding the
desired information through experiments which are easier to perform than the
corresponding direct measurement (see e.g. [13] for a review).

Another complication affecting the processes of interest in this work is that,
when approaching the stellar energy range, the structure of matter above
the nuclear level (atoms, plasmas, solids, …) starts playing a relevant role.
For instance, it is well known that the cross-section of a reaction between
charged particles directly measured in a fixed target experiment at low ener-
gies shows an enhancement due to the screening of the nuclear charge operated
by atomic electrons. In order to correctly describe the process of astrophysical
interest, a sufficiently accurate prediction of the screening effects acting both
in laboratory and in the relevant astrophysical site is thus required. Extensive
theoretical work exist in this direction (see [14, 15], just to mention two rel-
evant examples). From the experimental perspective, a direct measurement
of screening effects in plasma environments with conditions comparable with
the astrophysical ones is challenging. Concerning standard laboratory meas-
urements employing atomic targets, the situation is rather involved, as the
cross-section enhancement determined experimentally for several reactions is
larger than the upper limit predicted by atomic theory (see table 1.1 or [16]
for some examples). This anomalous observation is known as the atomic elec-
tron screening problem. It was proposed in [16] that these deviations might
be connected to clustering phenomena.

The main goal of this work is to investigate the sensitivity of nuclear re-
action dynamics, and more specifically the cross-section predictions, to the
description of the structure of each reactant, and in particular to clustering
phenomena. Emphasis is given to results concerning the astrophysical en-
ergy range, given the interest of its applications, and the reactions affected by
the electron screening problem, with the aim of advancing its understanding.
The practical applications are focused on the Li6 nucleus, and precisely the
Li6 + p → He3 + α transfer reaction and the barrier penetrability of the
Li6 + p system.
This thesis is structured as follows. After this introduction, chapter 1 treats

some phenomenological aspects of the class of nuclear reactions of interest in
this work, both taking place in vacuum (“bare-nuclei”) or immersed in an
external medium. The tools developed in this chapter, in spite of (and thanks
to) their simplicity, allow to understand the main features of the non-resonant
sub-Coulomb reaction cross-section, providing analytical expressions that can
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be compared to the results of more advanced computations to discuss their
qualitative meaning and implications. The formalism presented in section 1.2
can be employed to factor out the expected screening effects from experimental
low-energy data, so that the latter can be sensibly compared with bare-nucleus
cross-sections, as those computed in chapter 4. The same section also includes
a quantitative analysis on the electron screening anomalies observed in the
Li6 + p → He3 + α reaction. Furthermore, some of the concepts reviewed in

this chapter will find direct application in the study presented in chapter 5.
Chapter 2 is a dissertation on some characteristics of the static structure

of an isolated nucleus, with a focus on clustered systems. In particular, sec-
tion 2.2 presents the formalism of overlap functions, which are important for
treating direct transfer reactions and encode the required information to rep-
resent reactants within a cluster model. Section 2.3 instead is dedicated to the
explicit computation of the root-mean-square radius and the electric quadru-
pole moment of a nucleus described by a cluster-model wave-function. To
the author’s knowledge, the expressions regarding systems of three or more
clusters are not available in literature.

Chapter 3 reviews the theory of direct transfer reactions that is later em-
ployed in the practical calculations shown in chapter 4. In particular, the
discussion is focused on the formalism of first- and second-order distorted-
wave Born approximation (DWBA) and of coupled reaction channels (CRC)
approaches.

Chapter 4 is concerned with the study of the Li6 + p → He3 + α reaction,
treated as the direct transfer of either a structureless deuteron or a generic
p + n system, through the whole sub-Coulomb energy range and up to the
resonance corresponding to the second 5

2

− state of Be7 (namely, at centre-of-
mass incident energies between few keV to about 1.5MeV). The excitation
function of the process is explicitly evaluated within a fully quantum frame-
work and without adjusting the calculation parameters on transfer experi-
mental data. Different descriptions of the reactants structure are considered
in the evaluation of the cross-section. First- and second-order DWBA cal-
culations are employed to study the role of the system ground state in the
initial and final partition, and in particular the model adopted for the trans-
ferred particle internal structure, and the corresponding strength of clustered
configurations. Virtual excitations in the relative motion between core and
transferred systems, which can account for a dynamical deformation of the re-
actants during the reaction, are investigated in a preliminary calculation using
a CRC scheme. The physical ingredients required to perform the calculations
are also discussed here.

Chapter 5 presents an investigation on the quadrupole deformation of the
ground state of Li6 , described within a di-cluster model. Such deformation is
required to explain the measured electric quadrupole moment of Li6 , and in-
duces tensor components in the interaction of Li6 with other particles, break-
ing the angular symmetry of the Coulomb barrier. The semi-classical ap-
proach presented in [16] is here improved and expanded, and employed to

4



evaluate and compare the impact of the classical and quantum-mechanical
cluster model on the Coulomb-barrier penetrability within a scattering pro-
cess. The deformed state of Li6 constructed here is also used as input in the
deuteron-transfer calculations discussed in chapter 4. Finally, the text closes
with some concluding remarks and perspectives.
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1 Phenomenology of nuclear reactions
induced by light charged particles
below the Coulomb barrier

In the scattering process of electrically charged nuclei at energies well below
their Coulomb barrier, the energy trend of the cross-section is dominated by
the initial stage of quantum tunnelling through the repulsive electrostatic po-
tential, necessary for the reactants to feel the short-ranged strong interaction.
An appropriate description of such stage is thus important both to acquire
a qualitative understanding of nuclear reactions in this regime, and to allow
a sensible discussion of finer effects connected to the other properties of the
system under study.

Since the incident energy is low, open nuclear reaction channels almost ex-
clusively involve exothermic processes, thus the role of the Coulomb repulsion
in the final state tends to be less critical. With the relevant exception of
resonant processes, it is consequently possible to provide a phenomenological
description of a given nuclear reaction focusing just on the system initial state,
and disregarding both the reactants internal structure and the details of the
nuclear interaction. This is done in section 1.1.

Moreover, due to the prominent position held by the Coulomb barrier at
low incident energies, and the exponential energy trend it generates on the
cross-sections, any alteration of the electrostatic interaction, even relatively
small, may induce sizeable effects on the reaction dynamics. Similar outcomes
could be caused also by long-range mechanisms of different nature altering the
reactants effective collision energy. This sort of alterations can be sometimes
observed when reactants collide while immersed in an active medium, which
perturbs the scattering process. The issue is discussed in section 1.2, focus-
ing in particular on the phenomenon of charge screening operated by atomic
electrons, which enhances nuclear cross-sections measured in laboratory at
astrophysical energies.

1.1 Bare-nucleus non-resonant cross-section

This section discusses the phenomenological modelling of the non-resonant
component of the cross-section for a nuclear reaction between two isolated
charged particles (hence the name “bare-nucleus”). The process is described
in terms of the probability (transmission coefficient) for quantum barrier pen-
etration, which is defined in section 1.1.1 starting from general principles. The

7



Chapter 1. Phenomenology of sub-Coulomb nuclear reactions

case of a barrier generated by the combination of Coulomb repulsion and a
sharp-edge nuclear potential is discussed in some detail, and is employed as
starting point to derive some formulas often found in literature, also discussing
the approximations involved in their use.

When considering more general shapes for the nuclear potential, the barrier
penetration problem is often treated in Wentzel-Kramers-Brillouin-Jeffreys
approximation, as it yields a solution which is well suited for numerical com-
putations, and will be employed in chapter 5. The approximation is discussed
in section 1.1.2, where it is also employed to deduce some qualitative features
of the reaction cross-section.

The developed formalism is in conclusion applied in section 1.1.3 to the
phenomenological description of the Li6 + p → He3 + α bare-nucleus cross
section. Its application will also be very important in section 1.2.3, where
it will be combined to the model adopted for screening effects to attempt a
complete description of experimental data.

1.1.1 Transmission through a potential barrier

Consider a system of two nuclei with charge numbers Z1 and Z2, spin1 mod-
ulus quantum number s1 and s2, and reduced mass2 m, colliding in vacuum
at a non-relativistic centre-of-mass collision energy E, which is the kinetic en-
ergy at infinite distance in vacuum. E is assumed to be significantly smaller
than the maximum of the Coulomb barrier between the pair of reactants. It
is of interest to evaluate the non-polarised angle-integrated cross-section for
barrier penetration regardless of the particular exit channel for the reaction,
here labelled σ(E). This is connected to the probability for the reactants to
overcome their electrostatic repulsion and come into “close contact” to inter-
act strongly, at some distance Rn, referred to as the “effective nuclear radius”,
whose definition is discussed later in this section. The details of the interaction
at distances smaller than Rn are normally neglected. The process is described
considering only the initial partition and state of the reactants, assigning them
a real phenomenological projectile-target potential, V (r⃗) (thus disregarding
the reactants internal structure and degrees of freedom), evaluating the as-
sociated transmission coefficient, T , between Rn and infinite distances, and
writing the barrier-penetration cross-section as in e.g. [17, eq. (4.107)] 3,

σ(E) =
π

k2
T (E) (1.1.1)

where k is the entrance channel wave-number, such that E = h̄2k2/2m.

1This is the total spin of the given state of the nucleus, including any internal orbital
motion, and not just the coupling of all nucleons intrinsic spins.

2If m1 and m2 are the reactants proper masses, their reduced mass is m1m2/(m1 +m2).
3The factor gα in [17, eq. (4.107)] is here 1 because only the penetrability in the entrance

channel (regardless of what state is reached afterwards) is of interest. See also the text
commenting [17, eq. (3.84)].
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1.1 Bare-nucleus non-resonant cross-section

The problem can be approached imposing boundary conditions in two ways
(see also [18] for some discussion). “Scattering” boundary conditions, em-
ployed for instance in [17, sec. 3.6.1], involve a fixed incoming wave plus
scattered outgoing waves in the exterior region (as in standard scattering
problems), and only ingoing waves for r < Rn, which is treated as a strongly
absorptive region. The sought T (E) is then the transmission coefficient of
the incoming beam into the absorptive region: namely, the ratio of the in-
going probability current density flowing through the surface of the sphere
with radius Rn, to the incoming flux from infinite distances. “Decay” bound-
ary conditions, on the contrary, prescribe that the r < Rn region generates
outgoing flux (and will also host some scattered ingoing flux), while at suf-
ficiently high distances, where the nuclear potential is negligible, there are
only outgoing waves (and no incoming beam). The transmission coefficient
of interest in this case is the ratio between the outgoing flux reaching infinity
and the outgoing flux generated from r = Rn. In both cases, for r ≥ Rn

the system is described as a stationary state of the chosen Hamiltonian. Let
ψ(r⃗) be the system wave-function in position representation4. In some cases
it will be relevant to consider only the ingoing or outgoing components of
ψ(r⃗). The probability current density J⃗ (r⃗) associated to ψ(r⃗) is defined as
in [19, eq. (2.4.16)], to satisfy the continuity equation, which, if the Hamilto-
nian is hermitian (in particular includes only real potentials) is given by [19,
eq. (2.4.15)]:

∂t |ψ(r⃗)|2 = −∇⃗ · J⃗ (r⃗) (1.1.2)

where the time derivative of the probability density, ∂t |ψ(r⃗)|2, is computed
from the Schrödinger equation. Remind that in the present case, for r < Rn

the system additionally generates and/or absorbs probability; this may be im-
plemented formally allowing the system to access negative radii, or adding an
imaginary componentW (r⃗) to the potential in the interior region, which would
generate a term + 2

h̄ |ψ(r⃗)|2W (r⃗) in the right-hand-side of equation (1.1.2).

As mentioned above, the quantity of interest here (see e.g. [20, sec. BVIII])
is the outgoing or ingoing flux going across a sphere of some radius r: this
coincides with the “amount of probability” transmitted from or into the sphere
volume. From equation (1.1.2),

∂t

∫︂
4
3
πr3

|ψ(r⃗)|2 d3r = −r2
∫︂
4π

Jr(r⃗)dΩ (1.1.3)

where r2 dΩ is the surface element (Ω can be practically expressed, for in-
stance, as a pair of angles in spherical coordinates), and Jr is the component
of J⃗ along the radial outgoing direction, which (expressing the gradient in

4The system may include additional degrees of freedom (as the reactant spin projections),
here omitted for brevity. To discuss spatial probability, expressions such as |ψ(r⃗)|2 are
interpreted as including a scalar product over these additional degrees of freedom.
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Chapter 1. Phenomenology of sub-Coulomb nuclear reactions

spherical coordinates, see [20, sec. VIII, eq. (B-20)]) is5

Jr(r⃗) =
h̄

m
Im (ψ∗(r⃗) ∂rψ(r⃗)) (1.1.4)

For the systems of interest, V (r⃗) is always the sum of the nuclei electrostatic
repulsion and of a “nuclear potential” which is short-ranged. Hence, in the
limit of high distances (r → +∞), the potential always goes asymptotically
as 1/r. The potential is expected to not diverge negatively anywhere, i.e.
infr⃗ V (r⃗) > −∞. A positive divergence can be accepted only toward r → 0:
this is found in some descriptions of the Coulomb or nuclear core repulsion6.
Regarding the definition of Rn, the nuclear radius should arguably depend
only on V (r⃗) itself (and not, for instance, on the collision energy). If V is
not isotropic, an angle-dependent (or angular-momentum dependent) radius
may in principle be considered. For simplicity, in the following qualitative
discussion let V0(r) be the central part of V (r⃗), and restrict to only V0 to define
Rn. If V0 has a very sharp profile, Rn may be defined as the radius where
the nuclear part of the potential becomes appreciably different from zero. In
general, the effective nuclear radius could be simply set independently of the
specific form of V through some convention. A common choice in this direction
(see e.g. [21, eq. (4-105)]), in view of the general systematics regarding nuclear
sizes, is

Rn = r0 · (A1/3
1 +A

1/3
2 ) (1.1.5)

where Ai is reactant i mass number, and the reduced radius r0 is taken as
a phenomenological constant, usually of the order of 1 fm. The approach
favoured in this work is instead to set Rn to the outermost local maximum
of the V (r): at radii smaller than this threshold, the nuclear potential must
be attractive, and growing fast enough to counter the trend given by the
Coulomb repulsion. The choice is also advantageous in case a WKB solution
is sought (see section 1.1.2), because it helps meeting the validity conditions
of the approximation.

Partial-wave expansion

If V (r⃗) is central, or more generally includes only terms which conserve both
the projectile-target orbital angular momentum modulus and the total angular
momentum (as spin-orbit and spin-spin couplings), σ(E) may be decomposed
in partial waves (see for instance [4, sec. 4.3], [22, eq. (3.2.29)]) with def-
inite projectile-target relative orbital angular momentum modulus quantum
number l, total reactants spin modulus quantum number S, total angular
momentum modulus J and total projection M (a different coupling order for

5Im z denotes the imaginary part of z.
6When decomposing in partial waves (see below), such a divergence always appears in

the effective radial potential for any orbital angular momentum greater than 0, thus a
diverging V (r⃗) does not complicate the model significantly.

10



1.1 Bare-nucleus non-resonant cross-section

the spins may be more appropriate, depending on the potential), yielding

σ(E) =
π

k2

∑︂
l,S,J

2J + 1

(2s1 + 1)(s2 + 1)
Tl,S,J(E) (1.1.6)

where Tl,S,J(E) is the radial transmission coefficient for the given partial wave,
independent of M , which can be found in terms of the reduced radial wave-
function, ul,S,J(r), for the partial wave of interest. The general complete
solution of the system, |Ψ⟩, can be expanded in partial waves (see appendix A),

|Ψ⟩ =
∑︂

l,S,J,M

cl,S,J,M
ul,S,J(r)

r
|l, S, (J,M)⟩ (1.1.7)

where the coefficients c are found from the boundary conditions, and the
angular-momentum state |l, S, (J,M)⟩ can be expanded using equation (A.6)
if useful. Each reduced radial wave-function u is in turn an eigenstate of the ef-
fective radial projectile-target Hamiltonian of interest, Hl,S,J , with the desired
boundary conditions and eigenvalue E. Taking into account equation (A.5),
it is

Hl,S,J = − d2

dr2
+ Vl,S,J(r) , Vl,S,J(r) = Vl,S,J(r) +

h̄2

2m

l(l + 1)

r2
(1.1.8)

where Vl,S,J(r) is the relevant component of the “actual” potential of the
system, and V the effective radial potential for partial wave l. Note that

s1+s2∑︂
S=|s1−s2|

l+S∑︂
J=|l−S|

(2J + 1) = (2s1 + 1)(s2 + 1)(2l + 1) (1.1.9)

which confirms that, if Vl,S,J(r) actually does not depend on S and J , the
spins can be ignored in equation (1.1.6). Finally, perform the integral in
equation (1.1.3) using the complete solution Ψ written in equation (1.1.7) as
wave-function, employing equations (A.2) and (A.7), and noting that some
terms cancel out as they are purely real, finding:

−r2
∫︂
4π

Jr(r⃗)dΩ = − h̄

m

∑︂
l,S,J,M

|cl,S,J,M |2 Im
(︁
u∗l,S,J(r) ∂rul,S,J(r)

)︁
(1.1.10)

As a result, it can be convenient to define a “reduced” radial current density
for each partial wave as

J [ul,S,J ](r) =
h̄

m
Im
(︁
u∗l,S,J(r) ∂rul,S,J(r)

)︁
(1.1.11)

absorbing the r2 in equation (1.1.3) through the use of reduced functions,
so that the contribution from each partial wave appears as a purely one-

11



Chapter 1. Phenomenology of sub-Coulomb nuclear reactions

dimensional problem. More explicitly, equation (1.1.3) is rewritten as

∂t

∫︂
4
3
πr3

|ψ(r⃗)|2 d3r = −
∑︂
l,S,J

|cl,S,J |2 J [ul,S,J ](r) (1.1.12)

where |cl,S,J |2 =
∑︁

M |cl,S,J,M |2.

Since the nuclear potential is short-ranged, at high distances the effective
radial potential is central (does not depend on S and J) and includes only
the Coulomb and centrifugal repulsion:

Vl(r ≫ Rn) = h̄cαe
Z1Z2

r
+
h̄2

2m

l(l + 1)

r2
(1.1.13)

where αe is the fine-structure constant and c the speed of light. In the same
region, the reduced radial solution is a combination of the spherical Cou-
lomb wave-functions, H+

l (kr) and H−
l (kr), defined in [23, sec. 33]7. Note

that these functions are dimensionless, while the square modulus of a phys-
ical reduced radial wave-function bears the dimensions of a one-dimensional
spatial density: such dimension is included in the normalisation factor. In
practice, results are independent of the chosen normalisation. The reduced
radial probability current density, defined in equation (1.1.11), associated to
the wave-function AH−

l (kr) + BH+
l (kr), with A and B arbitrary constants,

is found to be, using [23, eq. 33.2.13, 33.4.4],

J [AH−
l +BH+

l ](r) =
(︁⃓⃓
B2
⃓⃓
−
⃓⃓
A2
⃓⃓)︁ h̄k
m

(1.1.14)

Impose decay boundary conditions. In the region where equation (1.1.13)
holds, the solution is proportional just to the spherical outgoing Coulomb
wave-function:

ul,S,J(r ≫ 1) → BH+
l (kr) (1.1.15)

with arbitrary normalisation B. Asymptotically, in the limit of r → +∞
(and fixed energy), H+

l becomes an outgoing plane-wave (as the potential
vanishes).

Transmission for sharp-edge nuclear potentials

The outgoing radial probability current at r = Rn depends on the details
of the nuclear potential VlSJ(r). Consider a “sharp-edge” nuclear potential,
namely the limit where VlSJ(r) is exactly the point-like Coulomb potential
for all r > Rn. This implies that, in the exterior region, the electrostatic
repulsion can be treated as the Coulomb potential between two point sources,
and the nuclear interaction is zero. Then, the problem is reduced to properly

7These functions depend also on the Sommerfeld parameter η, defined in equation (1.1.22),
but the associated index is omitted for brevity.

12



1.1 Bare-nucleus non-resonant cross-section

matching the exterior solution with the interior one. For the choice of Rn

to be sensible, it is expected that at the same time the nuclear potential
is significantly different from zero for r < Rn. In the spirit of the picture
where the system source is formally an outgoing wave coming from negative
radii (see text commenting equation (1.1.2)), a simple possibility to model
the internal region, at least near r = Rn, is to consider a combination of an
outgoing plane wave with wave-number k̃, generated by the source, plus an
ingoing plane wave produced from the scattering at the interface in r = Rn:

u(r) = Deik̃r +Ae−ik̃r (1.1.16)

where D and A are constants to be determined by matching with the external
wave-function. k̃ in general depends on k and on the features of the potential
(including the quantum numbers l, S, J). For brevity, k̃ and u are written
with no index. The reduced radial current at Rn connected to the outgoing
wave, J [Deik̃r], is |D|2 h̄k̃/m. It is stressed that scattered waves (either in the
internal or external solution, depending on the boundary conditions) appear
whenever the transmission is not complete (TlSJ < 1 if and only if A ̸= 0).

The wave-function in equation (1.1.16) can be seen as the solution for a real
and negative constant total potential, VlSJ(r < Rn) = V<, with

k̃ =
1

h̄

√︁
2m(E − V<) (1.1.17)

If instead a real constant Vn is assumed just for the nuclear component of the
potential (“spherical-well potential”), the internal solution is a combination
of spherical Coulomb functions, with k̃ =

√︁
2m(E − V )/h̄, which however

reduces again to equation (1.1.16) in the limit of k̃Rn → +∞, which at the
low energies of interest corresponds to V → −∞. It is also possible to model
the nuclear potential adding a positive imaginary part, in which case the
wave-function in the interior region, near the interface, acquires an expression
analogous to that shown in [17, eq. (3.73)]. This approach is in principle more
consistent, but the final qualitative result shown in the following would be the
same, provided that

⃓⃓⃓
k̃
⃓⃓⃓

is appropriately redefined.

Imposing continuity of the wave-function and of its first-derivative between
equations (1.1.15) and (1.1.16) at the interface r = Rn, one finds

B

D
=

2eik̃Rn

H+
l (kRn)− i∂rH

+
l (kRn)/k̃

(1.1.18)

The transmission coefficient is the ratio between the outgoing radial current
densities associated to the wave-functions in equations (1.1.15) and (1.1.16):

Tl,S,J(E) =
J [BH+

l ]

J [Deik̃r]
=

k

k̃/4

1⃓⃓⃓
H+

l (kRn)− i∂rH
+
l (kRn)/k̃

⃓⃓⃓2 (1.1.19)
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Chapter 1. Phenomenology of sub-Coulomb nuclear reactions

In the limit of k → ∞, it is k̃ → k and H+
l (kr) → exp(ikr), thus as expected

Tl,S,J(E → ∞) = 1.

In the more interesting limit of strong nuclear potential more precisely of
k̃ → +∞, the term involving the derivative of the Coulomb function may be
neglected. Furthermore, within the rather simple model employed here, it is
often reasonable to choose V< to be independent of the reactants spins, so that
k̃ depends only on k and l, and the transmission coefficient only on l, E and
Rn. Finally, if k ≪ k̃, the momentum in the internal region can be expected to
not depend strongly on k (see the previous expressions given for k̃), and 4/k̃

may thus be approximated as ClRn, where Cl is a dimensionless constant.
When using the formula to fit experimental data, Cl can be absorbed into
another constant appearing in the expression (see section 1.1.3), reducing the
number of free parameters. In literature (see e.g. [22, eq. (7.4.17)]), the result
is normally presented as:

Tl =
kRn⃓⃓

H+
l (kRn)

⃓⃓2 (1.1.20)

Note that this Tl is just the penetrability factor appearing in R-Matrix theory
(see e.g. [22, eq. (10.2.5)]). It is emphasised again that, as far as a transmission
coefficient is of interest, the approximation in equation (1.1.20) is accurate
only for small k (for instance, it admits Tl > 1 for k large enough). If an
approximated expression was required for high values of k, setting k̃ = Clk

would be more appropriate. In fact, sometimes equation (1.1.20) is quoted
without the kRn coefficient (see e.g. [21, eq. (4-124)]). However, it also pointed
out that a model describing only barrier penetrability, as the present one, is
useful only at energies below the Coulomb barrier height, which can be defined
as the Coulomb potential at r = Rn. This in turn is, typically, much smaller
than the depth of the total potential V in the interior region near r = Rn,
with the exception of partial waves with l so high that the penetrability is
negligible anyway at the energies of interest. As a result, equation (1.1.20)
can be expected to be accurate in the relevant regime.

Finally, consider the limit of vanishing nuclear radius. Using [23, eq. 5.4.3,
5.5.1, 33.2.5, 33.5.1, 33.5.2],

lim
Rn→0

Tl,S,J(E) =

⎧⎪⎪⎨⎪⎪⎩
0 if l > 0

8πkη

k̃

1⃓⃓⃓
1 + 2πkη

k̃
1

e2πη−1

⃓⃓⃓2 1

e2πη − 1
if l = 0 (1.1.21)

where η is the Sommerfeld parameter, defined as in [23, eq. 33.22.4],

η = αeZ1Z2

√︃
mc2

2E
= αeZ1Z2

mc

h̄k
(1.1.22)

In particular, note that kη depends only on the reactants mass and charge. If
k is very small, so that k ≪ k̃, with k̃ approximately independent of k, and
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1.1 Bare-nucleus non-resonant cross-section

exp(2πη) ≫ 1, the result can be approximated as Tl=0,SJ(E) ≈ CSJ e
−2πη,

where CSJ is an appropriate constant. Assuming a nuclear potential inde-
pendent of the reactants spin, the corresponding cross-section for barrier pen-
etration, σ(E) in equation (1.1.6), is π

k2
Ce−2πη. This result motivates the

definition of the astrophysical S-factor 8 for any given nuclear reaction between
charged particles from an initial state i to a final state f , Si→f (E), in terms
of the corresponding non-polarised angle-integrated cross-section σi→f (E):

σi→f (E) =
1

E
e−2πη(E)Si→f (E) (1.1.23)

At energies above the Coulomb barrier, the the astrophysical factor and the
integrated cross-section essentially differ only by the 1/E coefficient. Below
the barrier, S(E) is a much more slowly varying function of energy than σ(E),
because the main contribution connected to the barrier penetrability has been
factored out. For this reason, in this work all graphics of angle-integrated
(non-elastic) cross-sections are shown as astrophysical factor plots.

1.1.2 Barrier penetrability in WKB approximation

A convenient expression for the transmission coefficient is obtained employing
the Wentzel-Kramers-Brillouin-Jeffreys (“WKB”) approximation (see e.g. [27,
sec. VI.II], [19, sec. 2.4] or [21, sec. 4-5] and references therein, or e.g. [26,
sec. 2.4.3] for the analogous barrier-slicing approach). For any given partial-
wave, let

k(r) =
√︂
2m[E − Vl,S,J(r)]/h̄ (1.1.24)

where, as before, E is the system collision energy, m the reduced mass, and
VlSJ(r) the effective radial potential, defined in equation (1.1.8). k(r) can be
either positive or purely imaginary. In a region where the WKB approximation
is valid, the solution of a one-dimensional problem (as the reduced radial
wave-function for a given partial wave) can be written as a combination of
two functions, u+WKB and u−WKB, as in [19, eq. (2.4.35), (2.4.38)]. Here, these
are defined to be dimensionless, and the trivial time-dependence (the state is
stationary) was dropped:

u±WKB(r) =

√︄⃓⃓⃓⃓
k∞
k(r)

⃓⃓⃓⃓
exp

(︃
±i
∫︂ r

r0

k(x)dx
)︃

(1.1.25)

where k∞ = limr→+∞ k(r) (in section 1.1.1 this was simply denoted by k),
and r0 is an arbitrary point within the region under study. The reduced ra-
dial current, defined in equation (1.1.11), associated to a generic combination

8In some older references, see e.g. [24, 25], the same name is employed for a slightly different
quantity, which depends on the effective nuclear radius (see also [21, eq. (4-157)]). The
definition given here is the most common, especially in recent literature, see e.g. [21,
eq. (4-36)] or [26, eq. (3.71)], and involves only model-independent parameters known
with good accuracy.
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Chapter 1. Phenomenology of sub-Coulomb nuclear reactions

Au−WKB(r) + Bu+WKB(r), with arbitrary constants A and B, is (the “WKB”
subscript is dropped for brevity)

J [Au− +Bu+](r) =

⎧⎪⎨⎪⎩
h̄

m
k∞

(︂
|B|2 − |A|2

)︂
if k(r) ∈ R

h̄

m
k∞2 Im (AB∗) if ik(r) ∈ R

(1.1.26)

Following [27, eq. (VI.47)], the WKB approximation may be considered to
be valid when

|∂rk(r)| ≪
⃓⃓
k2(r)

⃓⃓
(1.1.27)

For instance, equation (1.1.25) is exact in a region where VlSJ is constant.
On the contrary, the approximation is not accurate around classical turning
points, i.e. points where E = VlSJ(r). In that case, it is still possible to
write WKB solutions in the regions where the approximation is valid, and
then match them through specific connection formulas, discussed for instance
in [27, sec. VI.9] and [19, sec. 2.4] and references therein. Such situation
is in fact expected for the problem at hand at sufficiently low energies. In
particular, suppose that, for r > Rn, there is only one classical turning point,
at position Rc, and that the WKB approximation is valid around Rn: for
this to hold, it is necessary (but not sufficient) that Rn ≪ Rc and E ≪
VlSJ(Rn). At r → +∞, if the potential is given by equation (1.1.13) the
WKB is certainly valid as well. The appropriate connection formulas are
then given by [27, eq. (VI.49), (VI.50)] (see also [27, sec. VI.10]). Using decay
boundary conditions, and conveniently setting the normalisation factor, in the
region r ≫ Rc the WKB wave-function can be written as Be−iπ/4u+WKB(r),
setting r0 = Rc in equation (1.1.25). The matching solution for r ≪ Rc is

u(r ≪ Rc) = B

[︃
1

2
u−WKB(r)− iu+WKB(r)

]︃
(1.1.28)

The real part of this function, compared to the imaginary one, is expected
to be very small in module for r ≪ Rc, but it is in general necessary to
properly match the wave-function at r = Rn. If the system wave-function for
r < Rn is equation (1.1.16), with steps analogous to those followed to obtain
equation (1.1.19), the transmission coefficient, Tl,S,J(E), is

4 exp
(︂
−2
∫︁ Rc

Rn
|k(x)|dx

)︂
|k(Rn)| /k⃓⃓⃓̃[︂

1
2 + i∂r|k(Rn)|

4|k(Rn)|k̃
− i |k(Rn)|

2k̃

]︂
e−2

∫︁Rc
Rn

|k(x)| dx +
[︂
∂r|k(Rn)|
2|k(Rn)|k̃

+ |k(Rn)|
k̃

− i
]︂⃓⃓⃓2
(1.1.29)

If the WKB approximation is valid at r = Rn, from the conditions given above
it can be expected that the term involving the exponential in the denominator
can be neglected. Furthermore, unless k̃ ≪ k, the terms involving ∂r |k(r)|
can be neglected by virtue of equation (1.1.27). The expression then simplifies
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1.1 Bare-nucleus non-resonant cross-section

to

Tl,S,J(E) =
4 |k(Rn)| k̃

|k(Rn)|2 + k̃
2 exp

(︃
−2

∫︂ Rc

Rn

|k(x)|dx
)︃

=

= 4

√︁
(Vl(Rn)− E)(E − V<)

Vl(Rn)− V<
exp

(︃
−2

∫︂ Rc

Rn

|k(x)|dx
)︃

(1.1.30)

as in [27, sec. VI.10]. In the last equality, k̃ was defined through equa-
tion (1.1.17). For small collision energies, the factor before the exponential
may be approximated as independent of E, thus writing TlSJ = ClSJ exp(. . . ).

Finally, consider the case where E ≫ maxr>Rn VlSJ(r) (the process is tak-
ing place “above the barrier”), and equation (1.1.27) holds for all r > Rn.
Then, the exterior WKB solution Bu+WKB(r) can be applied in the same re-
gion, and the reasoning yielding equation (1.1.19) can be repeated identically
changing H+

l with u+WKB, regardless of the precise form of the potential. The
transmission coefficient is consequently

Tl,S,J(E) =
k(Rn)

k̃/4

1⃓⃓⃓
1 + k(Rn)/k̃ + i∂rk(Rn)

2k(Rn)k̃

⃓⃓⃓2 (1.1.31)

Again, unless k̃ ≪ k, the term involving ∂r |k(r)| can be neglected using
equation (1.1.27), so that Tl,S,J = 1

4k(Rn)k̃/
[︂
k(Rn) + k̃

]︂2
, which coincides

with equation (1.1.30) setting Rc = Rn, and also matches equation (1.1.19)
in the limit of high collision energy, where k(Rn) ≈ k∞ and H+

l ≈ exp(ik∞r).

Transmission for central sharp-edge nuclear potentials

Equation (1.1.30) is especially useful to numerically estimate the penetrability
connected to a generic potential. However, it is also instructive to apply it
to the case of a central sharp-edge nuclear potential of the same kind treated
exactly in section 1.1.1: for each partial wave, the effective radial potential
is equation (1.1.13) for r > Rn, and a constant V< for r < Rn (remind that
the region at r ≪ Rn is irrelevant). The depth of the inner well is allowed to
depend on l to account for the contribution due to the centrifugal barrier. This
configuration admits analytical results, which can be manipulated formally
with greater ease than equation (1.1.19), and are thus better suited to analyse
some qualitative features.

There is a single classical turning point Rc(l), which is the point where
Vl(Rc) = E. Let R0

c = Rc(l = 0) = h̄cαeZ1Z2/E. Then

Rc(l) =
1

2
R0

c +

√︃
1

4
(R0

c)
2 +

l(l + 1)

k2
(1.1.32)

where k =
√
2mE/h̄ as before. As required to apply equation (1.1.30), restrict

to the case where Rc(l = 0) > Rn, so that the classically forbidden region

17



Chapter 1. Phenomenology of sub-Coulomb nuclear reactions

overlaps with the domain of interest.

The integral in equation (1.1.30) can be simplified applying the variable
change r = R0

cx. Let γ and β be the new lower and upper bounds of the
integration domain. It is γ = Rn/R

0
c , which is also the ratio between the

collision energy and the Coulomb potential at r = Rn (see equation (1.1.13)),
hence 0 ≤ γ ≤ 1 (by hypothesis). Note that γη = kRn/2, where η is the
Sommerfeld parameter defined in equation (1.1.22). Similarly, β = Rc/R

0
c ≥

1. Furthermore, let B = l(l+1)/(4η2), which also equals β2−β. The argument
of the exponential in equation (1.1.30), labelled −Gl (as in [22, eq. (7.4.22)])
for brevity, can be rewritten as

−Gl = −4η

∫︂ β

γ

√︃
1

x
+
B

x2
− 1dx (1.1.33)

It can be verified explicitly that a primitive of the given integrand is

−
∫︂ √︃

1

x
+
B

x2
− 1dx = −

√︁
B + x− x2+

+
√
B ln

(︄
2B + x+ 2

√
B
√
B + x− x2

x
√
1 + 4B

)︄
+

1

2
arctan

(︄
1
2 − x

√
B + x− x2

)︄
(1.1.34)

which is always real within the integration domain. Therefore,

− Gl = −πη − 4η

[︄
√
B ln

(︄
2B + γ + 2

√
B
√︁
B + γ − γ2

γ
√
1 + 4B

)︄
+

+
1

2
arctan

(︄
1− 2γ

2
√︁
B + γ − γ2

)︄
−
√︁
B + γ − γ2

]︄
(1.1.35)

Finally, it is convenient to define

b = γ/B =
4γη2

l(l + 1)
=

2ηkRn

l(l + 1)
=

2αeZ1Z2mc
2Rn

h̄c l(l + 1)
(1.1.36)

which is the ratio between the Coulomb and centrifugal potential at r = Rn

(see equation (1.1.13)). b is thus dimensionless and does not depend on the
collision energy.

Only for 1 − 2γ > 0 (i.e. Rn < R0
c/2), which is satisfied at sufficiently

low energies, the inverse tangent can be rewritten using arctan(1/x) = π/2−
arctan(x). Restrict to this case in the following. Furthermore, for simplicity,
in equation (1.1.30) approximate the scaling factor before the exponential to
be independent of E (see text commenting the equation). The corresponding
astrophysical factor S(E), defined as in equation (1.1.23) with respect to the
cross-section in equation (1.1.6), for WKB barrier penetration with a sharp-
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1.1 Bare-nucleus non-resonant cross-section

edge central nuclear potential, is then

S(E) =
∑︂
l

Cle
2πη−Gl =

∑︂
l

Cl

(︄
b
√︁
1 + 4γ/b

2 + b+ 2
√
1 + b− bγ

)︄2
√︁

l(l+1)

·

· exp

(︄
2η arctan

(︄
2
√
γ
√︁
1/b+ 1− γ

1− 2γ

)︄
+ 2
√︁
l(l + 1)

√︁
1 + b− bγ

)︄
(1.1.37)

where

Cl =
2πh̄2

m
(2l + 1)

√︁
Vl(Rn)V<

Vl(Rn)− V<
(1.1.38)

For brevity, let Sl(E) = Cle
2πη−Gl , which is the contribution to S(E) from

l-th partial-wave9. Strictly speaking, equation (1.1.37) is ill-defined for l = 0,
even though it converges to the correct result by continuity. More explicitly,
setting B = 0 in equation (1.1.34), it is

S0(E) = C0 exp
(︃
2η

[︃
arctan

(︃
2
√
γ
√
1− γ

1− 2γ

)︃
+ 2

√
γ
√︁

1− γ

]︃)︃
(1.1.39)

It is now of interest to qualitatively study the WKB astrophysical factor for
sharp-edge barrier penetration, in the limit of very small collision energies, in
particular with regard to the role of the effective nuclear radius. As computed
exactly earlier, see equation (1.1.21), for Rn → 0 only S0(E) is non-zero, and it
is approximately a constant for small collision energies10. Both these features
disappear for finite values of Rn.

At zero collision energy equation (1.1.37) reduces to

S(E = 0) =
∑︂
l

Sl(0) =
∑︂
l

Cl

(︄
e2

√
1+b

2/b+ 1 + 2
√
1 + b/b

)︄2
√︁

l(l+1)

(1.1.40)

where S0(0) = C0 exp
(︂
4
√︁
2αeZ1Z2mcRn/h̄

)︂
. It can be seen that all par-

tial waves contribute. However, Sl(0) monotonically decreases for increasing
l (and reasonable choices of V< as a function of l). In fact, for typical val-
ues of the parameters, only the smallest orbital angular momenta contribute
significantly11.

In the following, consider only the l = 0 term. The astrophysical factor
dependence on the collision energy can be explored evaluating its derivate.
First note from equation (1.1.35) that Gl/(4η) − π/4 is just the primitive in
equation (1.1.34) evaluated at x = γ. Additionally, by direct inspection it is

9This Sl ha no relation with the scattering S-matrix.
10Note that the WKB validity condition in equation (1.1.27) is not satisfied for l = 0 and

Rn → 0, if the point-like Coulomb potential is adopted. Nonetheless, the WKB formula
yields the correct qualitative result, apart from a divergence in the value of C0.

11For instance, for the Li6 + p system and Rn ≤ 10 fm, l(l + 1)b is ≤ 1.8. Taking Vl and
V< as constants for simplicity, l = 2 contributes by less than 0.5% on S(0).
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seen that ∂η
∂E = − η

2E and ∂γ
∂E = γ/E. It is thus

∂

∂E
(2πη − G0) = −2πη − G0

2E
+ 4η

√︃
1

γ
− 1 · ∂γ

∂E
=

=
1

E

[︃
2η

√
γ
√︁
1− γ − η arctan

(︃
2
√
γ
√
1− γ

1− 2γ

)︃]︃
(1.1.41)

It can be seen (applying de l’Hôpital theorem) that this converges to a finite
value in the limit of E → 0. Thus, to first order in Taylor expansion around
E = 0 (here, O denotes “big-O” notation),

2πη − G0 = 8η
√
γ

[︃
1− 1

6
γ +O(E2)

]︃
=

= 4

√︃
2αeZ1Z2

mc

h̄
Rn

[︃
1− Rn

6h̄cαeZ1Z2
E

]︃
+O(E2) (1.1.42)

in agreement with [21, eq. (4-153)]. Bigger values of Rn thus cause a steeper
decrease of the astrophysical factor starting from the value at E = 0. This res-
ult may be employed as a qualitative guide when studying experimental meas-
urements or theoretically computed cross-sections, especially if it is possible
to isolate the contribution due to s-waves, by interpreting the first derivative
of the logarithm of the corresponding astrophysical factor at very low energies
as an assessment of the effective nuclear radius associated to the system.

Given that the first derivative of each partial-wave contribution to the S-
factor, ∂ESl(E), is just Sl(E)∂E (2πη − Gl), an analogous expansion can be
applied to Sl itself. In particular, for the s-wave component,

S0(E) = S0(E = 0)

[︄
1− 2

3

1√
Z1Z2αe

R
3/2
n

√
2mc2E

(h̄c)3/2

]︄
+O(E2) (1.1.43)

where the ratio [∂ES0(E)]/S0(E) at very low collision energies bears the in-
formation about Rn.

1.1.3 Application the Li6 + p → He3 + α reaction

The expressions derived in the preceding sections, in particular equations (1.1.20)
and (1.1.37), can be employed to phenomenologically describe the non-resonant
angle-integrated cross-section of a specific nuclear reaction using only few free
parameters, which can be fitted on relevant experimental data.

As already shown earlier, the transmission coefficient for a sharp-edge nuc-
lear potential depends on two model-dependent parameters. The first is the
radius of the nuclear well, Rn, which can be interpreted as the effective in-
teraction size of the system, and is thus expected a priori to roughly scale
as in equation (1.1.5). The second parameter is the depth of the potential
in the interior region at r ≈ Rn, which in general can be different for each
partial wave. Even in the most simple case, the corresponding effective radial
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1.1 Bare-nucleus non-resonant cross-section

potential V< is expected to be a constant plus the Coulomb and centrifugal
potential (see equation (1.1.13)) evaluated at r = Rn, and thus depend also
on Rn itself. At sufficiently small energies, the dependence on V< can be
approximated as an overall scaling factor. In addition, in order to obtain the
cross-section for a specific reaction, the cross-section for barrier penetrability
must be rescaled by another dimensionless factor, to account for the details
of the process taking place once the nuclei came into close contact, and in
particular selecting the desired final channel. Such factor may be estimated
through some model (see e.g. [28] for a calculation using the Weisskopf model),
but the simplest approach is to treat it as a free parameter, constant with re-
spect to the energy. At small energies, and assuming that any dependence
on the nuclear spins can be neglected, the two scaling factors just discussed
can be merged into a single set of phenomenological parameters (one for each
eigenvalue of the relative orbital angular momentum), Al. In particular, it
is common to neglect all contributions at l > 0, so that the cross-section, if
expressed in arbitrary units, depends only on Rn.

Figure 1.1 shows a collection of experimental excitation functions available
in literature on the Li6 + p → He3 + α reaction, at centre-of-mass collision
energies below 1MeV. The figure includes only bare-nucleus data, that is,
measurements where electron screening effects, to be discussed later in sec-
tion 1.2, do not appear, and reactants can be regarded as isolated. Data from
[7] are an indirect measurement performed using the Trojan Horse Method
(see e.g. [13] for a review): these data are not affected by electron screen-
ing12. All other datasets, from [24, 25, 29–32], are “standard” fixed-target
direct measurements on targets which can be considered to bear an atomic
structure, at centre-of-mass collision energies such that atomic electrons play
a negligible role, in this case above 75 keV (see section 1.2). More data (not
shown) can be found in [33–37], which for simplicity are currently not included
in the analysis. Data from [38] are not shown here (see instead figure 1.3) as
they involve only collision energies below 75 keV or metallic targets. Data
from [39] were normalised to points in [32] and cover the same energy range,
thus are not useful for the present analysis. Furthermore, data in [40] are not
included as they were superseded by data in [7].

One of the datasets in [31, tab. 1] (not shown in figure 1.1), obtained through
a normal kinematics measurement with a LiF target, was normalized to pre-
vious results, and the points at higher energies appear in disagreement with
the other datasets in the same work, using an H2 molecular target, for which
absolute values of the astrophysical factor are provided. [31, tab. 3] proposes
a normalisation to older measurements also for the molecular-target datasets
(scaling them by a factor of 0.93), which however does not suffice to solve
the aforementioned disagreement with normal-kinematics data. The issue is
discussed in [41], which also proposes a new normalisation for all datasets in

12Cross-sections measured with the Trojan Horse Method do not include the barrier penet-
rability contribution, which is added a posteriori to obtain the final result.
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Figure 1.1: Experimentally measured bare-nucleus astrophysical factor
(defined in equation (1.1.23)) for the Li6 +p → He3 +α reaction, as a function
of the collision energy. Green open diamonds are Trojan Horse Method data
from [7]. All other sets are direct measurements at collision energies between
75 keV and 1MeV, from [29] (violet downward triangles), [24] (brown open
circles), [30] (blue full circles), [25] (light blue open squares), [31] (orange full
squares), [32] (red upward triangles).

[31]. Note that a downscaling of inverse-kinematics data in [31] would put the
points at higher collision energies in tension with data from other experiments,
and consequently does not appear to be a fully satisfactory solution. In the
present study, for simplicity, molecular-target data from [31] are employed
as originally measured, without any rescaling, while measurements using the
LiF target are not included.

Data in [24, 25, 29] show features (peaks or depths) in disagreement with
the other datasets (in particular with data in [32], whose quoted errors are
relatively small), and which would suggest the presence of resonances, which
cannot be described by the penetrability model here under discussion. For
simplicity, these datasets were excluded from the following analysis.

The remaining datasets were fitted (for energies below 1MeV and above
75 keV for direct measurement) adopting the transmission coefficient in equa-
tion (1.1.20) and including only the s-wave contribution (l = 0) in the expan-
sion in equation (1.1.6). The results are shown in figure 1.2. The remarkable
agreement between bare-nucleus data below 1MeV and fitted model is made
possible by the absence of significant resonant behaviour in the data in the
same energy range, and favours the expectation that the reactants electro-
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Figure 1.2: Points are a subset of experimental data in figure 1.1, from [7,
30–32], with identical symbols. Black solid line is a fit on shown data of the
model described by equations (1.1.6) and (1.1.20) including only the l = 0
term and adding an overall scaling factor, A0 (see text for details). The fit
has 50 degrees of freedom and returns a χ2 of 19. The best-fitting values
for the free parameters, together with the corresponding standard error, are
A0 = 0.39± 0.03 and Rn = (3.36± 0.13) fm.
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Chapter 1. Phenomenology of sub-Coulomb nuclear reactions

static repulsion plays a dominant role in the reaction dynamics. Another fit
was attempted including also the l = 1 contribution, but the best-fitting value
for its weight was 0 (and an unconstrained fit suggested a negative value).
The model, as expected, cannot instead fit the resonance at a centre-of-mass
collision energy of about 1.5MeV found in the data.

1.2 Screening effects

Assume now that the collision is not taking place in vacuum but within an
interacting environment. In particular, in this work it is of interest to study
the effects induced by atomic electrons on the Coulomb barrier penetration
process. Let σb(E) be the non-polarised angle-integrated cross-section for
a nuclear reaction between isolated reactants, and σe(E) the corresponding
“screened” cross-section for the process taking place into the environment.
If the environmental interaction in the reactants relative motion frame can
be adequately described as an external potential Ve(r⃗) (which is not always
the case), the reaction can be treated as happening in vacuum with a mod-
ified potential. The “screened” barrier penetrability could then be obtained
employing the techniques already discussed in section 1.1.

In the following, the screening potential approach, a widely employed ap-
proximation which greatly simplifies the evaluation of screening effects, is in-
troduced. Within the context of screening by atomic electrons in fixed-target
nuclear reaction experiments, the approach is described in [42], and treated
in-depth in [15] (which also includes some discussion on the approximation
accuracy); the same model was employed since much earlier to describe screen-
ing effects in plasma environments [14]. Some of the concepts presented here
have been treated previously in [43] and, more tangentially, in [44, 45].

1.2.1 The screening potential approach

The interaction between environment and nuclei can be described in terms
of energy transfer to (or from) the reactants relative motion, considering an
effective collision energy Ee which changes as the reactants approach. If it
is possible to define an “environmental potential” Ve, it is simply Ee(r⃗) =

E − Ve(r⃗), where E is the actual collision energy as before. In the screening
potential approximation, it is assumed that most of the energy from the envir-
onment is transferred when the reactants are still far away. As a consequence,
Ee can be approximated by a constant in the region relevant for the reaction
dynamics, including the barrier penetration if applicable. The total energy
gain due to the environmental interaction, U = Ee(r = 0) − E, is called the
screening potential 13. With this rationale, the screened and bare reaction

13Sometimes U is defined with an opposite sign, to make it consistent with the name “po-
tential”.
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1.2 Screening effects

cross-section are connected as:

σe(E) = σb(E + U) (1.2.1)

In principle, U is itself a function of E, as the environment state can be affected
by the reactants motion. In practice, the evaluation of such dynamical effects
is a complex problem, and the screening potential is normally approximated
to a constant.

Given a pair of charged reactants, the screening potential approach can be
considered valid when the energy transfer from the environment after the tun-
nelling started is negligible with respect to the effective collision energy pos-
sessed by the reactants just before that point. Let Re be the “screened” outer
classical turning point for the reactants in-medium interaction. If U > 0,
meaning that the environment favours (and not hinders) the reaction, Re

will be smaller than the corresponding turning point in vacuum. For simpli-
city, assume that the effective collision energy Ee(r⃗) is isotropic. If Ee(r) is
monotonic near the origin, the validity condition for the screening potential
approach can then be written as |Ee(0)− Ee(Re)| ≪ E(Re). In general, the
approximation is thus more accurate for greater collision energies, since Re

becomes smaller, increasing the fraction of energy transferred before tunnel-
ling, and a given energy transfer becomes proportionally less important. For
the case of screening by atomic electrons, [15] discusses how the accuracy of
the screening potential approach depends on U/E.

The goal when accounting for screening effects is, clearly, to find how the
screened reaction cross-section σe(E) in presence of environmental interaction
relates with the bare one σb. Usually (see e.g. [42, eq. (3)]) the results are
expressed in terms of the enhancement factor fe(E), defined as the ratio of
σe(E) to σb(E). Adopting the screening potential approach, writing the cross-
sections in terms of the astrophysical factor in equation (1.1.23), it is:

fe(E,U) =
σb(E + U)

σb(E)
=

E

E + U

e2πη(E)

e2πη(E+U)

S(E + U)

S(E)
(1.2.2)

For the systems of interest, U is of the order of few hundreds of eV at most
(see equation (1.2.6)). The astrophysical factor normally varies very slowly
through such an energy range, and it is possible to approximate S(E + U) ≈
S(E) with good accuracy, making the enhancement factor expression inde-
pendent of the model adopted for the bare cross-section:

fe(E,U) ≈ E

E + U
exp

(︄
2πη(E)

[︄
1−

√︃
E

E + U

]︄)︄
(1.2.3)

Equation (1.2.3) can be employed to predict the range of collision energies
where a screening effect is important, provided it can be described within the
screening potential approach. For instance, for Li6 + p scattering, assuming
U = 186 eV for the atomic electron screening potential (the adiabatic limit for
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Chapter 1. Phenomenology of sub-Coulomb nuclear reactions

a bare proton impinging on a neutral Li6 in the ground state, see section 1.2.2),
at centre-of-mass energies above 75 keV the net enhancement, fe(E) − 1, is
approximately 1% or smaller, which is well below typical experimental errors.
At smaller collision energies the correction becomes relevant, for instance at
E = 10 keV (approximately the smallest energy at which direct measurements
are currently available) and U as before it is fe(E)− 1 ≈ 26%.

1.2.2 Screening by atomic electrons

Consider a standard fixed-target experiment with a single projectile nucleus
(which may carry some electrons) originated far away and impinging at a
given collision energy on an isolated target atom. The atomic electrons screen
the nuclear charges and enhance the penetrability. Following [15], the prob-
lem can be approached assuming that the system total wave-function can be
decoupled in the nuclear and electronic parts (as in the Born–Oppenheimer
approximation), and treating quantum-mechanically the electronic degrees of
freedom. For a sufficiently small U/E ratio, the relative change in the re-
actants velocity may be neglected, and the motion of the nuclear degrees of
freedom approximated as free ([15, eq. (3.24)] may be adopted in a numer-
ical computation to lift the hypothesis). Furthermore, the reaction impact
parameter is very small with respect to atomic distances, so it can be approx-
imated with 0 just for the purpose of screening potential evaluation. Under
these assumptions, the nuclei follow a simple linear trajectory. Once the re-
actants reach distances sufficiently smaller than typical atomic lengths, the
electrons Hamiltonian can be approximated to the time-independent Hamilto-
nian generated by the compound of the two initial nuclei. If this happens at
sufficiently high distances with respect to those relevant for the nuclear process
(including the barrier penetration), adopting the screening potential approach
is well justified. In [15, eq. (2.17)] it is estimated that the relative error on the
screened cross-section induced by the adopted approximations is of the order
of U/E.

Since the system is isolated, the screening potential U is just the opposite
of the change in the total electron energy (namely, the sum of electrons kin-
etic energy, electrons-ions potential and electrons-electrons potential) between
the initial state with two isolated atoms, and the corresponding final state in-
volving the compound system. In the initial states of interest here (standard
fixed-target experiments), the electrons are always bound to the nuclei, hence,
when computing their energy, it is of interest to separate the contribution in-
volving the internal state within each isolated nucleus from the one due to the
reactants relative motion. The latter term does not include any potential en-
ergy, as the reactants are initially at infinite distance, and is thus denoted here
as Ke. Let indexes 1 and 2 represent target and projectile in the initial state.
Each electron bound to nucleus i is initially moving with the same velocity as
the nucleus itself, which, neglecting the role of electrons in fixing the system
centre-of-mass, in the centre-of-mass frame has modulus h̄k/mi, where mi is
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nucleus i mass and k is the wave-number connected to the reactants relative
motion, as in section 1.1.1. Then, if there are Ni electrons bound to nucleus
i, it is

Ke =
me

m1 +m2

(︃
N1

m2

m1
+N2

m1

m2

)︃
E (1.2.4)

where me is the electron mass. The importance of this term depends on the
specific configuration under study. For instance, for the scattering of a neutral
Li6 on a neutral H1 , it is Ke/E ≈ 5 × 10−4, while if the hydrogen is a bare

proton, it is Ke/E ≈ 4× 10−5.
Finally, let index 1+2 represent the compound atom, and let Ei be the total

energy in i rest frame for the electrons system in the isolated atom i found in
the required state for the reaction under study. The screening potential can
then be written as

U = Ke + E1 + E2 − E1+2 (1.2.5)

Hence, the problem is reduced to correctly model the electrons evolution (us-
ing [15, eq. (3.15)]).

For any given initial state, a theoretical upper limit for the screening po-
tential can be given fixing the final state to the compound atom ground state
(where electrons possess the minimum possible energy), as in [15, eq. (4.19)].
For the problems of interest here, the initial state of each atom is almost in-
variably the ground state as well, and the maximum screening potential can
be computed in terms of atomic ionization energies, which are generally very
well known (tabulated values can be found e.g. in [46]). Let Xn be the ground
state of an ion with charge state n (which can be positive, zero or even negat-
ive), and B(Xn) the corresponding binding energy for ionization of all bound
electrons. Then, the maximum screening potential for the scattering of Xn

and Y m with compound Zn+m is

Umax = Ke +B(Zn+m)−B(Xn)−B(Y m) (1.2.6)

If some reactant is in molecular form, one may in the same spirit take into ac-
count the atomization energies (namely, the energy to break the molecule into
isolated atoms) of the ground states of the initial and final partitions. Since
molecular bindings generally involve energies of smaller order of magnitude
with respect to atomic ones, the corrections are expected to be relatively
small. [47] reports experimental values for atomization enthalpies, which may
be sufficient for the present purpose given that only differences between values
for different molecules are of interest.

In the general case, the evaluation of the enhancement factor is complicated
by dynamical effects in the electrons response to the reactants motion; [48–50]
are just three examples of several works discussing the problem. However, a
simple result is obtained in the limiting cases of very low and high relative ve-
locity between reactants, the adiabatic and sudden limits14. These are covered

14The system is considered isolated in both cases: this excludes, for instance, molecular
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in general e.g. in [27, sec. XVII.II], and are applied to the specific problem at
hand in [15], which can be consulted for a more detailed treatment.

In the following, the adiabatic limit formalism is briefly reviewed, as its
results are useful for the purposes of the present work.

Adiabatic limit

In the adiabatic approximation, valid in the limit of small collision energies,
the distance between the nuclei is changing slowly, and so does the Hamilto-
nian for the electronic degrees of freedom, which evolves in quasi-equilibrium.
If the electrons initially are in a non-degenerate eigenstate of the isolated
atoms, at any later time they will be found (apart for at most a phase) in the
corresponding eigenstate of the new Hamiltonian, where the correspondence is
set by continuity with respect to time. Note that the notion of non-degenerate
state here regards the whole system (not each ion separately). For instance,
if the reactants are isotopes and each occupies a distinct atomic state, then
the whole system state is approximately degenerate with the configuration
obtained swapping the two reactants. The set of corresponding states in the
final system will in general be a superposition of all degenerate levels in the
initial system, and will not be degenerate themselves. [15, sec. 5] discusses a
specific example regarding this issue.

Eigenstates (even excited ones) of the electrons Hamiltonian for isolated
atoms are normally rather well known, thus, in general, the main difficulty
in the calculation lies in the correct identification of the electrons final state.
If the initial electron state is a superposition of several eigenstates i, with
coefficients αi, the final state will be a superposition of the corresponding
new eigenstates, with all coefficients bearing the same modulus. For each
eigenstate the above treatment can be applied, obtaining from equation (1.2.5)
a different screening potential Ui. It is then found [15, eq. (4.15)] that the
screened cross-section is

σe(E) =
∑︂
i

|αi|2 σb(E + Ui) (1.2.7)

A particularly simple but widely applicable case is the one where both
the initial and final states are the ground-state, meaning that there is no
degeneracy issue. Then, the adiabatic-limit screening potential is just the
upper limit given in equation (1.2.6) with Ke = 0 (since here E → 0). For
instance, this case can be applied to the scattering of a system initially found
in the ground state of a neutral Li and a neutral H, which maps into the
ground state of neutral Be, yielding an adiabatic-limit screening potential of
182 eV [15, tab. 4]. Similarly, if the proton is bare, the screening potential
in the same limit is 186 eV [15, tab. 4]. A Li+ ion impinging on a neutral
H yields U = 178 eV, which is still very similar to the value for neutral

screening effects. The term adiabatic here refers instead to quasi-static processes.
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atoms, but if the lithium is initially missing two electrons (which leaves its
inner electronic shell open), then the adiabatic-limit screening potential is
236 eV, as the ground-state-to-ground-state transition is energetically more
convenient in this case. This shows that an accurate assessment of the beam
particles charge state immediately before they trigger a nuclear reaction can
have an impact to correctly evaluate screening effects. Given the very low
collision energies of interest, it may be expected that beam particles will pick
up electrons from the target with relative ease (and that the initial charge
state was not very high to begin with), hence assuming a neutral-on-neutral
collision may be reasonable. This is the working hypothesis adopted in this
study.

If Li is neutral and there is a neutral H2 molecule in place of the hydrogen
atom, following the reasoning in the text commenting equation (1.2.6), and
considering a BeH molecule in the final state 15, one would deduce a screen-
ing potential of 180 eV, which is only marginally different from the purely
atomic case (the correction due to the electrons kinetic energy, computed as
in equation (1.2.4), is more important even at E = 10 keV). For simplicity,
corrections due to the molecular state are consequently ignored in the follow-
ing.

Finally, it is stressed that, while the adiabatic limit sometimes coincides
with the theoretical upper limit at zero collision energies, it is not only an
upper limit: if the screening potential approach and the approximations em-
ployed to treat the atomic case are applicable at all, then U is expected to
tend precisely to the adiabatic limit for sufficiently small E (which is also
the limit where screening corrections are most important). In particular, the
theoretical expectation would be violated both by an exceedingly small and
an exceedingly high screening enhancement at small energies.

1.2.3 The atomic electron screening problem:
application to the Li6 + p → He3 + α reaction

Figure 1.3 shows the experimental astrophysical factor for the Li6 + p →
He3 + α reaction from [7, 30–32] (the same sources of data appearing in

figure 1.2) and [38] (precisely, the updated version shown in [32] is employed),
at collision energies smaller than 120 keV. More data at higher energies was
shown in figure 1.1. Since the present study is concerned with screening effects
due only to atomic electrons, the data shown includes only reactions where
reactants can reasonably be considered as atoms (or at most as molecules).
In particular, the data in [38] regarding metallic targets are not included.
Apart from the Trojan Horse Method data from [7], the cross-section for
all measurements reported in figure 1.3 are expected to be enhanced by the
screening due to atomic electrons bound to reactants. For comparison, the
15Remind that this is the “final state” only with regard to the electronic configuration,

in the adiabatic limit, immediately before the quantum tunnelling between the nuclei
starts.
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Figure 1.3: Experimentally measured astrophysical factor (defined in equa-
tion (1.1.23)) for the Li6 + p → He3 + α reaction, at collision energies below
120 keV, from [7, 30, 31] (same symbols as in figure 1.2) and [32] (violet down-
ward and red upward triangles for data originally published in 2005 and 2007
respectively). The black solid line, shown for comparison, is the same line
found in figure 1.2.

figure includes the bare-nucleus penetrability fit which reproduces data at
higher energies, as shown in figure 1.2, but underestimates directly measured
data below approximately 50 keV. As expected, a clear disagreement is also
found at the lowest energies between the direct measurement from [31] and
the indirect determination from [7].

The screening effects seen in the data can be studied in several ways, briefly
discussed in the following using the Li6 + p → He3 + α reaction as a concrete
example. Some results reported in literature regarding other reactions are
also quoted at the end of this section.

Energy trend of the screening potential

If the penetrability fit in figure 1.2 can be regarded as a faithful estimation of
the bare-nucleus cross-section, it can be combined with screened data in fig-
ure 1.3 to extract an experimental determination of the screening enhancement
factor fe and the corresponding screening potential U , using equation (1.2.3).
The results are shown in figures 1.4 and 1.5. The determination of the screen-
ing potential is meaningful only at relatively small collision energies, once
the deviation between screened and bare cross-section becomes clearly dis-
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Figure 1.4: Screening enhancement factor obtained taking the ratio of data
points in figure 1.3 to the black solid line in the same figure. The error bars
include the propagated uncertainty from the fitted bare-nucleus cross-section.

tinguishable within the experimental accuracy. This is partly reflected in
the uncertainties obtained for U : at higher energies, a given interval of en-
hancement factors is covered by wider ranges of screening potentials. In the
following analysis, only data points at E < 52 keV are taken into account.
In such region, all data points from [31, 32] suggest a screening potential
greater that the adiabatic limit discussed in section 1.2.2 (green solid line in
figure 1.5). The datasets are compatible with a constant value for U , both
separately and combined16, even though data from [31] favour a higher value.
The blue dashed line in figure 1.5 is the weighted average of values extracted
from both [31] and [32], (399±25) eV, which is well beyond the adiabatic limit
value. This suggests that the bare-nucleus cross-section shown in figure 1.2 is
incompatible with a screening effect due only to atomic electrons, especially
if screened data from [31] are taken into account.

The analysis just discussed has the advantage of not requiring to assume
a priori any specific functional form for the screening potential with respect
to the energy. Its weakness lies in the necessity of first obtaining a trusted
bare-nucleus cross-section, which must be derived ignoring all direct data at
energies where screening effects are relevant.

16Data from [31] seem to suggest a screening potential that increases with energy. However,
the uncertainties are too large to draw a conclusive statement.
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Figure 1.5: Screening potential extracted from the enhancement factor in fig-
ure 1.4 using equation (1.2.3). The green solid line marks U = 182 eV (adia-
batic limit for neutral reactants, see section 1.2.2). The blue solid line is a fit
of data at energies below 52 keV on a constant (25 degrees of freedom, χ2 of
20), whose best fitting value (with its standard error) is (399± 25) eV.

Fit of direct data on a constant screening potential

If the screening potential can be approximated to a constant, it is possible to
directly fit equation (1.2.1) with U as free parameter, as commonly done in
literature. Sometimes, the bare-nucleus cross-section is fitted first, and the
enhancement factor over the obtained trend is fitted afterwards using low-
energy direct data. This approach is essentially equivalent to computing the
weighted average of the observed values of U as in figure 1.517. It is adopted
especially in older works (e.g. [31]) and when indirect data are taken into
account (e.g. [7]), since these are unaffected by screening and thus cannot be
fitted together with direct data18.

Another possibility, discussed in [51] and references therein, is to fit both
the bare-nucleus cross-section and the screening potential at the same time:
the fitted function is the product of a model for the bare-nucleus cross-section
(with some free parameters) and the enhancement factor in equation (1.2.2)
with U as additional free parameter. This was found to yield better fits to
17Since equation (1.2.3) is not linear, in principle a difference between the fit results could

be observed. In practice, the deviations are expected to be small.
18In fact, it is possible, albeit slightly more cumbersome, to make a simultaneous fit of

direct and indirect data on different functional forms sharing some parameter, which
would allow to implement the sort of fit suggested in [51] including indirect data. To the
author’s knowledge this has never been done in literature.
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1.2 Screening effects

direct data and lower values of U . Such procedure is followed in [32] for the
Li6 + p → He3 + α reaction, using only data from [30, 32] (including the

updated ones from [38]) and modelling the bare-nucleus astrophysical factor
with a third-order polynomial (4 free parameters), obtaining U = (273 ±
111) eV, which is higher than but compatible with the adiabatic limit. The
result could be reproduced in this work under the same conditions. However, if
the bare-nucleus cross-section is instead fitted using the same model employed
in figure 1.2 (equations (1.1.6) and (1.1.20) including only l = 0 and adding
an overall free scaling19), a much higher screening potential is found, (388 ±
100) eV, which resembles closely the result shown in figure 1.5, albeit which
greater uncertainty. The two fits just discussed, using a polynomial or the
sharp-edge barrier transmission coefficient, are compared in figure 1.6. The
total (screened) cross-section are essentially the same in both models in the
energy range where fitted data is present, but there is a visible difference in
the bare cross-section slope at collision energies below about 75 keV, which
causes the deviation in the predicted screening potential.20.

In summary, even taking into account only data from [30] and [32] (which
reports smaller low-energy cross-sections than [31]), and fitting bare cross-
section and screening potential simultaneously, the favoured values for the U
are significantly higher than the adiabatic limit. The difference can decrease
considerably if the bare cross-section is allowed to take a generic functional
form (implemented through a polynomial function in the S-factor), with re-
spect to the case where the energy trend suggested by Coulomb barrier pen-
etrability is imposed.

Using the approach just described, excessively high values of the screening
potential are similarly found for other reactions. Some examples are listed in
table 1.1. As shown above for the Li6 (p, α) He3 case, the screening potential
value extracted from data can vary significantly depending on what kind of
analysis is performed, and the adiabatic limit value is also subject to small
variations depending on the precise reactants state, thus a careful compar-
ison of each available determination would be important to obtain a complete
picture. On this regard, it can be useful to consult [7, 52–54], as they in-
clude a list of older measurements for each reaction mentioned in table 1.1.
The collection of these anomalous observations forms the so-called “(atomic)
electron screening problem”. Apart from already quoted papers presenting rel-
evant experimental measurements, this long-standing problem was discussed
in a number of data re-analyses and theoretical studies, some examples being
[16, 41, 51, 56–58].

As seen, the analysis approach just discussed is rather advantageous, as
19Another fit allowing an l = 1 contribution was attempted, but as in section 1.1.3 the

additional component does not contribute to the best-fitting function.
20It is underlined that such difference between the models tends to disappear if bare-nucleus

data (from indirect measurements) is supplied for the fit, because in that case the fitted
bare-nucleus component is directly constrained. For instance, if data from [7] is fitted
using equation (1.1.20), the excitation function is very similar to the polynomial reported
in the same paper.
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Figure 1.6: Points are a subset of data in figures 1.2 and 1.3, from [7, 30,
32], with identical symbols. Blue dotted line is a fit of only data from
[30, 32] (not [7]) on a third-order polynomial for the astrophysical factor,∑︁3

n=0 an(E/MeV)n, multiplied by the fe in equation (1.2.2), with the coef-
ficients an and the screening potential U as free parameters, whose best-
fitting values (with their standard errors) are: a0 = (3.54 ± 0.08)MeV b,
a1 = (−4.8 ± 0.8)MeV b, a2 = (6 ± 2)MeV b, a3 = (−3 ± 2)MeV b,
U = (267± 129) keV. Red dashed line is a plot of only the bare-nucleus com-
ponent of the fitted function. Green dot-dashed line is a fit on the same data
but using for the bare-nucleus part the same model employed in figure 1.2,
which has 35 degrees of freedom, returns a χ2 of 17, and whose best-fitting
values and standard errors for the parameters are: scaling A0 = 0.41 ± 0.03,
radius Rn = (3.27 ± 0.13) fm, screening potential U = (388 ± 100) eV. Black
solid line is the bare-nucleus component of this fitted function.

Table 1.1: Examples in literature of screening potential experimental determ-
ination for several reactions. For each reaction, the table lists (in this order)
the reference to a work including a determination for the screening potential,
the quoted value and error, and the adiabatic-limit value for the given reaction
between neutral atomic reactants. See text for details.

Reaction Ref. Ue exper. [eV] Ue adiab. lim. [eV]
Li6 (p, α) He3 [7] 355± 100 182

Li6 (d, α)α [55] 320± 50 182

Li7 (p, α)α [52] 425± 60 182

Be9 (p, α) Li6 [54] 545± 98 258
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1.2 Screening effects

it allows to employ all available data to fit both the bare cross-section and
the screening effects, surpassing the limit of the analysis performed to obtain
figure 1.5, at the affordable cost of requiring a model for the enhancement
factor functional form (in particular, a constant screening potential is usually
adopted). Nonetheless, it is relevant to point out that such analysis is normally
employed mainly to establish whether the screening potential suggested by
experimental data is compatible or not with the theoretical constraints: some
care is due when applying the analysis results in this way. In particular, while
the standard error associated to the fitted value of U is definitely an useful
indicator, it does not correspond to the interval of values of U which keep the
total χ2 within a given interval for any possible choice of the other parameters.
A study of the multi-dimensional confidence region of the fit parameters would
be required to establish that in a general manner. In this sense, the results
reported in table 1.1 can risk being misleading. However, a computationally
much simpler approach can be adopted to address the problem at hand, as
discussed in the following.

Analysis of direct data rescaled by adiabatic-limit screening

First note that if the fit in figure 1.6 is repeated constraining the maximum
value for the screening potential with the adiabatic limit, the fitted value will
simply equal the maximum allowed. This was predictable, given that the
unconstrained fit suggests values of U which are greater than the upper limit.
Having acknowledged that data favour higher values of screening potential, it
remains to be established whether experiments are at least compatible with
the theoretical expectation. To this end, assume in the following that U
is constant with respect to the collision energy, E, and exactly equals the
adiabatic limit. This is though to be a sufficiently good approximation at this
level, since the screening potential is in fact expected to reach the adiabatic
limit for small E, while at higher energies the associated enhancement factor
is in any case small. Having fixed this “null hypothesis”, it is then possible
to examine its likelihood. For instance, data can be fitted on a reasonable
model for the bare-nucleus cross-section: this is equivalent to repeating the
fits in figure 1.6 after fixing the value of U . The quality of the fit can then
be employed as an indication of the likelihood of the assumed scenario. This
sort of statistical analysis may be performed in several ways; here, only one
straightforward approach is shown for illustrative purposes. Let Fn(x) be the
cumulative distribution function of the chi-square distribution with n degrees
of freedom, and Qn(x) = 1 − Fn(x). Given a fit with n degrees of freedom
and a chi-square21 of χ2, and assuming that data indeed come from a random
distribution with expectation value equal to the best-fitting function, Qn(χ

2)

is the probability that a random sample extracted from the “true” distribution,
21This is the variance of data with respect to the prediction given by the fitted function,

weighted on the experimental uncertainties (if ∆ is the uncertainty on a given data point,
the associated weight is 1/∆2).
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Chapter 1. Phenomenology of sub-Coulomb nuclear reactions

with the same dimension of the fitted sample, returns a chi-square equal or
greater than that found in the fit. Often, when χ2 ≲ n, which corresponds
to Qn(χ

2) ≳ 1/2, the quality of a fit is considered sufficient22. Note that, if
several different datasets (which may be in disagreement) are fitted together,
it is better to analyse separately the quality of the fit on each dataset, to avoid
compensations in the aggregated χ2 which may hide specific issues.

Figure 1.7 shows data in figure 1.3 divided by the enhancement factor con-
nected to U = 182 eV. If the fit appearing in figure 1.6 on the sharp-edge
barrier transmission model (equations (1.1.6) and (1.1.20) including only the
l = 0 term and adding an overall scaling factor A0) is repeated here, precisely
on the same data (those from [30] and [32], including the updated version of
data from [38], at energies below 1MeV), but fixing U to the adiabatic limit,
a χ2 of 21 is returned, corresponding to Qn(χ

2) = 97.5% for n = 36. This is
not appreciably worse than the quality obtained allowing U to vary freely (χ2

of 17, see figure 1.6), even though in that case the best-fitting value for the
screening potential was 388 eV with standard uncertainty of 100 eV. In sum-
mary, data from [30, 32] appear in fact to be compatible with non-anomalous
screening effects, even if the sharp-edge barrier transmission model is adop-
ted for the bare-nucleus cross-section (without need to resort to a generic
polynomial function).

Once direct data are corrected by the expected screening effects (and provided
that such expectation was correct), they represent the bare-nucleus excitation
function, just as indirect data unaffected by screening. All datasets can thus
be easily fitted together. In particular, the black solid line in figure 1.7 is a fit
on the same sharp-edge barrier transmission model discussed above, on data
from both [30, 32] and [7] at collision energies below 1MeV: the results are
very similar to those found without data from [7].

The situation is different regarding data from [31]. If only data from [30,
31] at collision energies below 1MeV are fitted using the sharp-edge barrier
transmission model, the red dot-dashed line in figure 1.7 is obtained, which
reproduces well the fitted data. However, if a fit of all data from [7, 30–32]
at energies below 1MeV is attempted, the brown dashed line in figure 1.7 is
obtained. While the total χ2 of the fit appears acceptable, a visual inspection
reveals that the fitted curve is almost identical to the black solid line in the
same figure, because the quoted errors in [7, 32] are smaller than those in [31],
and that data from [31] are consequently not reproduced: quantitatively, the
33 points from [31] accrue a χ2 of 46 (out of the total of 75 for all datasets
together), which may be associated to a Qn=33(χ

2 = 46) = 6%. Note that
the discrepancy is mainly due to the points at lowest energies, approximately
below 20 keV, because at higher energies data from [31] and [32] are mostly
compatible, albeit in strong tension. The conclusion is unaltered if indirect
data from [7] are discarded.

22The chosen confidence level can vary depending on the context. If the fitted model is
considered reasonable a priori, selection criteria such as Fn(χ

2) ≤ 90% can be found.
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Figure 1.7: Green open diamonds are the same data in figure 1.2 from [7].
All other points represent data in figures 1.2 and 1.3 from [30, 32], with
identical symbols, after division by an enhancement factor computed using
equation (1.2.3) and U = 182 eV. Black solid line is a fit of data from [7, 30,
32] below 1MeV on the sharp-edge barrier transmission model employed in
figure 1.2, which has 48 degrees of freedom, returns a χ2 of 22, and whose
parameter best-fitting values and standard errors are A0 = 0.37 ± 0.02 and
Rn = (3.44±0.09) fm. Red dot-dashed line is a fit on the same model but using
data from [30, 31] below 1MeV, which has 42 degrees of freedom, returns a
χ2 of 8, and parameter values and standard errors of A0 = 0.24 ± 0.02 and
Rn = (4.34 ± 0.18) fm. Brown dashed line is a fit on the same model of all
data in the picture, which has 81 degrees of freedom, returns a total χ2 of
75 (however see text), and whose parameter best-fitting values and standard
errors are A0 = 0.34± 0.02 and Rn = (3.60± 0.09) fm.
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In summary, if anomalous screening effects are excluded, the sharp-edge
barrier penetrability model (equations (1.1.6) and (1.1.20) with free scaling of
each component23) cannot reproduce all direct data considered in the present
analysis together. It is mentioned that, in this work, an attempt was made
to include all known sources of uncertainty in the data (see appendix B.1; for
instance, smaller errors are adopted in the analysis in [41]): this increases the
significance of observed incompatibilities.

The analysis approach just discussed does not provide a quantitative es-
timation of screening effects, but on the contrary suggests whether a prede-
termined model for the screening is compatible with data, and it does so in
a more transparent manner with respect to the results obtained by a fit of
the screening potential on data. A similar study may be applied to other
reactions for which anomalous screening effects are reported in literature, to
understand whether some of the experimental results are in fact compatible
with theoretical predictions.

Non-standard bare-nucleus cross-section

The observed discrepancies regarding atomic screening effects may, of course,
be due to experimental issues, which would however be beyond the scope of
the present work. The rescaling of data in [31] considered in [41] and [31]
itself (see section 1.1.3 for a brief discussion) essentially goes in this direction.
Another alternative is that screening effects are in fact stronger than expected
from the discussion in section 1.2.2. On this regard, note that there are several
effects, discussed in [58] and references therein, that are not directly related
to electron screening but may yield variations in the low-energy cross-section.
However, none of these effects appears to be sufficiently important to explain
the experimental anomalies.

Finally, if the two above scenarios were excluded, it would follow that the
bare-nucleus cross-section is affected by some mechanism, related to the re-
actants bare interaction (and not exclusively the surrounding environment),
which alters the energy trend with respect to a standard Coulomb-barrier
penetrability model. From the phenomenological point of view, it is interest-
ing to check what sort of models may suffice to obtain such result, keeping in
mind that no theoretical basis for such models is provided. This is done in
the following for the Li6 (p, α) He3 case studied above.

Similarly to what was found when fitting the screening potential value (see
figure 1.6 and commenting text), the incompatibility seen in figure 1.7 is
ameliorated if indirect data from [7] are excluded and a polynomial form is
assumed for the bare-nucleus cross-section, as this is more flexible (and has
more free parameters) with respect to a barrier penetrability model. Non-
etheless, the qualitative result is similar to the brown line in figure 1.7. In
23The pictures in this work only show fits restricting to the l = 0 component. Another fit

was performed allowing also an l = 1 component and excluding indirect data, but the
differences in the fitted low-energy cross-section are insignificant.
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Figure 1.8: Points and red dot-dashed line (shown for comparison) are the
same found in figure 1.7. Blue dashed line is a fit of screened data from
[30–32] below 1MeV (as shown in figures 1.2 and 1.3) on the sharp-edge bar-
rier transmission model employed in figure 1.2 enhanced according to equa-
tion (1.2.2) with a screening potential U kept as free parameter. To be com-
parable, the line is here shown with the same rescaling applied to direct data
(see fig. 1.7). The fit has 68 degrees of freedom and returns a χ2 of 41; the
best-fitting values and standard errors of its parameters are A0 = 0.39± 0.02,
Rn = (3.34± 0.10) fm and U = (399± 32) eV. Green solid line is a fit of data
of data from [30–32] in this picture on the “effective charge” model discussed
in text for the bare-nucleus astrophysical factor, which has 68 degrees of free-
dom, returns a χ2 of 38, and whose parameter values and standard errors are
A0 = 0.49± 0.05, Rn = (2.88± 0.15) fm, and Z1Z2 = 2.969± 0.005.

order to reproduce satisfactorily both data from [31] and from the other dir-
ect measurements considered in the present analysis ([30] and [32], including
the updated version of data from [38]), a rather sharp variation in the bare-
nucleus astrophysical factor starting from collision energies of about 20 keV
is necessary. One way to achieve the requested behaviour is assigning an an-
omalous screening potential, as normally done in literature. The blue dashed
line in figure 1.8 is a fit on such model, returning a total screening potential
of 399 eV (compare with the similar result in figure 1.5 obtained trough a
different approach). Note that the line shown in the figure is already correc-
ted by the adiabatic-limit enhancement, and thus represents the (anomalous)
bare-nucleus cross-section associated to this model.

A different kind of parametrisation was proposed in [16]: the bare-nucleus
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Chapter 1. Phenomenology of sub-Coulomb nuclear reactions

cross-section is written as the sum of a standard term, based on a barrier-
penetrability model (for instance equation (1.1.20)), and an additional con-
tribution constructed as the standard one but featuring a smaller Coulomb
barrier, to phenomenologically account for a dynamical deformation of the
system during the reactants approach. A fit on such model was attempted
here, but the indetermination on the parameters of the non-standard term
are too high for the result to be meaningful. The basic idea behind the
parametrisation given in [16] was here employed to formulate a different con-
struction, discussed in the following. Consider again the sharp-edge barrier
transmission model employed earlier for the bare-nucleus cross-section (l = 0

term of equations (1.1.6) and (1.1.20) times an overall scaling factor A0), but
let the product of the reactants electric charge, Z1Z2 in equation (1.1.22),
be a free parameter: this affects the Coulomb wave-function H+ appearing
in eq. (1.1.20). It is underlined that the corresponding astrophysical factor
(defined in equation (1.1.23)) is always computed using the bare values of the
reactant charges. The same applies when the bare cross-section is multiplied
by the standard adiabatic-limit enhancement to compare it with screened (dir-
ectly measured and “uncorrected”) data, as those in figure 1.3. Consequently,
small deviations from the standard value of the parameter Z1Z2 in the cross-
section take here the same role of deviations from the adiabatic-limit screening
potential in the ordinary formulation (blue dashed line in fig. 1.8). A fit on
the “effective charge” model just discussed of the data under study is shown
as the green solid line in figure 1.8.

Both the anomalous-screening-potential model and the effective-charge model
(as the two-penetrabilities model in [16]) predict a positively diverging bare-
nucleus astrophysical factor toward zero collision energy, even though the
corresponding cross-section still vanishes in the same limit. In fact, equa-
tion (1.2.3) diverges toward E → 0 for any value of U greater than zero,
thus the screened astrophysical factor related to a standard adiabatic-limit
screening would diverge as well. This is connected to a failure of the screen-
ing potential approach at vanishing collision energies. As briefly mentioned in
section 1.2.2, the relative error committed on the screened cross-section eval-
uation is of the order of U/E: taking into account the adiabatic-limit value
for U , the adopted formalism is expected to be reasonable only for E ≳ 2 keV.
Consequently, the predictions of non-standard models considered here are rel-
evant only within the same region. On this regard, as can be seen also from
figure 1.8, the effective-charge model yields the the most gradual variation in
the astrophysical factor, S(E), in the E ≤ 10 keV region (also with respect to
the model in [16]). For comparison, the green solid line in figure 1.8 returns
S(2 keV) = 5.9MeV b, while the blue dashed line in the same picture returns
S(2 keV) = 48MeV b. In this sense, the proposed model can represent a more
attractive alternative (with respect to the others currently present in literat-
ure) to phenomenologically study the observed deviations, and in particular
the astrophysical impact of the scenario where the anomalies are fully genuine
and attributed to bare-nucleus cross-sections.
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2 Ground-state properties
of clustered systems

In the quantum-mechanical formalism, all accessible information regarding
the structure of a system can be encoded in its wave-function, and in par-
ticular as the associated expectation value of appropriate operators. On one
hand, the comparison between experimentally observed quantities and the
predictions given by a model, attempting to describe such structure, provides
an important benchmark to constraint and assess the accuracy of the model
itself. From the other, the structure information can then be employed as an
ingredient to predict the outcome of interactions between the systems under
study. While the concepts discussed in this chapter can in principle be ap-
plied to any bound system whose components are each bound in isolation,
most of the available structure information on atomic nuclei involves their
ground state, which can be examined experimentally with greater ease.

This chapter opens with a succinct review, in section 2.1, of some general
notions regarding anti-symmetrisation which will be useful later. Section 2.2
then covers the formalism of overlap functions. After reviewing the general
theory, the discussion is devoted to the explicit derivation of some properties
of the overlap function and the value of associated spectroscopic amplitudes
within the independent-particle shell model. Lastly, section 2.3 reports the
derivation, from general principles, of formulas to explicitly compute some
structure observables of interest on a cluster-model wave-function: the results
will be employed in chapter 4 to check the properties of the overlap functions
adopted for the transfer calculations.

2.1 Anti-symmetrisation in first-quantisation
formalism

The following pages will briefly introduce some basic concepts regarding particle
indistinguishability in quantum mechanics and wave-function anti-symmetrisation
for systems of identical fermions. It is not of interest here to present a com-
plete survey of the theory behind these concepts: in this section, the results
of interest will only be stated without derivation. More in-depth treatments
can be found in different books, for instance [20, ch. XIV].

Consider an orthonormal basis {|νk⟩} of single-particle states for a certain
species of particles, where νk represents the quantum number(s) describing
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the state1, and let V be the set of values that each single-particle νk can take
(i.e. it must be νk ∈ V ). Given a generic single-particle state |ψ⟩, it is possible
to express it as a superposition of the basis states,

|ψ⟩ =
∑︂
ν∈V

ψ(ν) |ν⟩ (2.1.1)

where ψ(ν) is a shorthand for ⟨ν |ψ⟩, and the symbol
∑︁

ν∈V is employed
to imply a sum over all states in the space V , regardless of its cardinality
(i.e. regardless of whether the sum should actually be a discrete sum or an
integral).

Consider now a system of A identical fermions. It is postulated that its only
physical states are those anti-symmetric with respect to particle exchange.
Let |ψ1, . . . , ψA⟩ be a state where particle 1 is in the single-particle state |ψ1⟩
and so on (thus ψ1, . . . , ψA is an ordered set): this clearly does not respect
the required statistics. It is then useful to define an anti-symmetrisation
operator ˆ︂W , a projection which maps any generic A-particle state into another
respecting the fermion statistics while involving only the single-particle states
found in the original state.

The application of ˆ︂W on the generic state |ψ1, . . . , ψA⟩ can be expressed
through the following relation:

⟨︂
ν1, . . . , νA

⃓⃓⃓ ˆ︂W ⃓⃓⃓
ψ1, . . . , ψA

⟩︂
=

1

A!

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓
ψ1(ν1) ψ1(ν2) . . . ψ1(νA)

ψ2(ν1)
. . . ... ψ2(νA)

... . . .
. . . ...

ψA(ν1) ψA(ν2) . . . ψA(νA)

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓ (2.1.2)

where ! denotes a factorial and
⃓⃓
. . .
⃓⃓

is a matrix determinant. ˆ︂W |ψ1, . . . , ψA⟩
itself is often referred to as a “Slater determinant”. Note that, if the single-
particle states |ψi⟩ are distinct and form an orthonormal set, then

√
A!ˆ︂W |ψ1, . . . , ψA⟩

is normalised to 1.
Finally, consider the elements |ν1, . . . , νA⟩ of the orthonormal basis for the

complete A-particle system: in general, these states do not respect the re-
quired statistics and are thus non-physical. A completely generic state |Ψ⟩
for the A-particle system can be certainly written as a superposition such as

|Ψ⟩ =
∑︂
ν1∈V

· · ·
∑︂
νA∈V

Ψ(ν1, . . . , νA) |ν1, . . . , νA⟩ (2.1.3)

If |Ψ⟩ is a physical state, indistinguishability guarantees that Ψ(ν1, . . . , νA)

changes only by a global sign under exchange of any single pair of particles,
e.g.

Ψ(ν1, ν2, . . . , νA) = −Ψ(ν2, ν1 . . . , νA) (2.1.4)

1A typical example is a set of states with fixed spin and isospin projection, σ and τ , and
position, r⃗, so that each “νi” stands for “r⃗i, σi, τi”.
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2.2 Overlap functions and spectroscopic factors

This also implies that |Ψ(ν1, . . . , νA)| is conserved under any permutation of
particles. Note that the distinct elements of the set {ˆ︂W |ν1, . . . νA⟩}ν1∈V,...,νA∈V ,
once normalised, form a physical (i.e. respecting the statistics) basis for the
A-particles system. For brevity, label |ν1, . . . νA⟩W the elements of the or-
thonormal physical basis. The physical state |Ψ⟩ can then be expanded as

|Ψ⟩ =
∑︂

{ν1,...,νA}

ΨW (ν1, . . . , νA) |ν1, . . . , νA⟩W (2.1.5)

where the sum now runs only over the distinct unordered sets {ν1, . . . , νA}.
The coefficients moduli in the two basis are simply connected by the relation

|ΨW (ν1, . . . , νA)|2 = A! |Ψ(ν1, . . . , νA)|2 (2.1.6)

since equation (2.1.5) is constructed from equation (2.1.3) just by grouping
together terms differing only by a permutation of particles.

When treating anti-symmetrisation of a state describing a nucleus, it can be
convenient to treat proton and neutrons as different isospin projections of an
identical particle, a “nucleon”2, so that there is only a single species to account
for. The cost of such approach is to neglect the mass difference between
proton and neutron. Also note that, within the non-relativistic formulation
here employed, the nucleus mass coincides with the sum of each nucleon mass,
and it is consequently proportional to the number of nucleons, A.

2.2 Overlap functions and spectroscopic factors

In a direct one-step transfer reaction (see chapter 3) the transferred system
is passed from a reactant to the other one without altering its internal state
[59, sec. 4], and the structure of the involved nuclei, in particular the affin-
ity between the reactants wave-functions before and after the transfer, con-
sequently plays a relevant role. This concept can be formally encoded through
overlap functions, which constitute the subject of the present section. The
topic is discussed, for instance, in [4] (more detailed references are given later)
and [60, sec. 8.1].

2.2.1 General treatment

Let B be any nucleus (“composite”), and b another nucleus composed by an
arbitrary subset of B nucleons (“core”). Let Ai be the number of nucleons
within nucleus i, and Ax = AB − Ab > 0. Further let

⃓⃓⃓
ΨB

Jπ
B ,MB ,TB ,τB

⟩︂
and⃓⃓⃓

Ψb
Jπ
b ,Mb,Tb,τb

⟩︂
be some states of interest for B and b respectively. Each state

is anti-symmetric and is an eigenstate of parity and of the modulus and z-
projection of total spin and isospin, with quantum numbers πi, Ji,Mi, Ti, τi

2It is then still possible to define interactions which depend on the isospin, and possibly
do not conserve the isospin modulus.
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2 Ground-state properties of clustered systems

respectively (spin modulus and parity numbers are often compacted into “Jπ”
for brevity). The optimal reference frame in which to compute each Ψ depends
on the application: when the overlap function (see equation (2.2.3) below) is
to be computed explicitly from the Ψ, it is usually most convenient to set a
single coordinate system for both ΨB and Ψb (for instance using B centre-of-
mass rest-frame). Here, since the overlap is manipulated only at formal level
and the goal is to study the relative motion of clusters within B, it is assumed
that each Ψ is computed fixing the nucleus centre-of-mass in the origin, and
thus depends only on Ai − 1 spatial coordinates.

In the following, consider an orthogonal basis of states {Ψb} spanning the
whole Ab-nucleons space. For simplicity, assume that each state is normalised3

to 1, and employ the symbol
∑︁

b to imply a sum over all elements of the basis
{Ψb} (the number of nucleons Ab is fixed).

Fractional parentage expansion and overlap function

Any given state ΨB can be expressed through the fractional parentage expan-
sion [4, eq. (16.12), (16.17), (16.33)]: the full wave-function is expressed as
a superposition of anti-symmetrised products of each possible wave-function
for some core nucleus b and a corresponding wave-function for the remaining
system x of Ax nucleons (“valence”). In a rather compact notation,⃓⃓⃓

ΨB
Jπ
B ,MB ,TB ,τB

⟩︂
=
∑︂
b,Tx,j

Nb,Tx,j
ˆ︂W [︂⃓⃓

Φx
Tx,j

⟩︁ ⃓⃓⃓
Ψb

Jπ
b ,Mb,Tb,τb

⟩︂]︂
(2.2.1)

where ˆ︂W is the anti-symmetrisation operator defined in section 2.1 and each
N is an appropriate coefficient. Each Φx

Tx,j
is a wave-function in the space

of states at Ax nucleons, anti-symmetric under exchange of any pair of its
nucleons, and accounting for both their internal motion and the relative motion
between the centre-of-masses of b and x. Such wave-function is an eigenstate
of total angular momentum and isospin, with modulus quantum numbers j
and Tx respectively, and z-projections MB −Mb and τB − τb, and is similarly
an eigenstate of parity with quantum number πBπb. It is stressed that j is the
total transferred angular momentum, namely it includes both the intrinsic spin
of the transferred system, Jx, and its orbital angular momentum with respect
to the core, l. The wave-function Φ is normalised following a convention
similar to that adopted for Ψ (see equation (2.2.4) below), and is such that
is satisfies equation (2.2.1) (which is thus basically its definition). The sum
over Tx, j runs over all (compatible) values of these quantum numbers.

It is of interest to consider the transition between a well-defined pair of
states for core nucleus b and composite nucleus B. To this end, from the

3Strictly speaking, this is in fact not possible for continuum states, for which some other
convention is to be chosen. However, in practical applications, unbound states are hardly
considered within this framework, and for the purposes of the present work it is sufficient
to simply ignore the issue, which would complicate the formalism without adding physical
insight.
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2.2 Overlap functions and spectroscopic factors

expansion in equation (2.2.1) only one term at a time is relevant, namely the
projection of B state on the components including only the desired b state.
In particular, consider the overlap function⟨︂

Ψb
Jπ
b ,Mb,Tb,τb

⃓⃓⃓
ΨB

Jπ
B ,MB ,TB ,τB

⟩︂
=

=
∑︂
Tx,j

Nb,Tx,j

⟨︂
Ψb

Jπ
b ,Mb,Tb,τb

⃓⃓⃓ ˆ︂W [︂⃓⃓
Φx
Tx,j

⟩︁ ⃓⃓⃓
Ψb

Jπ
b ,Mb,Tb,τb

⟩︂]︂
(2.2.2)

When computing the overlap,
⃓⃓
Ψb
⟩︁

is assigned to an arbitrary but fixed
subspace of the full AB nucleons space (for instance, the subspace comprising
the degrees of freedom of the nucleons labelled from 1 to Ab), and a scalar
product is performed on that subspace. This selects only Ab! components
from ˆ︂W [︁

|Φx⟩
⃓⃓
Ψb
⟩︁]︁

, the ones where the nucleons assigned to b are the same
on both sides of the braket: for each component, the result of the overlap
is simply |Φx⟩ (assigned to the sub-space of the remaining Ax single-particle
degrees of freedom). Defining conveniently the numerical factors, it is⟨︂

Ψb
Jπ
b ,Mb,Tb,τb

⃓⃓⃓
ΨB

Jπ
B ,MB ,TB ,τB

⟩︂
=

=
1√︂(︁
AB
Ab

)︁∑︂
Tx,j

⟨(j,MB −Mb), (Jb,Mb) | JB,MB⟩Ax
Tx,j

⃓⃓
Φx
Tx,j

⟩︁
(2.2.3)

where ⟨(j,m), (Jb,Mb) | JB,MB⟩ is a Clebsch-Gordan coefficient (see appendix A)
and

(︁
AB
Ab

)︁
= AB!/[Ab!(AB −Ab)!] (a binomial coefficient).

A, which is the spectroscopic amplitude, is a number such that equation (2.2.3)
is satisfied4. The modulus square of A is the spectroscopic factor S. If the
global phase of all Ψ and Φ is chosen consistently, the phase of A itself can
be significant for interference effects. If, for a given component, ΨB,Ψb and
Φx are all bound states, they can all be taken purely real with no loss of
generality, so that A is real as well.

The coefficient
(︁
AB
Ab

)︁
in equation (2.2.3) takes into account the desired

normalisation of the anti-symmetrised states. From the discussion in sec-
tion 2.1, it can be seen that each anti-symmetrised state of A particles carries
a factor5 1/

√
A!. Furthermore, the scalar product

⟨︁
ΨbΦx

⃓⃓
ΨB
⟩︁

consists of
Ab!Ax! identical terms (one for each possible ordering of Ab nucleons within
the core nucleus and Ax nucleons within the valence system). This two con-
tributions combined yield 1/

√︂(︁
AB
Ab

)︁
. Also note that

(︁
AB
Ab

)︁
is the number of

distinct ways in which the AB nucleons can be arranged as a group of Ab

indistinguishable nucleons in the core nucleus, and another distinct group of
AB −Ab indistinguishable nucleons. If ΨB could be written as a single Slater

4In [4], the spectroscopic amplitude is absorbed in the wave-function Φx, whose norm
consequently bears physical significance.

5Even if the state is not a simple Slater determinant, it can be written as a superposition
of several of them, each carrying the same factor.
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2 Ground-state properties of clustered systems

determinant in some single-particle basis, then given a basis of core states
{Ψb} constructed from the same single-particle basis, there would thus be
precisely

(︁
AB
Ab

)︁
core states giving non-zero overlap, each equal to 1/

√︂(︁
AB
Ab

)︁
times a normalised valence state, in agreement with the hypothesis that ΨB

is normalised.
If an explicit expression is provided for the A-body wave-functions ΨB and

Ψb, equation (2.2.3) can be employed directly to derive all Φx and their re-
spective spectroscopic amplitudes. For example, if the expansion of each Ψ in
the Slater-determinant basis is known, equation (2.2.17) may be applied (see
the discussion later in this section). The wave-functions may be found numer-
ically from ab-initio methods (for instance, Quantum Monte Carlo methods
are discussed in [2, 61]), or an analytical form may be devised phenomenologic-
ally (as done for instance in [62]). Another approach consists in disregarding
the detailed internal structure of the involved particles, adopting some cluster
model, and directly provide a wave-function for the particles relative motion.

Expansion of the valence states

In the common occurrence of x being a single nucleon (this is the case treated
explicitly in [4, sec. 16.4.1] and [60, sec. 8.1]), Φx reduces to the x-b relative
motion appropriately coupled to the nucleon spin. In general, consider an
orthogonal basis of anti-symmetrised states for the internal motion of Ax

nucleons, with each element
⃓⃓⃓
Ψx

ν,πx,Jx,Mx,Tx,τx

⟩︂
having definite modulus and

z-projection of total isospin (quantum numbers Tx, τx), total spin (quantum
numbers Jx, Mx) and of parity (quantum number πx), and being normalised
as the other Ψ. An additional quantum number ν is also included to allow
for several distinct states of system x with equal spin and isospin. Then, Φ
can be expanded in a basis of states where the internal motion within the
valence cluster x and the relative motion between x and b are factorised [4,
eq. (16.35)],⃓⃓

Φx
Tx,j

⟩︁
=
∑︂
ν,l,Jx

Aν,l,Jx,Tx,j

∑︂
ml

⟨(l,ml), (Jx,MB −Mb −ml) | j,MB −Mb⟩⃓⃓⃓
Ψx

ν,(−1)lπbπB ,Jx,MB−Mb−ml,Tx,τB−τb

⟩︂
|φν,Jx,l,ml

⟩ (2.2.4)

where φ is a function describing solely the relative motion between x and b

centre-of-masses, with normalisation set analogously to the one adopted for
the Ψ (for bound states, it is simply ⟨φ |φ⟩ = 1), and A is the appropriate
weight6 to satisfy equation (2.2.4), so that∑︂

ν,l,Jx

|Aν,l,Jx,Tx,j |
2 = 1 (2.2.5)

6In [4], as done for the spectroscopic amplitude A, the weight A is absorbed into φ.
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2.2 Overlap functions and spectroscopic factors

Note that relative-motion states φ with different orbital angular momentum
(l,ml) are certainly orthogonal (because spherical harmonics are), while internal-
motion states Ψx with different quantum numbers (ν, Jx, Tx) are orthogonal
by construction.

In equation (2.2.4), the sum over ml enforces the appropriate coupling of
Ψxφ to the desired total transferred angular momentum j. This also guaran-
tees that the set of Φx with different j are orthogonal. It may be useful to
define a set of orthogonal functions Φ̃

x
ν,πx,Jx,Tx,τ,l,j,M as⃓⃓⃓

Φ̃
x
ν,π,Jx,Tx,τ,l,j,M

⟩︂
=

=
∑︂
ml

⟨(l,ml), (Jx,M −ml) | j,M⟩
⃓⃓
Ψx

ν,π,Jx,M−ml,Tx,τ

⟩︁
|φν,Jx,l,ml

⟩ (2.2.6)

with ⃓⃓
Φx
Tx,j

⟩︁
=
∑︂
ν,l,Jx

Aν,l,Jx,Tx,j

⃓⃓⃓
Φ̃
x
ν,(−1)lπbπB ,Jx,Tx,τB−τb,l,j,MB−Mb

⟩︂
(2.2.7)

where, in analogy with Φx
Tx,j

, the indexes π,M, τ in Φ̃
x will be often dropped

for brevity.

Note that the treatment given here is independent from the precise frame-
work employed to describe the internal motion of the valence system: Ψx is
here in principle the full Ax-body wave-function, but it may as well be approx-
imated as just the spin and isospin state of a structureless particle x (which
is useful to perform a one-particle transfer calculation) or as a cluster-model
wave-function (for multi-particle transfer).

The overlap function defined in equation (2.2.3) includes the appropriate
superposition of all states of the valence system x which can couple with
the given core state to yield the desired composite state, possibly with several
allowed values of Tx and j, each bearing a separate spectroscopic amplitude. It
can be interesting to project on a precise state Φx, obtaining a number directly
proportional to the spectroscopic amplitude for the given configuration:⟨︂

Ψb
Jπ
b ,Mb,Tb,τb

Φx
Tx,j

⃓⃓⃓
ΨB

Jπ
B ,MB ,TB ,τB

⟩︂
=

=
1√︂(︁
AB
Ab

)︁ ⟨(j,MB −Mb), (Jb,Mb) | JB,MB⟩Ax
Tx,j (2.2.8)
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2 Ground-state properties of clustered systems

It is also possible to select a single component for the internal motion of x
and its relative motion with b: using the definition in equation (2.2.6),⟨︂

Ψb
Jπ
b ,Mb,Tb,τb

Φ̃
x
ν,Jx,Tx,l,j

⃓⃓⃓
ΨB

Jπ
B ,MB ,TB ,τB

⟩︂
=

=
1√︂(︁
AB
Ab

)︁ ⟨(j,MB −Mb), (Jb,Mb) | JB,MB⟩Ax
Tx,jAν,l,Jx,Tx,j (2.2.9)

where now the relevant amplitude is Ax
Tx,j

Aν,l,Jx,Tx,j .
The scalar product

⟨︂
Ψb

Jπ
b ,Mb,Tb,τb

Φx
Tx,j

⃓⃓⃓
ΨB

Jπ
B ,MB ,TB ,τB

⟩︂
(as the one in equa-

tion (2.2.9)) embodies the coupling of angular momenta j and Jb to yield JB,
which produces the coefficient ⟨(j,MB −Mb), (Jb,Mb) | JB,MB⟩ appearing in
equation (2.2.3). More formally, Φx

Tx,j
can be seen as a (j,MB−Mb) spherical

tensor, thus, by Wigner-Eckhart theorem,⟨︂
ΨB

Jπ
B ,MB ,TB ,τB

⃓⃓⃓
Φx
Tx,τB−τb,j,MB−Mb

Ψb
Jπ
b ,Mb,Tb,τb

⟩︂
=

= ⟨(j,m), (Jb,Mb) | JB,MB⟩
⟨︂
ΨB

Jπ
B ,TB ,τB

⃦⃦⃦
Φx
Tx,τB−τb,j

⃦⃦⃦
Ψb

Jπ
b ,Tb,τb

⟩︂
(2.2.10)

where
⟨︁
ΨB

⃦⃦
Φx
⃦⃦
Ψb
⟩︁

(the reduced matrix element) does not depend on the
projections Mb,MB. This implies that the spectroscopic amplitude is the
same for any spin z-projection of core and composite nuclei (provided they
can actually couple, i.e. the Clebsch-Gordan coefficient is not zero), and can
thus be computed for the most convenient pair of projections. On this regard,
it is relevant to point out that the set of admissible components Φx

Tx,j
of

a given overlap can depend on Mb and MB. As a trivial example, valence
states coupling to j = 0 are admissible only for Mb = MB (in all other
cases, their contribution is cancelled by the Clebsch-Gordan coefficient in
equation (2.2.10)).

A similar discussion could be repeated for isospin. This is the reason why
sometimes an extra factor ⟨(Tb, τb), (Tx, τB − τb) |TB, τB⟩ appears in equa-
tion (2.2.1), changing the definition of A [4, sec. 16.4.1].

Extreme cluster model and Wildermuth connection

In practice, it is impossible to consider a complete basis of states, and even an
approximation including bound states and low-lying continuum is challenging.
The extreme cluster model prescribes to approximate the overlap function⟨︁
Ψb
⃓⃓
ΨB
⟩︁

in equation (2.2.3) including a single component Φx which in turn
comprises only a single component Φ̃

x (defined in equation (2.2.6)),⟨︂
Ψb

Jπ
b ,Mb,Tb,τb

⃓⃓⃓
ΨB

Jπ
B ,MB ,TB ,τB

⟩︂
≈

≈ 1√︂(︁
AB
Ab

)︁ ⟨(j,MB −Mb), (Jb,Mb) | JB,MB⟩Ax
⃓⃓⃓
Φ̃
x
ν,Jx,Tx,l,j

⟩︂
(2.2.11)
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2.2 Overlap functions and spectroscopic factors

More explicitly, using equation (2.2.6),

⟨︂
Ψb

Jπ
b ,Mb,Tb,τb

⃓⃓⃓
ΨB

Jπ
B ,MB ,TB ,τB

⟩︂
≈ 1√︂(︁

AB
Ab

)︁ ⟨(j,MB −Mb), (Jb,Mb) | JB,MB⟩ ·

· Ax
∑︂
ml

⟨(l,ml), (Jx,M −ml) | j,M⟩
⃓⃓
Ψx

ν,Jx,M−ml,Tx

⟩︁
|φν,Jx,l,ml

⟩ (2.2.12)

Note that, even if the stated approximation were exact, the spectroscopic
amplitude could still take non-trivial values, depending on the microscopic
structure of core and composite nuclei. In addition, a phenomenological value
for Ax may partially correct the error introduced by the approximation.

The internal motion of the valence system x, Ψx, is normally chosen to
match some relevant state of system x when observed in isolation, often the
most bound among its allowed states, such that the total spin and isospin
modulus quantum numbers, s and t, can correctly couple the desired Ψb and
ΨB. As mentioned earlier, the precise model employed for Ψx depends on
what process or features are being described.

The core-valence relative motion state, φ, can be modelled as an eigenfunc-
tion of a phenomenological potential for the interaction between b and x. Its
energy eigenvalue is most commonly set in terms of the experimental mass
(and excitation energy) of the states of interest for B, b and x. If φ is a
bound state, then its orbital angular momentum modulus quantum number,
l, and the number of nodes of its radial part, labelled n, are often set from
shell-model considerations, adopting the so-called Wildermuth connection, as
follows. Consider an independent-particle shell-model state for the isolated
systems b, B and x, where each nucleon i is assigned to a specific shell-model
single-particle state with orbital angular momentum li and number of radial
nodes ni (the minimum possible value for ni is zero). The number of “energy
quanta” Qj in system j is defined as

Qj =

Aj∑︂
i=1

2ni + li (2.2.13)

and, similarly, the b-x relative motion is assigned an amount Qbx of energy
quanta equal to 2n+ l. Qbx is then found requiring that the total amount of
quanta in B matches the sum of quanta in b, x and their relative motion, [4,
eq. (16.32)]

QB = Qb +Qx +Qbx (2.2.14)

In general, there may be several pairs of n, l satisfying the relation, in which
case the smallest permitted l is often adopted. It is also possible that none of
the values of l allowed by the criterion matches the required one to describe a
particular state of interest: this can be taken as a suggestion that the extreme-
shell-model configuration which has been chosen is not the favoured one to
describe the system of interest.
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2 Ground-state properties of clustered systems

Finally, note that setting the binding energy for a bound state φ amounts
to put a constraint on the b-x potential. Once the orbital angular momentum
and number of nodes of the state are provided, the constraint is sufficiently
detailed to completely fix one degree of freedom in the expression for the
potential (for example a global scaling factor), which is useful to construct
the potential phenomenologically.

Expansion in the Slater-determinant basis

Differently from what was done above, consider now a fixed coordinate system,
and express all wave-functions ΨB and Ψb in such coordinates (instead of
computing each of them in the respective centre-of-mass rest frame). As a
consequence, Φx

Tx,j
is not cleanly factorised between internal motion of x and

x-b relative motion any more, and it makes more sense to just refer to it as a
valence system state computed in the same coordinate system as the other Ψ

functions.
Consider an orthonormal single-particle basis (for instance the one provided

by a shell model), and let χB
i be elements of the orthonormal basis of the AB-

body system constructed as normalised Slater determinants (defined as in
equation (2.1.2)) of the aforementioned single-particle states (χB

i was labelled
|ν1, . . . νA⟩W in section 2.1). In general, the composite nucleus state ΨB of
interest can be expanded in such basis, obtaining

⃓⃓
ΨB
⟩︁
=
∑︁

i c
B
i

⃓⃓
χB
i

⟩︁
, where

the c are numerical coefficients such that
∑︁

i |ci|
2 = 1 and one can proceed

identically for the core nucleus state Ψb. The overlap function can then be
computed explicitly in the shell-model basis:⟨︂

Ψb
⃓⃓⃓
ΨB
⟩︂
=
∑︂
ik

cbi
∗
cBk

⟨︂
χb
i

⃓⃓⃓
χB
k

⟩︂
(2.2.15)

the overlap
⟨︁
χb
i

⃓⃓
χB
k

⟩︁
is either zero, if any single-particle state is occupied

in χb
i but empty in χB

k , or proportional to a single Slater determinant with
Ax nucleons filling the states occupied in χB

k and empty in χb
i : let χx

ik be
this Slater determinant, normalised as the other χ functions. Using the same
reasoning described in section 2.2.1 when discussing the binomial factor in
equation (2.2.3), the proportionality factor is such that (for a pair i, k whose
overlap is not zero) ⃓⃓⃓⟨︂

χb
iχ

x
ik

⃓⃓⃓
χB
k

⟩︂⃓⃓⃓
=

1√︂(︁
AB
Ab

)︁ (2.2.16)

The phase (which for bound states can always be defined to be just a sign)
depends on the adopted conventions (it is necessary to fix an ordering for
the single-particle basis elements) and on what states are occupied in χb or
χx. For simplicity, the present discussion on phases will be limited to the few
relative signs required to deduce the spectroscopic factors of interest within
the independent-particle shell-model.

It can be useful to note that, if the overlap of a given pair of compon-
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2.2 Overlap functions and spectroscopic factors

ents,
⟨︁
χb
i

⃓⃓
χB
k

⟩︁
, is

√︂
Ab!Ax!
AB ! |χx

ik⟩, then the corresponding overlap between the
Slater determinants of composite and valence systems,

⟨︁
χx
ik

⃓⃓
χB
k

⟩︁
, is similarly√︂

Ax!Ab!
AB !

⃓⃓
χb
i

⟩︁
, where the coefficient is the same.

To summarise, let fij be 0 if
⟨︂
χb
i

⃓⃓⃓
χB
j

⟩︂
= 0, or the phase of

⟨︂
χb
iχ

x
ij

⃓⃓⃓
χB
j

⟩︂
otherwise. Once the phase convention has been fixed, fij can be computed for
any pair of Slater determinants by inspection of the involved single-particle
states. Then,⟨︂

Ψb
Jπ
b ,Mb,Tb,τb

⃓⃓⃓
ΨB

Jπ
B ,MB ,TB ,τB

⟩︂
=

1√︂(︁
AB
Ab

)︁∑︂
ij

cbi
∗
cBj fij

⃓⃓
χx
ij

⟩︁
(2.2.17)

The last remaining step is to regroup the different components into valence
states

⃓⃓⃓
Φx
Tx,τB−τb,j,MB−Mb

⟩︂
with the desired quantum numbers. The details

of this step depend on the precise single-particle basis in use, but it essen-
tially requires to couple the single-particle states to the desired total spin and
isospin. For instance, in a shell-model basis state all nucleons in closed shells
couple to angular momentum 0, simplifying the problem, and the remaining
nucleons are in states with their intrinsic spin and orbital angular momentum
already coupled.

2.2.2 Spectroscopic factors within the independent-particle shell
model

In many cases, experimental or ab-initio evaluations of spectroscopic factors
(together with the corresponding overlap functions) can be found in literature.
Even in these cases, evaluating the spectroscopic amplitudes phenomenolo-
gically, within a sufficiently simple model, can be very useful, as it allows to
pinpoint the most salient features affecting the result, and to gauge the correc-
tions introduced by the more sophisticated determinations. In the following,
the predictions given by the independent-particle shell-model shell model will
be discussed.

Start from equation (2.2.17), and approximate the states for core and
composite nucleus, Ψb and ΨB, as independent-particle shell-model wave-
functions. This means that each nucleon occupies a well-defined shell among
the elements of the orthogonal single-particle basis, but may not have defined
angular momentum z-projection. In the simplest case, the state is just a
single Slater determinant: for instance, an α-particle in its ground-state is
described with its four nucleons in the 0s1/2 shell (0 nodes, orbital angular
momentum l = 0, total angular momentum 1/2), with anti-symmetrisation
requiring that precisely one proton and one neutron have positive spin z-
projection. However, if there are several nucleons in partially-empty shells,
whose angular momentum z-projections can be assigned in more than one
way to obtain a nucleus with the desired spin projection, then it necessary
to describe the state as a superposition of several Slater determinants. The
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2 Ground-state properties of clustered systems

weight and relative phase of each component can be found by explicitly coup-
ling spin and isospin of all nucleons. For instance, a “deuteron” in the singlet
state (total spin modulus 0, total isospin modulus 1) may have its proton with
either spin up or down, and both components have the same absolute weight.
As a consequence, the overlap function

⟨︂
Ψb

Jπ
b ,Mb,Tb,τb

⃓⃓⃓
ΨB

Jπ
B ,MB ,TB ,τB

⟩︂
into a

given valence state Φx
Tx,j

can in turn be a superposition of several Slater de-
terminants, in which the occupied shells are always the same, but the angular
momentum projections of occupied states may not, even though the total spin
projection of the system is defined.

There are several specific cases where the spectroscopic factors can be
computed with particular ease. Such cases are often applicable when both
Ψb

Jπ
b ,Mb,Tb,τb

and ΨB
Jπ
B ,MB ,TB ,τB

represent the ground state of the respective
nuclei (which is also the situation where an independent-particle shell-model
state can be expected to work best).

For instance, when both ΨB and Ψb comprise only a single Slater determ-
inant (all nucleon angular momentum z-projections are assigned unambigu-
ously), their overlap is a single Slater determinant as well. If the overlap is
not zero, from equation (2.2.17) it is⟨︂

Ψb
Jπ
b ,Mb,Tb,τb

⃓⃓⃓
ΨB

Jπ
B ,MB ,TB ,τB

⟩︂
=

1√︂(︁
AB
Ab

)︁ |χx⟩ (2.2.18)

where the phase factor prescribed in equation (2.2.17) was neglected, because
in this case it would be just a global phase, irrelevant here. The only pos-
sible complication is that |χx⟩ may not be a state with definite total spin
and isospin (this is the “regrouping” issue mentioned when commenting equa-
tion (2.2.17)). For instance, a proton with spin up and a neutron with spin
down in the 0s1/2 shell have definite total spin z-projection (equal to 0), but
are in a superposition of a state with total spin modulus j = 1 and another
one with j = 0. In general, |χx⟩ will thus be written as some superposition∑︁

Tx,j
XTx,j

⃓⃓⃓
Φx
Tx,j

⟩︂
. From the definition in equation (2.2.3) it follows that the

spectroscopic factor for each component, Sx
Tx,j

=
⃓⃓⃓
Ax

Tx,j

⃓⃓⃓2
, is

Sx
Tx,j =

|XTx,j |
2

|⟨(j,MB −Mb), (Jb,Mb) | JB,MB⟩|2
(2.2.19)

As was discussed earlier (see text commenting equation (2.2.10)), the spec-
troscopic amplitude for a given state Φx

j,MB−Mb,Tx,τB−τb
does not depend on

the core and composite total spin projections MB and Mb. In several cases, it
is possible to find an appropriate pair of projections such that the hypothesis
for equation (2.2.19) are satisfied.

As a simple but often useful corollary of equation (2.2.19) is drawn in the
case where B is a nucleus with only closed shells, and thus has spin 0, and x is
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2.2 Overlap functions and spectroscopic factors

a nucleon in a shell with total angular momentum j. The hypothesis guarantee
that ΨB and Ψb are Slater determinants and Φx has only one allowed value
for j and Tx. It follows that the spectroscopic factor for the only appearing
component is Sx = 2j + 1.

Another simple case is found when the core nucleus has total spin 0 and total
isospin 0, which typically happens if the state has no partially filled shells. If
the overlap is to be non-zero, the composite nucleus will necessarily have the
completely occupied shells found in the core, plus some more nucleons. These
nucleons need not to have definite angular momentum z-projection, (ΨB may
not be a single Slater determinant), but they must be coupled to total spin
and isospin equal to the composite nucleus quantum numbers. Since there is
only one possible valence state, which is

⃓⃓⃓
Φx
Tx=TB ,τ=τB ,j=JB ,m=MB

⟩︂
(regardless

of how many or what Slater determinants it comprises), it is necessarily⟨︂
Ψb

Jπ
b ,Mb,Tb,τb

⃓⃓⃓
ΨB

Jπ
B ,MB ,TB ,τB

⟩︂
=

1√︂(︁
AB
Ab

)︁ ⃓⃓Φx
TB ,JB

⟩︁
(2.2.20)

Furthermore, ⟨(JB,MB), (0, 0) | JB,MB⟩ = 1, thus, from equation (2.2.3), the
associated spectroscopic factor is just Sx = 1. More in general, shells which
are completely occupied both in core and composite system can be ignored,
as they will play no actual role.

As an application of the concepts just discussed, in the following para-
graphs the overlaps and spectroscopic factors of interest for the nuclear re-
action discussed in this thesis are computed within the independent-particle
shell-model.

Overlaps for the Li6 + p → He4 + He3 reaction as a deuteron transfer

All reactants are assumed to be in their ground state, with definite spin J ,
parity π and isospin T . Li6 has Jπ = 1+ and T = 0, while p and He3

have Jπ = 1
2

+ and T = 1/2, and finally He4 has Jπ = 0+ and T = 0.
The process is described as the direct one-step transfer of a system with
Ax = 2 (“deuteron”; the only possible alternative description would have
been Ax = 3), thus the required overlaps are

⟨︁
He4 ⃓⃓

Li6 ⟩︁
and

⟨︁
p
⃓⃓

He3 ⟩︁
. All

quantum numbers regarding the internal motion of the valence system are not
altered during the reaction [59, sec. 4]. It follows that the only valence internal
motion states relevant for the process are those compatible with both overlaps.
In particular, in

⟨︁
He4 ⃓⃓

Li6 ⟩︁
the valence system can only have isospin modulus

Tx = 0, consequently the Tx = 1 states, despite being allowed in
⟨︁

p
⃓⃓

He3 ⟩︁
,

will not contribute to the one-step transfer. Furthermore, the transferred
particle parity, πx, can be either even or odd (provided the core-valence orbital
angular momentum has the same parity), but only configurations where πx
is identical for both projectile and target will couple. On the contrary, the
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2 Ground-state properties of clustered systems

total transferred angular momentum, j, needs not in general to be identical
in both overlaps, as the core-valence relative orbital angular momentum can
differ. In

⟨︁
He4 ⃓⃓

Li6 ⟩︁
, it is necessarily j = 1. In

⟨︁
p
⃓⃓

He3 ⟩︁
both j = 0 and 1

are in general possible (even after fixing Tx = 0), but the shell-model states
considered here are such that only j = 1 contributes, as discussed below.

The independent-particle shell-model state of the He4 core, as commented
earlier, comprises four nucleons completely filling the 1s1/2 shell. As was just
discussed explicitly, or directly from equation (2.2.20),

⟨︁
He4 ⃓⃓

Li6 ⟩︁
is thus just

a single state
⃓⃓⃓
Φx
Tx=0,τ=0,j=1,m=MB

⟩︂
, and the associated spectroscopic factor

is 1.
The three nucleons of He3 ground state all occupy, within the independent-

particle shell-model, the 1s1/2 shell (that is, the most bound shell with orbital
angular momentum zero). The angular momentum z-projection of the lone
neutron coincides with the total projection MB, thus each distinct ΨB state
is a single Slater determinant. The core is requested to be a single proton,
and must be assigned to the 1s1/2 shell as well for the overlap to be non-zero,
but it can have either positive or negative spin projection. Let |p(m)⟩ be
the single-particle state for a proton (positive isospin projection) in the 1s1/2

shell with spin z-projection m, and similarly |n(m)⟩ for neutrons in the same
shell. For definiteness, consider only the He3 state with MB = +1/2 (the
reasoning can be repeated for the other projection), labelled

⃓⃓
He3 (+1/2)

⟩︁
.

As mentioned, it would be of interest to consider both
⟨︁

p(+1/2)
⃓⃓

He3 ⟩︁
and⟨︁

p(−1/2)
⃓⃓

He3 ⟩︁
, but since spectroscopic amplitudes are independent from the

core and composite spin projections (see text commenting equation (2.2.10)),
it is sufficient to treat the overlap

⟨︁
p(+1/2)

⃓⃓
He3 (+1/2)

⟩︁
, where all possible

components appear 7. Equation (2.2.18) applies, with |χx⟩ being here the
normalised Slater determinant constructed from the only possible assignment
of single-particle levels, namely

|χx⟩ = 1√
2
(|p(−1/2), n(+1/2)⟩ − |n(+1/2), p(−1/2)⟩) (2.2.21)

(the notation is as in section 2.1, particle 1 is in the first listed state and so
on), where the global phase is conventional. Each component of |χx⟩ can be
expanded in the valence total spin and total isospin basis. Let τi and mi be
the isospin and spin projection of each nucleon (protons are assigned τi > 0 as
usual), and Tx and j the modulus quantum numbers for total isospin and spin
(the total projections are both fixed to 0 by the choice of core and composite
states). Then,

|(τ1m1), (τ2m2)⟩ =

=
∑︂
Tx,j

⟨(1/2,m1), (1/2,m2) | j, 0⟩ ⟨(1/2, τ1), (1/2, τ2) | t, 0⟩
⃓⃓
Φx
Tx,j

⟩︁
(2.2.22)

7⟨︁p(−1/2)
⃓⃓

He3 (+1/2)
⟩︁

instead includes only a j = 1, Tx = 0 component.

54



2.2 Overlap functions and spectroscopic factors

revealing that
|χx⟩ = 1√

2

(︁⃓⃓
Φx
Tx=0,j=1

⟩︁
−
⃓⃓
Φx
Tx=1,j=0

⟩︁)︁
(2.2.23)

The result could have been anticipated noting that both spin and isospin
are, in this specific case, being coupled exactly in the same manner (in both
cases two 1/2 spins are being added) consequently states with j = Tx are
certainly symmetric under particle exchange and thus inadmissible. Finally,
from equation (2.2.19), the spectroscopic factors are Sx

Tx=0,j=1 = 3/2 and
Sx
Tx=1,j=0 = 1/2.

Overlaps for the Li6 + p → Li5 + d → He4 + He3 two-step transfer

Instead of the one-step transfer of two nucleons treated in the preceding ex-
ample, consider now two separate transfers of a neutron and a proton. The
internal state of the transferred system in each step is now trivial, in par-
ticular it must be Tx = 1/2 and Jπ

x = 1
2

+, thus, differently than in the
deuteron-transfer case, imposing the conservation of such state during each
step separately yields no restriction.

It is of interest to generalise the allowed initial state, in particular let Li6

be composed by an inert He4 core of four nucleons occupying the 1s1/2 shell,
and two valence nucleons placed in any unoccupied pair of shells capable of
coupling to the required total spin-parity, 1+. Let jp and jn be the total
angular momentum modulus of the two selected shells, and

⃓⃓
Li6 (jp , jn)

⟩︁
and⃓⃓

Li5 (jp)
⟩︁

the associated states of Li6 and Li5 . It must be
⃓⃓
jp − jn

⃓⃓
≤ 1 ≤

jp + jn , and the shells orbital angular momentum must bear the same parity.
In general, the complete Li6 wave-function will be a superposition of several
such configurations,

⃓⃓
Li6 ⟩︁

=
∑︁

jp ,jn
Cjp ,jn

⃓⃓
Li6 (jp , jn)

⟩︁
, but it is possible to

consider only one configuration at a time and then recombine the complete
overlap function.

Reasoning as before, the spectroscopic factor for
⟨︁

He4 ⃓⃓
Li5 (jp)

⟩︁
is 1, be-

cause the He4 core, which has total spin and isospin 0, completely fills a
shell and its nucleons do not couple in any way with the additional neutron.
Similarly, the

⟨︁
Li5 (jp)

⃓⃓
Li6 (jp , jn)

⟩︁
case can, within the present model, be

treated as the ⟨p | d⟩ overlap, with the two nucleons placed in arbitrary shells
with angular momentum modulus jp and jn as described above. The d state
cannot, in general, be written as a single Slater determinant: rather, it will
comprise a combination of states with different spin projections, coupled to
the desired total spin and isospin (it would be possible to write an explicit
expansion in analogy with equation (2.2.22)). Let χB

mp ,mn be a Slater de-
terminant with proton and neutron angular momentum projection fixed to
mp and mn respectively. The complete composite nucleus state, with fixed
spin projection MB, is then

|d(MB)⟩ =
∑︂
mp

⟨︁
(jp ,mp), (jn ,MB −mp)

⃓⃓
1,MB

⟩︁ ⃓⃓⃓
χB
mp ,MB−mp

⟩︂
(2.2.24)
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2 Ground-state properties of clustered systems

Note that the isospin coupling is included in the anti-symmetrisation enforced
within the Slater determinant. The p state is instead a single “Slater determ-
inant” (a single state, in fact) with the desired quantum numbers jp , mp for
the corresponding Li5 system. The projection ⟨p | d⟩ is thus proportional to
the only overlapping configuration between the two systems, namely a neut-
ron in a shell with angular momentum modulus jn and projection MB −mp .
By combining equations (2.2.8), (2.2.17) and (2.2.24), it follows that the spec-
troscopic factor is always 1. In passing, note that the situation would have
been identical for ⟨n | d⟩.

The last overlap of interest for this application is
⟨︁

d
⃓⃓

He3 ⟩︁
. Restrict to

the case in which He3 is in the independent-particle shell-model ground state.
The system is then the same already discussed when considering the

⟨︁
p
⃓⃓

He3 ⟩︁
overlap, just with the role of core and valence inverted. The associated spec-
troscopic factors are thus the same, since in e.g. equation (2.2.8), once all
states (including the transferred system one) are fixed, exchanging x and b

can at most invert the sign of the overlap8.
For completeness, finally consider the

⟨︁
He2 ⃓⃓

He3 ⟩︁
overlap, which would be

relevant if the two-step transfer from Li6 + p to He4 + He3 were accomplished
by first transferring a proton. The core state is now a single Slater determinant
with nucleons coupled to T = 1 and J = 0, thus by using equation (2.2.19) it
follows that the spectroscopic factor is S = 1. Note how the three core states
d(T = 0), d(T = 1) and He2 suffice to complete the fractional parentage
expansion of He3 in equation (2.2.1) for Ab = 2.

2.3 Expectation value of one-body observables:
radii and quadrupole moments

Let |Ψ⟩ be the full anti-symmetrised wave-function for a given state of a nuc-
leus consisting of A nucleons. |Ψ⟩ describes all the system degrees of freedom
(i.e. includes the coordinates of all nucleons). The goal of the present section
is to evaluate analytically the expectation value on Ψ of some observables,
under the assumption that the system can in fact be described as a bound
state of few inert clusters (in particular two or three). The case of a two-
cluster system is widely treated in literature. Several concepts relevant for
the present work appear for instance in [63–67] and references therein. The
evaluation of structure properties of systems of three or more clusters is in-
stead less commonly covered. Some relevant discussion regarding Li6 was
found in [68].

The quantities considered in this work are, specifically: the binding energy,
the root-mean-square radius, and the electric quadrupole moment. The prob-

8It is of course possible to perform the calculation explicitly. If the core d has spin 1 and
spin projection 1, its state is a single Slater determinant and the result follows from
equation (2.2.19). In the J = 0 case, the d state comprises two Slater determinants,
each with amplitude 1/

√
2, but only one of them overlaps with a He3 state with fixed

spin projection, and the result follows using equation (2.2.17).
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2.3 Expectation value of one-body observables

lem of finding the binding energy of a state is intimately connected to the
problem of constructing the state itself, so it is not discussed in this section.
All other mentioned observables are constructed as one-body operators, and
bear a particularly convenient form when expressed in the spatial coordinate
representation, on which the discussion will thus be focused.

2.3.1 Introduction

Consider an arbitrary labelling, by index i, of the A nucleons in a system. Letˆ︁oi be a single-particle operator which acts only on the i-th nucleon degrees of
freedom (possibly including its isospin projection). A one-body observable ˆ︁O
is an operator with a structure such as

ˆ︁O =

A∑︂
i=1

ˆ︁oi (2.3.1)

Due to indistinguishability, all ˆ︁oi must possess precisely the same form, and
differ only by the subspace on which they act. More explicitly, consider a
basis {|ν⟩} of single-particle states, as in section 2.1, chosen so that each of
its elements, |ν⟩, is an eigenstate of ˆ︁oi with eigenvalue o(ν). The operator ˆ︁oi
can then be written as

ˆ︁oi = ∑︂
ν∈V

|i : ν⟩ o(ν) ⟨i : ν| (2.3.2)

where the index i is meant to specify that the states belong to the space of the
i-th nucleon. Consequently, the application of operator ˆ︁O on a given element
|ν1, . . . , νA⟩ of the “non-anti-symmetric” A-particle system basis is

ˆ︁O |ν1, . . . , νA⟩ =
A∑︂
i=1

o(νi) |ν1, . . . , νA⟩ (2.3.3)

ˆ︁O is thus diagonal in this basis, with the diagonal matrix elements being
precisely

∑︁
i o(νi). It is pointed out that no extra coefficient was added to

equation (2.3.1)9. However, the definition of some observables includes a
scaling which depends on the number of particles involved. In that case,
the discussion presented here can be repeated identically, carrying the extra
factor. The slight modifications appearing in the results will be discussed
explicitly for the case of root-mean-square radii in section 2.3.3.

In order to express the expectation value of ˆ︁O on the state Ψ of interest,
<O>, it is convenient to use the expansion in the “non-anti-symmetric” basis

9In a sense, the complete observable ˆ︁O is here being treated as “extensive” with respect to
the single-particle operator ˆ︁o.
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in equation (2.1.3). One obtains

<O> =

⟨︂
Ψ
⃓⃓⃓ ˆ︁O ⃓⃓⃓Ψ⟩︂

⟨Ψ |Ψ⟩
=

∑︁
i

∑︁
ν1∈V

· · ·
∑︁

νA∈V
o(νi) |Ψ(ν1, . . . , νA)|2∑︁

ν1∈V
· · ·

∑︁
νA∈V

|Ψ(ν1, . . . , νA)|2
(2.3.4)

The expectation value <O> can in general depend on the specific reference
frame and/or coordinate system employed (just as in classical physics). Most
observables of interest acquire or retain the intended meaning when the com-
posite system centre-of-mass is fixed in the origin. Here, such condition will
be enforced when providing an explicit cluster-model expression for |Ψ⟩, see
e.g. equation (2.3.19).

Due to the invariance of |Ψ(ν1, . . . , νN )| under particle exchange (see equa-
tion (2.1.4)), all elements of the sum over i (running over the A particles) are
in fact equal. Arbitrarily choosing a convenient value for i, e.g. i = 1, it is

<O> =
A

⟨Ψ |Ψ⟩
∑︂
ν1∈V

o(ν1)
∑︂
ν2∈V

· · ·
∑︂
νA∈V

|Ψ(ν1, . . . , νA)|2 (2.3.5)

The function
ρ(ν) = A

∑︂
ν2∈V

· · ·
∑︂
νA∈V

|Ψ(ν, ν2, . . . , νA)|2 (2.3.6)

is the one-body “density” for the single-particle configuration ν, i.e. the prob-
ability for nucleon 1 to be found in state |ν⟩ regardless of the state of all
other nucleons (see [22, eq (5.1.21)] for a more general definition, not requir-
ing Ψ to be anti-symmetrised or computed in the centre-of-mass frame. [22,
eq (5.1.20)] is instead the analogous of the definition given here). The normal-
isation of ρ is here set such that

∑︁
ν∈V ρ(ν) = A ⟨Ψ |Ψ⟩. While ρ was defined

as related specifically to nucleon 1, it is identical for any other one. In fact,
since |Ψ(ν1, . . . , νA)| is invariant under particle permutation, it is

ρ(ν) = A!
∑︂

{ν2,...,νA}

|Ψ(ν, ν2, . . . , νA)|2 =
∑︂

{ν2,...,νA}

|ΨW (ν, ν2, . . . , νA)|2 (2.3.7)

where the sum runs only over the distinct unordered sets {ν2, . . . , νA}, and ΨW

is the same appearing in equation (2.1.6). It is here relevant to highlight the
difference between a sum

∑︁
{ν1,ν2,...,νA} over the unordered set {ν1, ν2, . . . , νA},

and the double sum
∑︁

µ∈V
∑︁

{µ2,...,µA}: for each term appearing in the former,
there are A distinct terms appearing in the latter (one for each possible choice
of µ ∈ {ν1, ν2, . . . , νA}).

The expectation value of ˆ︁O can then be rewritten in terms of the one-body
density ρ:

<O> =
1

⟨Ψ |Ψ⟩
∑︂
ν∈V

o(ν)ρ(ν) = A

∑︁
ν∈V

o(ν)ρ(ν)∑︁
ν∈V

ρ(ν)
(2.3.8)
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2.3 Expectation value of one-body observables

Let now, in general, O(F ) be a functional of the function F (ν), defined as:

O(F ) =
∑︂
ν∈V

o(ν)F (ν) (2.3.9)

for convenience, assume in the following that ⟨Ψ |Ψ⟩ = 1, and thus∑︂
ν∈V

ρ(ν) = A , <O> = O(ρ) (2.3.10)

<O> would of course be the same for any other choice for ⟨Ψ |Ψ⟩, but the
given one simplifies the expressions in terms of ρ.

The formalism involving the wave-function at the individual-nucleons level,
employed here, was useful to derive equation (2.3.10). In the following para-
graphs, instead, equation (2.3.10) will be taken as starting point to derive
explicit expressions adopting a cluster model for |Ψ⟩.

As a final note, remind that equation (2.3.10) neglects the nucleons internal
structure, and may consequently be unsuited for computing an expectation
value directly on a A-nucleons wave-function, unless the observable of interest
is corrected appropriately. For instance, a nucleus root-mean-square radius
would be greater than predicted by equation (2.3.10) because nucleons are not
point-like (see e.g. [17, eq. (4.40)] [22, eq. (5.1.25)] for a correction on radii).
This is not an issue within this work, as equation (2.3.10) is never employed
directly, in favour of cluster-model expressions where the contribution from
each cluster internal structure is explicitly accounted for.

2.3.2 General treatment of observables quadratic in the spatial
position

Consider an observable ˆ︁O whose single-particle acts only on the nucleon po-
sition and is diagonal in the position basis. For the purpose of deriving the
relations of interest here, all other degrees of freedom can consequently be
ignored, as they are integrated away in equation (2.3.5), and the ν in sec-
tion 2.3 can represents just the position r⃗. The one-body density defined in
equation (2.3.6) is then just the spatial particle number density of the nucleus
(probability to find indifferently any nucleon in a given position r⃗). Note that
this does not imply that the other possible degrees of freedom (as the spin)
do not play any role in determining the expectation values (see for instance
the discussion in section 2.3.4 and chapter 5). The point is, rather, that these
extra degrees of freedom can only contribute to fix the nucleus structure, i.e.
to derive a complete expression for ρ(r⃗), which is here taken as external input,
but do not affect its connection with the observables of interest.

With this assumption, equation (2.3.10) becomes∫︂
R3

ρ(r⃗)d3r⃗ = A , <O> =

∫︂
R3

o(r⃗) ρ(r⃗)d3r⃗ (2.3.11)
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2 Ground-state properties of clustered systems

It will be convenient to define, in general, the functional

O(F ) ≡
∫︂
R3

o(r⃗)F (r⃗)d3r⃗ (2.3.12)

Suppose now that the composite system can be described as a bound state
of n inert clusters, usually distinguishable, which will be typically expressed
through a wave-function in some Jacobi coordinates related to the relative
motion between the clusters. From such wave-function is possible to extract
the probability density function for each cluster position, Φ̃i(x⃗), i.e. the prob-
ability of finding the centre-of-mass of cluster i in position x⃗, regardless of the
position of all other clusters. The procedure will be discussed explicitly in the
last segment of section 2.3.2. It is convenient to fix the normalisation of each
Φ̃i to 1, and consider two other integrals of interest:∫︂

R3

Φ̃i(x⃗)d3x⃗ = 1∫︂
R3

x⃗ Φ̃i(x⃗)d3x⃗ = X⃗i∫︂
R3

o(x⃗) Φ̃i(x⃗)d3x⃗ = O(Φ̃i)

(2.3.13)

where X⃗i is thus the average position of cluster i centre-of-mass in the system
of coordinates of choice, and O(Φ̃i) is the expected value of o on Φ̃i (note that
the expression follows the definition in equation (2.3.12)). Each cluster, in
turn, has a defined and immutable one-body density for its internal structure.
Let ρ̃i(r⃗) be the i-th cluster one-body density, defined with respect to the
cluster own centre-of-mass (that is, placing the centre-of-mass in the origin),
so that ∫︂

R3

ρ̃i(r⃗)d3r⃗ = Ai∫︂
R3

r⃗ ρ̃i(r⃗)d3r⃗ = 0⃗

Ai

∫︁
R3 o(r⃗) ρ̃i d3r⃗∫︁
R3 ρ̃i(r⃗)d3r⃗

=

∫︂
R3

o(r⃗) ρ̃i(r⃗)d3r⃗ = O(ρ̃i)

(2.3.14)

where Ai is the i-th cluster mass number, so that
∑︁

iAi = A, while O(ρ̃i) is the
expectation value of ˆ︁O on the isolated cluster i, defined precisely as <O> in
equation (2.3.11). If the cluster centre-of-mass is in position x⃗, its one-body
density at position r⃗ will be ρ̃i(r⃗ − x⃗). Therefore, within the inert-cluster-
model approximation, the one-body density Di for each cluster within the
composite nucleus, taking into account the distribution for the cluster centre-
of-mass position, is defined in terms of the “intrinsic” one-body density ρ̃i as
the folding (see e.g. [17, eq. (4.40)] [22, eq. (5.1.25)])

Di(r⃗) =

∫︂
R3

Φ̃i(x⃗) ρ̃i(r⃗ − x⃗)d3x⃗ (2.3.15)
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2.3 Expectation value of one-body observables

and the one-body density of the composite nucleus is then

ρ(r⃗) =
n∑︂

i=1

Di(r⃗) (2.3.16)

Note that, even within an inert-cluster model, it may be necessary to take into
account several possible states ρ̃i for some cluster (for instance, the different
possible spin projections), each of them possibly corresponding to a different
O(ρ̃i) and Φ̃i. If that is the case, each component has to be taken into account
separately. The total one-body density for the composite nucleus would then
be, using index ν to enumerate the cluster configurations,

ρ(r⃗) =
n∑︂

i=1

∑︂
ν

cνDi,ν(r⃗) (2.3.17)

where cν is the appropriate weight for each configuration. As discussed in
section 2.2, the formalism would in principle become exact when a sufficient
(infinite) amount of possible states is included. Here, for brevity, it will be
assumed that each cluster has only one possible ρ̃i and Φ̃i.

Fix the composite nucleus centre-of-mass into the origin, so that

0⃗ =

∫︂
R3

r⃗ρ(r⃗)d3r⃗ =

n∑︂
i=1

∫︂
R6

r⃗ Φ̃i(x⃗) ρ̃i(r⃗ − x⃗)d3r⃗ d3x⃗ (2.3.18)

Performing first the integral over r⃗, applying the variable change y⃗ = r⃗ − x⃗,
and then using equations (2.3.13) and (2.3.14), equation (2.3.18) becomes

0⃗ =

n∑︂
i=1

AiX⃗i (2.3.19)

It is worth reminding that, as mentioned in section 2.1, the formalism em-
ployed (non-relativistic treatment, nucleons share the same mass) causes each
composite system (including each cluster separately, seen as a collection of
nucleons) to have a mass proportional to their mass number.

The expectation value O(ρ) of interest for the composite nucleus, as defined
in equation (2.3.11), can then be computed adopting equation (2.3.16) for the
total one-body density, with the goal of removing the explicit dependence
on the specific form of each cluster internal density ρ̃i. Applying again the
variable change y⃗ = r⃗ − x⃗, it is

O(ρ) =
n∑︂

i=1

∫︂
R3

d3x⃗ Φ̃i(x⃗)

∫︂
R3

d3y⃗ o(y⃗ + x⃗) ρ̃i(y⃗) (2.3.20)

The result thus depends on the specific form of o(r⃗). Given that, here, it is
of interest to study the root-mean-square radius and the electric quadrupole
moment, it is sufficient to specialise to the case of operators with quadratic
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2 Ground-state properties of clustered systems

dependence on the position, meaning that

o(r⃗) =
∑︂

k={x,y,z}

ok r
2
k (2.3.21)

where the sum runs over all spatial dimensions10, rk is the component of r⃗
along the k-th dimension, and the ok are arbitrary constants11. Using this
assumption, it is

O(ρ) =

n∑︂
i=1

∫︂
R3

d3x⃗ Φ̃i(x⃗)

∫︂
R3

d3y⃗
∑︂
k

ok (yk + xk)
2 ρ̃i(y⃗) (2.3.22)

The mixed term 2ykxk appearing from (yk + xk)
2 cancels out by virtue of the

second line in equation (2.3.14), i.e. because each ρi(y⃗) is defined placing the
cluster centre-of-mass in the origin. The two remaining terms are decoupled,
and the three spatial components can be regrouped:

O(ρ) =
n∑︂

i=1

∫︂
R3

d3x⃗ Φ̃i(x⃗)

∫︂
R3

d3y⃗ [o(y⃗) + o(x⃗)] ρ̃i(y⃗) (2.3.23)

Substituting the definitions given in equations (2.3.13) and (2.3.14), one finds

O(ρ) =

n∑︂
i=1

[︂
O(ρ̃i) +AiO(Φ̃i)

]︂
(2.3.24)

In equation (2.3.24) there is no explicit dependence on the clusters internal
structure, but only on the observables O(ρ̃i), which can be obtained from an
experimental measurement or a dedicated model. In this way, it is possible
to obtain the desired result O(ρ) for the composite nucleus treating only the
bound state between the clusters treated as structureless particles.

Isospin-dependent one-body operators – “Charge” observables

A relevant generalization to the hypothesis employed in section 2.3.2, of an
operator acting solely on the nucleons position, is that of an operator dis-
tinguishing between protons and neutrons, or in other words, depending also
on the nucleon isospin projection. The generic index ν defined in section 2.1
consequently must now include the isospin projection, so the system one-body
density, defined in equation (2.3.6), can be written as ρτ (r⃗), where ρp(r⃗) and
ρn(r⃗) are the densities for protons and neutrons respectively. Similarly, the

10In particular, the “x” and “y” displayed here bear a completely different meaning than
the vectors x⃗ and y⃗.

11In general, the term “quadratic function” denotes a function which can also include lin-
ear and constant terms. Note that linear terms give no contribution to <O>, as is it
calculated in the centre-of-mass coordinate system, see equations (2.3.14) and (2.3.19).
Constant terms do contribute to <O>, but only as an overall offset which would add
little to the discussion.
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2.3 Expectation value of one-body observables

single-particle operator ˆ︁oi defined in equation (2.3.2) is now

ˆ︁oi =∑︂
τ

∫︂
R3

d3r⃗ |i : r⃗, τ⟩ oτ (r⃗) ⟨i : r⃗, τ | (2.3.25)

where op(r⃗) and on(r⃗) are the eigenvalues for the single-particle observable
for protons and neutrons respectively. Equation (2.3.11) is thus generalised
to ∫︂

R3

[︁
ρp(r⃗) + ρn(r⃗)

]︁
d3r⃗ = A , oτ (r⃗) =

∑︂
k

oτ,k r
2
k

<O> = O(ρ) = A

∑︁
τ

∫︁
R3 oτ (r⃗) ρτ (r⃗)d3r⃗∑︁
τ

∫︁
R3 ρτ (r⃗)d3r⃗

=
∑︂
τ

∫︂
R3

oτ (r⃗) ρτ (r⃗)d3r⃗

(2.3.26)

The contribution for each τ can be treated separately precisely as seen earlier.
To this end, it is convenient to define

Oτ (F ) =

∫︂
R3

oτ (r⃗)F (r⃗)d3r⃗ (2.3.27)

Furthermore, for each cluster, let Zi and Ni be the number of protons and
neutrons in cluster i, so that Zi + Ni = Ai, and ρ̃τ,i the one-body density
for the internal structure of cluster i regarding species s, normalised to the
appropriate number of particles, e.g.

∫︁
R3 ρ̃p,i(r⃗)d3r⃗ = Zi, so that

ρτ (r⃗) =
n∑︂

i=1

∫︂
R3

Φ̃i(x⃗) ρ̃τ,i(r⃗ − x⃗)d3x⃗ (2.3.28)

where n is again the total number of clusters. For observables obeying equa-
tion (2.3.21) (“quadratic”), one then finds, in analogy to equation (2.3.24),

O(ρ) =
n∑︂

i=1

[︂
Op(ρ̃p,i) +On(ρ̃n,i) + ZiOp(Φ̃i) +NiOn(Φ̃i)

]︂
(2.3.29)

As before, the values for Oτ (ρ̃τ,i) are normally supplied independently, thus
the observable definition and the cluster distributions Φ̃i are again sufficient
to determine the expectation value for the composite nucleus.

A common occurrence, of interest for this work, is to distinguish between
the “matter” and “charge” versions of an observable. “Matter” quantities arise
by treating protons and neutrons equally, so that op = on as in the deriva-
tion leading to equation (2.3.24). “Charge” quantities are often more readily
accessible experimentally, and as such also of greater practical interest. They
are measured by probing nuclei electromagnetically, for instance through elec-
tron scattering (see e.g. [69] and references therein for a list of charge radius
measurement techniques). To evaluate charge observables theoretically at the
nucleus level, in treatments where nucleons are assumed to be elementary, the
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2 Ground-state properties of clustered systems

standard recipe (see e.g. [67, app. A], [70, eq. (6.120), (6.132)]) is to weight
the nucleons densities on their global electric charge: this amounts to consider
an operator acting exclusively on the protons, putting on(r⃗) = 0 and reducing
equation (2.3.29) to

<O>ch = Op(ρp) =
n∑︂

i=1

[︂
Op(ρ̃p,i) + ZiOp(Φ̃i)

]︂
(2.3.30)

Such recipe is adopted in the present work as well, and it is expected to rep-
resent an acceptable approximation. It is relevant to point out, however, that
neutrons, despite being electrically globally neutral, are in fact not insensible
to electromagnetic probes due to their internal structure12.

It is also underlined that, when using equation (2.3.30), it would not be
equivalent to consider a system of clusters composed exclusively of protons
with density ρ̃p,i, completely neglecting the neutrons. As can be seen from
equations (2.3.19) and (2.3.28), the centre-of-mass position of each cluster,
which affects the total proton density, still depends on the total mass of each
cluster13.

Transformation to Jacobi coordinates

As anticipated, the last step is to connect the cluster-model wave-function of
the composite nucleus with the distribution of each cluster position, Φ̃i, and
in particular their expected value O(Φ̃i) as defined in equation (2.3.12), or
equivalently the isospin-dependent Oτ (Φ̃i) defined in equation (2.3.27).

Consider a system of n clusters, and let x⃗i be the centre-of-mass position
of the i-th cluster. Further let d⃗i be a set of Jacobi coordinates: d⃗1 is the
distance between clusters 1 and 2, d⃗2 is the distance between the centre-of-
mass of clusters 1 and 2 and cluster 3, and so on, while d⃗n is the whole
system centre-of-mass position. The orientation of each vector is set as in [6,

12For instance, the neutron has a negative mean-square charge radius [69, 71]. This can
be reconnected to its positively and negatively charged internal constituents not sharing
the same spatial distribution.

13The calculations could be repeated considering the protons centre-of-mass instead of the
total one, but this is normally not the quantity of interest. As an extreme example,
imagine a system composed of a purely neutronic core and a single bound proton. The
experimental charge radius of such system would not be just the proton internal radius,
as the proton motion around the core would for instance make the scattering target
appear bigger.
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2.3 Expectation value of one-body observables

eq. (3.43)] 14, so that

d⃗1({x⃗i}) = x⃗1 − x⃗2

d⃗j({x⃗i}) =
∑︁j

α=1Aαx⃗α∑︁j
α=1Aα

− x⃗j+1

d⃗n({x⃗i}) =
∑︁n

α=1Aj x⃗j∑︁n
α=1Aj

(2.3.31)

where the notation d⃗j({x⃗i}) is a shorthand to signal that d⃗j in the equation
is expressed as a function of the set of single-particle coordinates x⃗1, . . . , x⃗n.
The inverse transformation is

x⃗n({d⃗i}) = d⃗n −
∑︁n−1

α=1Aα∑︁n
α=1Aα

d⃗n−1

x⃗n−1({d⃗i}) = d⃗n +
An∑︁n
i=1Ai

d⃗n−1 −
∑︁n−2

i=1 Ai∑︁n−1
i=1 Ai

d⃗n−2

x⃗j({d⃗i}) = d⃗n +
n−1∑︂
β=j

Aβ+1∑︁β+1
α=1Aα

d⃗β −
∑︁j−1

α=1Aα∑︁j
α=1Aα

d⃗j−1

x⃗1({d⃗i}) = d⃗n +

n∑︂
j=2

Aj∑︁j
i=1Ai

d⃗j−1

(2.3.32)

The cluster-model wave-function of the composite nucleus will be usually
expressed in such a coordinate system, further setting the origin in the sys-
tem centre-of-mass, that is, d⃗n = 0⃗. Since in this section only observables
diagonal in the position are of interest, it is sufficient to consider the wave-
function modulus-square, labelled Φ(d⃗1, . . . , d⃗n−1), which is the probability
density function to find the system in the configuration corresponding to the
specified Jacobi coordinates15. Let f be an auxiliary function defined as fol-
lows:

f({d⃗i}) = Φ(d⃗1, . . . , d⃗n−1) δ(d⃗n) (2.3.33)

The one-cluster density Φ̃1 can then be written as

Φ̃j(x⃗j) =

∫︂
f({d⃗i({x⃗i})})d3x⃗1 . . . d3x⃗j−1 d3x⃗j+1 . . . d3x⃗n (2.3.34)

Their expected value O(Φ̃j) is thus

O(Φ̃j) =

∫︂
R3

Φj(r⃗)o(r⃗)d3r⃗ =

∫︂
o(x⃗j)f({d⃗i({x⃗i})})d3x⃗1 . . . d3x⃗n (2.3.35)

14In [6] the equations refer to a set of particles with identical masses, thus some factors
appear different. Also note that the opposite choice on the vectors orientation is often
adopted, see e.g. [72].

15Note that Φ and Φ̃i have nothing to do with the Φ in section 2.2.
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the integral will be computed by changing variables to the Jacobi coordinates.
In general, given two vectors of variables y⃗ and x⃗(y⃗) (of arbitrary length) and
a function f(x⃗), it is

∫︂
f(x⃗)dx⃗ =

∫︂
f(x⃗(y⃗)) |J(y⃗)|dy⃗ , J(y⃗) =

⃓⃓⃓⃓
⃓⃓⃓
∂x1
∂y1

(y⃗) ∂x1
∂y2

(y⃗) . . .

∂x2
∂y1

(y⃗)
. . . ...

. . . . . . . . .

⃓⃓⃓⃓
⃓⃓⃓ (2.3.36)

meaning that the measure |J(y⃗)| is the absolute value of the determinant
J(y⃗). For the case of interest, it is convenient to compute the determinant
for the variable change {d⃗i} → {x⃗i}. For brevity, consider only the variable
change for one component of each spatial vector (say, the z-projection), as
the result is identical for all components. The matrix is easily found from
equation (2.3.31), yielding

J =

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓

1 −1 0 0 . . .
A1

A1+A2

A2
A1+A2

−1 0 . . .
...

...
... . . . ...

A1∑︁
i Ai

A2∑︁
i Ai

. . . . . . An∑︁
i Ai

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓ (2.3.37)

Any matrix obtained by combining different rows, or different columns, of
the original matrix has the same determinant [73]. By summing each column
to the next one, starting from the first one, in order, then appropriately
combining the rows, the matrix in equation (2.3.37) can be reduced to the
identity matrix, implying that J = 1. As a consequence,

O(Φ̃j) =

∫︂
o(x⃗j({d⃗i}))f({d⃗i})d3d⃗1 . . . d3d⃗n =

=

∫︂
o(x⃗j({d⃗i}, d⃗n = 0⃗))Φ(d⃗1, . . . , d⃗n−1)d3d⃗1 . . . d3d⃗n−1 (2.3.38)

where the functions x⃗j({d⃗i}, d⃗n = 0⃗), given in equation (2.3.32), are to be
computed in the coordinate system where the centre-of-mass position d⃗n is
the origin, due to the Dirac δ in appearing in equation (2.3.33). In the fol-
lowing, for brevity, let x⃗j({d⃗i}) be a shorthand for x⃗j({d⃗i}, d⃗n = 0⃗), where it
is understood that calculations are performed in the system centre-of-mass.

Specialise now to the case of a function o(x⃗) defined as in equation (2.3.21)
(“quadratic” and not depending on isospin). The expectation value of interest
is then given by equation (2.3.24), where the relative motion contribution is
given by

∑︁
j AjO(Φ̃j) (sum over all clusters). As shown in the following, this

takes a notably simple form, for any Φ. Let Ro be the relevant term within
the integrand in equation (2.3.38), defined so that∑︂

j

AjO(Φ̃j) =

∫︂
Ro(d⃗1, . . . , d⃗n−1)Φ(d⃗1, . . . , d⃗n−1)d3d⃗1 . . . d3d⃗n−1 (2.3.39)
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2.3 Expectation value of one-body observables

More explicitly:

Ro(d⃗1, . . . , d⃗n−1) =
∑︂
j

Ajo(x⃗j({d⃗i})) =
∑︂

k={x,y,z}

ok
∑︂
j

Ajx
2
j,k({d⃗i}) (2.3.40)

Further let A =
∑︁n

i=1Ai. First, note that all “mixed” terms appearing
in Ro when squaring each xj,k, i.e. terms depending on two distinct Jacobi
coordinates, cancel out when performing the complete sum. As an explicit
example, consider all the terms in dn−1,kdn−2,k, which are easily extracted by
inspection of equation (2.3.32):

2okAndn−1,kdn−2,k

A(A−An)
[An−1(A−An −An−1)− (A−An −An−1)An−1]

(2.3.41)
the same cancellation takes place for all other “mixed” terms as well. As a
result, Ro is a sum of only terms which depend on a single Jacobi coordinate
d⃗i: this simplifies the integral in equation (2.3.38). These terms also take a
simple form. Let µi be the reduced mass number between cluster i+1 and the
composition of clusters from 1 to i. Then, as can be found again by inspection
of equation (2.3.32), it is

Ro =
∑︂

k={x,y,z}

ok
∑︂
i

µid
2
i,k =

n−1∑︂
i=1

µio(d⃗i) , µi ≡
Ai+1

∑︁i
j=1Aj∑︁i+1

j=1Aj

(2.3.42)

Finally, for brevity, let φi be the “one-coordinate” density derived by integ-
rating Φ on all Jacobi coordinates except d⃗i,

φi(d⃗i) =

∫︂
Φ(d⃗1, . . . , d⃗n−1)d3d⃗1 . . . d3d⃗i−1 d3d⃗i+1 . . . d3d⃗n−1 (2.3.43)

Using such definition, the expectation value of any one-body operator whose
single-particle operator act only on the spatial position (in particular it is
isospin-independent) and is diagonal in the spatial position basis with “quad-
ratic” eigenvalues (as in equation (2.3.21)), given in equation (2.3.24), can be
written as

<O> = O(ρ) =

n∑︂
i=1

O(ρ̃i) +

n−1∑︂
i=1

µiO(φi) (2.3.44)

where O(F ) and ρ̃i are defined in equations (2.3.12) and (2.3.14), respectively,
and n is the number of clusters.

For a two-cluster system there is only one relevant Jacobi coordinate, the
distance between the two clusters (the centre-of-mass position plays no role,
as mentioned), thus φ1 is just the full probability density Φ. It is

O(ρ) =
∑︂
i

O(ρ̃i) +
A1A2

A
O(Φ) (2.3.45)
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2 Ground-state properties of clustered systems

For a three-cluster system, equation (2.3.44) is more explicitly written as

O(ρ) =
∑︂
i

O(ρ̃i) +
A1A2

A1 +A2
O(φ1) +

(A1 +A2)A3

A1 +A2 +A3
O(φ2) (2.3.46)

Transformation to Jacobi coordinates for “charge” observables

If the expectation value for a “charge” observable, given in equation (2.3.30),
is of interest, the reasoning described in the preceding section is still valid, but
the quantity of interest is now

∑︁
j ZjOp(Φ̃j). The unbalance between Zi and

the factors appearing in the coordinate transformation, related to the clusters
mass, cause the equivalent of equation (2.3.44) to be more cumbersome in
the general case, mainly due to the appearance of “mixed” terms involving
the product of two Jacobi coordinates. Depending on the specific situation,
in order to compute an expectation value it may be more convenient to first
deduce the distribution of positions for each cluster, Φ̃i (possibly converting
from the probability density in Jacobi coordinates Φ), and then use equa-
tion (2.3.30) directly. Here, instead, the expectation value in terms of Φ is
derived. In analogy with equation (2.3.39), let Rc be the function such that∑︂

j

ZjO(Φ̃j) =

∫︂
Rc(d⃗1, . . . , d⃗n−1)Φ(d⃗1, . . . , d⃗n−1)d3d⃗1 . . . d3d⃗n−1 (2.3.47)

It is found that

Rc(d⃗1, . . . , d⃗n−1) =
∑︂
j

Zjop(x⃗j({d⃗i})) =
∑︂

k={x,y,z}

op,k
∑︂
j

Zjx
2
j,k({d⃗i}) =

=

n−1∑︂
j=1

(︂∑︁j
α=1Aα

)︂2
Zj+1 +A2

j+1

(︂∑︁j
α=1 Zα

)︂
(︂∑︁j+1

α=1Aα

)︂2 op(d⃗j)+

+ 2
n−2∑︂
i=1

n−1∑︂
j=i+1

Aj+1

Ai+1

(︂∑︁i
α=1 Zα

)︂
−
(︂∑︁i

α=1Aα

)︂
Zi+1(︂∑︁i+1

α=1Aα

)︂(︂∑︁j+1
α=1Aα

)︂ ∑︂
k

op,kdi,kdj,k

(2.3.48)

For instance, for a three-cluster system,

Rc(d⃗1, d⃗2) =
A2

1Z2 +A2
2Z1

(A1 +A2)
2 op(d⃗1) +

(A1 +A2)
2 Z3 +A2

3 (Z1 + Z2)

(A1 +A2 +A3)2
op(d⃗2)+

+ 2
A1A2A3

A1 +A2 +A3

Z1/A1 − Z2/A2

A1 +A2

∑︂
k

op,kd1,kd2,k (2.3.49)

The mixed terms di,kdj,k do not, of course, appear for a two-cluster sys-
tem, since there is only one relevant Jacobi coordinate in that case. Thus, by
combining equations (2.3.26), (2.3.32) and (2.3.38), one finds directly that,
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2.3 Expectation value of one-body observables

for any two-particle system with relative-motion probability density Φ and
any “charge” operator ˆ︁Op (obeying the same hypothesis required for equa-
tion (2.3.44) apart for isospin-independence), the expectation value in equa-
tion (2.3.30) can be rewritten as

<O>ch = Op(ρp) =
∑︂
i

Op(ρ̃p,i) +
Z1A

2
2 + Z2A

2
1

A2
Op(Φ) (2.3.50)

Going back to the general case, in analogy with equation (2.3.43) let φij be
the “two-coordinate” density of d⃗i and d⃗j ,

φij(d⃗i, d⃗j) =

∫︂
Φ(d⃗1, . . . )d3d⃗1 . . . d3d⃗i−1 d3d⃗i+1 . . . d3d⃗j−1 d3d⃗j+1 . . . (2.3.51)

The expectation value of interest may then be computed from equations (2.3.47)
and (2.3.48) in terms of all φi and φij . In the following, the result is specialised
employing a decomposition in the spherical-harmonics basis.

Note that each dα,k, being the x, y or z component of d⃗α, can be written as
dα,k = dα

∑︁
m ck,mY1,m(Ωα), where Yl,m is a spherical harmonic, Ωα (defined

as in appendix A) is the direction of d⃗α with respect to Yl,m quantisation axis,

dα =

√︂
d⃗α · d⃗α, and cm,k is a set of appropriate coefficients. The combination∑︁

k op,kdi,kdj,k can in this way be written separating radial and angular co-
ordinates of both Jacobi coordinates. The precise result depends on op,k,and
thus on the observable under study. Two cases in particular are of interest
here. First, if op(r⃗) = opr

2, so that op,k = op is independent of the direction,
then

∑︂
k

op,kdi,kdj,k = op d⃗i · d⃗j = opdidj

√︃
4π

3
Y10(Ωij) =

= opdidj
4π

3

∑︂
m

Y ∗
1m(Ωj)Y1m(Ωi) (2.3.52)

where Ωij is the direction of d⃗i with respect to d⃗j , and equation (A.14) was
employed. The second useful case is when op(r⃗) = opz

2, so that op,k = 0

except for the z component. Then,∑︂
k

op,kdi,kdj,k = di,zdj,z = didj
4π

3
Y ∗
10(Ωj)Y10(Ωi) (2.3.53)

For convenience, let ξij(d⃗i, d⃗j) be a function whose square-modulus is the
“two-coordinate” probability density φij(d⃗i, d⃗j) in equation (2.3.51). ξ can be
decomposed in the basis of the spherical harmonics of each Jacobi coordinate,
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2 Ground-state properties of clustered systems

giving

ξ(d⃗i, d⃗j) =
∑︂

λi,µi,λj ,µj

Fλi,µi,λj ,µj
(di, dj)

didj
Yλi,µi

(Ωi)Yλj ,µj
(Ωj) (2.3.54)

where Fλi,µi,λj ,µj
is a reduced radial function giving the appropriate weight

to each term: in the following, the subscripts may be omitted for brevity. In
|ξ|2 there are several “mixed” terms involving the product of two different
spherical harmonics for some Jacobi coordinate. These terms can contribute
in the mixed terms in equation (2.3.48), if the Y1m appearing there can couple
them. More explicitly, consider

∑︂
k

op,k

∫︂
di,kdj,k Φ(d⃗1, . . . , d⃗n−1)d3d⃗1 . . . d3d⃗n−1 =

=
∑︂

k,m,m′

op,kck,mck,m′

∫︂
didjY1m(Ωi)Y1m′(Ωj)φij(d⃗i, d⃗j)d3d⃗i d3d⃗j =

=
∑︂

k,m,m′

op,kck,mck,m′
∑︂

λi,µi,λj ,µj ,
λ′
i,µ

′
i,λ

′
j ,µ

′
j

∫︂
F ′∗(di, dj)didjF (di, dj)ddi ddj ·

·
∫︂
Y ∗
λ′
i,µ

′
i
(Ωi)Y1m(Ωi)Yλi,µi

(Ωi)dΩi

∫︂
Y ∗
λ′
j ,µ

′
j
(Ωj)Y1m′(Ωj)Yλj ,µj

(Ωj)dΩj =

=
∑︂

k,m,m′

op,kck,mck,m′
∑︂

λi,µi,λj ,µj ,
λ′
i,µ

′
i,λ

′
j ,µ

′
j

⟨︂
Fλ′

i,µ
′
i,λ

′
j ,µ

′
j

⃓⃓⃓
didj

⃓⃓⃓
Fλi,µi,λj ,µj

⟩︂
·

·
⟨︂
Yλ′

i,µ
′
i

⃓⃓⃓
Y1m

⃓⃓⃓
Yλi,µi

⟩︂⟨︂
Yλ′

j ,µ
′
j

⃓⃓⃓
Y1m′

⃓⃓⃓
Yλj ,µj

⟩︂
(2.3.55)

The result of the angular integration is reported in equation (A.13). As re-
quired by Wigner-Eckhart theorem, only terms with |λ− λ′| = 1 and |µ− µ′| ≤
1 can contribute. This result can then be substituted into equation (2.3.47).
For clarity, the resulting expression for <O>ch is reported:

<O>ch =
∑︂
i

Op(ρ̃p,i)+

n−1∑︂
j=1

(︂∑︁j
α=1Aα

)︂2
Zj+1 +A2

j+1

(︂∑︁j
α=1 Zα

)︂
(︂∑︁j+1

α=1Aα

)︂2 Op(φj)+

+ 2
n−2∑︂
i=1

n−1∑︂
j=i+1

Aj+1

Ai+1

(︂∑︁i
α=1 Zα

)︂
−
(︂∑︁i

α=1Aα

)︂
Zi+1(︂∑︁i+1

α=1Aα

)︂(︂∑︁j+1
α=1Aα

)︂ ∑︂
k,m,m′

op,kck,mck,m′ ·

·
∑︂

λi,µi,λj ,µj ,
λ′
i,µ

′
i,λ

′
j ,µ

′
j

⟨︁
F ′ ⃓⃓ didj ⃓⃓F⟩︁ ⟨︂Yλ′

i,µ
′
i

⃓⃓⃓
Y1m

⃓⃓⃓
Yλi,µi

⟩︂⟨︂
Yλ′

j ,µ
′
j

⃓⃓⃓
Y1m′

⃓⃓⃓
Yλj ,µj

⟩︂
(2.3.56)

Regarding the determination of the weights Fλi,µi,λj ,µj
, in practice it is often
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2.3 Expectation value of one-body observables

useful to recast them trough some angular momentum coupling scheme.

2.3.3 Root-mean-square radius

Root-mean-square matter radius

The root-mean-square matter radius operator for a nucleons composed of A
nucleons, ˆ︁r2m, is defined analogously to a classical root-mean-square, see e.g.
[22, eq. (5.1.24)] or [67, app. A]:

ˆ︁r2m =
1

A

A∑︂
i=1

ˆ︁r2i (2.3.57)

where ˆ︁ri is nucleon i position operator, in the composite nucleus centre-of-
mass coordinates. Apart from the square, note the factor 1/A. This grants,
for instance, that two systems having precisely the same profile for the one-
body density but composed of a different number of particles will share the
same radius.

An expression for<r2m> can be readily found using the results shown earlier.
Start from an operator ˆ︁O including no scaling factor, as in equation (2.3.1):
here, it would be ˆ︁O =

∑︁A
i=1 ˆ︁r2i . Equation (2.3.45) consequently holds for

<O>. However, the quantities of interest are now instead the expectation
values of the “rescaled” operator

ˆ︁O∗ =
1

A
ˆ︁O (2.3.58)

Provided that each cluster one-body density (and thus also the nucleus one)
is normalised to the corresponding number of particles, the expectation value
of ˆ︁O∗ on a distribution F (r⃗), labelled O∗(F ), can be defined, considering
equation (2.3.11), as

O∗(F ) =

∫︁
R3 o(r⃗)F (r⃗)d3r⃗∫︁

R3 F (r⃗)d3r⃗
=

O(F )∫︁
R3 F (r⃗)d3r⃗

(2.3.59)

where O(F ) is the expectation value of ˆ︁O. Substituting equation (2.3.59) into
equation (2.3.24) immediately yields

AO∗(ρ) =
∑︂
i

Ai

[︂
O∗(ρ̃i) +O∗(Φ̃i)

]︂
(2.3.60)

Note that the normalisations and definitions were chosen so that, conveniently,
O(Φ̃i) = O∗(Φ̃i), thus the relative-motion contribution is precisely the same
found in equation (2.3.44), hence,

AO∗(ρ) =

n∑︂
i=1

AiO
∗(ρ̃i) +

n−1∑︂
i=1

µiO
∗(φi) (2.3.61)
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2 Ground-state properties of clustered systems

with µi and φi defined as in equations (2.3.42) and (2.3.43).
In particular, the root-mean-square matter radius of a two-cluster system

is, in analogy with equation (2.3.45),

<r2m,composite> =
1

A

[︃
A1<r

2
m,1>+A2<r

2
m,2>+

A1A2

A
<d2>Φ

]︃
(2.3.62)

where a more explicit notation was adopted for clarity: <r2m,composite> is the
expectation value of ˆ︁r2m for the composite nucleus, <r2m,i> the expectation
value for the i-th cluster, composed of Ai nucleons, such that

∑︁
Ai = A, and

<d2>Φ is the expected value of d2 for the relative-motion probability density
Φ(d⃗), namely <d2>Φ =

∫︁
R3 d

2Φ(d⃗)d3d⃗.
For completeness, in the limit where one cluster is much lighter than the

other one, A1 ≫ A2, and possibly also smaller, <r2m,1> ≫ <r2m,2>, equa-
tion (2.3.62) can be approximated to

<r2m,composite> =
A1

A
<r2m,1>+

A2

A
<d2>Φ (2.3.63)

which is sometimes employed for practical calculations. In this work, the full
expression equation (2.3.62) is always adopted.

For a three-cluster system, in analogy with equation (2.3.46),

<r2m,comp> =
A1

A
<r2m,1>+

A2

A
<r2m,2>+

A3

A
<r2m,3>+

+
A1A2

A(A1 +A2)
<d2>φ1 +

(A1 +A2)A3

A2
<d2>φ2 (2.3.64)

Root-mean-square charge radius

In analogy with equation (2.3.57), the root-mean-square charge radius oper-
ator is defined as (see [17, eq. (4.40)] or [67, app. A])

ˆ︁r2ch =
1

Z

Z∑︂
i=1

ˆ︁r2i (2.3.65)

where Z is the nucleus charge number, and the sum runs only over the protons
in the nucleus (as in equation (2.3.30)). Note how the rescaling for the oper-
ator is not computed considering the normalisation of the complete density,
A, but solely that of the protons fraction. With this definition, for instance,
two systems sharing the same proton density but including a different number
of neutrons would have the same radius.

The reasoning applied to the matter radius can be repeated identically
here, keeping into account the different scaling required (essentially, in equa-
tion (2.3.60) Ai is substituted by Zi): equation (2.3.59) is defined so that it
still holds here.
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2.3 Expectation value of one-body observables

For a two-cluster system, equation (2.3.50) becomes

<r2ch,comp> =
1

Z

[︃
Z1<r

2
ch,1>+Z2<r

2
ch,2>+

Z1A
2
2 + Z2A

2
1

A2
<d2>Φ

]︃
(2.3.66)

where
∑︁
Zi = Z.

For a three-cluster system, combining equations (2.3.49), (2.3.52), (2.3.56)
and (2.3.60),

<r2ch,comp> =
∑︂
i

Zi

Z
<r2ch,i>+2

A3

A

Z1A2 − Z2A1

Z(A1 +A2)
<d⃗1 · d⃗2>Φ+

+
Z1A

2
2 + Z2A

2
1

Z (A1 +A2)
2 <d

2>φ1 +
(Z1 + Z2)A

2
3 + Z3 (A1 +A2)

2

ZA2
<d2>φ2 (2.3.67)

where <d⃗1 · d⃗2>Φ =
∫︁
R3 d⃗1 · d⃗2Φ(d⃗)d3d⃗1 d3d⃗2.

2.3.4 Electric quadrupole moment

Matter quadrupole moment

Arbitrarily choose a quantisation axis z. The matter quadrupole moment
operator, ˆ︁Qm can be defined through equations (2.3.1) and (2.3.2), adopting
as single-particle eigenvalues (“o(ν)” in section 2.3)

Q(r⃗) = 3z2 − r2 = 4

√︃
π

5
r2Y20(θ, φ) (2.3.68)

(see [67, app. A] or [22, eq. (5.1.36)]), where the spherical harmonic Y20 (see
appendix A) is defined using the z-axis as polar axis.

Differently than with the radius, due to the tensorial nature of the quadru-
pole operator, if a nucleus has non-zero total spin J , the associated quadrupole
moment depends on the total spin z-projection (which in turn depends on the
nucleus orientation with respect to the arbitrarily chosen coordinates). Ex-
pectation values for multipole moments are customarily quoted for eigenstates
of the total spin z-projection, with eigenvalue M equal to the maximum pos-
sible, M = J (the nucleus is chosen to be “maximally aligned” to the quant-
isation axis). The expectation value for a state in a different spin projection,
|J,M⟩, can then be found using the Wigner-Eckhart theorem. Given equa-
tion (2.3.68), it is manifest that the quadrupole operator is a (2, 0) tensor
(meaning that it transforms as Y20(θ, φ) under spatial rotations), hence⟨︂

J,M
⃓⃓⃓ ˆ︁Qm

⃓⃓⃓
J,M

⟩︂
=

⟨(J,M), (2, 0) | J,M⟩
⟨(J, J), (2, 0) | J, J⟩

⟨︂
J, J

⃓⃓⃓ ˆ︁Qm

⃓⃓⃓
J, J

⟩︂
(2.3.69)

where ⟨(j1,m2), (j2,m2) | J,M⟩ is a Clebsch-Gordan coefficient.
Assume now that a nucleus can be described as a bound-state of n clusters.

Such bound state can be split into several components. In each of them,
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2 Ground-state properties of clustered systems

each cluster i is in turn defined as a bound state of Ai nucleons coupling
to a definite total spin modulus and z-projection, denoted by the quantum
numbers ji and j

(z)
i . The clusters orbital angular momenta (with respect to

the composite nucleus centre-of-mass) can be coupled to form the relative
orbital angular momenta of interest in the Jacobi coordinates of choice, so
it is possible to consider a set of configurations with definite values for the
relative orbital angular momentum moduli and z-projections, denoted by the
quantum numbers λi, µi (with i running from 1 to n− 1). The clusters total
spins and their total orbital angular momentum (with respect to the composite
nucleus centre-of-mass) further couple to form the total spin of the composite
nucleus, with modulus J and projection M . Even within an inert-cluster
model, there normally will be several choices for the angular momenta j

(z)
i ,

λi and µi which couple to the desired M . Since the quadrupole moment
does not couple the nucleons spin (as all observables treated in this section),
it is possible to consider only a single possibility at a time for the set of
j
(z)
i : the complete result can be obtained combining each component with

the appropriate weight (usually a Clebsch-Gordan coefficient). An explicit
example will be discussed in chapter 5. Even after this simplification, there
can be several possible values for the set of λi which can be coupled by the
spherical harmonic in equation (2.3.68). There may also be several choices for
the set of µi, but these are not coupled by a Yλ0, and can thus be taken into
account separately, as the spins.

Using equation (2.3.45), it is immediately, for a two-cluster system,

<Qm,comp> =
∑︂
i

<Qm,i>+4

√︃
π

5

A1A2

A

∫︂
R3

r2Y20(θ, φ)Φ(r⃗)d3r⃗ (2.3.70)

in agreement with [67, eq. (A.12)]16. This holds for a generic Φ, but given the
coupling scheme mentioned above, it is of interest to specialise it to the case
where the relative-motion wave-function is an eigenstate of the z-projection of
the relative orbital angular momentum, µ, but not necessarily an eigenstate
of the angular momentum modulus. As in equation (A.3), the probability
density Φ can thus be written as the modulus square of a composition of
several components ξλµ defined through the following equation:

Φ(r⃗) =

⃓⃓⃓⃓
⃓∑︂

λ

cλξλ,µ(r⃗)

⃓⃓⃓⃓
⃓
2

=

⃓⃓⃓⃓
⃓∑︂

λ

cλ
χλ(r)

r
Yλ,µ(Ω)

⃓⃓⃓⃓
⃓
2

(2.3.71)

where the cλ are the coefficients of the expansion, such that
∑︁

λ |cλ|
2 = 1.

16More precisely, in [67, eq. (A.12)] the factor 4
√︁

π
5

does not appear, as this is included
only later in the expectation value “Qmo” in [67, eq. (A.13)]. The factor is not present
in [67, eq. (A.14), (A.15)] as well.
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2.3 Expectation value of one-body observables

Using bra-ket notation, the integral of each possible term is thus

⟨︁
ξλ2,µ

⃓⃓
r2Y20

⃓⃓
ξλ1,µ

⟩︁
≡
∫︂
R3

ξ∗λ2,µ(r⃗) r
2Y20(θ, φ) ξλ1,µ(r⃗)d3r⃗ =

=

∫︂
4π
Y ∗
λ2,µ(Ω)Y20(Ω)Yλ1,µ(Ω)dΩ

∫︂ +∞

0
χ∗
λ2
(r)r2χλ1(r)dr ≡

≡ ⟨Yλ2,µ |Y20 |Yλ1,µ⟩
⟨︁
χλ2

⃓⃓
r2
⃓⃓
χλ1

⟩︁
(2.3.72)

where the radial wave-functions are normalised so that ⟨χλ |χλ⟩ = 1. The
result of the angular integration is reported in equation (A.13), and is non-zero
only when either λ1 = λ2 ̸= 0 or λ1 = λ2±2, which may reduce the number of
components which have to be taken into account together in equation (2.3.71).

In summary, the relative-motion contribution to<Qm,comp> in equation (2.3.70)
is

4

√︃
π

5

A1A2

A

∑︂
λ1,λ2

c∗λ2
cλ1 ⟨Yλ2,µ |Y20 |Yλ1,µ⟩

⟨︁
χλ2

⃓⃓
r2
⃓⃓
χλ1

⟩︁
(2.3.73)

For a three-cluster system, using equation (2.3.46),

O(ρ) =
∑︂
i

<Qm,i>+

+ 4

√︃
π

5

[︃
A1A2

A1 +A2
<r2Y20>φ1 +

(A1 +A2)A3

A
<r2Y20>φ2

]︃
(2.3.74)

where each <r2Y20>φi
can be treated identically to the analogous term in

equation (2.3.70).

Charge quadrupole moment

In analogy with its matter counterpart, the charge electric quadrupole mo-
ment can be defined through equation (2.3.26), adopting as single-particle
eigenvalues

Qτ (r⃗) = Zτ 4

√︃
π

5
r2Y20(θ, φ) (2.3.75)

(see [17, ex. 1.10] or [67, app. A]) where Zτ is the charge number of species
τ (that is, 1 for protons and 0 for neutrons)17. Apart from the charge de-
pendence, all considerations made for the matter quadrupole moment hold

17Consequently, the charge quadrupole moments, in the present work, bear the dimensions
of an area. It is also possible to use the particle charge (Zτ times the proton charge)
instead of the charge number: this would be equivalent to replace the system number
density with the charge density.
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2 Ground-state properties of clustered systems

unaltered. Using equation (2.3.50), for a two-cluster system it is

<Qch,comp> =
∑︂
i

<Qch,i>+

+ 4

√︃
π

5

Z1A
2
2 + Z2A

2
1

A2

∫︂
R3

r2Y20(θ, φ)Φ(r⃗)d3r⃗ (2.3.76)

(again similarly to [67, eq. (A.12)]), where the integral involving the inter-
cluster relative motion is identical to the one discussed for the matter quad-
rupole moment.

For a three-cluster system, combining equations (2.3.49), (2.3.52) and (2.3.56),

<Qch,comp> =
∑︂
i

<Qch,i>+2
A3

A

Z1A2 − Z2A1

A1 +A2
<3z1z2 − r⃗1 · r⃗2>Φ+

+ 4

√︃
π

5

Z1A
2
2 + Z2A

2
1

A2
<r2Y20>φ1 +

+ 4

√︃
π

5

(Z1 + Z2)A
2
3 + Z3 (A1 +A2)

2

A2
<r2Y20>φ2 (2.3.77)
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3 Direct transfer nuclear reactions

Consider once more the scattering of two nuclei, A and b, in vacuum. The
system final state, in general, can comprise a different number of particles, and
of different species. In a transfer nuclear reaction, the final state is composed
again by two particles a and B (thus the process is labelled as A+b→ a+B),
and it is possible to identify a specific collection of nucleons, ν, such that A
comprises the nucleons in a and ν together, and similarly B is the aggregate
of systems b and ν (this does not necessarily imply any cluster model). In
general, any possible rearrangement of the nucleons comprising the whole
system is called a partition.

This chapter is concerned in particular with the description of processes
that can be modelled as direct reactions, where the system initial and final
states can be connected explicitly through the properties of the interaction
(see e.g. [17, sec. 2.18]). More specifically, the goal of this chapter is to
review some approximate approaches which allow to explicitly evaluate, in
a fully quantum framework, the cross-section of a direct transfer reaction as
a function of the aforementioned physical ingredients. First of all, different
formal expressions of the cross-section in terms of the scattering problem
exact solution are presented in section 3.1. These are then employed to draw
explicit formulas in the following sections. Section 3.2 presents two different
frameworks for single-particle transfers: the well-known first-order Distorted-
Wave Born Approximation (DWBA), and a selection of continuum-discretised
coupled-channels schemes. Finally, section 3.3 discusses the application of
second-order DWBA to the transfer of two particles whose relative motion is
explicitly taken into account.

3.1 Formal exact expressions for the reaction
cross-section

For definiteness, the specific case of transfer reactions is considered in the
following, but note that the very same formalism can be applied to any direct
process. Furthermore, some details of the derivations are skipped in this
section for simplicity. Sources as [4, sec. 2], [60, ch. 3], [74, ch. 3, 5, 6] and
[75, sec. 2, 9] may be consulted for a more complete treatment. Furthermore,
bra-ket notation is widely adopted here for compactness: the quoted sources
often provide more explicit expressions in coordinate representation.
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3 Direct transfer nuclear reactions

3.1.1 Introduction

The system Hamiltonian, H, can be expressed as Ha + Hb + Hν + Vab +

Vνa + Vνb, where each Hi (with i = a, b, ν) includes all kinetic and potentials
terms for the isolated i system, and each Vij includes all interactions between
systems i and j (i.e. between their internal components, if i and j are not
elementary). Note that splitting the interaction in isolated pieces essentially
amounts to assume that, for instance, the interaction between the nucleons in
a and ν is independent of the state of nucleons in b: this is strictly true only
if the total interaction involves just two-body forces. It is possible to lift the
aforementioned assumption in the general treatment, but this is not done for
simplicity, given that all practical calculations adopt this framework.

Let Ki be the kinetic energy of particle i centre-of-mass. As is customary,
the coordinates are chosen so to decouple the irrelevant motion of the centre-
of-mass of the whole system (a+ b+ ν). For instance, in the initial partition,
consider the three Jacobi coordinates (defined as in equation (2.3.31)) con-
structed from the position of particles ν, a, b (in this order): ν–a distance, r⃗νa,
then A–b distance, R⃗Ab, and centre-of-mass position, R⃗cm. Let KA be the kin-
etic energy of the centre-of-mass of ν and a, similarly Kcm the kinetic energy
of the whole system centre-of-mass, then Kνa = Kν +Ka −KA and similarly
KAb = KA+Kb−Kcm. Since all Jacobi coordinates except the last one (here
Rcm) are frame-invariant, each Kij is invariant as well, and in particular coin-
cides with the total kinetic energy of i and j computed in i+ j centre-of-mass
frame (this is essentially König’s decomposition theorem). From the standard
treatment of the classical two-body problem, or explicitly for the quantum
case by applying the coordinates transformation to the Laplacian operator, it
can be seen that Kij is the kinetic energy of a fictitious particle having the i–j
distance (i.e. the associated Jacobi coordinate) as position and the reduced
mass of i and j as mass. r⃗νb and R⃗Ba are defined analogously in the final
partition.

Let Hα = Ha + Hb + Hν + Vaν − KAb − Kcm, which is is just the sum of
the Hamiltonians for the internal motion of A and b (each isolated and in its
own centre-of-mass frame). Analogous consideration can be made regarding
the final partition defining Hβ = Ha +Hb +Hν + Vbν −KaB −Kcm. Symbols
α and β will be thoroughly employed to denote the initial and final partition,
respectively. The total Hamiltonian can be written as

H = Kcm +KAb +Hα + Vab + Vbν = Kcm +KaB +Hβ + Vab + Vaν (3.1.1)

In the following, set the reference frame to the system centre-of-mass rest
frame, where Kcm gives no contribution. Such term is thus omitted in the
following. Also note that Vab + Vbν is just the total interaction between b

and the composite system A, thus the expression could be made slightly more
general by writing such term as a generic VAb, which in principle could even
include the distortions in the a–ν interaction caused by the presence of b.

78



3.1 Formal exact expressions for the reaction cross-section

The symbols |ψj
α⟩ and ⟨ψj

β| will instead denote eigenvectors of Hα and
Hβ, i.e. the internal motion states for, respectively, projectile and target,
and ejectile and residue. The index j labels the eigenbasis elements. The
eigenvalue of

⃓⃓⃓
ψj
α

⟩︂
for Hα is denoted by E − Ej

α: thus, Ej
α − E is the total

binding energy of A and b in
⃓⃓⃓
ψj
α

⟩︂
, while Ej

α = E−(E−Eα) is just the kinetic
energy at infinite distance for A–b relative motion when the nuclei are in state⃓⃓⃓
ψj
α

⟩︂
. Let Ej

β be defined similarly, in regard to the final states. In summary:(︂
E − Ej

α − ˆ︁Hα

)︂ ⃓⃓
ψj
α

⟩︁
= 0 (3.1.2)

and similarly for partition β. If the index is omitted, as in “|ψα⟩”, the precise
initial (A and b) or final (a and B) state involved in the reaction of interest is
being referenced, unless otherwise noted. Note that no requirement is made
on the structure of such states (in particular with regard to the division in
core, a or b, and valence system ν).

In addition, let |k⃗
j

α⟩ and |k⃗
j

β⟩ be plane-wave states with momentum k⃗
j

α and
k⃗
j

β, pertaining, respectively, to the initial-partition projectile-target motion,
and to the final-partition ejectile-residue motion. Unless otherwise stated, the
module kjγ will be such that h̄2kjγ

2
/2mγ = Ej

γ , where mγ is the reduced mass
of reactants in the γ partition (where γ = α or β). Further let “r⃗γ” be a
multi-dimensional coordinate representing all internal coordinates for nuclei
in γ partition 1. Finally, let Rα be a shorthand for (R⃗Ab, r⃗α), and similarly
Rβ = (R⃗aB, r⃗β). Both R can describe any configuration in the full space under
consideration, but either one can be more practical depending on the specific
situation. In some occasions it will also be useful to consider the position
eigenvectors for a given coordinate, as

⃓⃓⃓
R⃗Ab

⟩︂
etc.

Finally, let |Ψ+⟩ be an exact eigenfunction of the operator associated to
the complete system Hamiltonian, ˆ︁H, for a given eigenvalue E (this is the
total energy, including the binding energy of all subsystems). According to
the physical problem of interest, the boundary conditions are chosen to fix
the desired initial state for the system as the product of a wave-function |ψα⟩,
describing the reactants internal state, and a plane-wave |k⃗α⟩ directed as
the beam (and oriented toward the target) for the reactants relative motion.
|Ψ+⟩ can thus be written as the sum of |ψαk⃗α⟩ and, asymptotically at large
distances, of a spherical scattered outgoing wave for each open exit channel.
Reminding that Ψ+(R) depends on several coordinates, each scattered wave
can be observed when approaching |R| → ∞ from a specific “direction”. For
instance, a scattered wave involving a bound state of ejectile and residue can
be observed if all internal coordinates of partition β, “r⃗β”, are kept finite
(otherwise the reactants internal-motion wave-function vanishes), and only
RaB is sent to infinity. This statement can be written in formulas as in [74,

1In a simple cluster model where a, b, ν are inert and structureless, and their spins are not
coupled, r⃗α would be just the three-dimensional vector r⃗νa defined previously.

79



3 Direct transfer nuclear reactions

eq. (3.34)]. The normalisation adopted for |ψαk⃗α⟩ fixes proportionally the
norm of all other terms. It is also possible to consider the time-reversed
version of the same problem (see [4, sec. (2.7)] and referenced sections for a
more complete discussion), drawing an eigenfunction |Ψ−⟩ of ˆ︁H with boundary
conditions that fix the final state: |Ψ−⟩ is written as |ψβ k⃗β⟩, where the plane-
wave is now directed from the target toward the detector, plus (asymptotically
at infinity) ingoing waves in all initial channels compatible with the chosen
final state. If the distinction is relevant (in particular if complex potentials
are admitted), |Ψ+⟩ and |Ψ−⟩ are taken to be, respectively, a right and a left
eigenfunction, meaning that

0 =
(︂ ˆ︁H− E

)︂
|Ψ+⟩ = ⟨Ψ−|

(︂ ˆ︁H− E
)︂

(3.1.3)

The reaction cross-section for a given process can be found, in post form,
through the projection of the complete solution Ψ+ on the desired final state
ψβ for the internal motion, precisely the asymptotic limit of such projection
for big ejectile-residue distance in the detector direction. Analogously, in prior
form, Ψ− can be projected on the initial state of interest.

3.1.2 Plane-wave formulation

For definiteness, consider here the post form (similar considerations may be
employed in prior form). A formal solution for the Ψ+ eigenvalue problem
can be expressed through the Green’s functions formalism. Start from equa-
tion (3.1.3), splitting H in (R⃗aB, r⃗β) coordinates:

(E − ˆ︁KaB − ˆ︁Hβ) |Ψ+⟩ = (ˆ︁Vab + ˆ︁Vaν) |Ψ+⟩ (3.1.4)

Seek now a Green’s function ˆ︁G for the operator (E − ˆ︁KaB − ˆ︁Hβ), namely a
distribution such that, for any two coordinates R and X, it is⟨︂

X

⃓⃓⃓ [︂
E − ˆ︁KaB(R⃗aB)− ˆ︁Hβ(r⃗β)

]︂ ˆ︁G(R,X)
⃓⃓⃓
R
⟩︂
= ⟨X |R⟩ (3.1.5)

where the symbols “ ˆ︁KaB(R⃗aB)” etc. were employed here just to underline
that each operator acts only on the space specified by the coordinate. Given
a solution ˆ︁G, it can be seen by direct substitution that ˆ︁G[ˆ︁Vab+ ˆ︁Vaν ] |Ψ+⟩ (i.e. ˆ︁G
times the source term in eq. (3.1.4)) is a solution for |Ψ+⟩ in equation (3.1.4).
In explicit notation, this is

Ψ+(R) =

∫︂
G(R,X)[Vab(X) + Vaν(X)]Ψ+(X)dX (3.1.6)

There are in general several solutions for ˆ︁G, each generating a different Ψ

which solves equation (3.1.4)2. The set of solutions depends on the structure
2Furthermore, as for any eigenvalue problem, a linear combination of solutions Ψ is still a

solution.
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3.1 Formal exact expressions for the reaction cross-section

of the operator under study, and the correct one must thus be chosen to satisfy
the required boundary conditions. For the problem under study, some freedom
is generated because the operator E − ˆ︁KaB − ˆ︁Hβ is not invertible. Consider
any function v(R) belonging to the operator eigenspace with eigenvalue 0:
given a solution G, clearly G + v(R)g(X), with g an arbitrary function, still
satisfies equation (3.1.5). By substitution in equation (3.1.6), it is seen that
the additional term in the Green’s function generates an additional term v(R)

in the wave-function (the scaling constant is irrelevant, since v has arbitrary
norm anyway). For the present purposes, it is then convenient to add v

explicitly to the expression for Ψ+, and remove the discussed degree of freedom
from G in a way that satisfies the required boundary conditions. In particular,
it is customary to change the problem into⟨︂

X

⃓⃓⃓ [︂
E − ˆ︁KaB − ˆ︁Hβ + iϵ

]︂ ˆ︁G+

⃓⃓⃓
R
⟩︂
= ⟨X |R⟩ (3.1.7)

where ϵ is an arbitrary positive number, and later take the limit of ϵ → 0+

(see e.g. [4, sec. 2.8]), drawing the solution

|Ψ+⟩ = |v⟩+ ˆ︁G+(ˆ︁Vab + ˆ︁Vaν) |Ψ+⟩ (3.1.8)

Regarding the explicit form of |v⟩, note that ˆ︁KaB(R⃗aB) and ˆ︁Hβ(r⃗β) act on
different subspaces and are not coupled. Consequently, |v⟩ is any linear com-
bination of decoupled states, each written as

⃓⃓⃓
ψj
β k⃗

j

β

⟩︂
, where

⃓⃓⃓
ψj
β

⟩︂
is any ei-

genvector of Hβ, and
⃓⃓⃓
k⃗
j

β

⟩︂
is a plane wave in R⃗aB whose momentum is such

that the total energy of
⃓⃓⃓
ψj
β k⃗

j

β

⟩︂
is E. As mentioned earlier, Ψ+ is requested

to be composed by
⃓⃓⃓
ψαk⃗α

⟩︂
plus scattered outgoing waves (not plane waves)

in all channels.
⃓⃓⃓
ψαk⃗α

⟩︂
does not belong to the space spanned by the set of⃓⃓⃓

ψj
β k⃗

j

β

⟩︂
unless α and β are actually the same partition (i.e. this is not a trans-

fer reaction). When α ̸= β, the boundary conditions are such that the |v⟩
term in equation (3.1.8) is just the null vector (see e.g. [4, eq. (2.29)] or [60,
eq. (3.39)]):

|Ψ+⟩ = ˆ︁G+(ˆ︁Vab + ˆ︁Vaν) |Ψ+⟩ (3.1.9)

Explicit expression of the Green’s function

Since, as already mentioned, ˆ︁KaB(R⃗aB) and ˆ︁Hβ(r⃗β) are decoupled, it is pos-
sible to split equation (3.1.7) into two independent equations:⟨︂

X⃗aB

⃓⃓⃓ [︂
Ej

β − ˆ︁KaB + iϵ
]︂
Gj

PW

⃓⃓⃓
R⃗aB

⟩︂
=
⟨︂
X⃗aB

⃓⃓⃓
R⃗aB

⟩︂
⟨︂
x⃗β

⃓⃓⃓ [︂
(E − Ej

β)− ˆ︁Hβ

]︂ ˆ︁Gj
int

⃓⃓⃓
r⃗β

⟩︂
= ⟨x⃗β | r⃗β⟩

(3.1.10)
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3 Direct transfer nuclear reactions

These generate a set of solutions {Gj
PW(X⃗aB, R⃗aB)G

j
int(x⃗β, r⃗β)}j , one for each

Ej
β such that E − Ej

β is an eigenvalue of Hβ. Any linear combination of the
associated wave-functions is then a solution for Ψ+, and the correct one is
chosen to satisfy the boundary conditions.

Provided that the eigenvalue problem of Hβ can be solved (as it is normally
assumed), ˆ︁G+ can thus be found as well, because the Green’s function associ-
ated to the free-particle problem can be calculated explicitly and analytically.
For definiteness, set the normalisation of the position eigenvectors so that⟨︂
X⃗aB

⃓⃓⃓
R⃗aB

⟩︂
= δ3

(︂
R⃗aB − X⃗aB

)︂
. For brevity, let ˆ︁L = Ej

β − ˆ︁KaB + iϵ, and

drop the index j in the following. First note that ˆ︁L is translational invariant,
meaning that if ˆ︁L(r⃗)f(r⃗) = h(r⃗) then ˆ︁L(r⃗)f(r⃗− r⃗′) = h(r⃗− r⃗′). In particular,
if GPW(R⃗, X⃗) is a solution, then GPW(R⃗ − X⃗, 0⃗) must be a solution of the
same equation. Let g(R⃗, X⃗) = GPW(R⃗, X⃗)−GPW(R⃗−X⃗, 0⃗). By construction,
g belongs to the eigenspace of ˆ︁L with eigenvalue 0, but ˆ︁L is invertible, thus
g = 0. In summary, the solution must obey GPW(R⃗, X⃗) = GPW(R⃗ − X⃗, 0⃗).
For brevity, let G+(R⃗ − X⃗) = GPW(R⃗ − X⃗, 0⃗). The equation to be solved is
reduced to

h̄2

2mβ

[︁
∇2 + k2β + iϵ̃

]︁
G+(r⃗) = δ3 (r⃗) (3.1.11)

where the explicit expressions of ˆ︁KaB and kjβ were employed, and similarly
ϵ̃ was defined as 2mβϵ/h̄

2. Define the three-dimensional Fourier transform,
F (f(x⃗), q⃗), as

∫︁
R3 f(x⃗) exp (−iq⃗ · x⃗)d3x⃗, which is linear in f . It is found

that F
(︁
δ3(x⃗), q⃗

)︁
= 1, while, in general, F

(︁
∇2f(x⃗), q⃗

)︁
= −q2 F (f(x⃗), q⃗).

Transforming both sides of equation (3.1.11), an expression for F (G+(r⃗), q⃗) is
deduced. The sought solution can the be computed applying the inverse trans-
form, G+(r⃗) =

∫︁
R3 F (G+(r⃗), q⃗) exp (+iq⃗ · x⃗)d3q⃗. Given that F (G+(r⃗), q⃗) ac-

tually depends only on the modulus of q⃗, the integral is conveniently computed
in spherical coordinates, and reduces to a one-dimensional Fourier transform
(see e.g. [74, eq. (6.16)]):

G+(r⃗) = −
2mβ

h̄2
1

(2π)2

∫︂
R

q

ir

e−iqr

k2β + iϵ̃− q2
dq = −

mβ

2πh̄2
1

r
e
−
√︂

−(k2β+iϵ̃) r

(3.1.12)
where it was taken into account that r > 0 for the physical problem of in-
terest. The sign of the exponential depends on the adopted convention on the
value to adopt as square root of a complex number,

√
z. If this is defined as√︁

|z| exp( i2 arg z), with arg z ∈ [−π, π], in the limit of ϵ̃→ 0+ the desired sign
for the spherical waves is found, and

Gj
PW,+(R⃗aB, X⃗aB) = −

mβ

2πh̄2
e
ikjβ

⃓⃓⃓
R⃗aB−X⃗aB

⃓⃓⃓
⃓⃓⃓
R⃗aB − X⃗aB

⃓⃓⃓ (3.1.13)
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3.1 Formal exact expressions for the reaction cross-section

Reaction amplitude

As mentioned, in order to evaluate (in post form) the reaction cross-section
for a specific process, it is sufficient to find ⟨ψβ |Ψ+⟩, the projection of Ψ+

on the desired final state for the internal motion of ejectile and residue3, and
not the full solution. As a consequence, in this case it is more convenient to
not proceed through equation (3.1.10). Instead, start from equation (3.1.4)
and project on ⟨ψβ|, using equation (3.1.2) and the separation of variables
between ˆ︁KaB and ˆ︁Hβ:

(Eβ − ˆ︁KaB) ⟨ψβ |Ψ+⟩ =
⟨︂
ψβ

⃓⃓⃓ ˆ︁Vab + ˆ︁Vaν ⃓⃓⃓Ψ+

⟩︂
(3.1.14)

Both ⟨ψβ |Ψ+⟩ and
⟨︂
ψβ

⃓⃓⃓ ˆ︁Vab + ˆ︁Vaν ⃓⃓⃓Ψ+

⟩︂
are functions of the R⃗aB coordinate

only, and the equation can be solved directly for ⟨ψβ |Ψ+⟩. This is helpful
because the associated Green’s function can then be restricted to the R⃗aB

coordinate. will depend only on that degree of freedom as well. Note how
the simplification of the internal-motion Hamiltonian was made possible by
the choice, in equation (3.1.4), to split the complete Hamiltonian in the final-
partition expression, even though the boundary conditions of Ψ+ would have
suggested the opposite choice. Incidentally, the analogous equation in prior
form would be

⟨Ψ− |ψα⟩
(︂
Eα − ˆ︁KAb

)︂
=
⟨︂
Ψ−

⃓⃓⃓ ˆ︁Vab + ˆ︁Vbν ⃓⃓⃓ψα

⟩︂
(3.1.15)

Resuming with the post form, the analogous of equation (3.1.7) is now just
the first line of equation (3.1.10), thus the solution is the same GPW,+ shown
in equation (3.1.13) with j corresponding to the specific state |ψβ⟩ of interest.
Note that G is the identity operator in the r⃗β space, thus, in operator notation,
one could just write ˆ︁G = ˆ︁GPW,+. The solution for ⟨ψβ |Ψ+⟩, in analogy with
equation (3.1.9), is then

⟨ψβ |Ψ+⟩ =
⟨︂
ψβ

⃓⃓⃓ ˆ︁GPW,+

(︂ˆ︁Vab + ˆ︁Vaν)︂ ⃓⃓⃓Ψ+

⟩︂
(3.1.16)

or, in explicit notation, defining ξβ(R⃗aB) =
⟨︂
ψβR⃗aB

⃓⃓⃓
Ψ+

⟩︂
,

ξβ(R⃗aB) =

∫︂
ψ∗
β(x⃗β)GPW,+(R⃗aB, X⃗aB)[Vab(X)+Vaν(X)]Ψ+(X)dX (3.1.17)

To evaluate the reaction cross-section, it is sufficient to study the form of
ξβ in the limit of RaB → +∞ and R⃗aB directed toward the detector. If the
potentials appearing in equation (3.1.17) are short-ranged, it is possible to
simply consider the asymptotic form of GPW,+. Note that such assumption

3When writing such projections, it is understood that the integration is performed only on
the degrees of freedom appearing in both Bra and Ket, so that e.g. ⟨ψβ |Ψ+⟩ is still a
Ket in the a–B relative motion space.
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excludes the relevant case of a bare Coulomb potential between reactants [4,
sec. 2.4.1], which may be treated separately [75, sec. 4.4]. For simplicity, this
step is not reviewed here. Asymptotically, [4, eq. (2.30)] [75, eq. (18)]

GPW,+(R⃗aB, X⃗aB)
RaB→+∞−−−−−−→ −

mβ

2πh̄2
eikβRaB

RaB
e−ik⃗β ·X⃗aB (3.1.18)

where k⃗β = kβR⃗aB/RaB, the ejectile-residue momentum directed toward the
detector. The relation is verified explicitly taking the limit of the ratio of
GPW,+ to its asymptotic form. By construction, GPW,+ is the only term in
ξβ depending on R⃗aB, all other factor being constants. It is thus convenient
to define the transition amplitude:

T post
α→β(k⃗α, k⃗β) =

∫︂
ψ∗
β(x⃗β)e

−ik⃗β ·X⃗aB [Vab(X) + Vaν(X)]Ψ+(X)dX (3.1.19)

so that ξβ → − e
ikβRaB

RaB

mβ

2πh̄2Tα→β.

In general, in the time-independent picture employed here, the differen-
tial cross-section per unit angle for detection of desired final-state particle in
the direction of k⃗β (in the centre-of-mass frame) is the modulus of the total
scattered flux through an infinitesimal surface centred in k⃗β, per unit angle,
divided by the incoming beam flux modulus (see e.g. [19, eq. (7.1.35)]):

dσα→β

dΩ
(k⃗α, k⃗β) =

R2
aB

⃓⃓⃓
J⃗ β(R⃗aB)

⃓⃓⃓
⃓⃓⃓
J⃗ in

⃓⃓⃓ (3.1.20)

where each J⃗ is defined as in [19, eq. (2.4.16)]. If the initial internal state
|ψα⟩ has square-norm of 1, and the initial plane-wave

⟨︂
R⃗Ab

⃓⃓⃓
k⃗α

⟩︂
is set to

B exp
(︂
ik⃗αR⃗Ab

)︂
, the incoming current is just |B|2 h̄kα/mα. Similarly, R2

Ab

⃓⃓⃓
J⃗ β

⃓⃓⃓
=

h̄kβmβ

(2πh̄2)2

⃓⃓⃓
T post
α→β

⃓⃓⃓2
, hence

dσα→β

dΩ
(k⃗α, k⃗β) =

mαmβ

(2πh̄2)2
kβ
kα

⃓⃓⃓
Tα→β(k⃗α, k⃗β)

⃓⃓⃓2
|B|2

(3.1.21)

It is convenient to choose B = 1 to remove the irrelevant factor (in any case,
T is linear in Ψ and thus proportional to B), even though with this choice
Ψ+ does not bear the correct dimensions. Furthermore, if the non-polarised
cross-section is of interest, equation (3.1.21) is to be averaged over all possible
spin projections of projectile and target and summed over all possible spin
projections of ejectile and residue, as usual (see e.g. [74, eq. (3.40)]).

A similar derivation may be performed in prior form, employing the time-
reversal properties of the solutions [4, sec. 2.7]. The differential cross-section
can be written again as in equation (3.1.21), with a different expression for
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3.1 Formal exact expressions for the reaction cross-section

the transition amplitude. In bra-ket notation,

T post
α→β(k⃗α, k⃗β) =

⟨︂
ψβ k⃗β

⃓⃓⃓ ˆ︁Vab + ˆ︁Vaν ⃓⃓⃓Ψ+

⟩︂
T prior
α→β (k⃗α, k⃗β) =

⟨︂
Ψ−

⃓⃓⃓ ˆ︁Vab + ˆ︁Vbν ⃓⃓⃓ψαk⃗α

⟩︂ (3.1.22)

where, as mentioned, |ψα⟩ and ⟨ψβ| are the internal motion wave-functions for
the initial and final states of interest, normalised to 1, k⃗α is the wave-vector in
the beam direction for the initial-state collision energy, k⃗β is the wave-vector in
the detector direction for the reactants final-state asymptotic kinetic energy,
and

⟨︂
r⃗
⃓⃓⃓
k⃗
⟩︂
= exp

(︂
ik⃗r⃗
)︂

. The expressions in prior and post form necessarily
coincide, because they are derived from the same model without applying
approximations.

Equation (3.1.22) only represents a formal solution to the problem, given
that the full wave-function Ψ+ appears in it. This equation, and the corres-
ponding more elaborate forms shown in the following, are useful as starting
points for approximate methods, as will be discussed later.

3.1.3 Distorted-wave formulation

The problem in equation (3.1.4) is now addressed again in a slightly different
manner. The exact expressions for Ψ and T to be found will of course be
equivalent to those in the plane-wave formalism, as long as the unattainable
exact solutions are employed, but will differ once approximations are intro-
duced. A more complete treatment of the topic can be found in [74, ch. 5] or
[4, sec. 2.5] and references therein.

Consider, as in [4, eq. (2.37)] the following variation of equation (3.1.14)
(and not of eq. (3.1.15)):⟨︁

χβ−
⃓⃓ (︂
Eβ − ˆ︁KaB

)︂
=
⟨︁
χβ−

⃓⃓ ˆ︁UaB (3.1.23)

where UaB is an arbitrary “auxiliary potential” (it needs not to be real or
local) acting only on the a–B relative motion space: this limitation is very
useful, as it allows to formulate the equation as a 1-body problem.

⟨︁
χβ−

⃓⃓
is a

vector of the same space of the adjoint of ⟨ψβ |Ψ+⟩. The boundary conditions
match those holding for ⟨Ψ− |ψβ⟩, namely, at large RaB distances

⟨︁
χβ−

⃓⃓
is

written as ⟨k⃗β| plus spherical outgoing scattered waves. The plane wave is the
same appearing in equation (3.1.22). This is formally identical to a standard
elastic scattering problem (with “initial” wave-vector equal to −k⃗β and the
adjoint of UaB as potential4), and can be easily solved numerically.

Consider now the formal solution of equation (3.1.23) obtained trough the
Green’s function method. The operator on the left-hand side, Eβ − ˆ︁KaB, is
identical to that in equation (3.1.14). Consider the same procedure employed

4It is also possible to consider the time-reversed solution |χβ+⟩, to the same end, see e.g. [4,
eq. (2.36)].
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3 Direct transfer nuclear reactions

for equation (3.1.7), where an imaginary term is added to the equation to fix
the Green’s function. Given that outgoing scattered waves are requested both
in equations (3.1.14) and (3.1.23), the associated Green’s function operator
will thus be the same for both cases: its explicit expression was shown in
equation (3.1.13). Instead, the “v” term appearing in equation (3.1.8) in this
case is ⟨k⃗β|, which is indeed an eigenfunction of the operator Eβ − ˆ︁KaB in
equation (3.1.23) 5. In summary,⟨︁

χβ−
⃓⃓
=
⟨︂
k⃗β

⃓⃓⃓
+
⟨︁
χβ−

⃓⃓ ˆ︁UaB
ˆ︁GPW,+ (3.1.24)

Substitute now ⟨k⃗β| from eq. (3.1.24) in equation (3.1.22), finding:

T post
α→β =

⟨︂
ψβχβ−

⃓⃓⃓
(Vab + Vaν)− ˆ︁UaB

ˆ︁GPW,+(Vab + Vaν)
⃓⃓⃓
Ψ+

⟩︂
(3.1.25)

Using equation (3.1.16), and assuming (as usual) that the order in which the
integrals are performed can be changed without altering the result, this is
simplified into

T post
α→β(k⃗α, k⃗β) =

⟨︂
ψβχβ−

⃓⃓⃓ ˆ︁Vab + ˆ︁Vaν − ˆ︁UaB

⃓⃓⃓
Ψ+

⟩︂
(3.1.26)

Similarly, in prior form one finds:

T prior
α→β (k⃗α, k⃗β) =

⟨︂
Ψ−

⃓⃓⃓ ˆ︁Vab + ˆ︁Vbν − ˆ︁UAb

⃓⃓⃓
ψαχα+

⟩︂
(3.1.27)

where |χα+⟩ is a solution of (Eα − ˆ︁KAb) |χα+⟩ = ˆ︁UAb |χα+⟩ with boundary
conditions corresponding to those for ⟨ψα |Ψ+⟩ (plane-wave directed as the
beam plus outgoing scattered waves) and UAb is an auxiliary potential acting
only on coordinate R⃗Ab.

The advantage of such expressions, with respect to equation (3.1.22), is a
simplification on the operator appearing in the transition amplitude. For in-
stance, UaB is normally constructed to include at least the long-range Coulomb
potential between a and B, which at high distances matches the analogous
contribution appearing from Vab + Vaν . Hence, the total potential is short-
ranged in RaB, which causes the necessary approximations on Ψ+ to be less
critical.

3.1.4 Generalized distorted-wave formulation

The procedure in section 3.1.3 can be extended to allow for a more general
auxiliary potential, which depends on all coordinates (and not only on the
reactants relative motion degree of freedom). Here, the results are only repor-

5To compare with the case of eq. (3.1.15), note that, even though ⟨Ψ−|ψα⟩ and ⟨χβ− | have
the same boundary conditions, the operator defining the respective differential equations
is very different. This causes the difference between eqs. (3.1.16) and (3.1.24) regarding
the “v” term.
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3.1 Formal exact expressions for the reaction cross-section

ted without derivation. For a more complete treatment, see [74, sec. 6.F], [76,
sec. 11.6], or [77, 78] and references therein. In post-form, start back from the
non-projected equation (3.1.4), and consider the following auxiliary equation
(similarly to e.g. [4, eq. (2.41)] or, more explicitly, [78, eq. (10)]):⟨︁

Φβ−
⃓⃓ [︂
E − ˆ︁KaB(R⃗aB)− ˆ︁Hβ(r⃗β)

]︂
=
⟨︁
Φβ−

⃓⃓ ˆ︁Uβ(R) (3.1.28)

where ⟨Φβ− | is the “generalised distorted-wave”, a vector belonging to the
same complete space of ⟨Ψ−|, and ˆ︁Uβ is any “potential” operator acting on
it. The boundary conditions match those required for ⟨Ψ−| (mentioned in
section 3.1.1): asymptotically ⟨Φβ− | is composed by ⟨ψβ k⃗β| plus spherical
outgoing scattered waves in any channel which ˆ︁Uβ couples to the initial one.
The adopted differential equation instead matches the one found in equa-
tion (3.1.4), so that the distorted-wave can then be employed to re-express
the post-form transition amplitude.

For the prior form, the auxiliary equation is:[︂
E − ˆ︁KAb(R⃗Ab)− ˆ︁Hα(r⃗α)

]︂
|Φα+⟩ = ˆ︁Uα(R) |Φα+⟩ (3.1.29)

with analogous meaning of all symbols and similar boundary conditions. The
case in which U depends only on the projectile-target coordinate, as in sec-
tion 3.1.3, could be seen as a sub-case of the present situation (thus the name
“generalized distorted waves”).

Appropriately manipulating the relation between the full solutions and the
distorted-waves, it is found that the transition amplitude can, in the most
general case, be written as in [74, eq. (6.39), (6.46)]6:

T post
α→β =

⟨︂
Φβ−

⃓⃓⃓ ˆ︁Vbν − ˆ︁Vaν + ˆ︁Uβ

⃓⃓⃓
ψαk⃗α

⟩︂
+
⟨︂
Φβ−

⃓⃓⃓ ˆ︁Vaν + ˆ︁Vab − ˆ︁Uβ

⃓⃓⃓
Ψ+

⟩︂
T prior
α→β =

⟨︂
ψβ k⃗β

⃓⃓⃓ ˆ︁Vaν − ˆ︁Vbν + ˆ︁Uα

⃓⃓⃓
Φα+

⟩︂
+
⟨︂
Ψ−

⃓⃓⃓ ˆ︁Vbν + ˆ︁Vab − ˆ︁Uα

⃓⃓⃓
Φα+

⟩︂
(3.1.30)

As noted in [74, sec. 6.F], by employing the definitions in section 3.1.1, the
potential Vaν −Vbν +Uα can be rewritten as KAb+Hα+Uα− (KaB +Hβ). In
favourable cases, the operator written in this second form can be treated as
self-adjoint, and then the first term of the prior transition amplitude vanishes
using equations (3.1.2) and (3.1.29). The same consideration applies to the
post-form amplitude. For instance, this is the case when ˆ︁Uβ acts only on the
a–B relative motion space [74, sec. 6.F], causing equation (3.1.30) to reduce
to equation (3.1.26) as expected. However, the simplification does not hold
in general7. For instance, choosing ˆ︁Uβ = ˆ︁Vaν + ˆ︁Vab (the full potential of the

6The trick exploited in section 3.1.3 cannot be applied here, because, as mentioned when
discussing equation (3.1.10), there is some freedom in the choice of the Green’s functionˆ︁G solving equation (3.1.7), and the correct choice, in general, will be different for |Ψ+⟩
and ⟨Φβ− |.

7Similar counter-intuitive results can be also found in simpler expressions (for instance the
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3 Direct transfer nuclear reactions

exact problem), the distorted wave ⟨Φβ− | coincides with ⟨Ψ−|, the second
term of the transition amplitude in equation (3.1.30) vanishes, and the first
term becomes the prior-form plane-wave amplitude in equation (3.1.22).

The generalised auxiliary potential Uγ is often explicitly set to induce only
elastic and inelastic scattering between a finite number of excited states within
partition γ, see e.g. [4, sec. 2.6]. A different possible choice is to set Uα =

Uβ = Vab. It can be found that with this choice the the first term in the
transition amplitude in equation (3.1.30) still vanishes [76, eq. (561)]. The
exact amplitude in equation (3.1.30) is thus

T post
α→β(k⃗α, k⃗β) =

⟨︂
Φβ−

⃓⃓⃓ ˆ︁Vaν ⃓⃓⃓Ψ+

⟩︂
T prior
α→β (k⃗α, k⃗β) =

⟨︂
Ψ−

⃓⃓⃓ ˆ︁Vbν ⃓⃓⃓Φα+

⟩︂ (3.1.31)

In the standard distorted-wave formalism, the difference Vab − U , which can
never be strictly zero in that case, is called “remnant” term. Such term is
sometimes neglected to simplify the practical computation, especially in less
recent works. It is underlined that in equation (3.1.31) the remnant term
is, on the contrary, cancelled exactly. This approach was first proposed (to
the author’s knowledge) by Greider in [80], then studied by Goldberger and
Watson [76, sec. 11.6], and later employed for example by Timofeyuk and
Johnson in [77]. For definiteness, in this work equation (3.1.31) is referred to
as “Greider-Goldberger-Watson” (GGW) amplitude.

Note that, if both b and ν are charged particles, their mutual interaction Vbν
will include a Coulomb term, which is long-ranged (and similarly for the post
form). This could potentially degrade the accuracy of approximated expres-
sions derived from this scheme, and it is conceivable that a modified choice
for U , cancelling at least the long-range part of the Coulomb interaction, may
turn out to be more accurate. In literature, equation (3.1.31) was normally
applied to reactions of deuteron stripping or pickup [76–78, 80, 81], so that
Vaν (or Vbν) is the proton-neutron potential, and the issue is avoided.

Explicit calculation of the generalised distorted wave

Differently than in the standard distorted-waves formalism in section 3.1.3, the
accuracy on the generalised distorted-wave can in itself be an issue affecting
the overall accuracy of the reaction amplitude. In fact, depending on the
precise Uβ chosen, finding Φβ in equation (3.1.28) can be as complicated as
finding the complete solution Ψ.

In general,
⟨︁
Φβ−

⃓⃓
can be expressed by expanding it into a basis of final-

partition states, i.e. a complete orthogonal set {ψj
β} of eigenstates of Hβ, each

transition amplitude for an optical-model elastic scattering) when inserting equal and
opposite non-self-adjoint terms (often kinetic terms) and attempting to evaluate them
separately on non-normalisable states. The discussion of such issue is beyond the scope
of this work, see [74, sec. 6.K] or [79, ch. 1] for some additional information.
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with eigenvalue E − Ej
β:

⟨︁
Φβ−

⃓⃓
=
∑︂
j

Cj

⟨︂
ψj
βχ

j
β

⃓⃓⃓
(3.1.32)

where each Cjχ
j
β is the “coefficient” of the associated term in the expansion.

The
∑︁

can actually be an integral on E − Ej
β if the φjβ are unbound, and in

general will be a combination of a discrete sum and an integral, if the spectrum
is mixed. Cj is a numeric coefficient, whose modulus is determined if each χj

β

and ψj
β is normalized (to 1 or to an appropriate δ distribution). The phases

are similarly fixed given a convention on the phases of each wave-function.
The choice of expanding Φβ into the final-partition basis is motivated by

the form of the operator in equation (3.1.28). Projecting on any basis state
and reasoning as for equation (3.1.14), a coupled set of differential equations
for the set of Cj

⟨︂
χj
β

⃓⃓⃓
is derived. For each j,

Cj

⟨︂
χj
β

⃓⃓⃓ (︂
Ej

β − ˆ︁KaB(R⃗aB)
)︂
=
∑︂
k

Ck

⟨︂
χk
β

⃓⃓⃓ ⟨︂
ψk
β

⃓⃓⃓ ˆ︁Uβ(R⃗aB, r⃗β)
⃓⃓⃓
ψj
β

⟩︂
(3.1.33)

Such coupled system can be practically solved through a continuum-discretized
coupled channels (CDCC) numerical method. Essentially, in order for the
problem to become numerically solvable, the number of coupled equations,
namely the number of eigenfunctions ψj

β to include in the spectrum, must
be first reduced to a finite number, thus at least the continuum part of the
spectrum must be somehow discretised and truncated. Several approaches
exist, each with its strengths, and their discussion is beyond the scope of this
work. The approximate solution for

⟨︁
Φβ−

⃓⃓
can be expected to be accurate in

the limit where the couplings induced by Uβ are strong only within the space
that is well represented by the discretised and truncated basis.

3.2 One-particle transfer

Consider now a truncated model space where particles a, b and ν are “ele-
mentary” (inert and structureless). All microscopic potentials (Vab, Vaν , Vbν)
are substituted with effective ones involving only the position of each particle
centre-of-mass.

Any wave-function |ψj
α⟩ for the internal motion of projectile and target in

the initial partition can be factorised as the product of the fixed intrinsic
states for a, b and ν (those referred to as Ψb etc. in section 2.2.1), and an
appropriate one-body bound state, |φjα⟩, for the ν–a relative motion; similar
considerations apply to |ψj

β⟩. The elementary particles fixed state then play
no role, because in all transition amplitudes (consider e.g. equation (3.1.22))
it is simplified in the scalar product, as the effective potential does not act on
it. Formally, each |φjα⟩ is deduced from the overlap function (see the discus-
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sion in section 2.2.1) between the desired microscopic states for a, ν, and the
composite system A. The anti-symmetrised wave-functions for the composite
systems consist of several components essentially differing just for the assign-
ment of labelled coordinates to each nucleon. At the same time, the precise
identity of the nucleons removed from A (and added to B) during the transfer
process is irrelevant for the result. The reaction cross-section is then the sum
of several contributions, which counter the binomial coefficients appearing
in the overlap functions (which are defined projecting the composite-system
wave-function on a precise repartition of nucleons between core and valence),
see for instance equation (2.2.3). Similarly, the Clebsh-Gordan coefficient in
the overlap expression is employed when coupling the angular momenta to
form a composite-system state with defined total spin. The spectroscopic
amplitudes appearing in the overlaps instead do not cancel out, and the first-
order reaction amplitude is proportional to these. In summary, it is possible
to compute the cross-section as a single term, adopting as

⃓⃓⃓
φjα
⟩︂

the spectro-
scopic amplitude for the overlap times a one-body bound state normalised to 1,
constructed from the functions |φν,l,s,ml

⟩ in equation (2.2.4) by appropriately
coupling the angular momenta. In the expressions shown in the following, the
symbol ψγ for the internal-motion states is retained for conciseness.

Having specified a model for the reactants structure, the last missing in-
gredient is to choose an approximation for the full scattering solution Ψ+ to
obtain an explicit expression for the transition amplitude. Several approaches,
parallel to the schemes employed for generating the distorted waves in sec-
tion 3.1, are applicable, and some of them are discussed in the following.
Many other schemes have been devised in literature, which are not covered in
this work. See for instance [22] and references therein for the adiabatic and
eikonal approximation, and [82] for semi-classical methods.

3.2.1 Distorted-wave Born approximation (DWBA)

Consider the prior-form standard-distorted-wave transition amplitude in equa-
tion (3.1.27). Let UaB be a potential depending only on the a–B relative
motion coordinates, and find a solution

⟨︁
χβ−

⃓⃓
for that potential, in complete

analogy with equation (3.1.23). The first-order distorted-wave Born approx-
imation (DWBA) prescribes8 to approximate ⟨Ψ−| ≈

⟨︁
ψβχβ−

⃓⃓
. The same

approach is followed in post form for Ψ+. In summary:

T post
DWBA =

⟨︂
ψβχβ−

⃓⃓⃓ ˆ︁Vab + ˆ︁Vaν − ˆ︁UaB

⃓⃓⃓
ψαχα+

⟩︂
T prior

DWBA =
⟨︂
ψβχβ−

⃓⃓⃓ ˆ︁Vab + ˆ︁Vbν − ˆ︁UAb

⃓⃓⃓
ψαχα+

⟩︂ (3.2.1)

In prior form, if UaB properly describes the elastic scattering between two

8See [4, sec. 2.8.7] and referenced section for a more in-depth discussion on the interpreta-
tion of the approximation. The simple recipe reported here is sufficient within the scope
of this text.
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inert particles a and B, the approximation basically amounts to claiming
that the exact solution is dominated by the elastic component, and all other
channels are a small perturbation. The potential can also phenomenologic-
ally contain some effects related to non-elastic channels, for instance through
imaginary components. The approximation could be expected to be more
accurate for a smaller residual interaction (in prior, Vab + Vaν −UaB), so that
χβ− resembles more the exact solution.

Incidentally, if both UaB and UAb are set to zero, the exact transition amp-
litude reduces to the plane-wave expression in equation (3.1.22), and the
exact wave-function is approximated to just its non-scattered component,
|Ψ+⟩ ≈

⃓⃓⃓
ψαk⃗α

⟩︂
etc. The result is know as “plane-wave Born approxima-

tion” (PWBA). As long as a numerical solution to the problem as posed is
sought, the PWBA scheme is rarely employed in recent works, as the practical
computation of the distorted waves is not particularly expensive or difficult,
compared to current computational capabilities.

DWBA prior and post forms are equivalent, meaning that, if the same
pair of potentials is adopted in both forms, and no further approximation is
made, it is T post

DWBA = T prior
DWBA, as shown in [4, sec. 2.8.8]. Such result is not

trivial because, while the exact expressions in equations (3.1.26) and (3.1.27)
necessarily coincide, they are supplied with two different approximations in
order to obtain equation (3.2.1). The prior-post equivalence has two relevant
consequences in practical calculations. First, for any given calculation it is
possible to freely choose the form giving rise to the simplest, and thus most
accurate, calculation from the numerical point of view. Second, the differ-
ence between prior and post transition amplitudes is a measure of numerical
inaccuracies, disentangled from the impact of physical approximations. In
particular, if the computation is accurate in both forms, the results must co-
incide. Note that if the results do not coincide, it is still possible that the
calculation in one form is accurate.

There is an apparent asymmetry between the role of UaB and UAb in each
(prior or post) DWBA scheme. One of the potentials is an auxiliary, in prin-
ciple arbitrary, operator employed to reformulate an exact expression: note
that this does not exclude that the precise choice of the auxiliary potential
can have an impact on the computed amplitude, since an approximation is
then being performed. The other U , instead, is introduced while attempt-
ing to generate a physically sound approximation for the complete scattering
wave-function. However, the aforementioned property of equivalence between
prior and post forms (in which the role of the two auxiliary potentials is op-
posite) actually suggest that, once the approximation of the full solution is
introduced, both UaB and UAb equally contribute to determine the final result.

3.2.2 Coupled-channels approaches

Another relevant class of approximate methods includes all the cases where
a wave-function is computed using a continuum-discretised coupled-channels
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scheme. This is the case when a generalised-distorted-waves formalism is
adopted, computing the distorted wave as described in section 3.1.4, or when
the full solution of the scattering problem is approximated by a CDCC wave-
function. The possible combinations are listed below, followed by a general
discussion on the features of such methods.

Standard distorted-waves scheme

Start from the standard-distorted-wave reaction amplitude in equations (3.1.26)
and (3.1.27), but now approximate Ψ+ with a continuum-discretized coupled
channels solution of the full problem equation (3.1.3). Such scheme is essen-
tially a simplified version of the coupled-channels Born Approximation dis-
cussed in [4, sec. 3.6]. The differential equation for the solution |Ψ+⟩ (required
in post-form), equipped with the desired boundary condition, is expressed us-
ing the prior-form coordinates and the corresponding rearrangement of the
complete Hamiltonian, H:[︂

E − ˆ︁KAb(R⃗Ab)− ˆ︁Hα(r⃗α)− ˆ︁Vab(R⃗Ab, r⃗α)− ˆ︁Vbν(R⃗Ab, r⃗α)
]︂
|Ψ+⟩ = 0

|Ψ+⟩ =
⃓⃓⃓
ψαk⃗α

⟩︂
+ outgoing scattered waves

(3.2.2)

analogously, in prior:

⟨Ψ−|
[︂
E − ˆ︁KaB(R⃗aB)− ˆ︁Hβ(r⃗β)− ˆ︁Vab(R⃗aB, r⃗β)− ˆ︁Vaν(R⃗aB, r⃗β)

]︂
= 0

⟨Ψ−| =
⟨︂
ψβ k⃗β

⃓⃓⃓
+ outgoing scattered waves

(3.2.3)

It is also possible to supply a simplified version of the full problem, including
only simpler couplings within the initial partition states. The differential
equation is then solved approximately trough a scheme entirely analogous to
the one employed for Φ in equation (3.1.33), and the result is inserted in
equation (3.1.26) or (3.1.27).

It is underlined that, in principle, any set of coordinates and any form for
H would be acceptable, and the choice is dictated by practical matters. When
deriving the exact transition amplitude, the goal was to analytically evaluate
the projection of the unknown full solution on the desired final (or initial)
state, thus the Hamiltonian was expressed so to simplify such task. Here,
where an explicit solution for Ψ is sought, the given choice for the coordin-
ates removes any difficulty in properly enforcing the boundary condition, and
allows to describe with good accuracy elastic and inelastic couplings from the
initial (or final) state of interest, which presumably give rise to the domin-
ant components in the full wave-function. The disadvantage is that the two
wave-functions appearing in the reaction amplitude are originally computed
in different coordinates, thus a coordinate change will be required to obtain
the final result, with the main effect of complicating the explicit form of the
angular-momentum expansions. Note that this sort of issue already arises in
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3.2 One-particle transfer

equation (3.2.1).

Generalised-distorted-waves schemes

Consider now the expression in equation (3.1.30) for the exact reaction amp-
litude, together with the CDCC solution for the generalised distorted wave,
computed from equation (3.1.33). In order to approximate the full solution,
Ψ, one possible approach is to apply again the CDCC method (see text com-
menting equation (3.2.2)).

Another possibility is to employ the same approximation adopted when de-
riving the DWBA, illustrated in section 3.2.1: ⟨Ψ−| is set to

⟨︁
ψβχβ−

⃓⃓
, where

χβ− is the solution of a one-body problem with the form of equation (3.1.23).
Such construction is simpler to implement and less demanding computation-
ally, and was thus employed in the coupled-channels calculation discussed in
chapter 4.

Common features of coupled-channels schemes

The CDCC solution for either Ψ or Φ is not limited to the elastic scatter-
ing component. This framework thus allows to take into account some “dy-
namical” effects, namely features that cannot be explained solely in terms
of ground-state properties of the reactants, and which manifest quantum-
mechanically as coupling to excited states. If the spectrum of ψj

α is approx-
imated with acceptable accuracy, Ψ+ (or Φα) may provide a good account of
inelastic excitations of nucleus A induced by the interaction with nucleus b.
This approach may thus be expected to be superior to equation (3.2.1). How-
ever, as mentioned when discussing equation (3.1.33), the practical execution
of the CDCC recipe can be significantly more complex with respect to the
standard first-order DWBA prescription. On this regard, remind that the re-
actants structure assumed in this section (associated to the transfer of an inert
cluster) causes ψα and ψβ to reduce to just the ν–a and ν–b relative-motion
wave-functions, greatly simplifying the problem.

Even in the case where both the full solution and the generalised distorted-
wave are computed in CDCC, prior and post forms are in general not equival-
ent. Of course, in the limit where the approximated Ψ± approach the exact
solutions, the calculated amplitudes would tend to the same, exact value.
Consequently, in this framework, prior-post invariance cannot be used to test
specifically the formal consistency of the calculation and the appropriate im-
plementation of the numerical algorithm, but can only give a suggestion on
the “global” accuracy of the calculation, being sensitive also (but not only)
to the adopted physical approximations. At the same time, achieving satis-
factory numerical accuracy can be difficult, thus, even more than in DWBA,
for each specific calculation it is useful to identify the most convenient form
regarding the amount of required computational resources. Some information
from this point of view can be deduced checking convergence with respect to
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the numerical parameters of the calculation (see e.g. [78]).

3.3 Two-particle transfer

If the transferred system is a composite nucleus, especially a loosely bound
one, it can be interesting to take into account its internal structure and the
associated impact on the reaction. Applications in literature almost invari-
ably involve the transfer of two nucleons, very often two neutrons. A discus-
sion on the associated formalism, from different points of view, can be found
in [4, sec. 3.7], [59, 83–86]. Such calculations are customarily performed in
second-order distorted-waves Born approximation (DWBA). In chapter 4, the
formalism will be applied to the transfer of a proton and a neutron. As in
section 3.2, the core particles of both reactants are treated as inert and their
internal structure is neglected. Notwithstanding the formal similarities with
the two-neutron-transfer case, the application of the same scheme to p+n
transfer reactions is quite new, with the very first published calculation ap-
parently dating back to 2017 [87].

In the second-order DWBA formalism, (see [4, sec. 3.7]), the transition
amplitude can be decomposed into the coherent sum of a first-order term,
connected to the one-step (or “simultaneous”) transfer of both particles, and
a second-order contribution, associated with two-step processes, and in partic-
ular the “sequential” transfer of each particle separately. It is found that the
equivalence between prior and post forms of the distorted-wave Born approx-
imation holds order-by-order (provided that non-orthogonality corrections are
taken into account) [4, sec. 3.7.2]. The considerations made in section 3.2.1
on this regard can thus be applied here to the simultaneous and sequential
contribution separately.

In principle, the calculation of each contribution to the two-particle-transfer
transition amplitude involves addressing a four-body problem (the two core
nuclei and the two transferred particles), where the reactants internal-motion
wave-functions depend on two independent coordinates (e.g. the position of
each transferred particle). Here, the full problem is instead approximated
so that all internal-motion states can be constructed in terms of two-body
problems, which can be solved with greater ease. The following parts of this
section are principally dedicated to the formal development of such approxim-
ation. The discussion will be focused in particular on approaches that can be
implemented in the coupled reaction channel calculations code Fresco [88],
which was employed to perform the practical calculations in chapter 4.

The system Hamiltonian

The notation employed in this section mirrors the one found in section 3.1.1,
with some modification to allow explicit discussion of the additional degree of
freedom, discussed in the following. Consider the transfer reaction A + b →
a+B, while nucleus A is a bound system of three elementary clusters, a+ν+µ,
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3.3 Two-particle transfer

and similarly B = b + µ + ν. The transferred system is N = ν + µ. Also let
A = a+ µ, A′ = a+ ν, B = b+ ν, and B′ = b+ µ.

As before, given any pair of systems i, j and their composition J = i + j,
let Kij = Ki +Kj −KJ , where Ki is the kinetic energy of the centre-of-mass
of i. Assume all interactions can be described by two-body forces, with the
potential energy between any pair of particles i, j being Vij . Let r⃗ij be the
distance between particles i and j.

The system Hamiltonian, is the same in section 3.1.1: updating the notation
and explicitly splitting the terms involving ν or µ (rather than their compos-
ition N), it is H =

∑︁
i∈{a,b,µ,ν}Ki + Vab + Vaν + Vbν + Vaµ + Vbµ + Vνµ. All

calculations are performed in the system centre-of-mass rest frame. H can be
rewritten in several ways, for instance

H = (Kaµ + Vaµ) + (KAν + Vaν + Vµν) + (KAb + Vab + Vbµ + Vbν) (3.3.1a)

which is useful to perform a calculation in prior form, or analogously

H = (Kbν + Vbν) + (KBµ + Vbµ + Vµν) + (KBa + Vab + Vaν + Vaµ) (3.3.1b)

which is the post-form rearrangement. Similar expressions, involving A′ and
B′, can be similarly obtained (note that the role of µ and ν, and thus A and
A′, is entirely symmetrical).

3.3.1 First-order (“simultaneous”) contribution

From the formal point of view, the DWBA simultaneous contribution to the
reaction amplitude has precisely the same form in equation (3.2.1), see [4,
eq. (3.61)], with the relevant difference that now the Hamiltonian depends
also on r⃗µν , and full internal-motion states ψα and ψβ reduce to three-particle
wave-functions explicitly describing the a+ν+µ and b+µ+ν relative motion,
scaled, as in section 3.2, by the spectroscopic amplitude for the associated
overlaps (see section 2.2). In the following, the symbol ψγ will still denote the
wave-function for reactants internal motion in partition γ, as in section 3.1.1,
but ignoring the trivial factors related to the internal state of a, b, µ, and ν.

Consider for instance the “post-form” Hamiltonian in equation (3.3.1b).
The grouping of terms enclosed in braces suggests a formal procedure to con-
struct all required ingredient for the simultaneous transfer calculation. First,
the spectrum for the b–ν relative-motion is constructed as the solution of a
standard two-body problem under the Hamiltonian Kbν + Vbν , obtaining an
orthogonal set of wave-functions φjbν indexed by j. Then, ψβ is found expand-
ing it in the b–ν basis and solving for the B–µ motion under the potential
Vµb + Vµν , trough a procedure analogous to equation (3.1.33)9. The internal
state for A is constructed analogously. Finally, the first-order DWBA amp-

9In section 3.1.4, the a–B motion was studied expanding in a basis of reactant internal-
motion states ψj

β . Here, a single state ψβ is studied expanding in a basis for the b–ν
motion.
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litude is derived precisely as in equation (3.2.1), using Vab + Vaν + Vaµ − UaB
as transition potential. Note that explicit three-body structure calculations
are usually not performed in this manner10 (see instead e.g. [68] an actual
example): the purpose of the formal construction just illustrated is rather
to clarify the meaning of approximations shown later, which are aimed at
decoupling the two degrees of freedom appearing in both ψα and ψβ.

Regardless of how ψβ is originally computed, to perform a practical calcu-
lation it is convenient to express it in the (r⃗µν , r⃗Nb) Jacobi coordinates (some-
times known as “t” coordinates), and similarly ψα in (r⃗µν , r⃗Na) coordinates
[59, sec. 4]: note that r⃗µν is the same vector in both cases. In this way, taking
into account that it is possible to express r⃗Ab and r⃗Na as functions of r⃗Ba and
r⃗Nb, the first-order DWBA transition amplitude could be written as

T =
⟨︁
ψβ (r⃗µν , r⃗Nb)χβ−(r⃗Ba)

⃓⃓
V
⃓⃓
ψα (r⃗µν , r⃗Nb, r⃗Ba)χα+(r⃗Nb, r⃗Ba)

⟩︁
(3.3.2)

where V is a shorthand for the appropriate transition potential appearing in
the scalar product, which depends on all coordinates, r⃗µν , r⃗Nb, r⃗Ba. For any
fixed value of R⃗Nb and r⃗Ba, perform first the integration on r⃗µν , defining

˜︁ψ∗
β (r⃗Nb) ˜︁V (r⃗Nb, r⃗Ba) ˜︁ψα (r⃗Nb, r⃗Ba) =

=

∫︂
ψ∗
β (r⃗µν , r⃗Nb)V (r⃗µν , r⃗Nb, r⃗Ba)ψα (r⃗µν , r⃗Nb, r⃗Ba)d3r⃗µν (3.3.3)

so that T =
⟨︂ ˜︁ψβ (r⃗Nb)

⃓⃓⃓ ˜︁V (r⃗Nb, r⃗Ba)
⃓⃓⃓ ˜︁ψα (r⃗Nb, r⃗Ba)

⟩︂
, which is formally identical

to a standard one-particle-transfer transition amplitude, and can thus be com-
puted using the same numerical approaches. Hence, it is relevant to point out
that a function expressed in (r⃗aµ, r⃗aν) or (r⃗bν , r⃗bµ) coordinates (also known as
“v” coordinates) can be mapped to the corresponding one in “t” coordinates
using the Moshinsky transformation [89]. The change from (r⃗aµ, r⃗Aν) and
(r⃗bν , r⃗Bµ) (known as “y” coordinates) to “t” coordinates is instead governed
by the Raynal-Revai transformation [90].

The “heavy-ion” approximation

The Hamiltonian in equation (3.3.1b) may be rewritten, in post-form re-
arrangement, as

H = [(Kbν + Vbν) + (Kbµ + Vbµ) + Vµν +KB +KB′ −Kb −KB] +

+KBa + Vab + Vaν + Vaµ (3.3.4)

10One difficulty is that a good account of b–µ and B–ν motion separately as described would
normally require inclusion of continuum states.
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or

H = [(KB′ν + Vbν + Vµν) + (KBµ + Vbµ + Vµν)− Vµν+

+KB +Kb −KB −KB′ ] +KBa + Vab + Vaν + Vaµ (3.3.5)

These exact expressions by themselves bring no profit. However, suppose now
that the core nuclei a and b are much heavier than the transferred system
N . Then, the centre-of-mass position of each composite system, B, B′ and
B, approximately coincides with b position, so that r⃗bµ ≈ r⃗Bµ and so on.
This also implies that the expectation value of ˆ︁KB + ˆ︁Kb − ˆ︁KB − ˆ︁KB′ on
any physical state is approximately zero (and similarly for a). Furthermore,
assume that the interaction between the two transferred particles, Vµν , is
negligible compared to their interaction with the cores, for instance Vbµ, so
that Vbµ(r⃗bµ) + Vµν(r⃗µν) ≈ Vbµ(r⃗bµ), which, if convenient, may also be seen
as a potential VBµ(r⃗Bµ) depending only on the distance between µ and the
centre-of-mass of B. The Hamiltonians are as a result approximated to:

Hpost
HI-cc = [(Kbν + Vbν) + (Kbµ + Vbµ)] +KaB + Vab + Vaν + Vaµ

Hpost
HI-CC = [(KB′ν + Vbν) + (KBµ + Vbµ)] +KaB + Vab + Vaν + Vaµ

(3.3.6)

which could be labelled, respectively, as “core-core” and “composite-composite”
schemes of the “heavy-ion” approximation. In this limit, the problems for the
b–ν and B–µ motions are decoupled, so that any state of B can be obtained as
a linear combination of products of solutions for each independent problem.
Note that, as a result of the adopted approximations, the solutions ψα and ψβ

deduced from the model will not coincide with the “exact” ones. This is not
a serious concern in itself, given that the “exact” H in equation (3.3.1b) is of
course a model Hamiltonian as well, and if phenomenological forms for Vbν ,
Vbµ and so on are chosen appropriately, it is possible to partially correct for
the neglected terms. For instance, the potentials are usually selected so that
the sum of the binding energies of each product of single-particle solutions
matches the experimental binding energy of the composite nucleus. In order
to mimic phenomenologically an interaction between µ and ν, the potential
Vbν + Vbµ may be set to depend in a non-standard manner on the quantum
numbers characterising the solutions11. In studies aimed at investigating cor-
relations between the two transferred particles, a framework as the one just
described may be employed to generate a starting basis of solutions, which
is then coupled adding an explicit Vµν interaction, often focused on pairing
effects (a lot of work exists in this direction, see e.g. [91] just for a recent
example).

In the “core-core” scheme, states for the B–µ problem can be approximated
as solutions of Kbµ + Vbµ, thus the complete state is constructed using only
bound-state wave-functions of the core nucleus b with each valence particle
11For example, the depth of the nuclear potential may depend on the angular momentum

in a way that could not be described as a spin-orbit potential.
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independently, labelled φjbν and φjbµ, which are most conveniently described
using “v” coordinates (see comment to equation (3.3.2)). In the same way, the
“composite-composite” scheme instead allows to describe the complete state
in terms of removal of one valence particle from the given composite state B.
This sort of approach is particularly convenient when µ and ν are the same
nuclide, so that Vbµ(r⃗) = Vbν(r⃗) and φjbν(r⃗) = φjbµ(r⃗), further simplifying the
practical computation.

Furthermore, in the heavy-ion approximation, the transition potential Vab+
Vaν +Vaµ can be obtained as the sum of Vab and of the two binding potentials
required to construct ψα in the same approximate scheme, Vaν and Vaµ. Such
condition, which simplifies the explicit computation of the transition amp-
litude, arises naturally in one-particle transfers (see equation (3.2.1)), but is
not found in the full four-body treatment of the two-particle transfer (see
equation (3.3.1)), where Vµν appears in the equations defining ψα and ψβ but
not in the transition operator.

With the same reasoning employed for equation (3.3.6), the prior form of
the “core-core” scheme is found to be

Hprior
HI-cc = [(Kaµ + Vaµ) + (Kaν + Vaν)] +KAb + Vab + Vbν + Vbµ (3.3.7)

this is different than the corresponding post form shown above. The dis-
crepancy in the Hamiltonians causes a difference in the calculated transition
amplitudes, thus the heavy-ion approximation breaks the DWBA prior-post
invariance. In particular,

Hpost
HI-cc −Hprior

HI-cc = (Kbµ −KBµ)− (Kaν −KAν) (3.3.8)

thus the difference lies only in the kinetic terms and becomes negligible in the
limit of heavy core nuclei. If the difference is instead significant, it is expected
that the most accurate form will be the one related to the partition where
the heaviest core particle is bound to the transferred system12. Regarding the
Li6 + p → He3 + α reaction studied in chapter 4, the approximation appears

to be unsuitable in both the initial and final partition.

The “core-composite” approximation

It is here noted that the shortcomings of equation (3.3.6) can be mitigated by
correctly computing the kinetic terms. In the exact expression for the total
Hamiltonian, in equation (3.3.1), let VAν(r⃗aν , r⃗µν) = Vaν(r⃗aν)+Vµν(r⃗µν), and
similarly define VBµ = Vbµ + Vµν , obtaining

H = [(Kaµ + Vaµ) + (KAν + VAν)] + (KAb + Vab + Vbν + VBµ − Vµν)

H = [(Kbν + Vbν) + (KBµ + VBµ)] + (KBa + Vab + Vaµ + VAν − Vµν)
(3.3.9)

12More explicitly, if the target is the heaviest reactant, the smallest error related to this
issue is expected in prior for a pick-up reaction and in post for a stripping one.
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which is still exact. If now VAν is approximated by a potential depending only
on the distance between A and ν, and similarly VBµ is simplified to a function
of only r⃗Bµ, the problem for A–ν and B–µ relative motion is again decoupled
from the equations for A and B internal state. However, in this case, the
Hamiltonian is the same for both prior and post form, and the scheme can be
applied indifferently to heavy and light systems. Regarding the choice of the
approximate potentials, from the formal point of view one may for instance
set VAν to the “diagonal” component of the full potential on the solution φaµ
for the a–µ relative motion, ⟨φaµ(r⃗µν) |Vaν(r⃗Aν , r⃗µν) + Vµν(r⃗µν) |φaµ(r⃗µν)⟩. In
practice, the potentials are usually constructed phenomenologically.

The proposed approach presents two issues from the practical point of view.
The first one is that, differently than in equation (3.3.6), the transition op-
erator, e.g. Vaµ + VAν − Vµν in post form, does not coincide with the sum
of the binding potentials employed to construct ψα (here Vaµ + VAν)13. The
problem disappears in the limit where Vµν is negligible, as assumed when
writing equation (3.3.6): then equations (3.3.9) and (3.3.10) coincide, and
VAν(r⃗Aν) can be formally thought as ⟨φaµ(r⃗µν) |Vaν(r⃗Aν , r⃗µν) |φaµ(r⃗µν)⟩, for
instance14. In general, it is possible to overcome the limitation, at least par-
tially, adopting a suitable phenomenological form for VAν and VBµ. Formally,
define ˜︁VAν(r⃗Aν , r⃗µν) = Vaν(r⃗Aν , r⃗µν) +

1
2Vµν(r⃗µν) and ˜︁VBµ = Vbν +

1
2Vµν , and

rewrite the total Hamiltonian as

H =
[︂
(Kaµ + Vaµ) +

(︂
KAν + ˜︁VAν

)︂]︂
+
(︂
KAb + Vab + Vbν + ˜︁VBµ

)︂
H =

[︂
(Kbν + Vbν) +

(︂
KBµ + ˜︁VBµ

)︂]︂
+
(︂
KBa + Vab + Vaµ + ˜︁VAν

)︂ (3.3.10)

which, if the complete expression of all potentials is employed, is still exact: in
principle, the calculation scheme suggested by this form could be employed to
address the full four-body problem15, just as equation (3.3.1) or (3.3.9). If ˜︁VAν

and ˜︁VBµ are approximated to potentials depending only on, respectively, r⃗Aν

and r⃗Bν , the resulting calculation scheme has the same features found from
equation (3.3.9) and additionally the desired simplified form for the transition
potential. Once again, the corresponding solutions for ψα and ψβ do not
coincide with the “exact” ones (namely, the solutions of e.g. the Hamiltonian
Kaµ + Vaµ +KAν + Vaν + Vµν), but this is true for all approximate schemes
discussed here, and the deviation may in fact be less severe in equation (3.3.10)
than in equation (3.3.6) (without adding further corrections), depending on
the choice of the approximate potentials.
13This is required, for instance, in the Fresco code.
14Such prescription is expected to be superior to simply setting VAν(r⃗Aν) to Vaν computed

at the same value for the function variable, Vaν(r⃗aν ≡ r⃗Aν).
15Given a basis of eigenfunctions of the modified “internal” Hamiltonians (the terms within

square brackets in equation (3.3.10)), the physical initial and final states for the system
can be expressed in such basis, and subsequently the transition amplitude for these states
can be computed, using Vab +Vbν + ˜︁VBµ as prior-form transition operator (and similarly
in post form). Of course, there is no advantage in such approach with respect to the
standard one, as long as no further approximations are introduced.
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The second issue involves the coordinates adopted to express the wave-
functions. As mentioned earlier, in the core-core heavy-ion scheme, in equa-
tion (3.3.7), ψα and ψβ are first computed using “v” coordinates, while from
equation (3.3.10) a solution in “y” coordinates is drawn. In order to con-
vert the wave-functions to “t” coordinates (which is very useful in a practical
calculation, see the comment to equation (3.3.2)), a different transformation
is thus required depending on which scheme is employed. However, most
publicly available codes (including Fresco) implement only the Moshinsky
transformation (the one changing from “v” to “t”, see the comment to equa-
tion (3.3.2)). Even in case it is necessary to employ “v” coordinates to con-
struct ψα and ψβ, it still can be useful to substitute equation (3.3.7) with
an adapted “core-composite-like” Hamiltonian, to preserve at least part of its
features. For instance, starting from equation (3.3.10) consider

Hprior
cC/cc =

[︂
Kaµ(r⃗aµ) + Vaµ(r⃗aµ) +KAν(r⃗aν) + ˜︁VAν(r⃗aν)

]︂
+

+KAb(r⃗Ab) + Vab(r⃗ab) + Vbν(r⃗bν) + ˜︁VBµ(r⃗bµ) (3.3.11a)

Hpost
cC/cc =

[︂
Kbν(r⃗bν) + Vbν(r⃗bν) +KBµ(r⃗bµ) + ˜︁VBµ(r⃗bµ)

]︂
+

+KBa(r⃗Ba) + Vab(r⃗ab) + Vaµ(r⃗aµ) + ˜︁VAν(r⃗aν) (3.3.11b)

where ˜︁VAν is here a phenomenological potential depending only on r⃗aν (and
analogously for ˜︁VBµ), while KAν(r⃗aν) = − h̄2

2mAν
∇2

aν , with ∇⃗aν being the
gradient with respect to coordinate r⃗aν , and mAν being the A–ν reduced
mass. Then, similarly to what is done in the calculation scheme suggested
by equation (3.3.7), two sets of single-particle states, φjaµ(r⃗aµ) and φjAν(r⃗aν),
are constructed as the solutions of, respectively, Kaµ(r⃗aµ) + Vaµ(r⃗aµ) and
KAν(r⃗aν)+ ˜︁VAν(r⃗aν). The index j is set to that each product φjaµφjAν has the
same energy eigenvalue. Finally, ψα is written in “v” coordinates as a linear
combination of products φjaµ(r⃗aµ)φjAν(r⃗aν), and converted using the Moshin-
sky transformation.

In this way, the single-particle state for the A–ν motion, φAν(r⃗aν), is com-
puted using the correct kinetic term (that is, the correct reduced mass), even
though later, when constructing ψα, the wave-function is associated to co-
ordinate r⃗aν instead of r⃗Aν . Such approximation is fully justified when a is
much heavier than µ, in which case equations (3.3.7) and (3.3.11) coincide if
the same potentials are employed. For light ions, both calculation schemes
are approximate, but the one derived from equation (3.3.11) is thought to
be more accurate. The approximation on the potentials is not the same as
before, but is similar in spirit. The prior- and post-form Hamiltonians are not
identical due to the choice on the coordinates. Their difference is

Hpost
cC/cc −Hprior

cC/cc = KBµ(r⃗bµ)−KBµ(r⃗Bµ)−KAµ(r⃗aµ) +KAµ(r⃗Aµ) (3.3.12)
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3.3 Two-particle transfer

3.3.2 Second-order (“sequential”) contribution

The two-step contribution to a reaction is connected to processes where the
system, starting from the given initial configuration, is first excited to an in-
termediate state through a one-step (i.e. first-order) process, and then reaches
the desired final state through another one-step process. For each intermedi-
ate state appearing in the model space, the associated transition amplitude
is given by [4, eq. (3.76), (3.77), (3.78)], and the total two-step amplitude is
the coherent sum of all such terms, as in [4, sec. 3.7.3].

In principle, any state within the initial or final partition (but different
from the precise initial and final states under study) would be an eligible
intermediate state for the reaction. However, these “inelastic” excitations
would be better treated through a coupled-channels approach analogous to
those in section 3.2.2, where their coupling can be evaluated to all orders. The
most interesting applications of this formalism regard instead intermediate
states which belong to a third partition, γ, different from both the initial and
final one (α and β).

The presence of the propagator (the Green’s function in [4, eq. (3.64)])
complicates the computation of [4, eq. (3.77)], therefore, from the practical
point of view, it may be more convenient to address the problem solving
explicitly the coupled set of differential equations in [4, eq. (3.59)] (one of the
terms in [4, eq. (3.59c)] is the contribution due to the simultaneous process,
which can be calculated separately)16. This implies the following steps. First,
find the distorted wave χα of the auxiliary potential UA+b for the elastic
scattering in the initial channel. Second, use χα to solve the problem for the
first step of the reaction, for instance the A+ b → A+B process as a direct
transfer of ν, in first-order DWBA, finding explicitly the corresponding wave-
function χγ for the projectile-target motion in the intermediate channel: this is
not simply a distorted wave of an optical potential, as it includes the coupling
from the initial state. Finally, repeat again the same computation scheme and
use χγ as source term to solve the problem for the second step, for instance
A+B → a+B as transfer of µ, again in first-order DWBA. In summary, the
calculation of each contribution to the two-step process is reduced to solving
two one-step problems analogous to the one discussed in section 3.2.1, again
with the complication that both the potentials and the internal-motion states
depend also on the internal coordinate within the transferred system, r⃗µν .

Each step can be solved either in prior or post form (which are distinct
only if initial and final partition in the given step are different), giving rise
to a total of four possible forms: prior-post (i.e. first step in prior, second
step in post), prior-prior, post-post, post-prior. As commented in [4, sec. 3.7],
all forms except prior-post involve a correction, [4, eq. (3.78)], not found in
a standard one-particle transfer calculation, and proportional to the overlap
between the internal-motion states in different partitions, e.g. ⟨ψγ |ψα⟩, which
is not zero because such states are not orthogonal (they belong to two different
16This is the approach adopted in the Fresco code.
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3 Direct transfer nuclear reactions

basis representing different degrees of freedom), hence the name of “non-
orthogonality” terms for such corrections.

Two-body approximation

As in section 3.3.1, it is of interest to approximate the evaluation of the
sequential contribution to a computation including only two-body problems.
For definiteness, let A + b → A + B and A + B → a + B be the first and
second step under study. Regarding the first step, it may be solved in prior
form employing the exact Hamiltonian given in equation (3.3.1a), or in post
form through the equivalent rearrangement

H = [Kaµ + Vaµ] + (KAB + Vab + Vbµ + Vaν + Vµν) + [Kbν + Vbν ] (3.3.13)

Similarly, the prior form for the second step is deduced again from equa-
tion (3.3.13), and the post form using equation (3.3.1b).

Given that the first step involves only the transfer of ν, one may approx-
imate equations (3.3.1a) and (3.3.13) substituting Vab(r⃗ab) + Vbµ(r⃗bµ) with a
potential VAb depending only on r⃗Ab, and similarly Vaν + Vµν with a function
VAν(r⃗Aν), obtaining, for the prior and post forms respectively,

H1st = [Kaµ + Vaµ] + [KAν + VAν ] + (KAb + VAb + Vbν)

H1st = [Kaµ + Vaµ] + (KAB + VAb + VAν) + [Kbν + Vbν ]
(3.3.14)

The Hamiltonian is the same in both forms. Note that, in both forms, the
degree of freedom concerning the a–µ motion is now completely decoupled,
and can be simply ignored. The problem is now formally identical to a single-
particle transfer.

Using the same reasoning for the second step, substitute Vab + Vaν with a
VaB depending only on r⃗aB, and similarly Vbµ+Vµν with a function VBµ(r⃗Bµ),
finding, for the prior and post forms respectively,

H2nd = [Kaµ + Vaµ] + (KAB + VaB + VBµ) + [Kbν + Vbν ]

H2nd = [Kbν + Vbν ] + [KBµ + VBµ] + (KBa + VaB + Vaµ)
(3.3.15)

where the b–ν relative-motion state is irrelevant. Post and prior forms are
equivalent also in this second step, but note that H1st ̸= H2nd, as the ap-
proximation applied in each step is different. This can be sufficient to cause
discrepancies between results computed using each form. In particular, the
potential Vab + Vbµ + Vaν + Vµν appearing in the “transition part” of equa-
tion (3.3.13) (in [4, sec. 3.7] this quantity is written as Wγ −Uγ) is approxim-
ated differently, as VAb + VAν or VaB + VBµ, depending on whether it appears
in the first or second step, thus the expressions in [4, eq. (3.77), (3.78)] may
cease to be equivalent after applying the approximations.

It is also relevant to underline that neither of the approximated Hamilto-
nians considered here coincides with any of the approximated Hamiltonians
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3.3 Two-particle transfer

shown in section 3.3.1 (at least the Vab potential is always treated differently),
thus the approximated computation schemes employed for the two contribu-
tions are in fact not perfectly consistent. Nevertheless, for appropriate choices
of the phenomenological potentials, such inconsistency is expected to be con-
fined within the accuracy of the adopted approximations, and is thus not
critical in the limit where the treatment of each contribution separately is
valid.
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4 The Li6 + p → He3 + α transfer
reaction

Distorted-wave Born approximation (DWBA) calculations and coupled reac-
tion channels (CRC) methods are the most commonly adopted approaches in
the study of transfer reactions. Here, the concepts introduced in chapters 2
and 3 are employed to investigate their application to the Li6 + p → He3 + α

reaction.
Section 4.1 is concerned with the DWBA one-step transfer of the deuteron,

described as an elementary particle, using the approximated expression in
equation (3.2.1) for the transition amplitude. This sort of calculations is very
well established in literature, and has provided results in reasonable agreement
with experimental data in a rather wide range of regimes. It can thus provide
a solid basis to test the appropriateness of the adopted physical ingredients
and the computational limitations, and serve as benchmark for the other
calculations.

In section 4.2, the DWBA calculation is repeated adopting a more complex
structure for the reactants, and in the particular for the internal motion of
the transferred system, which is now described as a generic state of a proton
and a neutron. Such framework allows to exert a greater control over the
clustering strength in reactants, in terms of correlations between the trans-
ferred particles. This was investigated in particular for the Li6 nucleus, whose
ground state within the three-cluster model was studied in greater detail us-
ing the results of existing three-body calculations. The transfer cross-section,
including its energy trend at astrophysical energies, was then explicitly com-
puted as a function of the adopted Li6 wave-function, to study the impact of
clustering phenomena. A preliminary version of the calculations discussed in
sections 4.1 and 4.2 previously appeared in [92].

Finally, section 4.3 presents an attempt to apply the “Greider-Goldberger-
Watson” generalised-distorted-waves scheme (see equation (3.1.31)) on the
deuteron-transfer process. This sort of approach can be a useful tool in the
study of reaction dynamics at low energies, given its capability to include
virtual dynamical excitations to unbound states of the reactants. The applic-
ation to the Li6 + p → He3 + α reaction is also interesting from the technical
perspective, as most existing works employing this method were restricted to
deuteron stripping or pickup reactions (see the discussion in section 3.1.4),
and the current study aims to overcome this boundary. The calculation al-
lowed to identify an improvement over the standard formalism, that appears
to be required in order to obtain an accurate result.

105



4 The Li6 + p → He3 + α transfer reaction

All cross-sections and phase shifts shown in this chapter were computed
using the Fresco code [88]. The practical computation of the transfer cross-
sections is performed solving directly the relevant coupled differential equa-
tions, instead of numerically evaluating the expressions for the reaction amp-
litude introduced in chapter 3. It was shown that the two approaches are
formally equivalent [93].

4.1 DWBA deuteron transfer

The first part of this section, up to section 4.1.2, presents and comments all the
physical ingredients required to compute the cross-section of interest, together
with some details regarding how they were derived. Some of these ingredients
are later employed also in the other transfer calculations reported in this
chapter, and in the Li6 + p barrier penetrability estimation in section 5.2.
The results on the transfer channel are then shown in section 4.1.3.

4.1.1 Optical potentials

The following paragraphs discuss the form of some potentials mainly aimed at
describing the elastic scattering between the particles involved in the transfer
reaction. The projectile-target interactions are employed to construct both
the distorted waves, as discussed in section 3.1.3, and to approximate the
full scattering solution, using the approach reported in section 3.2.1. The
“core-core” potential is the Vab appearing in the transition amplitudes in equa-
tion (3.2.1), and refers to the interaction between reactants deprived of the
transferred system.

Li6 + p projectile-target potential

Most optical potentials existing in literature for Li6 + p elastic scattering
include at most spin-orbit couplings. However, it is not possible to reproduce
the experimental phase-shifts without a component coupling the spins of both
reactants together. Furthermore, no published energy-independent potential
known to the author compares acceptably with elastic scattering cross-section
in the energy range of interest here. For this work, an energy-independent
potential was adjusted to reproduce the most relevant partial waves in the
experimental phase-shifts, namely the s-waves and the p5/2 wave (projectile-
target orbital angular momentum of 1, total angular momentum of 5

2), the
latter showing a resonant trend, attributed to a Be7 level, which is visible also
in the transfer channel (see the discussion later in section 4.1.3). The result
is shown in figure 4.1. Note that the experimental phase-shifts for other
waves are not reproduced, but the adjusted potential introduces no spurious
resonances (namely, resonances with incorrect energy or quantum numbers)
within the region of interest: this is a relevant advantage of this potential with
respect to others tested before. An imaginary component was then added to
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4.1 DWBA deuteron transfer
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Figure 4.1: Points are experimental Li6 + p elastic-scattering phase-shifts,
collected in [94] from earlier experiments. Lines in corresponding colours are
the prediction of the optical potential discussed in section 4.1.1. In the figure
legend, L is the Li6 –p relative orbital angular momentum modulus quantum
number, S the modulus quantum number for the sum of Li6 and p spins, J
the modulus quantum number for the sum of L⃗ and S⃗, and π the parity of
the state.
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4 The Li6 + p → He3 + α transfer reaction

the potential to improve the agreement with elastic-scattering cross-sections
at the relevant energies. The precise form and parameters of this potential
are reported in appendix B.2.

He3 + α projectile-target potential

Different α – He3 potentials are available in literature, either related to scat-
tering [95] or bound state properties [67, 96]. Generic parametrizations, fitted
on the elastic scattering of He3 (or α) on heavy-ion targets at energies above
the Coulomb barrier, are also available. However, all potentials considered
within the present project poorly reproduced the experimental elastic scat-
tering at the energies of interest, and yielded an unsatisfactory description of
the transfer cross-section as well.

The projectile-target optical potential for the final partition adopted in the
present work was created by fitting the experimental elastic scattering differ-
ential cross-sections found in [97, 98], using SFresco [88] (based on Minuit
[99]). The potential included a spin-orbit component and an imaginary sur-
face term. The complete set of parameters is reported in column “α – He3 ”
of table B.2a. For illustration, a sample of the results is shown in figure 4.2.
Attempts to fit the data using a purely real potential, with or without using
phase-shifts in [98] as guide, yielded inferior results. While a visual compar-
ison of datasets in [97] and [98] suggests that some experimental errors are
underestimated, it is apparent that the fitted potential does not describe per-
fectly the data (a similar result is found when attempting to fit phase-shifts,
as only few waves at a time can be reasonably adjusted).

Given the fit complexity and the high number of free parameters, more than
one local minimum in χ2 can be found through the fitting procedure, depend-
ing on the computation specific details. Some of the potentials obtained in
this manner were discarded as they displayed extreme parameter values1. The
remaining candidate potentials yielded similar results regarding the transfer
cross-section, which suggests that the specific choice adopted here does not
influence the conclusions significantly.

The real part of the adopted potential was also employed to check the Be7

bound states it generates, as shown in table 4.1. It is stressed that no explicit
adjusting was performed on these quantities.

α – p core-core potential

[68, eq. 4.3] quotes a real energy-independent α-nucleon potential, found by
fitting scattering phase-shifts. Such potential was also tested here, finding
good qualitative agreement with experimental elastic scattering cross-sections
from [100–108] (in this regard, it should be taken into account that the dif-
ferent datasets do not fully agree with each other). No information about the
Coulomb repulsion term is given in [68], thus, in the present work, the shape

1For instance, a vanishing diffuseness for the spin-orbit component.
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Figure 4.2: Points are the experimental He3 + α elastic-scattering differen-
tial cross-section at a centre-of-mass scattering angle of 90◦, rescaled to the
Rutherford cross-section, as a function of He3 laboratory energy, from [97,
98]. Blue line is the prediction of the fitted optical potential discussed in sec-
tion 4.1.1. Green vertical line is the threshold for the Li6 + p channel.

Table 4.1: Experimental values for the binding energies of Be7 bound states
and the ground-state root-mean-square radius are compared with the predic-
tions of the real part of the He3 +α optical potential discussed in section 4.1.1.

Quantity Experimental He3 + α potential
Be7 g.s. 3/2− BE 1587 keV 2022 keV
Be7 1st 1/2− BE 1158 keV 951 keV
Be7 g.s. rms radius 2.48 fm 2.64 fm
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4 The Li6 + p → He3 + α transfer reaction

in equation (B.2) was assumed, fitting the radius of the uniformly charged
sphere, RC , on experimental cross-sections, using the SFresco code. The
result is reported in table B.2c.

4.1.2 Overlap functions

The description of the ingredients for the DWBA transfer calculation is now
completed by a discussion on the model Hamiltonians for the internal motion
within each nucleus, and the overlap functions for both projectile and tar-
get systems. In fact, within the inert di-cluster model employed here for the
structure, the required physical input is reduced to the potentials between
the transferred system and each core nucleus, since all inter-cluster relative-
motion wave-functions are constructed as appropriate eigenstates of Hamilto-
nians involving these potentials.

⟨︁
α
⃓⃓

Li6 ⟩︁
overlap

The Li6 nucleus is being described here as a bound state between two struc-
tureless clusters, an α particle and a deuteron, hence the

⟨︁
α
⃓⃓

Li6 ⟩︁
overlap

function depends only on the distance between the clusters centre-of-mass:
the normalised wave-function was constructed as detailed in section 5.2.1, us-
ing the binding potential given in [96, eq. (13)] and including both the 2s and
1d components. Most calculations in this chapter adopt a value of −

√
0.05 for

the amplitude of the L = 2 component, c2 in equation (5.2.1): this is similar to
the value which reproduces the experimental magnetic dipole moment, see the
discussion in section 5.2.1. Some calculations employing c2 = −0.0909 (the
value reproducing the electric quadrupole moment) are reported in figure 4.5.

Regarding the spectroscopic factor for the overlap, S, the independent-
particle shell model (in which c2 = 0) would suggest to assign a value of 1
(see section 2.2.2). The Variational Monte Carlo calculation in [2, sec. V.C]
yields a value of S = 0.841 including both L = 0 and 2 components2. In this
calculation, an overall spectroscopic factor of 0.85 was adopted (meaning that
the spectroscopic factor for each specific component is c2LS).

⟨︁
p
⃓⃓

He3 ⟩︁
overlap

Using the same reasoning and notation as in section 4.1.2, the He3 ground
state is described as a p+d bound state with orbital angular momentum L = 0

and zero nodes (“1s”). An L = 2 component (a 1d state) is also admissible.
Both components were constructed using the binding potentials published in

2A spectroscopic factor of 0.85 ± 0.04 is also suggested in [109] through the analysis of
a radiate-capture experiment. However, more recent literature suggests that the result
may be coincidental. In [110] it is stated that the determination in [109] is inaccurate due
to the choice of α–d wave-functions, in particular regarding the number of nodes of the
radial component. In [111] it is similarly argued that, if the analysis of radiative-capture
data through a di-cluster model is of interest, it is most correct to assign a spectroscopic
factor of 1 to the

⟨︁
αd

⃓⃓
Li6 ⟩︁

overlap.
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4.1 DWBA deuteron transfer

[61, tab. VIII] and reported in table B.2b, under the columns “p – d (L = 0)”
and “(L = 2)” respectively. These potentials were fitted in order to reproduce
the

⟨︁
p
⃓⃓

He3 ⟩︁
overlap functions calculated through the Green’s function Monte

Carlo method, and at the same time to provide the correct binding energy
for the system, and thus the correct asymptotic form for the corresponding
solutions. [61, tab. IV] also lists the spectroscopic factors found within the
same calculation for each component, 1.31 and 0.0221 respectively, which are
adopted here3. The total spectroscopic factor is slightly smaller than the
value found within the independent-particle shell model, 1.5, and is similar
to the values found in past literature using different models, see for instance
[112, sec. IV.A] and references therein. For comparison, very similar results
are found for the Li6 + p → He3 + α cross-section employing instead the
overlap function (including the interaction potential and spectroscopic factor)
from [112].

It is pointed out that these overlaps functions have slightly higher root-
mean-square extensions drms than would be expected within the cluster model.
Restricting to the L = 0 component for simplicity, the overlap from [61]
has drms = 2.79 fm, which, adopting experimental values in table B.1 for
each cluster rms charge radius and using equation (2.3.66), corresponds to an
He3 rms charge radius of 2.20 fm, against the experimental value in [69] of
(1.966 ± 0.003) fm. For comparison, an rms inter-cluster distance of drms =

2.07 fm would be required in order to reproduce the experimental He3 radius.

4.1.3 Transfer cross-section

The ingredients discussed earlier in this section are here employed to estimate
the non-polarised angle-integrated cross-section of the Li6 +p → He3 +α reac-
tion described as the transfer of a structureless deuteron in DWBA. Figure 4.3
shows both the computed astrophysical factors and a selection of experimental
data for comparison. The results may be contrasted, for instance, with more
microscopic calculations in [3, 8, 11]. To this end, note that, in this chapter,
cross-sections obtained from direct fixed-target experiments are always shown
corrected by the expected adiabatic-limit atomic screening (see section 1.2).
As in the quoted earlier work, the predicted cross-section overestimates bare-
nucleus data at low energies, while (see in particular [3, fig. 8]) the resonance
at about 1.5MeV above the Li6 + p threshold is not reproduced. However,
the calculation predicts the correct order of magnitude for the astrophysical
factor trough the whole energy range, suggesting that the physical ingredients
of the calculation are at least qualitatively appropriate.

3The relative phase between the L = 0 and 2 components is discussed explicitly in [2,
sec. V.A], and may be inferred visually from [61, fig. 7] (which refers to

⟨︁
d
⃓⃓

H3 ⟩︁
).
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Figure 4.3: Points are experimental Li6 + p → He3 + α bare-nucleus astro-
physical factors, from [30] (black circles), [31] (orange squares), [7] (green dia-
monds). Data from direct measurements was rescaled by the atomic adiabatic-
limit screening enhancement factor as in figure 1.7. For readability, only a
selection of data is shown. Brown dashed line is DWBA deuteron transfer
calculation where both Li6 and He3 are spherical. Blue solid line is the same
calculation including a deformed component for both nuclei, as detailed in
section 4.1.2.
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4.1 DWBA deuteron transfer

The Be7 5/2− resonance

The peak in the data at about 1.5MeV is associated in literature (see e.g. [37])
to the Be7 5/2− level at an excitation energy of about 7.2MeV, manifesting in
the p-wave (i.e. projectile-target angular momentum of 1) Li6 + p scattering4.
Note that, in the He3 –α channel, a 5/2− level necessarily correspond to a
projectile-target orbital angular momentum of 3. To observe such resonance
in a calculation, it is thus necessary that the model includes a mechanism
not conserving projectile-target orbital angular momentum. All calculations
shown here are such that the total orbital angular momentum (sum of the
projectile-target and inter-cluster orbital momenta) is conserved during the
reaction. As a consequence, if both projectile and target have a spherical
structure (inter-cluster orbital momentum zero) the sought resonance cannot
be populated. Figure 4.3 shows two calculations, considering respectively
spherical (brown crosses) and deformed (blue solid line) reactants. Each of
these astrophysical factors is expanded in partial waves in the two panels in
figure 4.4. In accordance with the considerations made above, the calculation
involving spherical nuclei gives no outgoing cross-section through the p5/2
wave in the Li6 –p channel, while the other case displays such contribution,
albeit small, approximately at the correct energy. Another component which
is allowed when reactants are deformed is the s3/2 wave in the Li6 –p channel
(which translates to an orbital angular momentum of 2 between He3 and α).
However, it is interesting to note that the total s-wave cross-section, which is
the dominant component at low energies, remains essentially unaltered in both
calculations, thus the astrophysical region is not affected by this difference.

It is also relevant to stress that the lack of a clearly visible peak in the
excitation function is ultimately connected to the choice on the adopted in-
teractions, rather than an intrinsic limitation of the structure model (once
deformations are introduced). In particular, the potentials employed in this
work are mainly focused on describing the sub-Coulomb energy range without
introducing spurious resonances, and not on reproducing accurately the re-
gion relevant for the peak. To understand to what extent better agreement in
the resonant region is possible, an alternative He3 –α potential was generated
adjusting it on the elastic scattering phase-shifts involving the resonant waves
(f5/2 and f7/2), degrading at the same time the agreement with the total
elastic cross-section. It was not possible to obtain agreement with all experi-
mental phase-shifts using, for all waves, a single energy-independent potential
with only spin-orbit coupling5. The results on the transfer calculation ob-

4There is another, much broader 5/2− level in the Be7 spectrum at about 6.7MeV of excit-
ation energy, which is instead visible in the He3 –α elastic scattering (see e.g. figure 4.2),
together with a 7/2− level which is however about 1MeV below the Li6 +p threshold.

5Adding an explicit dependence of the potential on angular momentum is an effective way
to add non-central components, which pose computational difficulties in the transfer
calculation, see the discussion later in this section. Limiting the potentials to standard
spin-orbit components appeared as a good compromise between keeping the numer-
ical approximations under control and providing the desired properties for the distorted
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Figure 4.4: Upper panel: partial-wave decomposition for the astrophysical
factor for spherical reactants in figure 4.3. Each line represents the contribu-
tion of a partial wave in the Li6 +p channel as per the legend (“s” and “p”
refer to a projectile-target orbital angular momentum of 0 or 1, the subscript
number is the total angular momentum). Bottom panel: same for the case of
deformed reactants (brown dashed line in figure 4.3).
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Figure 4.5: Points are the same in figure 4.3 (legend suppressed for readab-
ility): direct data was rescaled as in figure 1.7. Turquoise solid line is the
same calculation as the blue solid line in figure 4.3 but with a smaller de-
formed component for Li6 . Orange dashed line is the same calculation as the
turquoise solid line but with a different He3 –α potential, see text or details.
Indigo dotted and brown dot-dashed lines are the same as, respectively, tur-
quoise solid and orange dashed lines, but removing all imaginary parts from
all potentials.

tained using this potential and the other one presented in section 4.1.1 (fitted
on elastic cross-sections) are compared in figure 4.5, assigning the more mod-
est Li6 deformation suggested by reproducing the electric quadrupole moment
(c2 ≈ −0.091, see the discussion in section 5.2.1). If the same deformation
adopted in figure 4.3 is instead employed, the resonant contribution is en-
hanced in all calculations, but the qualitative conclusions remain unaltered.
From figure 4.5 (brown dot-dashed line), it can be seen that a prominent
structure is found using the He3 –α interaction fitted on phase-shifts and in-
cluding only the real parts of all projectile-target potentials (also for Li6 –p).
This structure peaks at about the experimental resonance energy and has the
expected quantum numbers, as found by performing a partial-wave expansion
(analogous to the one in figure 4.4). If the calculation is rescaled by an appro-
priate constant, a qualitatively reasonable energy trend is found throughout
the energy range under study. However, the computed absolute cross-section

waves.
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4 The Li6 + p → He3 + α transfer reaction

overestimates the data at all energies. The issue is not solved by adding ima-
ginary components to the projectile-target optical potentials (orange dashed
line in fig. 4.5), as these tend to primarily erode the resonant contribution to
the cross-section. As commented previously, a similar resonant structure is
found also using the potentials already employed in figures 4.3 and 4.4 (tur-
quoise solid line in fig. 4.5), but its magnitude is much more modest, even
after removing all imaginary components (indigo dotted line in fig. 4.5). At
the same time, the calculations using the He3 –α potential discussed in sec-
tion 4.1.1 compare better with experimental cross-sections regarding both the
elastic scattering (on which the potential was fitted) and the transfer channel.

Finally, it can be important to consider that the breakup channel, Li6 +p →
α + d + p, is already open at the resonance energy, thus an explicit coupling
to this channel could be useful to describe the transfer cross-section, as was
suggested in [113]. More in general, the system may achieve the change in
projectile-target orbital angular momentum (required to populate the reson-
ance) passing through an excited state, rather than by virtue of the ground-
state deformed components studied here. See also the preliminary results in
section 4.3 on this topic.

Non-central optical potentials and prior-post equivalence

When performing the couplings inducing transfer processes, the Fresco code
neglects all non-central terms (in particular spin-orbit, spin-spin, and tensor)
in the core-core and projectile-target optical potentials (precisely, those ap-
pearing in the remnant term). This originates from the necessity of performing
a coordinate change to practically compute the cross-sections, which is par-
ticularly difficult to implement for non-central terms. Such terms are however
accounted for correctly when computing standard distorted waves, as this re-
quires no coordinate change (wave-function and potential refer to the same
partition), allowing to construct more rich and realistic wave-functions. One
may rely on a partial cancellation between non-central terms in the projectile-
target and core-core potential, to argue that the calculation is still reasonably
accurate. However, the cancellation cannot be exact, and in general does not
take place to the same degree in both prior and post forms. This implies that,
whenever non-central optical potentials are introduced, the results will not be
identical in prior and post (as would be otherwise expected, see section 3.2.1),
and that one form yields more accurate cross-sections.

It may be assumed that the cancellation between non-central components in
the projectile-target and core-core potential is greater when these components
bear a more similar form (each with respect to its own coordinates). On this
basis, the calculation shown in figure 4.3 was performed in post form, since
only the Li6 + p potential has a spin-spin component. It was also tested that,
if the Li6 + p potential is set to include only spin-orbit terms, the prior-post
agreement is significantly improved. As expected, there is practically perfect
agreement between the two forms when only central potentials are employed.
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4.2 DWBA p + n transfer

4.2 DWBA p + n transfer

As done in section 4.1, this section opens with a presentation and discus-
sion of the physical ingredients required to perform the DWBA two-nucleon
transfer calculation of the Li6 + p → He3 + α reaction, while the result-
ing cross-sections are shown in section 4.2.3. Section 4.2.1 lists the adopted
potentials and covers the construction of all single-nucleon bound-states of
interest, which are later employed in section 4.2.2 to generate three-particle
wave-functions for both He3 and Li6 .

For consistency, the calculation was performed employing the same ingredi-
ents as in the deuteron transfer case, where possible. In particular, the Li6 –p
and He3 –α projectile-target optical potentials and the α–p core-core inter-
action (employed in the simultaneous calculation) are the same adopted in
section 4.1. Other instances are discussed in detail below.

4.2.1 Single-nucleon states

In this work, the two-nucleon-transfer calculations are performed using the
“two-body” approximations discussed in section 3.3, and in particular the
“core-composite” scheme in section 3.3.1 for the simultaneous term. This in-
volves, for each reactant, the definition of bound states for the motion between
only one nucleon and the core, to form an intermediate partition, and similarly
of bound states for the motion between the second nucleon and the intermedi-
ate system. The adopted “single-nucleon” wave-functions are described here.
The first parts of this section focus on the simultaneous calculation, while the
last paragraph discusses the ingredients and the considerations relevant for
the sequential contribution.

Since the two transferred nucleons are not identical, there are two pos-
sible intermediate partitions for the system, Li5 + d and He5 + He2 . In the
simultaneous calculation, it is however always sufficient to consider only one
partition. For instance, in the construction of the Li6 wave-function, the
choice on the adopted intermediate partition amounts to choosing between
the Hamiltonian in equation (3.3.1a) and the one obtained swapping µ and ν
in the expression: the system can be fully described through a set of solutions
of either Hamiltonian. The intermediate partition to use is consequently se-
lected as the most appropriate in light of the further approximations involved
in the calculation, in particular considering that only a very small number of
intermediate states is included in the formalism. In the present case, there is
little difference between the Li5 and He5 structure, thus the Li5 + d partition
was employed, given the advantage in treating internal states and interac-
tions involving a deuteron rather than a di-proton. In practice, the overlap
involved in the simultaneous contribution is here constructed assuming that
the core, the transferred system and the composite nucleus all have definite
isospin modulus T . In particular, α and Li6 are assigned T = 0, so that the
transferred system has T = 0 as well, and He3 has T = 1/2.
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4 The Li6 + p → He3 + α transfer reaction

He3 system

The three-particle wave-function for He3 ground state is constructed taking
into account the configuration suggested by the independent-particle shell
model. Thus, the internal motion of the d intermediate system is constructed
as the 1s (orbital angular momentum zero and no nodes) bound state of a
phenomenological central potential obtained from the Fr2in code [114], whose
parameters are listed in table B.2b. Since the two-body “core-composite”
approximation discussed in section 3.3.1 is being employed, a d–p single-
particle 1s state is additionally defined as the spherical component of the
overlap function discussed in section 4.1.2, while the 1d component was here
neglected for simplicity.

Note that it is not necessary to consider a state with isospin T = 1 for the
intermediate system d. From the considerations above, the overlap

⟨︁
α
⃓⃓

Li6 ⟩︁
is a wave-function for the d state including only a T = 0 component. Since
the simultaneous transfer is a one-step process and conserves the transferred
system state, the He3 wave-function is thus truncated so that

⟨︁
p
⃓⃓

He3 ⟩︁
in-

cludes only a T = 0 state as well. This in turn implies that the overlap⟨︁
d(T = 1)

⃓⃓
He3 ⟩︁

is zero for the truncated state.

Li6 system

In both possible intermediate partitions, the residual of Li6 is unbound. At
present, for simplicity, the Li5 is described through fictitious bound states,
with binding energy equal to a fraction of the Q-value for α + p + n → Li6 ,
which is 3.70MeV. Some test was performed to check the impact of the
chosen intermediate nucleus binding energy on the results. The differences,
for not-too-extreme choices, were small. Keeping also into account the way
the single-nucleon state is treated in the simultaneous calculation (the Li5 + n
state actually represents the α + n motion), in the calculations shown here
the Li5 was thus assigned half of the aforementioned Q-value.

The adopted α–p potential was the same mentioned in section 4.1.1, but
with the volume term depth adjusted to reproduce the desired binding energy.
For the Li5 –n, again the same potential was employed, additionally rescaling
all radii by (6/5)1/3 to empirically account for the different size of the system.
The parameters of the potential are listed in table B.2c.

Several distinct single-nucleon states were considered for both α + p and
Li5 + n systems. This allows to build a more realistic wave-function for
Li6 . In a shell-model picture, the two transferred nucleons on top of the α

core may be found in several shells: in this work, the 1p3/2, 1p1/2 and 2s1/2
shells were considered (with “1p” referring to the lowest shell with the desired
angular momentum, and so on). Correspondingly, three states for Li5 were
constructed, bearing the same binding energy, and a spin-parity of 3/2−, 1/2−
and 1/2+ respectively. The radial parts of the corresponding relative-motion
wave-functions are shown in figure 4.6. As can be seen, the difference between
corresponding α+ p and Li5 + n states is very small, as well as the difference
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Figure 4.6: Single-nucleon reduced radial wave-functions for the Li6 system.
Each line represents a α + p or Li5 + n. In legend, the first number between
parenthesis is the number of nodes plus 1, “s” and “p” refer to a relative
orbital angular momentum, li, of 0 or 1, and the final number is the modulus
of the sum of li and the nucleon spin.

between the radial parts of 1p3/2 and 1p1/2 states. The 2s1/2 wave-function
instead has a distinct shape.

Use of the single-nucleon wave-functions in the sequential calculation

Let X(Jπ) be a state of nucleus X with spin-parity Jπ. In principle, the
calculation of the sequential process requires the knowledge of all possible
overlap functions involving both projectile and target, for instance all the
possible

⟨︁
α(0+)Φ

p
J

⃓⃓
Li5 (Jπ)

⟩︁
and

⟨︂
Li5 (Jπ)Φ

n
j

⃓⃓⃓
Li6 (1+)

⟩︂
, where Φ is defined

as in equation (2.2.1), having omitted the index Tx = 1/2 (see also eq. (2.2.8)).
This also includes the information on the associated spectroscopic amplitudes,
which for definiteness are here denoted as Ap

0J and An
Jj respectively.

In an exact treatment, all ingredients required for the sequential calculation
could be deduced from the full four-particle Hamiltonian, see section 3.3.2).
For all intermediate partitions and states of interest, the overlap functions ap-
pearing in each transfer step would be computed explicitly by projecting the
full three-particle wave-functions. Even within such exact framework, the set
of intermediate states to include in the calculation is not uniquely determined
and has to be supplied as part of the model (see again the discussion in sec-
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4 The Li6 + p → He3 + α transfer reaction

tion 3.3.2). Furthermore, in practice all sequential calculations are performed
under the two-body approximations discussed in section 3.3.2.

In this work, as often done in literature (e.g. in [87, 115], see also the
implementation in the Fr2in code [114]), the intermediates states considered
in the sequential process are defined in terms of the single-nucleon wave-
functions already adopted in the simultaneous calculation. For instance, since
the Li6 three-particle wave-function was constructed including a 3/2−, a 1/2−

and a 1/2+ state for the α–p system, the same states are included for the
intermediate Li5 nucleus in the sequential calculation, assigning for the inter-
cluster motion in each intermediate (α–p) and final ( Li5 –n) state (i.e. the
normalised overlap functions) the same wave-functions in figure 4.6. Similarly,
since the He3 three-particle wave-function for the simultaneous calculation
was constructed including only a T = 0 state for the intermediate d system
(see the discussion earlier in this section), the same choice is made in the
sequential calculation. The sequential transfer path featuring an intermediate
He2 system (which has necessarily T = 1) is excluded.
Regarding the spectroscopic amplitudes, for the purpose of computing the

sequential transfer cross section within the two-step DWBA formalism, it is
not necessary to compute all Ap

0J and An
Jj separately. Rather, it is sufficient

to just fix the product Ap
0JA

n
Jj for each possible “path” in the sequential pro-

cess, that is, each possible value6 of J , π and j. Consistently with the way
the overlap functions themselves were chosen, these were fixed in terms of the
weights and amplitudes employed in the simultaneous calculation, as follows.
For each possible J , π and j, let Ad

0(Jj) be the spectroscopic amplitude for

the
⟨︂
α(0+)

(︂
Φ

p
J Φ

n
j

)︂ ⃓⃓⃓
Li6 (1+)

⟩︂
overlap, where the state of the valence two-

nucleon system is given by the product of the two one-nucleon wave-functions
under consideration. Ad

0(Jj) is expressed as the amplitude of the configuration
of interest within the three-particle wave-function employed in the simultan-
eous (for instance the values displayed later in table 4.3a), multiplied by the
square-root of the total spectroscopic factor of the

⟨︁
α(0+)

⃓⃓
Li6 (1+)

⟩︁
overlap,

which is taken to be same employed in the one-particle transfer calculation,
see section 4.1.2. The relation between Ap

0JA
n
Jj and Ad

0(Jj) is then assumed to
be the same holding within the independent-particle shell model7. In partic-
ular, from the calculations performed in section 2.2.2 it can be seen that, for
each possible transfer path, it is simply Ap

0JA
n
Jj = Ad

0(Jj), and the same holds
for the He3 overlaps of interest8. The spectroscopic amplitudes computed
in this manner were compared with those found through variational Monte
Carlo (VMC) calculations, reported in [116], for negative-parity He5 states9:

6In general, there may also be several states with equal J , π and j, to be distinguished by
an additional quantum number, see for example equation (2.2.9).

7The absolute value of the amplitudes computed using the independent-particle shell model
is not adopted directly in the calculation, as it is not deemed to be sufficiently accurate.

8The result is instead different when considering the ⟨p | t⟩ overlap, thus in (p, t) transfer
calculations the amplitudes for the sequential term carry an extra factor.

9The He5 and Li5 are expected to display similar properties. No
⟨︁

He5 (1/2+)
⃓⃓

Li6 (1+)
⟩︁
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4.2 DWBA p + n transfer

excellent agreement is found for the sum of all spectroscopic factors, support-
ing the appropriateness of the choice on the overall weights. The values of
the single amplitudes instead show some difference, but this may be due to a
difference in the adopted Li6 state.

Finally, the computation of the sequential contribution, within the present
formalism, requires the definition of additional phenomenological potentials,
whose parameters are given in tables B.2a and B.2c. The Li5 –p core-core
potential, required for the first sequential step, is taken from a generic para-
metrisation in [117]. The d– Li5 projectile-target optical potential (for the
second step of the sequential transfer) is taken from a generic parametrisa-
tion in [118]. The d–α potential, representing the core-core interaction in the
second sequential step, is taken to be the same discussed in section 5.2.1, but
with the depth of the volume term rescaled to match the potential in [119] at
zero distance (whose numerical value is given in [96, fig. 2]).

4.2.2 Three-particle wave-functions

Starting from the single-particle wave-functions described in section 4.2.1,
three-particle wave-functions to be employed in the simultaneous calculation
are constructed as discussed in section 3.3.1, in particular using the scheme in
equation (3.3.11) with the phenomenological potentials already listed earlier in
this section. The wave-function is then expressed in “t” coordinates, namely
in terms of the internal motion within the transferred system and relative
motion between core and centre-of-mass of the transferred system, using the
Moshinsky transformation [89].

Single-particle and t-coordinates basis

Note that there is not a one-to-one mapping between the angular components
in “t” coordinates and in the single-particle basis. Let the vectors l⃗1 and
l⃗2 represent the orbital angular momenta (or the corresponding operators)
between the core of a nucleus (here, α or p) and valence particle “1” or “2”
(here, proton or neutron). Also let L⃗ = l⃗1 + l⃗2. Additionally, let s⃗1 and s⃗2 be
the spins of each transferred particle, and j⃗i = s⃗i + l⃗i. The total transferred
angular momentum, j⃗, is thus j⃗1+j⃗2. Any single-particle state is characterised
by the modulus quantum numbers li, si, ji. In “t” coordinates, similarly let l⃗
be the relative orbital angular momentum between the transferred particles,
L⃗ the core-transferred orbital angular momentum, S⃗ = s⃗1+ s⃗2 (the “intrinsic”
spin of the transferred system) and J⃗x = l⃗+S⃗ (the total spin of the transferred
system). The total orbital angular momentum is certainly the same in both
cases, l⃗ + L⃗ = L⃗, and similarly j⃗ = S⃗ + L⃗, but the components can differ.
For instance, for He3 , the single-particle states were constructed with l1 =

l2 = L = 0, but the corresponding three-particle state for He3 includes both

overlap is reported in [116], thus the transfer path involving Li5 (1/2+) could not be
compared.
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4 The Li6 + p → He3 + α transfer reaction

a component with quantum numbers l = L = 0, another small one with
l = L = 2, and in principle infinitely many others10. In the calculations
shown here, all wave-functions were truncated to components with l ≤ 2. In
a test calculation where all terms with l ≤ 4 were included, the cross-sections
did not change appreciably.

A similar issue arises regarding the radial components in the two coordin-
ate systems. More specifically, the Moshinsky transformation is performed
expanding the complete three-particle state in an harmonic oscillator basis,
truncating the expansion to a finite number of terms, and then transform-
ing each single term. In the figures shown in this thesis, the wave-functions
space in t coordinates was truncated to a maximum distance between the two
transferred nucleons of 28 fm, and further discretised so that, for each angular
component (definite values of l, L, S, etc.), the adopted harmonic oscillator
truncated basis included about 28 elements11. Additional preliminary calcula-
tions showed that a moderate variation in the precise values of the computed
cross-sections is found when including about 140 harmonic oscillator basis
elements for each angular component12. However, the conclusions discussed
in this work are not affected by these numerical details.

He3 system

Table 4.2 shows the decomposition in “t”-coordinates angular components of
the Moshinsky-transformed He3 three-particle wave-function. As mentioned
earlier in this section, the complete state is in fact constructed as the com-
bination of a wide number of components, thus the table only includes the
overall norm of each radial wave-function13. It can be seen that the trans-
formed wave-function has a total norm of about 0.964: the missing norm is
connected to the truncation of the space mentioned earlier in this section. The
transformed wave-function is not rescaled to fix the total norm to 1: doing
so would amount to merely rescale the cross-section by a factor. Rather, it
is expected that including the missing components would cause only a small
change, and not necessarily an increase, in the reaction cross-section. Con-
sequently, it appears to be a better approximation to simply neglect the norm
associated with the discarded components.

10Odd values of l are not allowed in this specific case. Given the simple shell-model structure
adopted for He3 single-particles states (both transferred nucleons are found only in the
1s1/2 shell), as commented in section 2.2.2, if the transferred system has total isospin
0, then j must be 1. Given that L = 0, this implies S = 1. Anti-symmetrisation of the
transferred system state then imposes l to be even.

11Components whose contribution in norm falls below a given threshold are discarded, thus
the number of basis elements is not exactly the same for all wave-functions. Also note
that, in the Fresco code, the integration over the distance between the two transferred
particles is performed using Gaussian quadrature [88, sec. 5.3.2].

12Further increase of the number of basis elements, up to about 560 elements for each
angular component, did not cause any appreciable difference in the results.

13The amplitude assigned to each single component is the one obtained applying the Mosh-
insky transformation [89] as implemented in the Fresco code [88].
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4.2 DWBA p + n transfer

Table 4.2: Decomposition of the Moshinsky-transformed p + n + p three-
particle wave-function (in “t” coordinates) employed to describe the ground
state of He3 . Each row lists the total norm of all components with definite
quantum numbers l, S, Jx, L (notation as in section 4.2.2).

l S Jx L Norm [10−2]
0 1 1 0 94.28
2 1 1 2 0.4327
2 1 2 2 0.7212
2 1 3 2 1.010

Finally, when calculating the transfer cross-section, the wave-function will
be assigned an overall spectroscopic factor of 1.31, the same value employed
for the spherical component of He3 in the transfer of a structureless deuteron,
see section 4.1.2. Such factor is not included in section 4.2.2 or figure 4.7.

Figure 4.7 shows the radial probability density function (square-modulus of
the wave-function integrated over all angular components) associated to the
computed He3 wave-function. Let r⃗NN be the distance between the trans-
ferred nucleons, and R⃗ct the distance between core and centre-of-mass of the
transferred system. In general, configurations with rNN significantly greater
than Rct represent “cigar-like” structures, with the two nucleons found in
anti-correlation. Conversely, the region with rNN < Rct (or, even better,
a structure with rNN approximately fixed and Rct running through a wide
range) corresponds to correlated, or “clustered”, components. Finally, con-
figurations in which each particle is equally distant from the other two lie on
the red solid line in figure 4.7. Qualitatively, He3 dominant configurations
are expected to resemble an equilateral triangle, apart from deformations due
to the different electric charge and the nucleons spin projection. The result
found here agrees with this expectation.

The root-mean-square charge radius of the system can be evaluated through
equation (2.3.67). Using for simplicity only the l = L = 0 component of the
wave-function (which incorporates most of the wave-function norm), the value
of 2.16 fm was found. This is slightly smaller than the di-cluster prediction
given in section 4.1.2, but still 10% bigger than the experimental value.

Li6 system

Since several single-particle states were defined for Li6 , the total wave-function
will be a combination of all products of α + p and Li5 + n states coupling
to the desired total angular momentum and parity. In particular, only single-
particle states with equal parity can be paired. For instance, there will be
a component where the α + p system occupies the 1p3/2 state and Li5 + n
occupies the 1p1/2 state, which for brevity will be denoted as “1p3/2 × 1p1/2”;
similarly, a 1p3/2 × 1p3/2 component is allowed, and so on, but no term such
as 1p1/2 × 2s1/2 is possible.
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Figure 4.7: Contour plot of the reduced radial probability function for the
p+n+p state constructed as described in text. The x-axis is the distance
between the transferred nucleons, the y-axis is the distance between core and
centre-of-mass of the transferred system (Rct in text). The lines follow the
equations given in the legend.

The weights to be assigned to each product of single-particle wave-functions
were deduced by comparing with the results of a three-body calculation in [68],
performed using the potential in [120] for the nucleon-nucleon interaction.
Note that the α–nucleon interaction adopted in [68] is the same employed
here to construct the single-particle states involving the Li6 (see again sec-
tion 4.2.114). Hence, by additionally adopting the same weights, it is expected
that the calculated three-particle state will be consistent to some extent. [68,
tab. 2] (in particular under the column “dTS”) lists the norms of interest here,
each associated to a component with (using the notation presented in the first
part of this subsection) fixed l1, l2, L and S. These weights were then conver-
ted to the required weight for each product of specific single-particle states,
in jj coupling scheme, using the analogous of equation (A.10) (see below for
more details).

Note that the three components involving a single-particle state occupying
a d shell (l1 or l2 equal to 2) appearing in [68, tab. 2] are discarded here,
as it would not be possible to include them consistently in the sequential

14Furthermore, as mentioned at the beginning of section 4.2, the same potential is also used
as core-core interaction in the simultaneous transfer.
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calculation without also adding all other possible d-shell components. Finally,
since the present calculation is performed assuming that Li6 is found in a
state with definite isospin modulus T equal to 0, the T = 1 component in
[68, tab. 2] (l1 = l2 = L = S = 1) was discarded as well15. The remaining
components of the Li6 state, adopted here, comprise a total norm of 0.936.
These components were not rescaled to fix the total norm, with the same
rationale applying regarding the Moshinsky-transformed wave-function (see
the discussion on He3 earlier in this section).

In order to perform the conversion from the “LS” basis adopted in [68,
tab. 2] and the “jj” one required here, it is necessary to know not only the
absolute weight of each component, but also its sign. However, the data in-
cluded in [68] are not sufficient for extracting all phases in a straightforward
manner16. To find a set of reasonable signs, the weight of each component was
compared with those given by a three-body calculation in Hyperspherical Har-
monics formalism [121], which appears to be in good agreement with the one
in [68], meaning that, with an appropriate choice of signs, they predict very
similar norms for each component17. The signed amplitudes in jj basis adop-
ted in this work are reported in table 4.3a. Table 4.3b lists the corresponding
weights in t coordinates for the Moshinsky-transformed wave-function, which
has a total norm of 0.873, to be compared with the initial value of 0.936 (the
same considerations made earlier for He3 apply here). When calculating the
transfer cross-section, the wave-function will be additionally assigned an over-
all spectroscopic factor of 0.85 (not included here), the same value employed
in the transfer of a structureless deuteron, see section 4.1.2.

Figure 4.8 shows the the radial probability density (pdf) function associated
to the Li6 wave-function computed in this manner. In order to show the role
of the s-shell component on the result, the same figure includes the probability
density function obtained inverting the sign of such component. The impact of
all other components is not visually distinguishable in the probability density
function. The Li6 radial pdf shows two peaks. As commented earlier, one
peak may be associated to clustered configurations, where the two transferred
nucleons are more strongly correlated in space, while the other can on the
contrary be connected to “cigar-like” configurations. The tail behaviour of
both peaks is different for each Li6 state considered in figure 4.8. The choice
of signs yielding the best agreement with three-body calculations, which is

15It is interesting to note that, of the remaining p-shell components, all but the L = 0 one are
either small or do not contribute to the simultaneous transfer, thus a good account of the
simultaneous calculation could be obtained restricting to the L = 0 p-shell component
and the s-shell one. However, such approximation is not performed here.

16These could be found, for instance, by comparison of the radial components of the three-
particle wave-function computed here (for each possible choice of signs) and in the ori-
ginal work.

17Except for the relative importance of p- and s-shells. The sign of the 2s1/2 × 2s1/2
component was thus fixed comparing the radial probability density function of the present
calculation and of [121], which suggested to pick the sign generating a stronger clustered
configuration.
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4 The Li6 + p → He3 + α transfer reaction

Table 4.3: Weights of the components of the α + p + n three-particle wave-
function employed to describe the ground state of Li6 , deduced from [68,
tab. 2] as detailed in text.

(a) Each row refers to a pair of single-particle states in “jj” angular momentum
coupling scheme, as specified in the first two columns, marking the proton and
neutron state respectively. The last column is the amplitude associated to the
corresponding component of the Li6 wave-function.

p shell n shell Amplitude
1p3/2 1p3/2 0.7482

1p3/2 1p1/2 −0.4044

1p1/2 1p3/2 0.4044

1p1/2 1p1/2 −0.1228

2s1/2 2s1/2 −0.1843

(b) Each row lists the total norm of all components of the Moshinsky-
transformed wave-function (in “t” coordinates) with definite quantum num-
bers l, S, Jx, L (notation as in section 4.2.2).

l S Jx L Norm [10−2]
0 1 1 0 78.13
0 1 1 2 0.1774
1 0 1 1 5.027
2 1 1 0 0.1774
2 1 1 2 1.075
2 1 2 2 1.415
2 1 3 2 1.262

126



4.2 DWBA p + n transfer

0 2 4 6 8 10

 [fm]NNr

1

2

3

4

5

6
 [f

m
]

ct
R

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

=0+1-2)-2s
t

], 1p(L-2+n+p [fmαRadial pdf 

nn = rctR

nn/2 * r3 = ctR

0 2 4 6 8 10

 [fm]NNr

1

2

3

4

5

6 [f
m

]
ct

R

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

=0+1-2)+2s
t

], 1p(L-2+n+p [fmαRadial pdf 

nn = rctR

nn/2 * r3 = ctR

Figure 4.8: Same as figure 4.7 for the Li6 three-particle system. Upper panel
corresponds to the state constructed using the amplitudes given in table 4.3a
(namely with the choice of relative signs yielding the best agreement with
three-body calculations, see text for details). Lower panel shows for com-
parison the opposite choice on the sign of the 2s1/2 × 2s1/2 component. In
the figure titles, “2s” and “1p” refer to the two single-particle shells under
consideration, “Lt” is L (notation as in section 4.2.2), and the signs mark the
relative phases adopted for each component of the wave-function.
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4 The Li6 + p → He3 + α transfer reaction

thought to represent a more realistic description of the system, is the one
favouring the clustered peak (top panel in fig. 4.8). The qualitative situation
is similar to the one found when computing wave-functions related to two-
neutron overlaps, for instance in [83].

Considering only the l = L = 0 component for simplicity, a root-mean-
square charge radius of 2.35 fm was found for both wave-functions shown in
figure 4.8. This is 9% smaller than the experimental value in table B.1 (com-
pare also with the value found from the di-cluster model in section 5.2.1).
In order to evaluate the electric quadrupole moment, it is instead necessary
to include all angular components. Additionally, since the wave-function in
use mimics the one in [68], which cannot reproduce the quadrupole moment
(which is standard for three-body models of Li6 , see [10]), there is no reason
to expect a better result here.

4.2.3 Transfer cross-section

Figure 4.9 presents the computed astrophysical factors for the Li6 +p → He3 +

α reaction described as a two-nucleon transfer process, which are commented
in detail in the following paragraphs. Similarly to what was found in the
deuteron-transfer case, the predicted absolute value for the cross-sections is
approximately of the correct order of magnitude throughout the energy range
under study, but the experimental cross-sections are not reliably reproduced.

Role of 2s shell on the cross-section

Even though a reasonable assignment for all weights and phases in the com-
ponents of the Li6 wave-function was found in section 4.2.2, it is interesting to
consider alternative choices, as a mean to study the impact of each compon-
ent on the final result. Figure 4.9 compares the calculations performed using
either of the two Li6 wave-functions whose probability density function is re-
ported in figure 4.8. While the results are qualitatively similar in both cases,
it can be seen that the Li6 featuring a longer “clustered” tail (upper panel in
fig. 4.8, red dot-dashed line in fig. 4.9) yields higher absolute cross-sections
and enhances more the reaction at lower energies (see also figure 4.16 later).
Similarly, it is found that the opposite sign choice for the 2s-shell component
of Li6 wave-function (lower panel in fig. 4.8, violet dashed line in fig. 4.9),
which favours “cigar-like” configurations, also hinders the transfer reaction,
especially at lower energies, with respect to the case where the 2s shell is
excluded from the structure. This result was found to hold in all two-particle
transfer calculations performed for the present project (also those not shown in
this thesis), including different choices for the form (prior or post) employed,
the adopted potentials, the components included in the reactants structure.
Similar conclusions are also often drawn when studying two-neutron trans-
fer processes, where correlations between the transferred nucleons affect the
reaction cross-section and are connected to pairing phenomena, see e.g. [85].
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Figure 4.9: Points are the same in figure 4.3: direct data was rescaled as
in figure 1.7. Red dot-dashed and violet dashed lines are the second-order
DWBA p+ n transfer calculation performed as detailed in text, using the Li6

wave-function shown respectively in the top and bottom panel of figure 4.8.
Brown dotted line is the same calculation but using as Li6 wave-function
only the component with transferred nucleons in the 2s shell. Symbols in the
legend have the same meaning in figure 4.8.
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4 The Li6 + p → He3 + α transfer reaction

Figure 4.9 also shows the cross-section associated to only the 2s-shell com-
ponent of Li6 (brown dotted line), rescaled by the same norm this component
has in the total wave-function (3.4%). The total transition amplitudes can
be expressed as the coherent sum of the amplitudes connected to the 1p and
2s components separately. The astrophysical factors are in turn proportional
to the amplitude square-modulus, through equations (1.1.23) and (3.1.21).
Consequently, the cross-section for the complete wave-functions in figure 4.8,
which are obtained combining the same components with different relative
signs, can differ only because the phases of the amplitudes for each compon-
ent show some coherence. This is particularly relevant considering that the
2s-only astrophysical factor, around 0.10MeV b at low energies, is rather small
with respect the 1p contribution, requiring a significant degree of coherence in
order to yield the observed relative difference in the total cross-sections. It can
also be seen that the phases are more coherent at lower energies, where greater
differences between the two complete calculations are found, notwithstanding
the fact that the 2s-only absolute astrophysical factor does not change dra-
matically throughout the energy range under study, reaching a maximum of
0.15MeV b at about 1MeV centre-of-mass energy.

Interplay between simultaneous and sequential contributions

Figure 4.10 shows the simultaneous and sequential contributions to the cal-
culation already shown as the red dot-dashed line in figure 4.9 (more-strongly
clustered Li6 wave-function). The total transition amplitude is the coherent
sum of the amplitudes of each component. It can be seen that the amplitudes
for simultaneous and sequential terms are in phase opposition at low collision
energy, resulting in a destructive interference. Such trend partially changes
at higher energies, particularly in the energy range around the resonance at
1.5MeV, where the two contributions are almost in phase quadrature (but
still in slight opposition), forming a modest but visible bump. The role of
interference can be analysed in greater detail by checking the expansion into
the initial-channel partial-waves, shown in figure 4.11. The only wave gen-
erating a non-negligible contribution to the simultaneous term (top panel in
figure) is the s1/2 ( Li6 –p with relative orbital angular momentum 0 and total
angular momentum 1/2). By comparing the magnitude of this contribution
between the simultaneous, sequential (middle panel) and complete (bottom
panel) calculations, it can be seen that the simultaneous and sequential s1/2
transition amplitudes are in very strong phase opposition. All other waves
feel no significant interference as they do not contribute appreciably to the
simultaneous term. The same analysis can be carried out for the calculation
involving the less-strongly-clustered Li6 wave-function (violet dashed line in
figure 4.9): the partial-wave expansion of simultaneous and sequential contri-
butions and their total is shown in figure 4.12. The situation is qualitatively
the same found in figure 4.11, but the simultaneous contribution is slightly
smaller and, most importantly, the s1/2 wave of the sequential term is much
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simultaneous and sequential (including non-orthogonality) contribution to the
same calculation.
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Figure 4.11: Same as figure 4.4 for the astrophysical factors in figure 4.10
Upper, middle and bottom panel refer respectively to the simultaneous, se-
quential, and total calculations.
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Figure 4.12: Same as figure 4.11 but for the astrophysical factor in figure 4.9
associated to the less-strongly-clustered Li6 wave-function shown in the bot-
tom panel of figure 4.8.
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stronger, causing a greater destructive interference at low energies.

Allowed couplings in sequential and simultaneous terms

In passing, figures 4.11 and 4.12 display the different character of simultan-
eous and sequential contributions with regard to the allowed couplings. In
the simultaneous, one-step process, the internal state of the transferred sys-
tem is conserved, thus the only contributions to the transfer are related to
components of the Li6 and He3 wave-functions sharing the same quantum
numbers for the transferred internal degrees of freedom, in particular l, S
(notation as in section 4.2.2) and the total transferred isospin. At the same
time, as in the deuteron-transfer case, the initial-channel waves s3/2 and p5/2
can be accessed only through a coupling between components with different
core-transferred orbital angular momentum, L. In particular, since the He3

wave-function employed here includes only components with S = 1 and either
(l = 0, L = 0) or (l = 2, L = 2), a coupling to the aforementioned partial
waves is possible only if the Li6 wave-function includes (S = 1, l = 0, L = 2)
or (S = 1, l = 2, L = 0) components, and thus L = 2 (this then couples
with the projectile-target orbital angular momentum to form the total “ Be7 ”
orbital angular momentum, which is conserved). Such components, albeit
small, are indeed included in the wave-functions in figure 4.8, and a small
p5/2 contribution is visible in the simultaneous contribution in figures 4.11
and 4.1218.

The sequential process is not bound by the aforementioned constraint. Each
transfer step proceeds independently, coupling all terms which can yield the
desired initial, intermediate and final states. All partial waves can thus be
observed regardless of the precise admixture of single-particle wave-functions,
although the details of the corresponding cross-section still depend on the
adopted state.

Prior and post forms

The calculations in figures 4.9 and 4.10 were performed adopting the post
form for the simultaneous calculation and the post-post form for the sequen-
tial process, including the associated non-orthogonality term. It was verified
that results are identical in all forms when all non-central terms are removed
from optical potentials (see the discussion in section 4.1.3), but in the com-
plete calculation shown in the figures these terms are included and thus the
different forms are not equivalent. In analogy with was done in the deuteron-
transfer calculation, the “post” choice in the simultaneous and first sequential
step prevents the Li6 –p optical potential to appear in the transition oper-
ator, which is desirable due to its strong non-central components. The choice
regarding the form for the second sequential step is less clear cut. It is con-
18It was verified that s3/2 and p5/2 contributions disappear if the L = 2 component is

removed.
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Figure 4.13: Points are the same in figure 4.3, with their legend suppressed
for readability: direct data was rescaled as in figure 1.7. Red dot-dashed and
violet dashed lines are the same in figure 4.9. Orange dotted and magenta
solid lines are the same calculations but adopting the post-prior form for
the sequential contribution. All calculations include the appropriate non-
orthogonality terms. In the legend, 1p − 2s and 1p + 2s mark respectively
the Li6 wave-function in the top and bottom panel of figure 4.8. “post post-
prior” stands for “simultaneous term in post form, sequential term in post-
prior form”, and so on.

ceivable that non central components of a realistic α–d interaction (which
is the core-core term in the second step) would resemble more those of the
α– He3 potential, since in both case the spinless α particle appears, than the
Li5 –d potential which has the deuteron in common with the core-core system.

Additionally, the approximation involved in the post form for this step is more
coherent with the analogous one made in the simultaneous transfer computed
in post form (in both cases, the non-central part of the same He3 –α potential
is being neglected), thus one may suppose that the sum of both contributions
will form a more consistent result adopting the post form. For comparison,
figure 4.13 shows the same calculations in figure 4.9 together with the results
found adopting the post-prior form for the sequential transfer. It can be seen
that the difference between the two forms is modest for E → 0, but at greater
energies the trend is dominated by a grossly overestimated resonance (peaked
at approximately the correct energy). It is also stressed that the conclusions
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Figure 4.14: Points and blue dashed line are the same in figure 4.3: direct
data was rescaled as in figure 1.7. Other lines are the same in figure 4.9.

drawn earlier regarding the impact of clustering still apply regardless of the
form in which the calculations are performed.

Comparison between deuteron and two-nucleon transfer

Figure 4.14 compares the two-nucleon-transfer calculations already shown in
figure 4.9 with the deuteron-transfer astrophysical factor (with deformed nuc-
lei) reported in figure 4.3. While the general trend of the three calculations
is comparable, the two-nucleon-transfer ones display higher absolute cross-
sections. An investigation was performed to understand whether this can be
connected to the different structure adopted for the reactants in each case.
The α + p + n and p + n + p wave-functions were averaged over the co-
ordinate of the transferred internal motion, to obtain effective α–d and p–d
wave-functions, which were then employed in the one-particle transfer calcu-
lation performed as in section 4.1. In particular, the same binding potentials
found in section 4.1 are employed, which implies that the reactants bound
states are not eigenfunctions of such potentials any more. The corresponding
cross-sections are in general significantly higher than those found in figure 4.3:
the result is sensitive to the form (prior or post) employed for the calculation
and the precise procedure adopted to generate the effective wave-function,
but enhancements of about 20% or more at astrophysical energies were often
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found. While this is certainly significant, note that it is not sufficient by itself
to reproduce the difference seen in figure 4.14.

Additionally, the α–d potential employed in the one-particle transfer, which
is the one appearing in the post-form transition amplitude, was compared to
the interaction between α and transferred system in the two-nucleon trans-
fer calculation, as discussed in the following. First, a simple wave-function
for the isolated deuteron ground state, with binding energy corresponding
to the experimental one for a free deuteron, was constructed as the 1s solu-
tion of a phenomenological unpublished Gaussian potential with a depth of
72.15MeV and a diffuseness of 1.484 fm. Let φd(r) be such wave-function, and
u(r) = r

√
4π ·φd(r) be the associated reduced radial wave-function. Then, for

simplicity, the α–p and Li–n binding potentials, employed in the two-particle
transfer calculation (see section 4.2.1), were truncated to their central parts,
yielding the functions Vα p(rα p) and VLi n(rLi n). The sum V = Vα p + VLi n
was converted in Li6 “t” coordinates, namely the distance between the trans-
ferred nucleons, r⃗, and the distance between core α and transferred system,
R⃗, using the same writing found in equation (5.2.8). The form factor

Vf (R) =
⟨︁
φd
⃓⃓
Vα p + VLi n

⃓⃓
φd
⟩︁
=

=

∫︂ +∞

0
dr |u(r)|2 1

2

∫︂ 1

−1
d cos θrR V (r,R, cos θrR) (4.2.1)

was finally evaluated. Since each V is central and φ is spherical, the form
factor has only a central component. The radial profiles of this form factor and
of the d–α binding potential mentioned in sections 4.1.2 and 5.2.1 were then
compared. The result is shown in figure 4.15. The calculation was repeated
adopting a different choice for the transferred system wave-function, as follows.
Let ψ(r,R) be the radial part of the spherical component (l = L = 0) of the
Li6 three-particle wave-function in “t” coordinates. Define the normalised

simple average

φ̃NN (r) =

∫︁ +∞
0 ψ(r,R)dR√︂∫︁ ⃓⃓∫︁
ψ(r,R)dR

⃓⃓2 dr
(4.2.2)

which was adopted in place of u in equation (4.2.1). Additionally, it is possible
to consider the normalised simple average of the three-particle probability
density function,

P̃NN (r) =

∫︁ +∞
0 |ψ(r,R)|2 dR∫︁
|ψ(r,R)|2 dr dR

(4.2.3)

and employ it in place of |u(r)|2 in equation (4.2.1). It can be seen in fig-
ure 4.15 that, around the maximum of the barrier, the computed effective
potential is approximately the same for all form factors considered here, and
that the “free deuteron” wave-function and the one computed from equa-
tion (4.2.2) yield a similar form factor at all radii. At the same time, the
barrier of the α–d di-cluster-model potential is higher and wider than the ef-
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Figure 4.15: Solid line is the α–d potential employed for the di-cluster model
Li6 wave-function, see sections 4.1.2 and 5.2.1. Points are a folding of the

“Vα p + VLi n” potential defined in text in section 4.2.3 (central part of the
α+p+n potential specified in sec. 4.2.1), over different deuteron distributions.
See text for details. Upper and lower panel show different ranges of α–d
distance.
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fective one found using the three-cluster model potentials and wave-functions.
It is thought that this difference may account for a significant fraction of the
discrepancy between the one- and two-particle transfer calculation. A similar
analysis could be repeated for He3 . In the future, the form-factors computed
as shown here will be employed to perform a single-particle transfer calcu-
lation (including the generation of the reactant bound states), to evaluate
quantitatively the importance of the difference in the potentials.

Calculations rescaled to transfer experimental data

It was mentioned earlier that the choice between the more- or less-strongly
clustered Li6 wave-function has a greater relative impact on the cross-sections
at low energies. This may be seen visually in figure 4.9 but will now be
analysed more carefully. In figure 4.16, the same calculations already shown
in figure 4.14 are scaled in order to agree with experimental data at centre-of-
mass collision energies slightly smaller than 1MeV. This allows to compare
the predicted energy trends independently of the computed absolute values.
The difference in the slopes of the astrophysical factors is more apparent, and
it can additionally be seen that the impact of the choice of sign for the Li6

2s-shell contribution is of the right order of magnitude to be of interest for
the experimental discrepancy discussed in section 1.2.3. It is stressed that
establishing which wave-function for Li6 is the “correct” one is not the issue
at hand19. Rather, the point made here is that an accurate treatment of
the reactants static structure, in particular regarding the clustering strength,
can be important to obtain a good understanding of the reaction dynamics
between light ions even at very low energies and far from resonances.

It is also interesting to point out that, after rescaling all calculations, the
transfer of a structureless deuteron (blue solid line in figure 4.16) displays
a significantly steeper slope than both p+n calculations. Qualitatively, the
d-transfer process may be seen as the limit of a p+n transfer in which the
transferred system is forced into a fully clustered configuration. Nonetheless,
it is to be reminded that, while the two shown p+n-transfer cross-sections
correspond to the same calculation (apart from the commented change in
the structure) and are certainly comparable, the d-transfer process is not
computed through the same formalism and does not employ the same physical
ingredients, thus the attribution of a given difference in the results is less clear-
cut.

While the rescaling procedure in figure 4.16 allows an immediate and visual
description, the precise energy at which the calculations are fixed to match
between each other and with the data is arbitrary, and the curves can appear
slightly different if this is changed. The trend suggested by each calculation
at astrophysical energies may be compared in a more quantitative manner
19As mentioned in section 4.2.2, the state referenced in table 4.3 and whose probability

density function is shown in the upper panel of figure 4.8 yields the best agreement with
three-body calculations.
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4.3 GGW deuteron transfer

by computing the ratio [∂ES(E)]/S(E) and using it in equation (1.1.43) to
deduce the value of the effective nuclear radius associated to the calculated
line (or similarly taking the logarithm of the astrophysical factor and using
equation (1.1.42)). Such analysis is a possible future development for this
work.

4.3 GGW deuteron transfer

One of the calculation schemes discussed in section 3.2.2 was applied to
the Li6 + p → He3 + α one-particle transfer reaction, as follows20. The
generalised-distorted-wave formalism in section 3.1.4 is applied in prior form
with the choice of generalised auxiliary potential yielding the “GGW” amp-
litude in equation (3.1.31), and the full scattering solution is approximated
by the final-partition standard distorted wave as in section 3.2.1, The Li6

structure includes a continuum of inert di-cluster model α–d states, with
either parity, total angular momentum modulus quantum number up to 3,
and excitation energies up to about 3.5MeV above the ground state, dis-
cretised using the binning method [122]. For He3 , only the ground state is
currently included. All bound states considered here are eigenstates of the
core-valence orbital angular momentum (L in section 4.1.2), in particular the
ground states include no deformed components. The adopted potentials are
the same mentioned in section 4.1, with two exceptions. First, the α–d bind-
ing potential was modified by including a spin-orbit component, adjusted to
reproduce the energy of the 3+ first excited state of Li6 : see the “α – d
(GGW)” column of table B.2c. Second, there is no Li6 –p optical potential,
since a generalised auxiliary potential is employed in its place. Remind that,
as discussed in section 4.1.3, non-central components of the core-core α–p are
still being neglected; however, no projectile-target optical potential appears in
the transition amplitude operator, thus no other term is here approximated.
Figure 4.17 shows the preliminary astrophysical factor computed in this way
(tick red solid line).

Two very large peaks are visible in the calculation. The first one, at lower
energies, is discussed later. The second peak has its maximum at an energy
similar (but slightly smaller) to the experimental resonance connected to the
Be7 5/2− level at an excitation energy of about 7.2MeV. Decomposition in

initial-channel partial-waves reveals that the peak is indeed primarily fed by
p-waves ( Li6 –p orbital angular momentum 1), and thus states with negative
total parity, as expected, see the discussion in section 4.1.3, but the total
angular momentum is incorrectly reproduced, since the contribution of the
p5/2 wave is negligible. On this regard, remind that the present formalism
does not include the Li6 –p distorted wave obtained from optical potential
discussed in section 4.1.1, which in the DWBA calculations was sufficient to
exclude all significant spurious contributions from the transfer channel. Here,
20The study reported in this section was developed in collaboration with A. Moro.
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Figure 4.17: Points are the same in figure 4.3 (legend suppressed for read-
ability): direct data was rescaled as in figure 1.7. Tick red solid line is the
preliminary GGW deuteron transfer calculation discussed in section 4.3. Tur-
quoise dotted and blue thin solid lines are the same calculation including Li6

continuum levels with, respectively, only positive parity or excitation energy
below 2.5MeV above the ground state. Brown dashed line is a DWBA calcu-
lation with Li6 –p optical potential equal to zero. Maroon dot-dashed line is
the same calculation with Li6 –p potential equal to the electrostatic repulsion.
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4.3 GGW deuteron transfer

the Li6 generalised distorted wave is generated through equation (3.1.29) by
the α–d binding potential, which currently possesses a rather simple and
phenomenological form, and the α–p core-core potential, which however must
be central in the current numerical implementation, The other component of
the complete Li6 –p interaction, the d–p binding potential, in this calculation
is the transition amplitude operator (see again equation (3.1.31)) and thus
can be always applied to the He3 state, which currently is just a spherical
wave-function for the ground state, so that any non-central component of
the potential would be effectively irrelevant. Additionally, the only projectile-
target optical potential employed in this calculation, the He3 –α one (discussed
in section 4.1.1), was not adjusted on the elastic scattering phase-shifts. A
better description of the experimental resonance might thus be obtained by
including more appropriate interactions, or by computing both the initial-
and final-partition wave-functions through a CDCC approach.

The influence of continuum states of Li6 on the complete result was studied
by repeating the calculation after removing selected states from the structure.
Two examples are displayed in figure 4.17 (blue thin solid and turquoise dot-
ted lines). Note that all states are coupled in a non-trivial manner, and
furthermore their contributions on the transition amplitude interfere, thus it
is not possible to clearly assign fractions of the angle-integrated cross-section
to any specific state. Nonetheless, it is seen that the peak at about 1.3MeV
completely disappears if all Li6 negative-parity states are removed, or if the
continuum is truncated to a maximum excitation energy of about 2.5MeV
above the ground state. Note that 2.5MeV is approximately the collision en-
ergy at which the calculations shown in figure 4.17 were stopped, thus this is
an indication that virtual excitations to closed channels can play a relevant
role in the reaction.

However, regardless of the way the Li6 continuum is modified, it was not
possible to remove or significantly alter the strongly rising trend appearing in
the computed cross-section at low energies. In fact, such trend persists even
if all excited states are removed21.To get an insight into the possible origin of
this trend, the following test calculations were performed. The brown dashed
line in figure 4.17 is a DWBA calculation, including only a spherical ground
state for each composite nucleus, in which the (central) remnant is fully taken
into account, but the Li6 –p optical potential is set to zero: the astrophysical
factor shows the same low-energy trend as the GGW calculations. Finally,
the maroon dot-dashed line in figure 4.17 is another DWBA calculation where
the Li6 –p potential is set equal to just the Coulomb potential between the
two nuclei22. With this choice, the long-range Coulomb part of the transition
potential, which is Vα p + Vd p −ULi p (see equation (3.2.1)), is cancelled, and
21Note that removing all excited states within the GGW formalism is equivalent to reduce

the calculation to a DWBA with ˆ︁UAb =
⟨︂
ψα

⃓⃓⃓ ˆ︁Vab

⃓⃓⃓
ψα

⟩︂
(compare equations (3.1.23)

and (3.1.33)) in zero-remnant approximation (namely, Vab − UAb ≈ 0).
22For convenience in performing the numerical computation, the potential actually has the

form in equation (B.2) with RC = 0.1 fm. This has no influence on the discussion.
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4 The Li6 + p → He3 + α transfer reaction

it is seen in the figure that the divergence toward low energies disappears. It
is thought that in the GGW calculations, the long-range Coulomb potential
appearing in the transition amplitude in equation (3.1.31) similarly causes the
observed feature in the low-energy cross-section, which is thus deemed as an
artefact of the calculation. It is also relevant to point out that, in general,
calculations involving coupled-channels schemes at low energies are complic-
ated by numerical instabilities arising in the inclusion of virtual couplings to
states at excitation energies which are too high with respect to the collision
energy. The issue, which currently prevents to draw conclusions on the en-
ergy range of astrophysical interest, is still under study. Also note that a full
analysis of the convergence of the result for all numerical parameters of the
calculation was not completed yet. In addition, the numerical integrations
are currently performed using the Numerov method: it may turn out to be
beneficial to employ instead the “calculable” R-Matrix method, see e.g. [123].
Nonetheless, it is interesting to note that, far from the two peaks, the agree-
ment between experimental data and calculation is remarkable, given also the
simple structure currently adopted for He3 .

144



5 Impact of Li6 ground-state
deformation on barrier penetrability

The impact of clustering on barrier penetrability has been explored in liter-
ature within semi-classical models [16]. In the present chapter, this kind of
approach was investigated, expanded, and applied to some cases of interest.

Section 5.1 treats the classical cluster model already discussed in [16]. By
assigning a defined spatial position to the clusters forming each nucleus, it
is possible to deduce an effective projectile-target potential which depends
on the reactants orientation. The radial barrier penetrability associated to
each possible configuration is then estimated in WKB approximation. The
average result over all configurations, possibly weighted over some distribution
suggested by more microscopic models, can then be compared with other
calculations to explore the role of the assigned cluster structure. The practical
implementation of the model was here improved, and an alternative way to
analyse the results is proposed. The features were applied to the study of
Li6 – Li6 barrier penetrability, to make a comparison with results found in

literature.
In section 5.2, the same underlying ideas are then reformulated within the

framework of a quantum-mechanical cluster model. The effective projectile-
target potential for a pair of composite particles can be expressed as the form
factor of the “microscopic” interaction between the elementary components of
the system evaluated on the reactants internal state. In this way, the details
of the reactants structure can be connected to the barrier penetrability for a
reactant pair subject to the aforementioned effective potential. In particular,
the formalism is employed to study the impact of ground-state quadrupole de-
formations in the Li6 wave-function, considering for convenience its scattering
with a proton, which can be regarded as structureless. As will be seen in sec-
tion 5.2.2, the deformed components in the wave-function give rise to tensor
components in the form factor: the anisotropic projectile-target interaction is
then treated precisely as in the classical model.

5.1 Classical cluster model

Two nuclei P and T , undergoing a collision, are assigned a classical frozen
di-cluster state, meaning that P is described as a system of two particles P1

and P2 fixed (during the whole collision) at a given relative displacement d⃗P
(and similarly for T ). The coordinate system may be chosen e.g. to fix the
orientation of d⃗P . The projectile-target relative orbital angular momentum,
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Chapter 5. Impact of Li6 ground-state deformation

and thus the impact parameter, is set to zero (which is expected to be the
dominant component).

The projectile-target potential, VTP , is defined as the sum of the potentials
between each cluster,

∑︁
i,j VPiTj , and thus depends on the orientation and

extension of each reactant, so it may be written as VTP (R⃗, dP , d⃗T ), where R⃗
is the projectile-target displacement. For any fixed value of the inter-cluster
displacements, and for any projectile-target orientation, the s-wave barrier
penetrability is computed in WKB (using equation (1.1.30) with the factor
in front of the exponential approximated to a constant), assuming a spher-
ically symmetric potential V (R) equal to VTP (R⃗, dP , d⃗T ). The transmission
coefficient for each reactants orientation may then be weighted on some distri-
bution phenomenologically accounting for the particles structure or dynamical
effects. In [16], all orientations were averaged with equal weight to check the
implications of the model in the absence of any alignment.

Present implementation of the classical model

In the calculation shown in [16]1, the lower bound of the integral in equa-
tion (1.1.30) was chosen as the inner classical turning point for the system.
The same procedure was adopted here. It should be considered that the
WKB approximation is not expected to be accurate around turning points
(see equation (1.1.27)), however, the integrand in equation (1.1.30) is small
around the same points, thus the errors induced by such approach are not
expected to be large2. In order to practically find the classical turning points,
a numerical root-finding algorithm was employed. The algorithm employed
in [16] in some cases failed and returned an incorrect result. In this work, a
more robust numerical algorithm was implemented, improving the practical
results of the calculations.

Furthermore, the potentials adopted for the calculations were slightly mod-
ified. In [16], point-like Coulomb potentials between each pair of clusters
are employed, which however generate spikes in the total potential, and thus
degrade the numerical computation whenever they appear in the integration
domain. Here, the electrostatic repulsion potentials were parametrised as
generated by an uniformly charged sphere, overcoming the issue3.

Results for Li6 + Li6 barrier penetration

To allow for a comparison with results in [16], the same system, Li6 + Li6 ,
was considered, adopting the same parameters for the potentials (with the
already mentioned modification on the Coulomb repulsion).

1The source code of the algorithm employed in [16] was provided by L. Fortunato, who
also contributed to the work discussed in this chapter.

2Nonetheless, in the future the calculations may be repeated using the prescription for Rn

mentioned in section 1.1.1.
3It was verified that this change brought negligible differences at sufficiently high energies,

where the divergences of the Coulomb potential did not appear in the integration domain.
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Figure 5.1: Potential energy for the Li6 - Li6 classical model as a function of
the projectile-target distance r. θp and φp are the polar and azimuthal angle
of the projectile orientation, while θt is the target polar angle. The black solid
line is V = 9αeh̄c/r. Every other solid line is the projectile-target potential,
defined as explained in text, at a different reactants orientation. The dashed
line is the average of the same potential over all orientations.

In the practical calculation performed in this work, the coordinate system
was chosen by fixing the projectile-target distance on the z axis, and fixing
the x axis so that the azimuthal angle of the target orientation is always
zero. Varying the projectile orientation and the target polar angle suffices
to properly account for all possible configurations. Note that this is not the
coordinate system adopted in [16]. Figure 5.1 shows a sample of the radial
profiles of the projectile-target potential obtained in selected configurations.

The average of the penetrabilities computed on the potential for each ori-
entation is shown in figure 5.2, and compared with the analogous calculation
in [16, fig. 1]. The improvements on the computation implemented in this
work are not negligible (especially in the limit of small collision energies), but
do not alter the qualitative conclusion in the original paper. The same figure
includes the results of the same calculation performed at lower energies (down
to 10 keV). In order to show a plot including the whole investigated energy
range, the transmission coefficient was converted into an astrophysical factor.

Again in figure 5.2, it is also shown (red line) the penetrability under a
potential obtained averaging the complete potential VTP over all directions.
In this way, the non-spherical components induced by the adopted structure
model are integrated away, and the averaged potential may be thought as
representing a more “uniform” (less strongly clustered) system. A different
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Figure 5.2: Top panel: average WKB transmission coefficient for Li6 - Li6 scat-
tering using the same parameters for the cluster-cluster potentials employed
in [16] (see text for details). The values computed from equation (1.1.30)
are rescaled to set the coefficient in front of the exponential to one. Orange
points are the “averaged dicluster–dicluster system” values in [16, fig. 1]. Blue
points are the corresponding values for the present calculation (average over
all angles of the transmission coefficient at a given collision energy). The red
line is the transmission coefficient for the averaged potential (see text).
Bottom panel: same transmission coefficient converted in astrophysical S-
factor using equations (1.1.6) and (1.1.23).
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5.2 Quantum-mechanical cluster model

comparison was performed in [16, fig. 1], where the “sphere-on-sphere” calcu-
lation refers to the penetrability computed using a different central, energy
dependent, optical-model potential reproducing the Li6 – Li6 elastic scatter-
ing [124]. In the approach shown in this work, all calculations are performed
starting from an unique set of potential: this has the advantage of providing
a consistent framework and reducing the required external inputs, but im-
plies that both averaging schemes ultimately derive from the cluster model.
The “sphere-on-sphere” penetrability in [16] is always lower than the aver-
aged penetrability in the cluster model, which in turn is always lower than
the penetrability for the averaged potential computed here4.

Due to the approximations involved in the calculations and the way each
penetrability was constructed, the physical meaning of the result is to some
extent subject to interpretation. In spite of this, the comparison in figure 5.2
between the average penetrability and the penetrability for the average po-
tential is insightful, as it shows that a relevant feature found in atomic-like
screening effects does not hold in the case of purely nuclear effects. Consider
a statistical ensemble of systems subject to the same potential, which is how-
ever shifted uniformly (i.e. equally at all distances) by a value (the screening
potential in section 1.2.1) different for each element of the ensemble. It can be
shown (see [43, sec. 1.2.A] for a discussion) that, for not too small collision en-
ergies, the WKB penetrability averaged over all configurations is greater than
the WKB penetrability for the average shift. In the present calculation the
opposite situation is found. The reason is that the use of an alteration to the
potential energy which is constant at all distances is (often) a good approx-
imation for non-nuclear screening phenomena, but is certainly not applicable
here, where the projectile-target potential depends significantly on the direc-
tion only around and below the barrier, while the long-range Coulomb tail is
essentially unmodified.

5.2 Quantum-mechanical cluster model

The goal of this section is to reframe the model discussed in section 5.1 within
a quantum-mechanical cluster model. This involves two main tasks. First,
the construction of a sufficiently realistic cluster-model wave-function for the
nuclei under study, which has to include some features of interest which can
affect the barrier penetrability estimation. Here, in particular, the deform-
ation of Li6 was studied, thus its wave-function will be constructed taking
into account the cluster-model predictions for the nucleus magnetic dipole
and electric quadrupole moments, which are sensitive to such property. In
the present work, this was done in section 5.2.1 following an approach close

4While this may be coincidental, it is noted that an analogous result was found in fig-
ure 4.15, where the potential employed for the pair of α and d structureless clusters was
found to feature an higher barrier with respect to the effective potential obtained from
the form factor of the interactions involving the two nucleons composing the deuteron.
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Chapter 5. Impact of Li6 ground-state deformation

to the one reported in [63]. The other references mentioned at the beginning
of section 2.3 are also relevant.

The second step, in the same spirit of the classical model, is then to combine
the information on the adopted reactants structure and the assumed element-
ary interactions between their components, to deduce an effective projectile-
target interaction in terms of which the barrier penetrability of the system can
be evaluated. Here, this is done following the formalism adopted in [63, 64].
As will be seen in section 5.2.2, even if the elementary interaction between
the clusters is taken to be central, the non-spherical components in the inter-
cluster motion generate a tensor projectile-target interaction.

As was mentioned at the beginning of the chapter, the barrier penetrability
is finally computed using the same approach already shown in section 5.1. The
results of the calculation are presented in section 5.2.3. A very brief summary
of the contents of this section can be found in [125].

5.2.1 Construction of the Li6 di-cluster model deformed state

In the following paragraphs, some structure properties of the Li6 ground state
(listed in table B.1) are studied modelling the nucleus as a bound state of two
inert clusters, α and d. Let |LiJ,M ⟩ be a state of Li6 with total spin modulus
and projection quantum numbers J and M . By assumption, each cluster is in
the ground state of the respective isolated system, in particular the deuteron
has spin S = 1 and positive parity, while the α particle has spin-parity 0+. All
low-lying Li6 states have positive parity, thus for these states the inter-cluster
relative motion must take place in states with even orbital angular momentum
modulus quantum number, L. For all positive-parity states with total spin
smaller than 3, the only possible wave-function components have L = 0 or
2. These angular momenta are the same ones allowed by the Wildermuth
connection (see equation (2.2.14) and commenting text), which also suggests
the number of radial nodes n to assign to each wave-function, n = 1 for L = 0

and n = 0 for L = 2. In more compact notation, these states are referred to
as “2s” and “1d” (where the number is n + 1 and the letter marks the value
of L). It is expected a priori (see text commenting equation (2.2.14)), that
the 2s component will be the dominant one.

Proceeding as for equations (A.3) and (A.9), the ground state can thus be
written as follows:

⟨r⃗ | Li1,M ⟩ =

=
∑︂
L,m

cL
uL(r)

r
⟨(L,m), (1,M −m) | 1,M⟩ |Ψ1,M−m⟩YL,m(θ, φ) (5.2.1)

where |ΨS,σ⟩ is the state for the internal motion of the isolated clusters (α
and d), with their spins coupled to an eigenstate of the total intrinsic spin
modulus and projection, with quantum numbers S and σ, see equation (A.6)
and commenting text. If |Li1,M ⟩ is a bound state, all uL and cL can be
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5.2 Quantum-mechanical cluster model

taken to be real. Even after this choice, there is an ambiguity in the signs
of these quantities5, which can be fixed imposing that each uL(r) is non-
negative for r → ∞, and that c0 is positive. Furthermore, if |Li1,M ⟩ and |uL⟩

are normalised to 1, then c0 can be set to
√︂
1− |c2|2.

In the language of section 2.2, the state in equation (5.2.1) is the normalised
overlap function of Li6 state on the ground states of the two clusters (thus
fixing all intrinsic quantum numbers, Jπ

i , Ti, τi, ν). if the irrelevant state
of the isolated α core is discarded, |Li1,M ⟩ is the projection of

⃓⃓⃓
Φx
Tx=0,j=1

⟩︂
in equation (2.2.4) on states with fixed Jx = 1 (and ν corresponding to the
deuteron ground state), where the summation index l is here called L. The
weights Aν,l,1,0,1 are the cL in equation (5.2.1), and φν,1,l,m(r⃗) corresponds to
uL(r)

r YL,m(θ, φ).
As in [63, sec. 2, 5], each reduced radial wave-function uL was chosen as

an eigenfunction of an Hamiltonian with the form in equation (1.1.8), with
the appropriate value for the orbital angular momentum. The potential (V
in eq. (1.1.8)) is chosen to be the α–d interaction given in [96, eq. (13)]: this
was obtained as an analytical approximation of the central part of a potential
derived in [119], which in turn is a folding of a phenomenological α–nucleon
potential on a deuteron wave-function including L = 0 and 2 components6.
The Woods-Saxon potential depth (Vv in equation (B.1)) was rescaled so
that both the 2s and 1d components match the α + d → Li6 experimental
binding energy (≈ 1474 keV): this implies that the scaling is different for each
component. No information about the Coulomb repulsion term is given in
[96], but if the shape in equation (B.2) is used with RC = Rv, then the value
of Vv reproducing the aforementioned binding energy for L = 0 is close to the
one given in [96, eq. (13b)], 77.2MeV. The parameters of the potential are
reported in column “α – d” of table B.2c. A plot of the radial wave-functions
is shown in figure 5.3.

The following paragraphs discuss the determination of the weight c2 by
comparison with experimental ground-state structure data, for the given as-
signment of uL.

Charge electric quadrupole moment

The electric quadrupole moment is, among those listed in table B.1, the
most sensitive quantity (in terms of relative variation) to the deformed com-
ponent of the state. For brevity, let CL,m = ⟨(L,m), (1, 1−m) | 1, 1⟩, and

5For any L, if the sign of both cL and uL is inverted, |Li1,M ⟩ remains unaltered. Addi-
tionally, the global sign of |Li1,M ⟩ is irrelevant, thus the signs of all cL can be inverted
without altering any result.

6As an aside, by keeping the non-central parts of the folding potential in [119], including
tensor components, it would be possible to find the complete cluster-model solution
|Li1,M ⟩ as an eigenfunction of such potential. This approach is followed in [64], and
it may be implemented here in the future to obtain a more realistic wave-function and
binding potential for Li6 .
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Radial wave-function [fm-3/2]

α-d distance [fm]
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Figure 5.3: Non-reduced radial wave-functions for the inter-cluster motion
within Li6 employed in sections 4.1 and 5.2. “2s” and “1d” refer to u0/r
and u2/r, respectively (the components with inter-cluster orbital angular mo-
mentum L = 0 and 2).

B = 4
√︁

π
5

(︂
ZdA

2
α + ZαA

2
d

)︂
/
(︁
Ad +Aα

)︁2, with Ai and Zi being the mass
and charge numbers of particle i. Taking into account that the quadrupole
moment of the α particle ground-state is zero, the expectation value of such
observable on the Li6 state in equation (5.2.1) is, using equation (2.3.76) for
each component involving a different cluster internal state |Ψ1,σ⟩,

⟨Li11 |Qch | Li11⟩ = (1− |c2|2)Qd,1+

+ |c2|2
[︄

2∑︂
m=0

|C2,m|2Qd,1−m +B
2∑︂

m=0

|C2,m|2 ⟨Y2m |Y20 |Y2m⟩
⟨︁
u2
⃓⃓
r2
⃓⃓
u2
⟩︁]︄

+

+ 2BRe
(︂
c2
√︁
1− |c2|2C2,0 ⟨Y20 |Y20 |Y00⟩

⟨︁
u2
⃓⃓
r2
⃓⃓
u0
⟩︁)︂

(5.2.2)

where Qd,σ is the electric quadrupole moment expectation value for a deu-
teron in the ground state with spin projection σ, which can be deduced from
the quoted experimental value in table B.1 (referring to σ = 1) using equa-
tion (2.3.69). Note how, since |Li1,1⟩ include states of its clusters with dif-
ferent spin projections, it was necessary to take into account the contribution
of each of these to the expectation value. Substituting the values for all
Clebsch-Gordan coefficients and all integrals on spherical harmonics, using
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5.2 Quantum-mechanical cluster model

equation (A.13), it is found

⟨Li11 |Qch | Li11⟩ =
(︃
1− 9

10
c22

)︃
Qd,1+

+
ZdA

2
α + ZαA

2
d

(Ad +Aα)2
1

5

[︃√
8 c2

√︂
1− c22

⟨︁
u2
⃓⃓
r2
⃓⃓
u0
⟩︁
− c22

⟨︁
u2
⃓⃓
r2
⃓⃓
u2
⟩︁]︃

(5.2.3)

which is the same as [63, eq. (5.4)] (accounting for the differences in the
adopted notation). Using the radial wave-functions in figure 5.3 (constructed
as commented earlier), one finds

⟨︁
u2
⃓⃓
r2
⃓⃓
u2
⟩︁
= 85.3mb and

⟨︁
u2
⃓⃓
r2
⃓⃓
u0
⟩︁
=

104mb. Substituting these values, and the data in table B.17, two possible
solutions for c2 are found, −0.0909 and 0.969.

Magnetic dipole moment

As will be seen below, the magnetic dipole moment is less sensitive than the
quadrupole moment to the amplitude of the deformation, but it is independent
from the form of the radial wave-functions, and very high-precision measure-
ments are available (see table B.1), thus a comparison with experimental data
can be fruitful. Let ˆ︁µ⃗ be the magnetic dipole operator. The experimental de-
terminations in table B.1 refer to the expectation value of the z-projection ofˆ︁µ⃗, labelled ˆ︁µ(z), evaluated on the eigenstate with maximum z-projection of the
nucleus total spin (analogously to the convention adopted for the quadrupole
moment, see section 2.3.4). From [67, eq. (A.9)], the magnetic dipole moment
of a system of two clusters is given by

ˆ︁µ(z) = ˆ︁µ(z)1 + ˆ︁µ(z)2 + µN
Z1A

2
2 + Z2A

2
1

(A1 +A2)A1A2

ˆ︁Lz (5.2.4)

where ˆ︁µ(z)i is the corresponding operator acting only on cluster i, µN the
nuclear magneton (the explicit value can be found e.g. in [126]), and ˆ︁Lz the
z-projection of the orbital angular momentum operator for the relative motion
between the clusters.

Since ˆ︁µ⃗ is defined as the composition of orbital angular momentum and in-
trinsic spin operators (see [67, eq. (A.8)]), it is itself a vector operator (mean-
ing that it transforms as a vector under spatial rotations), and in particu-
lar ˆ︁µ(z) transforms as the spherical harmonic Y10, hence, using the Wigner-
Eckhart theorem,⟨︂

J,M
⃓⃓⃓ ˆ︁µ(z) ⃓⃓⃓ J,M⟩︂ =

⟨(J,M), (1, 0) | J,M⟩
⟨(J, J), (1, 0) | J, J⟩

⟨︂
J, J

⃓⃓⃓ ˆ︁µ(z) ⃓⃓⃓ J, J⟩︂ (5.2.5)

7Note that the currently recommended value for the quadrupole moment of Li6 is not the
same employed in [63] (published in 1984).
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Chapter 5. Impact of Li6 ground-state deformation

Combining equations (5.2.1), (5.2.4), (5.2.5) and (A.7), it is found that⟨︂
Li1,1

⃓⃓⃓ ˆ︁µ(z) ⃓⃓⃓ Li1,1
⟩︂
=

(︃
1− 3

2
c22

)︃
µd + µN

Z1A
2
2 + Z2A

2
1

AA1A2

3

2
c22 (5.2.6)

where µd is the z-projection of the magnetic dipole moment evaluated on a
deuteron with maximum spin projection. Similarly, for brevity, let µ Li6 =⟨︁

Li1,1
⃓⃓ ˆ︁µ(z) ⃓⃓ Li1,1

⟩︁
. Using the experimental values in table B.1 for µd and

µ Li6 , from equation (5.2.6) one finds |c2| = 0.257.

Charge root-mean-square radius

The radius of the system is much more sensitive to the form of the radial
wave-functions than to the magnitude of the deformed component, thus it is
not very important in determining c2. Notwithstanding this, it is studied here
for completeness. Using the square-modulus of ⟨r⃗ | Li1,M ⟩ in equation (5.2.1)
as probability density in equation (2.3.66), it is simply

r2Li =
Zd

Z
r2d +

Zα

Z
r2α+

+
ZdA

2
α + ZαA

2
d

ZA2

[︁
(1− |c2|2)

⟨︁
u0
⃓⃓
r2
⃓⃓
u0
⟩︁
+ |c2|2

⟨︁
u2
⃓⃓
r2
⃓⃓
u2
⟩︁]︁

(5.2.7)

where A = Ad +Aα etc. Considering again the functions uL in figure 5.3, it is⟨︁
u0
⃓⃓
r2
⃓⃓
u0
⟩︁
= 165mb, which is almost twice

⟨︁
u2
⃓⃓
r2
⃓⃓
u2
⟩︁
, meaning that the

deformed component is more spatially compact than the spherical one (this
is due to the different number of nodes of each function). As a consequence,
higher values of |c2| yield smaller radii for Li6 . In order to precisely reproduce
experimental values in table B.1, |c2| = 0.459 would be required. However,
setting instead |c2| = 0.257 (the value reproducing the magnetic dipole mo-
ment) yields rLi = 2.64 fm, which is still acceptable in comparison with the
experimental value of (2.59± 0.04) fm [69]. Finally, choosing c2 = 0 one finds
rLi = 2.66 fm, which is not very different than before, but at the same time
it would be sufficient to reduce

⟨︁
u0
⃓⃓
r2
⃓⃓
u0
⟩︁

by 10% to adjust the radius to
2.59 fm. In summary, the predictions on the root-mean-square charge radius
are useful to confirm that the adopted radial wave-functions are qualitatively
reasonable. However, given the accuracy on experimental radii, and on the
form of the radial wave-functions adopted in this calculation, this observable
cannot provide a stringent constraint on the deformation of the state.

Discussion on the weight of the deformed component in Li6

For each of the two electromagnetic moments considered above, there are two
distinct values c2 reproducing experimental data. In the case of the quad-
rupole moment, the most realistic solution can be guessed from the general
expectation that the composite system wave-function is dominated by the
component with smaller L (i.e. c22 ≪ 1/2). Furthermore, even though the
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5.2 Quantum-mechanical cluster model

predictions connected to each observable are in disagreement, they can be
employed together to constraint the amplitude of the deformed component,
as follows.

First, the two predictions for c2 given by the quadrupole moment can be
applied to compute the dipole moment. Using the experimental value in
table B.1 for µd , the reconstructed value for µ Li6 is, respectively, 0.853µN for
c2 = −0.0909 and 0.354µN for c2 = 0.969. Comparison with the experimental
value of µ Li6 , 0.822 043µN [127], clearly favours c2 = −0.0909. Analogously,
among the two predictions for c2 obtained adjusting on the dipole moment,
the choice c2 = −0.257 is the one better reproducing the quadrupole moment.
Consequently, it can be expected that a realistic model of Li6 would predict
an overlap on the ground states of α and d with two components bearing
spectroscopic amplitudes with opposite sign, and such that the deformed term
comprises less than 7% of the overall spectroscopic factor. The Variational
Monte Carlo calculation in [2, sec. V.C] predicts (in the notation of the present
work) c2 = −0.158, in between the two values suggested above8.

As can be seen graphically plotting equations (5.2.3) and (5.2.6), the mag-
netic dipole moment is much less sensitive to the Li6 deformation than the
electric quadrupole moment. For instance, as quoted above, the value, pre-
cisely reproducing the quadrupole moment, c2 = −0.0909 predicts a dipole
moment µ Li6 which differs by 3.8% with respect to the experimental value.
Conversely, substituting c2 = −0.257 (the value precisely reproducing the
dipole moment) in equation (5.2.3), using the same radial wave-functions dis-
cussed above, yields an electric quadrupole moment for Li6 which is almost
ten times bigger than the experimental value. Consequently, within the model
adopted here, where the form of the radial wave-functions is fixed, the value
for c2 yielding better overall agreement with experimental data is the one
reproducing precisely the electric quadrupole moment and approximately the
magnetic dipole moment9. However, also note that equation (5.2.6), differ-
ently than equation (5.2.3), does not depend on the radial wave-functions
form. As a result, any di-cluster-model construction of

⃓⃓
ΨLi1M

⟩︁
leading to

fully compatible predictions for both electromagnetic moments (and thus pre-
sumably more realistic) would certainly yield the value of c2 suggested by the
magnetic dipole moment. Within the present approximate model, the “best”
choice may in summary depend on what features of the system are more im-
portant for the phenomena of interest. Regarding specifically the study in
section 5.2.3, the qualitative results and the conclusions do not change by
adjusting c2 on either observable. The pictures shown in the following refer

8It could be interesting to employ the overlap functions from [2, sec. V.C] in the present
model. However, from the considerations made in the paper, it appears that the quad-
rupole moment predicted using the radial wave-functions in [2] for fixed c2 is even higher
than in the present calculation. [2, sec. V.C] mentions that the result on the quadrupole
moment was heavily affected by the long-range part of the computed wave-function.

9It would also be possible to constraint the form of the radial wave-functions (or the tensor
potential generating them) combining the information on both measured moments, and
possibly the radius, but this goes beyond the model in use here.
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Chapter 5. Impact of Li6 ground-state deformation

to the choice c2 = −0.257 (reproducing the magnetic dipole moment).

5.2.2 Construction of the projectile-target potential

Let m1 and m2 be the masses of the two elementary clusters composing the Li6

target, and µ12 = m1m2/(m1 +m2). The second reactant (“projectile” in the
following, a proton in the calculation discussed in section 5.2.3) is treated as an
elementary particle. Let V1p(r⃗1p) and V2p(r⃗2p) be phenomenological potentials
for the interaction between the projectile p and each cluster composing the
target. For simplicity, and given that the present work is only concerned
with barrier penetrability, assume they are central potentials. The complete
projectile-target potential, depending both on the distance from cluster 1 to
cluster 2, r⃗, and the distance between projectile and target centre-of-mass, R⃗,
is then

Vtp(r⃗, R⃗) = V1p

(︃⃓⃓⃓⃓
R⃗− m2

m1 +m2
r⃗

⃓⃓⃓⃓)︃
+ V2p

(︃⃓⃓⃓⃓
R⃗+

m1

m1 +m2
r⃗

⃓⃓⃓⃓)︃
(5.2.8)

Using König’s decomposition, and going to the system centre-of-mass coordin-
ate system, the total system Hamiltonian can be written as

H = HLi +Ktp + Vtp (5.2.9)

where Ktp is the kinetic energy for the projectile-target relative motion, and
HLi is the Hamiltonian for the internal motion of Li6 in the inert-cluster
model in use, of which the deformed state |Li1M ⟩ discussed in section 5.2.1 is
the ground state, with eigenvalue ELi .

The complete potential Vtp conserves the relative orbital angular momentum
between the projectile and each cluster (since each Vip is central), and thus
the total orbital angular momentum. However, the potential allows to change
the target internal state by altering the orbital angular momentum of both
the inter-cluster motion within the target and the projectile-target motion.
In order to focus on the impact of Li6 ground-state deformation, neglect the
contribution of dynamical excitations, assuming that during the interaction
the target remains fixed in the ground state. Then, the eigenvalue problem for
the inter-cluster motion can be decoupled from the projectile-target motion
problem. To this end, it is useful to define

H̃f (M,M ′, R⃗) = ⟨Li1M ′ |H | Li1M ⟩ =
= (Ktp + ELi)δM,M ′ + ⟨Li1M ′ |Vtp | Li1M ⟩ (5.2.10)

where the matrix element of Vtp is the form factor. As a function of M,M ′,
this is a tensor. To see this explicitly, let

⟨Li1M ′ |Vtp | Li1M ⟩ =
⟨︂
1,M ′

⃓⃓⃓
Ṽ tp

⃓⃓⃓
1,M

⟩︂
(5.2.11)
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where |J,M⟩ is a state describing only the target spin degree of freedom (Ṽ tp

incorporates the integration on r⃗). As will be shown in the following (see
equation (5.2.21)), Ṽ tp is constituted by the sum of a central and a tensor
component, and can be expressed as:

Ṽ tp = UC(R) + UT (R)
1

h̄2

⎡⎣(︄ˆ︁J⃗ t ·
R⃗

R

)︄2

− 1

3
ˆ︁J2
t

⎤⎦ (5.2.12)

where ˆ︁J⃗ t is the target intrinsic spin vector operator and R⃗/R is the direction
of the projectile-target distance, thus, ˆ︁J⃗ t · R⃗

R is the operator of the projection
of the target spin in R⃗ direction. UC(R) and UT (R) are central functions that
will be computed in the following.

H̃f was purposely constructed to not operate on the inter-cluster motion
degrees of freedom, thus it conserves the clusters relative orbital angular mo-
mentum. However, the projectile-target orbital angular momentum can still
be altered by flipping the target spin projection, as allowed by the tensor
term.

Explicit form of the tensor component

From [4, eq. (4.72), (4.74), (4.83)], it is(︄ˆ︁
J⃗ t ·

R⃗

R

)︄2

− 1

3
ˆ︁
J⃗
2

t = T 2

(︃ˆ︁
J⃗ t

)︃
· T 2

(︂
R⃗/R

)︂
(5.2.13)

where T 2(a⃗) is a rank-2 tensor, whose elements are T2Q(a⃗) (with −2 ≤ Q ≤ 2).
The scalar product of two tensors of equal rank is defined as

AK ·BK =
∑︂
Q

(−1)QAK,QBK,−Q (5.2.14)

The tensor elements themselves are defined as a function of a three-dimensional
vector a⃗ as

T2Q(a⃗) =
1∑︂

µ=−1

aµaQ−µ ⟨(1, µ), (1, Q− µ) | 2, Q⟩ (5.2.15)

where the braket is a Clebsch-Gordan coefficient. Let the components of
vector a⃗ be (a(x), a(y), a(z)). Then, it is

a0 = a(z) , a±1 = ±
[︂
a(x) ± ia(y)

]︂
/
√
2 (5.2.16)
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Using these definitions, the result already worked out in [4, eq. (4.77)] can be
deduced:

T2Q

(︂
R⃗/R

)︂
=

√︃
8π

15
Y2Q(R⃗) (5.2.17)

Then,

1

h̄2

⟨︄
J,M ′

⃓⃓⃓⃓
⃓⃓
(︄ˆ︁
J⃗ t ·

R⃗

R

)︄2

− 1

3
ˆ︁J2
t

⃓⃓⃓⃓
⃓⃓ J,M

⟩︄
=

=
(−1)M−M ′

h̄2

√︃
8π

15
Y2,M−M ′(R⃗)

⟨︃
1,M ′

⃓⃓⃓⃓
T2,M ′−M

(︃ˆ︁
J⃗ t

)︃ ⃓⃓⃓⃓
1,M

⟩︃
(5.2.18)

Using the Wigner-Eckart theorem, and the definition equation (5.2.15), the
matrix element can be evaluated as⟨︃

1,M ′
⃓⃓⃓⃓
T2,M ′−M

(︃ˆ︁
J⃗ t

)︃ ⃓⃓⃓⃓
1,M

⟩︃
=

=
⟨(1,M), (2,M ′ −M) | 1,M ′⟩ ⟨(1, 1), (1, 1) | 2, 2⟩

⟨(1,−1), (2, 2) | 1, 1⟩

⟨︂
1, 1

⃓⃓⃓ ˆ︁J2
t,2

⃓⃓⃓
1,−1

⟩︂
(5.2.19)

where ˆ︁Jt,2 = [︂ ˆ︁J (x)
t + i ˆ︁J (y)

t

]︂
/
√
2, which is proportional to the creation operator

for the target spin: it is ˆ︁Jt,2 |J,M⟩ = h̄√
2

√︁
J(J + 1)−M(M + 1) |J,M + 1⟩.

Thus:

1

h̄2

⟨︄
J,M ′

⃓⃓⃓⃓
⃓⃓
(︄ˆ︁
J⃗ t ·

R⃗

R

)︄2

− 1

3
ˆ︁J2
t

⃓⃓⃓⃓
⃓⃓ J,M

⟩︄
=

= (−1)M−M ′ 2

3

√
2πY2,M−M ′(R⃗)

⟨︁
(1,M), (2,M ′ −M)

⃓⃓
1,M ′⟩︁ (5.2.20)

Form factor expression

Vtp(r⃗, R⃗) can be decomposed in multipoles of both coordinates using equa-
tions (A.1) and (A.15). Let each component be VL(r,R) =

⟨︂
YL0(ΩRr)

⃓⃓⃓
Vtp(r⃗, R⃗)

⟩︂
.

By definition, each multipole is a spherical tensor in the associated coordinate.
Thus, by Wigner-Eckart theorem (see also [4, eq. (4.87), (4.88)]),

⟨︁
Li1,M ′

⃓⃓
Vtp
⃓⃓

Li1,M
⟩︁
=
∑︂
Lm

√︃
4π

2L+ 1
Y ∗
L,m(R⃗)

⟨︁
Li1,M ′

⃓⃓
VL(r,R)YLm(r⃗)

⃓⃓
Li1,M

⟩︁
=

= (−1)M−M ′∑︂
L

√︃
4π

2L+ 1
YL,M−M ′(R⃗)·

· ⟨(1,M), (L,M ′ −M) | 1,M ′⟩
⟨(1, 1), (L, 0) | 1, 1⟩

⟨Li1,1 |VL(r,R)YL,0(r⃗) | Li1,1⟩ (5.2.21)
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Note that non-diagonal elements (M ̸= M ′) are non-zero, implying that Vtp
is capable of flipping Li6 spin.

The complete potential Vtp(r⃗, R⃗) will, in general, include multipoles of all
L. However, in the form factor in equation (5.2.21), the angular integration
will be a sum of terms such as ⟨Yl′λ |YL0Ylλ⟩ where l, l′ = 0, 2 by construction
of |Li1,1⟩, thus only terms with L = 0, 2, or 4 give contribution. All L =

4 terms are bound to vanish, since a spin-1 system is being studied, and
⟨(1,M), (4,M ′ −M) | (1,M ′)⟩ = 0. The L = 0 contribution (appearing only
for M =M ′) forms a central potential UC(R). Using equation (5.2.1), it is

UC(R) =
1√
4π

⟨Li1M |V0(r,R) | Li1M ⟩ =

=
1√
4π

∫︂ +∞

0

[︁
(1− |c2|2)|u0(r)|2 + |c2|2|u2(r)|2

]︁
V0(r,R)dr (5.2.22)

The L = 2 contribution, as can be seen by comparison of equations (5.2.20)
and (5.2.21), is the tensor component in equation (5.2.12). The scalar coeffient
UT is, equations (5.2.1) and (A.13),

UT (R) = 3 ⟨Li11 |V2(r,R)Y2,0(r⃗) | Li11⟩ =

=
3√
10π

[︃
c2

√︂
1− c22 ⟨u0 |V2 |u2⟩ −

c22√
8
⟨u2 |V2 |u2⟩

]︃
(5.2.23)

A sample of the radial profiles of the form factor computed in this manner
are shown in figure 5.4 for the Li6 -p system. The α–p potential adopted for
the calculation is the central part of the potential discussed in section 4.1.1.
The d–p interaction is a phenomenological potential adjusted on He3 ground-
state basic structure properties, obtained from the Fr2in code [114] and whose
parameters are listed in table B.2b. Such potential has a simpler and smoother
form with respect to the other d–p potential introduced in section 4.1.2, and
thus appears to be more suitable for the present application. Figure 5.4
also shows the central part of the form factor separately (black solid line),
and the form factor obtained including only the spherical component of Li6

cluster-model wave-function (purple solid line). It can be seen that the central
potential generated by the deformed Li6 is slightly higher than the one found
in the spherical case. This happens because the L = 2 radial wave-function
in figure 5.3 is on average more compact than the spherical one, due to the
difference in the number of nodes of the two functions. It is stressed that the
difference in the central part of the potential is small, possibly enough to be
comparable with the inaccuracy originated by the use of phenomenological
forms for the radial wave-functions, as described in section 5.2.1. In this
respect, a more consistent construction, based on a α–d potential with spin-
orbit and tensor components, could thus turn out to be relevant.
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Figure 5.4: Form factor in equation (5.2.12) employed in section 5.2.3 for the
Li6 -p system, as a function of the projectile-target distance r, for different Li6

spin projections µ, µ′, and angles θ between projectile-target momentum and
Li6 quantization axis. The black solid line is the average over all orientations

(i.e. just UC in eq. (5.2.12)). The purple solid line is the potential generated
by a spherical Li6 (c2 = 0 in equation (5.2.22)).

5.2.3 The Li6 + p barrier penetrability

The same idea discussed in section 5.1 was here employed to study the im-
pact of Li6 ground state deformation in the Li6 + p barrier penetrability.
For each spin projection M of Li6 and each orientation of the projectile-
target momentum with respect to the quantization axis for Li6 spin, the
s-wave WKB barrier penetrability is computed for a central interaction equal
to the corresponding diagonal component of the projected Hamiltonian in
equation (5.2.10), H̃f (M,M, R⃗). All effects of non-conservation of orbital
angular momentum are thus neglected10. It is stressed that, just as in sec-
tion 5.1, treating the complete non-central problem phenomenologically as a
set of many central problems (as a function of the direction) greatly simplifies
the computations, but may destroy some features of the system which are
relevant for the process of interest. This is thus considered to be the most
relevant approximation performed in the calculation discussed here.

Figure 5.5 represents a sample of the associated astrophysical factors ob-
tained in this manner. Figure 5.6 displays, as orange points, the average of

10Note that the non-diagonal components of equation (5.2.10) are not purely real and do
not include kinetic terms, so they cannot be treated within the rather simple model in
use at present.
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Figure 5.5: Each line is the astrophysical factor for WKB radial barrier pen-
etration, computed as described in text, for the radial potential shown as a
line with equal colour and pattern in figure 5.4.

the computed astrophysical factor over all orientations and spin projections,
while the black solid line is the astrophysical factor associated to the average
of the potential in equation (5.2.12), which coincides with just the central part
of the same potential (shown as the black solid line in figure 5.4). These calcu-
lations are the analogous of points and line in figure 5.2 regarding the classical
cluster model. Again, it is found that the calculation involving the averaged
potential yields higher transmission coefficients, but in this case the difference
between the two averaging schemes is negligible (less than 1‰), and would
be even smaller if the Li6 deformation (in particular the parameter c2) were
adjusted on the Li6 quadrupole moment (see the discussion in section 5.2.1).
The difference between classical and quantum model may in part be due to the
different reaction considered here (an effect due to Li6 structure is presum-
ably more important in Li6 – Li6 scattering than in Li6 –p), but it is thought
that the most prominent difference lies in the way the non-central potential
was computed. In particular, in the classical case the complete cluster-model
potential contains all multipoles, while in the quantum form factor in equa-
tion (5.2.10) only multipoles compatible with the composite nucleus structure
are allowed (here, in particular, only central and quadrupolar terms).

It can also be seen from the figure that the calculated penetrability is very
well reproduced by a sharp-edge barrier model fit (similar to those shown in
chapter 1), computed in WKB approximation for consistency. This implies
that the central part of the adopted nuclear potential is not causing relevant
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6Li-p WKB radial barrier penetrability

Figure 5.6: Orange points are the average of calculations performed as in
figure 5.5 over all angles and spin projections. Black solid line is the astro-
physical factor for WKB radial barrier penetration using only the central part
of the potential in equation (5.2.12). Purple dashed line is the calculation for
the potential obtained fixing c2 = 0 in equation (5.2.1). For comparison, cyan
dot-dashed line is equation (1.1.39) with parameters fixed to match the other
calculations.

“non-standard” effects in the low-energy barrier penetrability. It is however
stressed that the precise form of the potential is still important in determin-
ing the parameters of the phenomenological model. For instance, the effective
nuclear radius found from the fit (4.2 fm) is smaller than both the peak ra-
dius (7.5 fm) and the zero-crossing radius (5.5 fm) of the average form factor,
meaning that the adopted potential causes a less sharp energy trend of the
astrophysical factor with respect to a pure-Coulomb potential truncated at
the aforementioned zero-crossing radius.

Finally, figure 5.6 includes a calculation (purple dashed line) performed
again using the projected Hamiltonian in equation (5.2.10), adopting an inert
di-cluster model for the Li6 state, but in this case including only the spher-
ical component (i.e. setting c2 = 0 in equation (5.2.1)): the corresponding
form factor is the purple solid line in figure 5.4. The comparison with the
other calculations thus gives an estimation of the impact of Li6 ground state
deformation. Here, given the small difference in the potentials shown in fig-
ure 5.4 (see comment to the figure in section 5.2.2), the spherical case yields
slightly higher transmission coefficients. The qualitative result would be the
same adopting a smaller value for c2 (namely a less deformed Li6 ), but the
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aforementioned difference would become smaller.
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Conclusions

This thesis investigated several aspects of nuclear reactions induced by light
charged particles at energies below or around the Coulomb barrier. Special
emphasis was put on the use of cluster models for the description of the re-
actants structure, in order to probe its impact on reaction dynamics. It was
possible to examine separately the effect of several properties characterising
the involved nuclei, including ground-state deformations, spatial correlations
between the elementary constituents, and the couplings induced by reactant
interactions, evaluating the importance of including each feature in the cal-
culations.

Of particular interest was the application of this study to the regime relevant
for astrophysical processes, also in view of the experimental anomalies consti-
tuting the electron screening problem for atomic systems, namely the excess of
enhancement on cross-sections measured directly in fixed-target experiments
at sufficiently low energies which is often observed in several reactions of as-
trophysical interest (see table 1.1 for some references, and section 1.2.3 for the
discussion on the Li6 + p → He3 + α case). In this regard, in chapter 1 it was
seen how directly measured data can be corrected by the expected screen-
ing enhancement (using equation (1.2.2) and the theoretical estimations of
the screening potential in section 1.2.2), which is important to later perform
a sensible comparison with calculations modelling the bare-nucleus reaction
process at low energies. It was also shown in section 1.2.3 that experimental
observations on atomic screening can give rise to different, and possibly mis-
leading, interpretations depending on the way they are analysed, implying
that sufficient care is required in their study, in particular for the purpose
of addressing the open issue on the consistency between observations from
different experiments and theoretical expectations.

In chapter 4, the Li6 + p → He3 + α reaction was explicitly studied as a
direct transfer process, adopting several formalisms. The one-step deuteron-
transfer distorted-wave Born approximation (DWBA) calculation presented
in section 4.1 takes into account only the core–deuteron relative motion in
both Li6 and He3 ground states, and the interactions between α, p and d.
Such model, which is well-established in literature, was found here capable of
capturing the qualitative features of the process at sub-Coulomb energies and
reproduce the correct order of magnitude for absolute cross-sections. This is
also a result of the work that was carried out to adequately fix the physical
ingredients of the calculation, outlined in sections 4.1.1 and 4.1.2, in terms of
available structure and elastic scattering data. The calculated trend of cross-
sections toward astrophysical energies is however somewhat higher than what

165



Conclusions

is found in experimental data. The same feature is routinely found in micro-
scopic calculations [3, 8, 11]. In particular, the blue solid line in figure 4.3
(see also figure 4.16) computed in this work resembles very closely the reson-
ating group method (RGM) calculation shown as the solid line in [3, fig. 8], in
both absolute value and trend. Better (but still not full) agreement was later
found in the algebraic RGM calculation in [8], where it is hypothesised (in
line with the comments in [3]) that the improvement may be due to the use
of a parametrisation for the nuclear interaction including tensor components.

The one-particle DWBA framework was also employed to study the im-
pact of Li6 and He3 ground-state quadrupole deformation on the transfer
cross-section. The wave-function deformed components introduce new partial
waves for the transfer process which are otherwise forbidden (see figure 4.4),
but no significant effect was observed on the transfer cross-section for s-wave
collisions, which is the dominant one at the energies of astrophysical interest.
This notwithstanding the fact that the blue solid line in figure 4.3 emphasises
Li6 deformation by including a rather strong quadrupolar component in the

wave-function (see the discussion in sections 4.1.2 and 5.2.1). On the other
hand, static deformations are strictly required to account for one-step ground-
state-to-ground-state (namely, without coupling to intermediate states or vir-
tual excitations) population of the experimental resonance at about 1.5MeV
centre-of-mass collision energy, associated to a 5/2− Be7 level. The import-
ance of such resonant mechanism, as well as other features of the computed
cross-section, is sensitive to the choice of the adopted optical potentials, as was
studied in figure 4.5. Nonetheless, it is reasonable to expect that the reson-
ance can be additionally fed through excitations to unbound states, given also
that the breakup channel is already open at the resonance energy. The pre-
liminary Greider-Goldberger-Watson (GGW) calculation shown in figure 4.17
seems to support this interpretation. In order to obtain quantitative agree-
ment in absolute value and trend with experimental data, both above and
below the Coulomb barrier, it may thus be relevant to adopt a description
going beyond the one-step DWBA.

Some research was performed on the importance of the approximation, dic-
tated by computational limitations, of neglecting non-central components of
all optical potentials appearing in the remnant term of the transition amp-
litude (“Vab−U” in the notation of e.g. equation (3.2.1)), which was applied to
all calculations in chapter 4 (see the discussion in section 4.1.3). The discrep-
ancy between results in prior and post forms, which was checked for both one-
and two-particle transfer calculations performed in this work (see figure 4.13
for an example), clearly shows that, in order to obtain reliable results, a
careful study and judicious choice on the form to be employed is necessary,
and suggests that the error committed on computed cross-sections might be
significant11. At the same time, non-central components of projectile-target

11Note on the other hand that prior-post agreement is neither necessary nor sufficient for
an accurate calculation adopting a well-chosen form.
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potentials are important to generate realistic shapes for the distorted-waves.
For instance, it was observed that the inclusion of spin-spin components in
the Li6 –p interaction (see section 4.1.1) was decisive to remove spurious res-
onances from both the elastic scattering and the transfer cross-section. More
in general, the inclusion of non-central components was on the whole seen
to improve the description of the transfer process, and it is thought to be
preferable to manage the associated numerical limitations, rather than im-
poverishing the physical description reducing all optical potentials to central
forms.

In section 4.2, the Li6 + p → He3 + α reaction was analysed as a two-
nucleon-transfer process in second-order DWBA, thus explicitly taking into
account the transferred system internal degrees of freedom. The work focused
on the emergence of clustering in the Li6 structure, observed as the forma-
tion of spatially correlated configurations for the pair of transferred nucleons
(see figure 4.8 and commenting text). It was shown in figure 4.9 that more-
strongly-clustered wave-functions give rise to higher transfer cross-sections, a
result which was found to be very robust with respect to the choice of physical
ingredients for the calculations, and which is in fact often observed in literat-
ure when studying the transfer of two neutrons [85]. Regarding in particular
the present calculation, the result formally arose because the simultaneous
and sequential transition amplitudes are in phase opposition, and the less-
strongly-clustered Li6 wave-function enhances the importance of the s-wave
sequential contribution, emphasising the destructive interference (compare fig-
ures 4.11 and 4.12). The same mechanism caused the cross-section in the two
analysed cases to differ not just through an uniform rescaling, but also in its
energy trend. This study also demonstrated that an accurate and detailed
description of the reactants internal-motion wave-function can be paramount
for a correct modelling of the reaction process. To evaluate quantitatively
this statement, it can be considered that the aforementioned change in the
clustering strength was obtained by simply inverting the relative phase of a
selected component in the Li6 wave-function (see again figure 4.8), contribut-
ing to the norm of the state by less than 4%, and thus altering its interference
with other components. Even ignoring the effects on the cross-section abso-
lute value, the change in the energy trend induced by this procedure is seen to
be of the same order of magnitude required to model the discrepancy between
direct and indirect data at astrophysical energies (see figure 4.16).

The comparison between results obtained in the one- and two-particle trans-
fer formalisms was somewhat puzzling. Even though both the α–d inter-
action, employed in the one-particle transfer (see section 5.2.1), and the
α–nucleon one, adopted to construct the three-body wave-function (see sec-
tions 4.2.1 and 4.2.2), yield a reasonable description of Li6 basic structure
properties, the two-nucleon transfer calculation yields greater cross-sections
(see figure 4.14), and the deviation seems in fact to be connected to the dif-
ferent adopted binding potentials and internal-motion wave-functions (see the
discussion in section 4.2.3 and in particular figure 4.15). Considering also the
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comparison with experimental data, this could be a suggestion that the re-
actants description in the two-particle-transfer picture could benefit from an
improvement. In particular, the intermediate Li5 system was always treated
as a fictitious bound nucleus, to simplify the practical calculation, and the
interaction between the transferred nucleons is in the present formulation al-
ways neglected, or at most reabsorbed phenomenologically.

In section 4.3, a generalised-distorted-wave deuteron-transfer calculation
was attempted, using the formalism of the Greider-Goldberger-Watson (GGW)
transition amplitude. The use of generalised-distorted-waves approaches is in-
teresting, in perspective, because it offers the possibility of describing virtual
couplings to excited states, to all orders (rather than as a multi-step pro-
cess), within both the initial and final partitions in the same calculation.
Such excitations can describe quantum-mechanically processes of dynamical
deformation or reorientation of reactants. The obtained preliminary results
suggest that the present calculation is not accurate at low collision energies
because of the long-range Coulomb tail of the transition operator, which is not
cancelled when the transferred system is a charged particle. An improvement
over the original GGW formulation appears to be required in order to apply it
to generic transfer reactions in the regime here of interest, and is currently un-
der study. Above the Coulomb barrier, virtual excitations to closed channels,
especially to Li6 negative parity states, seem to be cardinal in populating the
resonance visible in the transfer excitation function.

In chapter 5, the role of clustering and ground-state deformations in Li6

was studied by evaluating the Coulomb barrier penetrability in reactions in-
volving this nuclide. The penetrability is in turn a prominent characteristic in
the description of reactions taking place at energies below the barrier. In par-
ticular, in section 5.2 a tensor Li6 –p interaction was constructed in terms of
the properties of a Li6 di-cluster model state including quadrupole deforma-
tions, and the corresponding barrier penetrability was compared with the one
found assuming a spherical shape for reactants. The Li6 static deformation is
important to describe its observed structure properties, nonetheless, similarly
to what was seen when studying the transfer process, it does not appear to
induce significant effects in the barrier penetration process (see figure 5.6), at
least in the relatively simple calculation performed in this work.

The investigation that was carried out so far opens up interesting perspect-
ives under several points of view. First of all, each of the theoretical frame-
works taken into account in this work was only applied to the study of the
Li6 nucleus, and in particular the Li6 +p interaction and its transfer channel.

It would be interesting to extend these studies to other systems and compare
the conclusions. For example, an investigation on the Be9 nucleus appears
intriguing from both the nuclear structure point of view, given its Borromean
cluster configuration [128], and in relation with its astrophysical applications
in both primordial and stellar nucleosynthesis (see references in [129]), and
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the relevance for the electron screening problem (see e.g. [54]). In the study
of such system, one may expect excitations to continuum states to play a par-
ticularly prominent role, given the small binding energy of the nucleus: their
description is particularly challenging because Be9 has a marked three-body
cluster structure which includes two charged particles [128], making a simple
binning discretisation procedure for the continuum (as the one employed here
in section 4.3) unsuitable.

Regarding instead possible improvements of the studies already performed
here, it was argued that a detailed description of reactants as three-particle
systems (core and two transferred nucleons) is important to understand the
strength and role of clustered configurations, and to generate an accurate
modelling of the two-nucleon transfer process. In particular, it seems relevant
to upgrade the construction of the three-particle wave-functions from the phe-
nomenological approach adopted in section 4.2 to a more microscopical, full
three-body calculation. One of the difficulties involved in such improvement
is to provide a construction not only of the wave-functions of interest, but
also the associated vertex functions (namely, the product of the binding po-
tential and the wave-function) required for the transfer calculation. Another
challenging but possibly important aspect is the treatment of the unbound in-
termediate states of the sequential process in a more consistent manner, which
would involve the inclusion of a continuum spectrum at least in the interme-
diate partitions. Additionally, it is significant for the analysis carried out here
to evaluate in a more quantitative manner the strength and features of the
clustered configurations of a given structure. Within two-cluster models, the
main directly comparable quantity would be the spectroscopic factor for a
chosen configuration, while other parameters, as the shape of inter-cluster po-
tentials, are affected only in a rather indirect manner. Within three-particle
models, instead, a more explicit analysis is possible in terms of the computed
internal-motion wave-functions, for instance estimating the norm and tail be-
haviour associated to each peak in figure 4.8, or adopting an approach as the
one discussed in [68, sec. 5].

As discussed earlier, the impact of dynamical excitations, especially below
the Coulomb barrier, is still under study. Apart from the aforementioned
improvements in the GGW formalism, in this respect it is doubtless that a
good description of the reactants continuum structure can be very useful in
improving the predictions given by the calculation. The system spectrum in
each partition, in turn, is essentially determined by the adopted inter-cluster
potentials, which are often fixed phenomenologically to reproduce selected
features of potentially relevant resonances (as done in section 4.3 for the α–d
interaction). Since the most complete and detailed available structure inform-
ation regards the ground-state properties of nuclei (e.g. their deformations),
a promising route for improvement could consist in using these properties
not just in the description of the ground-state wave-functions themselves, but
mainly as a constraint and benchmark for the form of the system interac-
tions. It is thus appealing to expand the formalism discussed in section 5.2.2
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to include spin-coupling terms to the elementary interactions (see e.g. [64]),
in order to examine its application to the generation of more realistic and
consistent binding potentials. For instance, starting from only the α–nucleon
interaction and the deuteron ground-state wave-function, an α–d potential
with spin-orbit and tensor components could be constructed, which can be
adjusted to reproduce radius and electromagnetic moments of Li6 ground
state, and then constrained by the available information on the Li6 low-lying
continuum structure.

Finally, to improve the barrier penetrability calculations reported in chapter 5,
it may be fruitful to implement a formalism similar to the one treated in [18],
going beyond the standard single-channel radial WKB approximation cur-
rently in use. In perspective, it would be desirable to achieve a full quantum-
mechanical (but practically computable) formulation of the problem, where
both the anisotropies and the non-diagonal components of the projectile-target
form factor can be consistently taken into account.
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A Angular momentum and spherical
harmonics

Let Ylm(θ, φ) be the spherical harmonic of degree l and order m (where l is a
non-negative integer and m an integer ∈ [−l, l]) computed at angles (θ, φ) in
some spherical coordinate system with the z axis as polar axis. For brevity,
let Ω be a shorthand for (θ, φ). Spherical harmonics are eigenfunctions of the
angular momentum square-modulus operator, ˆ︁L2, with eigenvalue h̄2l(l + 1),
and of the angular momentum z-projection operator, ˆ︁Lz, with eigenvalue h̄m
[20, sec. VI, eq. (D-8)].

Complex conjugate of spherical harmonics

Any spherical harmonics Ylm can be computed from Yl,−m using

Y ∗
l,m(Ω) = (−1)mYl,−m(Ω) (A.1)

Spherical harmonics expansion

The spherical harmonics (being eigenvectors of angular momentum with dis-
tinct eigenvalues) are orthonormal, meaning that [20, sec. VI, eq. (D-23)]

⟨Yλµ |Ylm⟩ =
∫︂
4π
Y ∗
λµ(Ω)Ylm(Ω)dΩ = δlλδmµ (A.2)

they also form a complete set, meaning that any function F defined on the
(θ, φ) domain can be written as a superposition of spherical harmonics [20,
sec. VI, eq. (D-24)], F (θ, φ) =

∑︁
lm clmYlm(θ, φ), where each coefficient can

be found projecting on the desired component, clm = ⟨Ylm |F ⟩. Clearly, if the
function also depends on other parameters, the coefficients c of the expansion
will in general be functions of each of those. The most common occurrence
is that of a function F (r, θ, φ) depending both on modulus and direction of a
vector r⃗: for this case, it is convenient to introduce a specific notation,

F (r⃗) =
∑︂
ml

clm
ulm(r)

r
Ylm(Ω) (A.3)

where ulm is a reduced radial function and clm is a numerical coefficient. They
are defined so that, if F has norm 1, then also each

∫︁ +∞
0 |ulm(r)|2 dr = 1, and∑︁

lm |clm|2 = 1.
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Laplacian

The Laplacian operator ∇2, which is
∑︁

k∈{x,y,z} ∂
2
k in Cartesian coordinates, in

spherical coordinates can be decomposed as follows [20, sec. VII, eq. (A-16)]:

∇2 =
1

r2
∂r
(︁
r2∂r

)︁
−

ˆ︁L2

h̄2r2
(A.4)

Note that, given a function F (r⃗) written as in equation (A.3), it is

∇2F (r⃗) =
∑︂
ml

clm
1

r

[︃
∂2r −

l(l + 1)

r2

]︃
ulm(r)Ylm(Ω) (A.5)

Coupling of two angular momenta

Let |j1,m1⟩ be an eigenvector of some angular momentum modulus and pro-
jection operators ˆ︁j21 and ˆ︁j1,z, with quantum numbers j1 and m1 (either integer
or half-integer). Let ⟨(j1,m1), (j2,m2) | J,M⟩ be the Clebsch-Gordan coeffi-
cient for the coupling of two distinct angular momenta, with modulus and
projection quantum numbers ji and mi, into a total angular momentum de-
noted by quantum numbers J and M , meaning that [20, sec. X, eq. (C-66)]

|j1, j2, (J,M)⟩ =
∑︂

m1,m2

⟨(j1,m1), (j2,m2) | J,M⟩ |j1,m1⟩ |j2,m2⟩ (A.6)

Clebsch-Gordan coefficients are real, and yield zero whenever the related coup-
ling would be impossible (for instance, if m1+m2 ̸=M). They are also defined
so that the set of |j1, j2, (J,M)⟩ for each value of J and M is orthonormal,
provided that the set of |(j1,m1), (j2,m2)⟩ for each value of m1 and m2 is
orthonormal, and vice-versa, which implies [20, sec. BX, eq. (7), (9)]∑︂

m1,m2

⟨︁
(j1,m1), (j2,m2)

⃓⃓
J ′,M ′⟩︁ ⟨(j1,m1), (j2,m2) | J,M⟩ = δJ,J ′δM,M ′

∑︂
M,J

⟨︁
(j1,m

′
1), (j2,m

′
2)
⃓⃓
J,M

⟩︁
⟨(j1,m1), (j2,m2) | J,M⟩ = δm1,m′

1
δm2,m′

2

(A.7)
The sign of Clebsch-Gordan coefficients depends on the order in which an-

gular momenta are coupled. In particular, it is

⟨(j1,m1), (j2,m2) | J,mJ⟩ = (−1)J−j1−j2 ⟨(j2,m2), (j1,m1) | J,mJ⟩ (A.8)

A common occurrence where such a coupling is useful is that of a physical
system whose Hamiltonian H commutes with the moduli of two angular mo-
menta, ˆ︁j2i with i = 1, 2, and the modulus and projection of their composition,ˆ︁J2 and ˆ︁Jz, but not with each ˆ︁ji,m separately, so that there exist a basis of
eigenstates of H with definite j1, j2, J and M . Since H usually also acts on
some other space (in addition to the angular momentum one), here generic-
ally denoted by coordinate x, the elements of the aforementioned eigenbasis
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can be denoted as |Fj1,j2,J,M,n⟩, where n is a generic quantum number enu-
merating the different states at fixed j1, j2, J,M , which together form a basis
of x subspace. In turn, the basis element |Fj1,j2,J,M,n⟩ may be expressed as
|fj1,j2,J,M,n⟩ |j1, j2, (J,M)⟩, where |f⟩ is a state in the x subspace only.

Often, H is the identity with respect to the total angular momentum pro-
jection, in which case |fj1,j2,J,M,n⟩ is actually the same for any M . As explicit
example, if j1 is the orbital angular momentum of some spatial coordinate, l,
and H acts (also) on the associated radial coordinate r, a given basis element,
using the same notation in equation (A.3), would take the form

⟨r⃗ |Fl,j2,J,M,n⟩ =

=
ul,j2,J,n(r)

r

∑︂
m,m2

⟨(l,m), (j2,m2) | J,M⟩ |j2,m2⟩Ylm(Ω) (A.9)

Change of coupling scheme in the sum of four angular momenta

In analogy with the preceding subsection, let |l1,ml1⟩ |l2,ml2⟩ |s1,ms1⟩ |s2,ms2⟩
be an eigestate of modulus and projection of four distinct angular momenta,
with quantum numbers l1 and ml1 for modulus and projection of the first
angular momentum, l⃗1, and so on. Consider an eigenspace with fixed mod-
ulus quantum numbers for all angular momenta. A basis of such eigenspace
is given by the set of states in the form |l1,ml1⟩ |l2,ml2⟩ |s1,ms1⟩ |s2,ms2⟩ for
all possible values of each m.

Consider now the sum of angular momenta s⃗1 and s⃗2 into a total angular
momentum S⃗, and the coupling of the set of states |s1,ms1⟩ |s2,ms2⟩ into the
set |s1, s2, (S,mS)⟩ precisely as in equation (A.6). Similarly let L⃗ = l⃗1 + l⃗2
and j⃗i = l⃗i+ s⃗i and consider the respective couplings. Finally, let j⃗ = j⃗1+ j⃗2,
and similarly consider the coupling of states |l1, s1, (j1,mj1)⟩ |l2, s2, (j2,mj2)⟩
into eigenstates of only the modulus of j⃗1 and j⃗2 and of both modulus and
projection of j⃗, denoted here in compact form1 as |j1, j2, (j,m)⟩. The set of
such eigenstates forms another basis of the eigenspace under study. This is
referred to as the “j1j2 angular momentum coupling scheme”. It also must be
j⃗ = L⃗+ S⃗, and the corresponding coupling (“LS scheme”) can be considered
as well.

Each state in the LSj basis can be expanded in the j1j2j basis (and vice-
versa) as

|L, S, (j,m)⟩ =
∑︂
j1,j2

⟨j1, j2, (j,m) | L, S, (j,m)⟩ |j1, j2, (j,m)⟩ (A.10)

The coefficients of the expansion can be found by expanding the corresponding
states in the basis with fixed projections mli and msi . The result can be
expressed through the 9-j symbols, see e.g. [27, eq. C.12, C.40], but it is here

1A more complete notation would specify also the other modulus quantum numbers,
e.g. |(l1, s1)j1, (l2, s2)j2; j,m⟩.
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A Angular momentum and spherical harmonics

given more explicitly in terms of Clebsch-Gordan coefficients. For brevity, let
⟨m1,m2 | j,m⟩ be a shorthand for ⟨(j1,m), (j2,m2) | j,m⟩. It is:

⟨j1, j2, (j,m) | L, S, (j,m)⟩ =

=
∑︂

mS ,mj1
,ms1

⟨j,m |mj1 ,mj2⟩ ⟨j1,mj1 |ml1 ,ms1⟩ ⟨j2,mj2 |ml2 ,ms2⟩ ·

· ⟨ml1,ml2 |L,mL⟩ ⟨ms1 ,ms2 |S,mS⟩ ⟨mL,mS | j,m⟩ (A.11)

Such relation is convenient for practical calculations, but note that the coeffi-
cients ⟨j1, j2, (j,m) | L, S, (j,m)⟩ actually do not depend on m (in agreement
with the properties of 9-j symbols), as can be seen by applying on both sides
of equation (A.10) a ladder operator acting on the total angular momentum j.

Note that the sign of ⟨j1, j2, (j) | L, S, (j)⟩ depends on the order in which
the angular momenta are coupled, due to equation (A.8). Here, the adopted
convention is that “1” and “2” refer to states regarding the proton and neutron
respectively, and that j⃗i is obtained summing l⃗i and s⃗i in this order, and
similarly L and S are combined in this order.

Product of two spherical harmonics

The product of two spherical harmonics, computed at the same direction Ω,
can be conveniently expressed expanding it in the spherical harmonics basis
[19, eq. (3.7.72), (3.7.73)]:

Yl1m1(Ω)Yl2m2(Ω) =
∑︂
LM

⟨YLM |Yl2m2 |Yl1m1⟩YLM (Ω) (A.12)

where

⟨YLM |Yl2m2 |Yl1m1⟩ =
∫︂
4π
Y ∗
LM (Ω)Yl2m2(Ω)Yl1m1(Ω)dΩ =

=

√︄
(2l1 + 1)(2l2 + 1)

4π(2L+ 1)
⟨(l1, 0), (l2, 0) |L, 0⟩ ⟨(l1,m1), (l2,m2) |L,M⟩ (A.13)

Spherical harmonics addition theorem

Let ΩRz be the direction of some vector R⃗ in a spherical coordinate system
having the direction of vector z⃗ as polar axis. Let r⃗ be another vector. The
spherical harmonic Yl0(ΩRr), computed using r⃗ as quantisation axis, can be
expressed using [20, sec. AVI, eq. (57), (70)] and equation (A.1) as:

Yl0(ΩRr) =

√︃
4π

2l + 1

∑︂
λ

Y ∗
lλ(Ωrz)Ylλ(ΩRz) (A.14)
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Multipoles expansion in rotated coordinates

Consider a function F (θRr) depending only on the angle between two vectors
R⃗ and r⃗. As seen earlier, and using the properties of spherical harmonics, it is
possible to express F (θRr) as

∑︁
l FlYl0(θRr). Such expansion can be converted

to a rotated coordinate system, with z⃗ as polar axis, using equation (A.14):

F (θRr) =
∑︂
l

Fl

√︃
4π

2l + 1

∑︂
λ

Y ∗
lλ(Ωrz)Ylλ(ΩRz) (A.15)

where

Fl =

∫︂
4π
Y ∗
l0(θRr)F (θRr)dΩRr = 2π

∫︂ 1

−1
Y ∗
l0(θRr)F (θRr)d cos θRr (A.16)
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B Computational aspects

B.1 Experimental data sources and treatment

This appendix collects some notes regarding the source and treatment of some
experimental data which is employed throughout this work.

Nuclear masses and excited states Nuclear ground-state masses (and asso-
ciated Q-values) are taken from [126], where available, or otherwise deduced
using atomic masses in [130] and electron binding energies in [46].

Energy, spin and parity of excited states were found in [131].

Cross-sections and scattering phase-shifts Numerical values of experimental
cross-sections employed in this work are taken from [132], while the papers
on which the data was first published are referenced in the text. Phase-shifts
were digitised directly from figures in the original papers.

Information found in the original papers was employed to check the data.
In principle, systematic errors are best treated separately from statistical
ones, but in the present work, for simplicity, the uncertainty assigned to each
measurement is the sum in quadrature of all relevant indetermination sources
quoted in the original papers, and (if applicable) digitization errors given in
[132]. Results from data fits and error bars shown in pictures reflect this as-
signment. If the estimation of some error source is uncertain, and only an
interval is given for the indetermination, the worst case is assumed here.

Radii and multiple moments Root-mean-square charge radii are taken from
[69]. Electric quadrupole moments were found in [127]. Magnetic dipole
moments were obtained from [126] if available, or from [127] otherwise. For
convenience, some ground-state properties useful in the practical calculations
performed in the present work are listed in table B.1.

Other constants Unless otherwise noted, values for “notable” physical con-
stants (e.g. the fine-structure constant) are taken from [126].
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Table B.1: Experimental ground state structure data of Li6 and its possible
(bound) clusters. The table lists: spin and parity, root-mean-square charge
radius < r2 >, charge quadrupole moment Q, magnetic dipole moment µ (in
nuclear magneton units). See text for data sources.

Nuclide Spin-parity
√
< r2 > [fm] Q [mb] µ [µN ]

Li6 1+ 2.5890(390) −0.806(6) +0.822 043(3)
α 0+ 1.6755(28) 0 0
d 1+ 2.1421(88) +2.86(2) +0.857 438 233 8(22)
p 1/2+ 0.8783(86) 0 +2.792 847 344 6(8)

n 1/2+
√︁
−0.1149(27) 0 −1.913 042 73(45)

He3 1/2+ 1.9661(30) 0 −2.127 625 307(25)

B.2 Adopted potentials

All two body potentials employed in this work are energy-independent and
have the following form:

VC(r,RC)− Vv f(r,Rv, av)− Vg exp
(︂
− [r/ag]

2
)︂
−

− iVw f(r,Rw, aw) + i4Vxax
d
dr
f(r,Rx, ax)+

+ Vo [j(j + 1)− l(l + 1)− s1(s1 + 1)]
2 fm2

r

d
dr
f(r,Ro, ao)+

+ Vs [s(s+ 1)− s1(s1 + 1)− s2(s2 + 1)]
2 fm2

r

d
dr
f(r,Rs, as) (B.1)

where:

VC(r,RC) = h̄cαeZ1Z2

⎧⎪⎪⎨⎪⎪⎩
3− r2/R2

C

2RC
r ≤ RC

1

r
r ≥ RC

f(r,R, a) =
1

1 + exp
(︁
r−R
a

)︁
(B.2)

r represents the distance between the interacting particles, while l, s, j are
the modulus quantum numbers for, respectively, their relative orbital angular
momentum, total intrinsic spin, total angular momentum. s1 and s2 sim-
ilarly refer to the intrinsic spins of, respectively, the lightest and heaviest
particle in the pair (e.g. in the p–d potential, s1 is the proton spin). In all
potentials taken from literature, the spin-orbit term couples only the lightest
particle spin (often because the other particle has spin zero). Only in the
fitted Li6 –p potential, the spin-orbit term involves the total intrinsic spin,
and thus has the form Vo [j(j + 1)− l(l + 1)− s(s+ 1)], contrary to what is
stated in equation (B.1). Z1 and Z2 are the reactants charge numbers, αe is
the fine-structure constant, h̄ the reduced Planck’s constant and c the speed
of light in vacuum. Each specific potential is defined by setting the values of
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B.2 Adopted potentials

all parameters (Vi, Ri, ai), which are reported in table table B.2. A discussion
on the construction of each potential and the relevant bibliography is instead
given in the main text, see in particular sections 4.1, 4.2.1, 4.3, 5.2.1 and 5.2.2.

Table B.2: List of all potentials employed in this work. Each column of each
table refers to a different potential, identified in the column header by the pair
of particles it refers to. Each line refers to parameter in equation (B.1) (with
same notation). For brevity, parameters whose value is zero are sometimes
omitted.

(a) Optical potentials employed only for transfer calculations. Only for the
Li6 –p potential, the spin-orbit term involves the total intrinsic spin (see text).

“α – He3 (alt.)” refers to the alternative potential fitted on phase-shifts
discussed in section 4.1.3.

Li6 – p α – He3 α – He3 (alt.) Li5 – d Li5 – p
RC [fm] 2.326 0.1000 0.1000 2.223 2.233

Vv [MeV] 48.20 66.08 62.00 90.04 50.97

Rv [fm] 1.908 2.649 2.500 2.001 1.912

av [fm] 0.6700 0.7175 0.7175 0.7090 0.6900

Vw [MeV] 0 0 1.200 0 0.6908

Rw [fm] – – 2.500 – 1.854

aw [fm] – – 0.7175 – 0.6900

Vx [MeV] 0.2246 1.089 0 12.20 4.723

Rx [fm] 3.634 2.102 – 2.266 1.854

ax [fm] 2.715 0.7386 – 0.6497 0.6900

Vo [MeV] 1.000 4.162 1.500 7.330 0

Ro [fm] 1.817 2.644 2.500 1.830 –
ao [fm] 0.700 0.2078 0.2078 0.6600 –

Vs [MeV] 18.00 0 0 0 0

Rs [fm] 1.853 – – – –
as [fm] 0.200 – – – –
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Table B.2: List of all potentials employed in this work (continued). Whenever
a potential was employed to construct a bound wave-function, Vv was rescaled
to obtain the desired binding energy for the system. Whenever a potential
was employed as core-core interaction, all non-central terms were discarded.

(b) Potentials related to the construction of the He3 state. “p – d (L = 0)” or
“L = 2” refers to the two potentials employed in section 4.1.2 to construct the
He3 state. “p – d (Fr2in)” refers to the potential employed in section 5.2.2.

p – n p – d (L = 0) p – d (L = 2) p – d (Fr2in)
RC [fm] – 2.000 2.000 1.280

Vv [MeV] 165.4 179.9 8155 87.30

Rv [fm] 0.4000 0.5400 −2.190 0.9500

av [fm] 0.6000 0.6800 0.9100 0.6500

Vg [MeV] 0 −203.3 −8400 0

ag [fm] – 0.6400 0.3500 –

Vo [MeV] 0 0 1.47 0

Ro [fm] – – 2.07 –
ao [fm] – – 0.06 –

(c) Potentials related to the construction of the Li6 state. “α – d (GGW)”
refers to the alternative potential with phenomenological spin-orbit employed
in section 4.3.

α – d α – d (GGW) α – p Li5 – n
RC [fm] 1.900 1.900 2.900 –

Vv [MeV] 80.09 80.09 43.00 43.00

Rv [fm] 1.900 1.900 2.000 2.125

av [fm] 0.6500 0.6500 0.7000 0.7000

Vo [MeV] 0 2.450 10.00 10.00

Ro [fm] – 1.900 1.500 1.594

ao [fm] – 0.6500 0.3500 0.3500
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