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Introduction

In recent years, the Landau paradigm of classifying phases of matter
through symmetry breaking mechanisms and order parameters has proven
incapable of capturing new classes of systems [1]. These systems exhibit
a different kind of order, known as topological order, and a more robust
and general framework rooted in topology has emerged for their charac-
terization [2-10]. In topologically non-trivial systems, the wavefunction
describing the ground state is fundamentally different from that of trivial
states of matter, such as an atomic insulator: the two cannot be adiabat-
ically connected without undergoing drastic changes in the band struc-
ture of the system, e.g. closing or opening a gap. The non-triviality of
the system wavefunction is measured in terms of quantized topological
invariants that, as the name suggests, remain unchanged under adiabatic
transformations of the system, as long as there are no structural mod-
ifications in the band structure. The first experimental realization of a
topological system has been the [Integer Quantum Hall State (IQHS)| in
2D electron gases subjected to strong magnetic fields [1]. The ground
state wavefunction of this system is characterized by a Z integer number,
known as the Chern number [3,[11]. After the the first material dis-
covered to manifest topological order without an external magnetic field
was the topological insulator state in HgTe/CdTe semiconductor quan-
tum wells [12]. In such a system, the strong spin-orbit interaction opens
an inverted band gap in which the valence band wavefunction inherits
properties from the conduction one. In this way, it is impossible to restore
the normal insulating phase without closing the band gap. Moreover, the
band gap is protected against any interaction that preserves time-reversal
symmetry, and for this reason, topological band insulators are among the
symmetry-protected topological states.

5



6 CONTENTS

From the discovery of the first topological insulator, new materials
have been found that are topologically non-trivial. Among these there
are gapped phases such as the topological crystalline insulator [13], in
which the topological state is protected by crystalline symmetries, or the
theoretically proposed topological superconductor [14,|15]; and gapless
phases in which the Fermi surface is composed of band touchings that
act as topological defects [10]. These band touchings can vary in dimen-
sionality, and in the directions away from the degeneracy the energy dis-
persion is linear. For this reason, these gapless topological phases are
broadly known as Dirac materials. Among the others, in a three dimen-
sional Brillouin zone we can have the [Nodal Line Semimetal (NLSM),
which is characterized by linear valence and conduction bands that cross
each other along a one-dimensional curve at the Fermi energy [9,10,[16],
and the Weyl Semimetal (WSM), in which the linear valence and con-
duction bands touch each other at single points, known as
[8/[17]. As we will see in the first part of this thesis, act either
as a source or a sink of a quantum of Berry flux, which is the essence of
the Chern number invariant, and because of this they are fundamental
in the description of both gapless and gapped topological phases. If, for
example because of spin degeneracy, four bands linearly meet at a single
point of degeneracy, this point is known as [Dirac Point (DP)| in analogy
with the description of relativistic particles in quantum field theory, and
the system as |Dirac Semimetal (DSM)| [8,17]. Graphene is an example of
in two spatial dimensions.

One of the most dramatic effects of a non-trivial topology in many ma-
terials is the existence of metallic, dissipationless, and symmetry-protected
states that occur at the boundaries of the sample. This property is known
as bulk-boundary correspondence. It was first discovered in the context of
the [18], where a bulk Chern number v (one for each filled Landau
level) predicts the existence of v edge states that results in a quantized
Hall conductance of oy, = v(e?/h), and it was then predicted and ob-
served also in topological insulators [6//7,10/12,19-21], [9,/10,22-30],
[8,[10,31-40] and in [8,[10,141-45]. In in particular,
at least two are found in the band structure and, in momentum
slices between them, the system effectively behaves as a 2D of unit
Chern number and with characteristic conductive surface states. Hence,




CONTENTS 7

the defining features of a are an open Fermi arc at the surface of
the sample and a non-quantized Anomalous Hall Effect [8].

Recently, interest in topological materials has shifted towards their
potential applications in quantum technologies [14,46-53]. In fact, the ro-
bustness of their topological properties against weak perturbations makes
these materials good candidates as efficient platforms for quantum com-
puting [14,/54]. In this framework, the problem of controlling and engi-
neering these topological phases of matter arises.

In particular, the Floquet engineering of a system through a periodic
drive has been the subject of a wide theoretical investigation [25,55| 56,
56-88], and experimental studies on the subject have also been performed
[66,[89-94]. The concept of Floquet engineering has also been recently
applied to topological systems with the aim of, for example, creating
anomalous topological states with no static counterpart [56,/61}71-80,95]
and, in particular, of inducing topological phase transitions [25}62,63,69,
81-84,96,97|. Specifically, it was predicted that irradiating a with
circularly polarized light induces, to first order in the inverse frequency of
light 1/w, a transition to a |[Floquet-Weyl Semimetal (FWSM)| phase with
tunable [85-88]]. Moreover, the study of interface states between ma-
terials comprising topological ones has raised a lot of interest. It has been
proved, in fact, that these interface states can have substantially differ-
ent properties compared to open surfaces ones [98] or even an entirely
different phase of matter [99,100]. Thus, the first part of this thesis is
devoted to the detailed study of the interface state, especially its energy
dispersion and pseudo-spin texture, which emerges when two regions
of a spinless are illuminated with opposite light polarizations at
zero temperature. Indeed, the difference in light polarization provides
the two induced with opposite Chern numbers (+1), thus gen-
erating two interface states. The most interesting aspect of this setup is
its high tunability: both Chern numbers and the position depend on
the polarization and intensity of the light. It is then possible to explore
various scenarios, based on the relative positions of the , that lead to
tunable van Hove singularities and topological interface states, which can
be experimentally reproduced and possibly lead to future device applica-
tions.

In the second part of this thesis, instead, we are going to focus on
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graphene. In particular, we study how substrate engineering via the prox-
imity effect, which can modify the topological properties of the system,
affects its superconducting transport properties in a (Graphene Josephson|
Junction (GJ))

Josephson Junction (J])| have an extensive role as vital components in
quantum information processing applications, such as in qubits [101]. In
particular, the semiconductor-based[f]lhas opened up new possibilities for
superconducting qubits with a gate-tunable ratio between the Josephson
and the charging energies, Ej/Ec. Implementations of this kind have been
made with a variety of materials [102-106], including graphene [107].
Moreover, semiconductor-based [J]| often work in the quasi-ballistic regime
and are characterized by a few high transmission channels that pro-
duce a skewed [Current-Phase Relation (CPR)| with higher harmonic con-
tent [[103]/108|/109]. The highly skewed is at the base of multiterminal
topological effects [110-112] and of implementations of high-efficiency
superconducting diodes [113}[114] and parity protected sin(2¢) qubits
[114-116]. Graphene is one of the most promising materials for such ap-
plications. In fact, thanks to advances in the fabrication of encapsulated
graphene, it is now possible to produce high-quality superconducting
graphene heterostructures [117-119]. These systems show ballistic trans-
port, gate-tunable supercurrents, and forward-skewed [120-128].
Graphene is a 2D with two inequivalent that define its valley
degree of freedom. In its pristine form (only the kinetic Hamiltonian),
the graphene layer is topologically trivial. Nevertheless, even with just a
small mass term, the presence of the two separate Dirac points provides
each valley of the system with some independent topological properties;
provided that the sample preserves the valley degree of freedom. Indeed,
each valley of graphene is characterized by an independent quantization,
to half an integer, of the Chern number. This leads to peculiar trans-
port properties such as the valley Hall effect [129] and to the existence of
kink edge states at an interface between trivially gapped graphene lay-
ers with opposite mass terms [130]. When considering [Spin-Orbit Cou-|
in graphene, its phase diagram becomes even richer. In
the two seminal papers [4,[19], Kane and Mele proved that in a certain
SOC| parameter range graphene can become a [Quantum Spin Hall State]
(QSHS), a 2D topological insulator, described by a Z; = {0,1} index and
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characterized by two helical edge states (one per spin) that circulate in
opposite directions along the edges of a sample. More recently, it was
found that for other values graphene can establish a gapped (trivial)
phase characterized by both spin-polarized and time-reversal protected
pseudohelical edge states together with valley-polarized ones, a phase that
was dubbed [Quantum Valley Spin Hall State (QVSHS)| [131]. Unfortu-
nately, pristine graphene was shown to have an intrinsic too weak to
produce an observable effect [132]. For these reasons, substrate engineer-
ing of proximity-induced can have a profound impact on tailoring
the properties of the graphene layer. First-principles and experimental
studies demonstrate that graphene on transition metal dichalcogenides
heterostructures can exhibit strong proximity-induced [SOC| without com-
promising the Dirac dispersion [1335139]. For example, it was experi-
mentally proved that graphene on WSe; shows an enhanced robustness
of the supercurrent for extremely high magnetic fields [140], which could
be a consequence of the edge transport due to the non-trivial or
QVSHS| graphene phase.

Our analysis of the superconducting transport properties of proximi-
tized graphene is divided into bulk contributions and finite width effects.
In the former, we focus on the short and wide junction limits, in which
the junction length is much smaller than the coherence length of the su-
perconductors. We employ an analytical approach and use a low-energy
description of graphene based on the continuum low-energy Hamilto-
nian. We thus compute the effect on the critical current and skewness of
the of the different types of that are induced in proximitized
graphene. We find that depending on the modifications of the band struc-
ture, these different terms result in a wide range of effects on the of
the junction. Among them, a Rashba while having little effect on
the critical current of the CPR, produces heavy swings in its skewness,
allowing for a tunable harmonic content. In the finite width section, we
compute the edge contribution to the transport, for Fermi level values
inside the energy gap, and analyze its robustness against scalar disorder
in the form of edge roughness. We also analyze the magnetic interference
pattern of the critical current for a junction of finite width. We find that at
high magnetic fields the interference pattern is dominated by robust oscil-
lations that slowly decay with the strength of the magnetic field, which is




10 CONTENTS

consistent with the localized nature of the edge transport. For magnetic
fields of low intensities we also find clear signatures of non-reciprocal
transport which leads to a |[Superconducting Diode Effect (SDE) with ef-
ficiencies up to 60%. The root cause of this effect is found to reside in
asymmetric edge transport and a minimal transport model that repro-
duces the result is given.

This thesis is organized into four chapters as follows.

Chapter 1 provides the theoretical background necessary for our study
of topological phases in Dirac materials, in particular and graphene.
We start by introducing the Dirac equation and its topological aspects:
with due modifications, the Dirac equation will be the central analytical
model throughout the rest of this work. After a brief introduction on the
Berry curvature and the Chern theorem, we explore the concept of conical
intersections and WPk, which are essential in the understanding of topo-
logical materials in general, and of and graphene in particular.
We will then show how it is possible to tune the topological properties of
these materials. We will explicitly show how one can induce a topological
transition in a system to a tunable state via light irradia-
tion; and we will analyze how, via proximity coupling, a substrate can
modify the properties of a graphene layer and, in particular, of its edge
states. The Chapter ends with a brief overview of superconductivity and
superconductive transport in[J| described in terms of [Andreev Reflection|
[(AR)| and [Andreev Bound State (ABS)|

In Chapter 2, we present the first original work of this thesis: the anal-
ysis of the interface system between two [FWSMk. The interface is created
by irradiating a with two monochromatic light beams of opposite
circular polarization. Due to the topological mismatch between the two
sides of the junction, the interface can host up to two interface modes for
a given 2D momentum projection. The electronic structure and pseudo-
spin texture of the interface states are subsequently investigated. The
results demonstrate that the interface system exhibits a highly tunable
band structure, with the possibility of inducing van Hove singularities in
the density of states. Furthermore, it is shown that the introduction of
a narrow magnetic barrier enables the realization of a switchable topo-
logical state at the interface, which can be controlled by adjusting the
intensities of the incident light beams.
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In Chapter 3, we analyze the effects of proximity-induced interactions
in the of a short and wide The analysis starts by introducing
the low energy Hamiltonian and the transfer matrix method, which are
used to compute the transmission probabilities across a normal ballistic
graphene stripe. Then, using methods elaborated in Chapter 1, these trans-
missions are directly linked to the of the which is investigated
under the effects of [Kane-Mele Spin-Orbit Coupling (KM-50C), [valley-|
IZeeman Spin-Orbit Coupling (VZ-SOC), and [Rashba Spin-Orbit Coulp-|
as well as of an onsite scalar potential. First, we study the
cases without which we were able to fully compute analytically.
Already at this stage, the results reveal a broad range of effects on both
the critical current and skewness: while the and onsite potential
terms significantly suppress them, the enhances both, acting as
a valley-dependent chemical potential. Finally, we introduce the
and resort to solving the problem numerically for some of the most exper-
imentally relevant parameter values. Interestingly, we find that a
can produce heavy swings in the skewness of the allowing for [G]]|
with a tunable harmonic content.

Chapter 4 is devoted to the analysis of the finite-width effects in a setup
similar to that studied in Chapter 3. This is done numerically by perform-
ing tight-binding simulations using the KWANT Python package. Due to
its rich edge behavior and to its experimental plausibility, we focus on the
aforementioned of graphene. Firstly, we examine how the edge
contribution affects superconducting transport by considering the sys-
tem’s Fermi level and various types of edge terminations. Subsequently,
we proceed to investigate the robustness of the system with respect to
edge disorder and conclude with an examination of the magnetic inter-
ference pattern observed in the junction.
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Chapter 1

Topology in Dirac materials

The discovery of topological materials has opened a vibrant frontier in
condensed matter physics, where the interplay between symmetry, topol-
ogy, and band structure gives rise to remarkable physical phenomena.
One of the hallmarks of topological matter is the prediction, via the bulk-
boundary correspondence, of topologically protected edge states that live on
the boundaries of the sample. The Dirac Hamiltonian and its variants
are ubiquitous in the description of many topological systems, that col-
lectively are referred to as Dirac materials. We will see how the Dirac
Hamiltonian naturally predicts edge states between regions with differ-
ent mass signs and how it can be generalized to model real condensed
matter systems.

In this chapter, we begin by introducing the Dirac Hamiltonian and its
central role in capturing the essential physics of topological materials. We
will then quickly review the mathematical concept of Berry curvature and
the Chern theorem, which together form the backbone of the modern un-
derstanding of topological invariants. We then examine the concept of 3D
conical intersections and their influence in the topology of 2D Brillouin
zones. This will set the basis for the introduction of the generalizations
of the Dirac Hamiltonian to describe the two main characters of this the-
sis: the and graphene. We will then describe how the topology
of a can be influenced via light-irradiation of a and how
the interaction with a substrate can modify the topological properties of
a graphene layer. Finally, we conclude the Chapter discussing supercon-

15



16 CHAPTER 1. TOPOLOGY IN DIRAC MATERIALS

ductivity and transport in a[f]| via means of [AR| and
Through this progression, the chapter lays the conceptual groundwork

for the rest of the thesis, establishing both the theoretical tools and the
physical context necessary for the study of Dirac materials.

1.1 The Dirac equation and its topological prop-
erties

Since most electronic properties are governed by states near the Fermi
energy, a material is often modeled through the electronic bands aris-
ing from weakly bound valence orbitals of its constituent atoms. In a
minimal model, we can focus only on the very few bands closest to the
Fermi energy. We generally consider the last occupied and first non oc-
cupied bands close to the Fermi energy (or two with spinful electrons),
still capturing the essential low-energy physics of the system. The Dirac
Hamiltonian falls into this minimal model description.

The Dirac equation was proposed as a relativistic counterpart to the
Schrodinger equation by P.A.M. Dirac in 1928. The Dirac Hamitonian
proposed to describe the dynamics of relativistic particle is

Hp =ca-p+ ,Bmcz, (1.1)

where p is the momentum, m is known as the mass term, c is the speed
of light and the matrices {B, «;} square to 1 and anti-commute with each
other. In three dimensions the four matrices must at least be of dimen-
sion 4 and solving the time-independent problem gives four independent
solutions that differ for spin and energy. The negative energy solutions
posed a great problem of interpretation, the solution of which led to the
discovery of the positron.

In a condensed matter setting, the negative solutions of Eq. do
not present any interpretational difficulty, as they can naturally be iden-
tified with valence-band electrons whose energy is negative relative to
the Fermi level. In this way, the Dirac Hamiltonian serves as an effective
model for capturing the dynamics of a gapped system in the vicinity of
the Fermi energy. The relevance of the Dirac Hamiltonian in describing
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topological states can be hinted at through the bound state solutions that
emerge at the interface between two regions of opposite mass. Consider-
ing a 2D system, Eq. (1.1) can be rewritten as

h(x) = opyay + vpsay +m(x)v*B (1.2)
where we have used a general velocity v and where
- f 0
m(x) = { my or x < ’ (1.3)
My for x>0

with mymy > 0. It can be shown that this system holds two conductive
interface states [141] given by

0 mm _ j
‘I’i(x,ky) _ /Emlir_;z o e |m(x)vx|/h+ikyy (1.4)

where ¢, = (i,0,0,1)T and ¢_ = (0,i,1,0)T. Their energy is found as
E+ = +ohk, with an effective velocity v+ = 4v, meaning that each state
carries a current along the interface, but electrons with opposite spins
move in different directions. In some way, these edge states are precursor
of the helical edge states of the Quantum Spin Hall Effect, which we will
see in Sec. when dealing with graphene on a substrate.

The difficulty with employing Eq.(L.1I) to describe topological materi-
als lies in the symmetry between positive and negative masses. In fact,
the Hamiltonians corresponding to positive and negative mass are con-
nected through a unitary transformation that flips § — —p while leaving
«; unchanged. As a consequence, the sign of m alone does not allow
one to distinguish whether a system is topologically trivial or not. One
might attempt to resolve this by assigning, for instance, an infinite posi-
tive mass to the vacuum as a reference, and then defining as "topological”
those systems governed by a Dirac equation with negative mass. How-
ever, since the appearance of bound states is intrinsically dictated by the
band structure, the introduction of such a vacuum benchmark should
not be necessary. We are thus led to conclude that the Dirac Hamilto-
nian in Eq.(1.I) is inadequate for the description of topological systems.
The problem can be solved with the introduction of quadratic corrections
as [141]

H = ca - p+ B(mv* — Bp?). (1.5)
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The quadratic term Bp? breaks the symmetry between positive and neg-
ative masses: for mB > 0 the Hamiltonian reduces to a form proportional
to B at |p| = 0, whereas for |p| > 1 it becomes proportional to —p, mak-
ing it topologically distinct from the mB < 0 case. With minor adjust-
ments, the Hamiltonian of Eq. will therefore serve as the principal
model used throughout this thesis.

1.2 Quick review of the Berry curvature and the
Chern theorem

Considering a N-dimensional parameter space, every state of the system
will be a function of the N parameters |u(Aq,...,AN)) = [u(A)). We can
introduce the Berry connection as a A-dependent N-dimensional vector
A= (Al, .. -/AN) with

Ay = (u(A)]id,u(A)), (1.6)

where d, = d/dA,. We can then define the Berry phase around any loop
in parameter space as the integral of the Berry connection

o= 7( A -dA (mod 27), (1.7)

where the (mod 27r) operation is needed to keep ¢ a gauge invariant
quantity. In a 3D parameter space we can apply Stokes’ theorem and
write

A-dA = / Q.- ds. (1.8)
dS S

where dS is an oriented area element on the surface S, whose boundary
is dS, and
0=V xA. (1.9)

is the Berry curvature. The integrating function on the right hand side of
Eq. is called the Berry flux and its a gauge invariant quantity. For this
reason, the := symbol means that the equality is valid only in those gauge
choices where A is smooth on the S surface and Stokes’ theorem holds;
for the other gauges there may be a mismatch of 27tn, with n integer.
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Let us now consider S a closed surface, we can divide it into two
surfaces S = S4 U Sp separated by a closed loop I We can then apply

Eq. and write

/n-ds:/ Q-dSA+/ Q- dSp
S Sa Sp

(1.10)
- fAA-dA—]{AB-dAzznc,
T T

where A4 and AP are obtained, in principle, from two different gauge
choices, and C is called the Chern number. Eq. is the Chern theorem:
it states that the Berry flux over any closed 2D manifold must be a multi-
ple of 27t and its related to the impossibility of creating a smooth gauge
between the two surfaces S# and SB. We can now move on and apply
this to crystals.

1.2.1 Anomalous quantum Hall effect and bulk-boundary
correspondence

In a crystal, electrons move in a periodic potential and can be described
by virtue of the Bloch theorem. In this way electrons are represented
by real space periodic wavefunctions |u,(k)) that are also periodic in
the crystal momentum k. This periodicity in the 3 directions makes the
Hilbert space of the electron states a 3D torus. If we limit the analysis
to only 2 spatial dimensions the Hilbert space will be a torus, which is a
closed 2D manifold on which we can compute the Chern number.

The experimentally measurable quantity linked to a non-vanishing
Chern number is the anomalous Hall conductivity, which predicts a trans-
verse response to an electric field: J; = 0;;&;, where 0j; # 0 is known as
the Hall conductivity. The semiclassical equations of motions for a crys-
tal electron in the presence of both electric and magnetic field and with a
non-zero Berry curvature can be written as [142]

=0 —kxQ (1.11a)
k=——-&— —i#xB (1.11b)
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where vy = W1V E,i is the group velocity and the —k x €} is known as
the anomalous velocity. For example, considering a 2D insulator with a
single band filled, subjected to only an electric field, the contribution to
the current arising from to the anomalous velocity is

]y —€ . 2 —e . 2 ezgx 2
_ k) = Q) Pk = Q(k)d2k,
Ve (271)? Ji 9 (27)? Jr 02 (2n)2h/Bz (k)

so that, taking the derivative in £, we find, for the Hall conductivity,

2 2

e 2, €
/BZ Q(k)dk = ©-C (1.12)

(o =
” (27)? h

where ¢2/h is the conductivity quantum ﬂ Note that the Hall conduc-
tivity of Eq. is a bulk property, since we have reasoned with the
Brillouin zone of an infinite sample. An insulator with a non-vanishing
Chern number is known as a Chern insulator.

Let us now consider the case of a finite sample of a Chern insulator
under the influence of an electric field, while not being attached to any
metallic leads. If its dimensions are big enough, we expect its bulk elec-
trons to behave as we just described and move perpendicularly to the
applied field. It seems that electrons will accumulate on one edge of the
sample and deplete on the other one. But this is not possible since once
ky evolves, under the influence of the electric field in Eq. (I.11b), over one
full period the Hamiltonian of the system returns the same and the state
of the electrons must not change. The resolution of this issue lies in the
surface states. The excess electrons accumulating on one side of the sam-
ple must be transferred back to the opposite side. This necessitates the
presence of two surface states crossing the gap: on one edge, a surface
state rises in energy and depletes the accumulated electrons, while on the
other edge, a surface state lowers in energy and repopulates them. The
number of electrons circulating along the edges coincides with the Chern
number, which also determines the number of surface states. Hence, to a
non trivial bulk band structure directly corresponds the existence of edge
states. This is known as the bulk-boundary correspondence. Materials that

A more precise derivation, based on quantum linear response theory, of the Hall
conductivity can be found in most textbooks on transport theory, for example [143]
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behave in this way are known as topological and, depending on the spacial
dimension and their symmetry properties, they are characterized by dif-
ferent topological invariants [10]. The Chern number of a Chern insulator
is an example of topological invariant and, since it can span all the integer
numbers, it is a Z topological invariant. Time-reversal symmetric topo-
logical insulators are another example of topological matter, described by
a Z; = {0,1} topological invariant. We will see in the next section that,
generally, a non-trivial bulk topology is consequence of linear points of
degeneracy in the energy spectrum of a system in the parameter space.
When non-accidental, these degeneracy points are the effect of symme-
tries in the system. Hence, both the topological phase of a system and its
correspondent edge states are said to be topologically protected by any
perturbation that does not break these symmetries.

Some remarks on the role of symmetries in the Berry curvature are
in order. These will become relevant later, when we discuss [WSM| and
graphene. From the explicit expressions of the Berry connection and cur-
vature in Eqgs. (L.6}[1.9), applied to the Bloch modes |u,), one can show
that:

1. when the crystal preserves spatial inversion symmetry, then Q,,(k) =
Qn ( - k) .

2. when the crystal preserves time-reversal (TR) symmetry, then O, (k) =
-0, (—k).

3. when the crystal preserves both symmetries above then Q) (k) =0
everywhere in the Brillouin Zone.

Of particular importance is point [2|above: if an insulating crystal has TR
symmetry then every integral of the Berry curvature over the Brillouin
zone will vanish and it cannot experience a non-vanishing Hall conduc-
tivity. We will see that this is the case of graphene, although it will not
prevent it from having a topological phase (different from the Chern in-
sulating one).
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1.3 Conical interections: Weyl points

A conical intersection is a point of degeneracy in the energy dispersion
in which the splitting of the degeneracy is linear in the distance from
the touching point in any given direction in parameter space. A conical
intersection between two bands is called a and in this section we will
briefly explore its topological properties.

As anticipated, we confine our attention to the two-dimensional Hilbert
subspace spanned solely by the two touching bands [24,25,29]. Within
this reduced two-state space, the effective Hamiltonian takes the form:

H(A) = fo(A)oo + fx(A)ox + fy(A)oy + f2(A)oz, (1.13)

where the Pauli matrices {0;} form a basis for the general 2 x 2 traceless
Hermitian Hamiltonian, oy is the identity matrix, and where the compo-
nents f; are smooth and real functions of the parameters A. The eigenval-
ues of this Hamiltonian are

E=fo\/fi+f2+f2 (1.14)

A degeneracy will occur only if fy(A) = f,(A) = f:(A) = 0. Given
that three conditions must be simultaneously met, we expect it to occur
in a parameter space of dimension D > 3, unless there are symmetry
constraints imposed on the f functions. In the last case, adjusting certain
parameters of the model, like including disorder, while still respecting
the symmetries of the system, will not cause the conical intersections
to vanish; rather, to first order, they are merely displaced, appearing at
slightly shifted locations in parameter space.

We can linearly expand the Hamiltonian of Eq. into the vicinity
of a at A = A, to obtain

H(A) =Y Ajj(Ai = Ay)ay, (1.15)
ij

where A;; = 9d;f; is the Jacobian matrix evaluated at A = A. We can then
assign the following value to a

X = sgn(det A), (1.16)
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known as its chirality. The chirality of a is a topological quantity, in
the sense that it will be constant even when modifying the parameters
of the model, unless a singularity (det A = 0) is encountered. When the
matrix A is non-singular, we can diagonalize it into the form

H(A) = ZBZ-(A,- —A)o;=dA) -0, (1.17)

which is known as Weyl Hamiltonian. Restricting to a 3-dimensional
parameter space, a surface S enclosing the at A = A is mapped onto
the entire Bloch sphere in pseudo-spin space. It is well established [143]]
that an eigenstate on the Bloch sphere carries a Chern number |C| = 1,
therefore

%g Q4 (A) -dS’ — o, (1.18)

where )4 (A) is the Berry curvature, Eq. (1.9), of the upper/lower eigen-
state of the Weyl Hamiltonian. Thus, function as sources or sinks
of a 27t quantum of Berry flux in the surrounding momentum space. By
convention, a positive (negative) chirality provides the lower eigenstate
with a positive (negative) Berry flux and a C = 1 (C = —1). The typ-
ical hedgehog shape of the Berry curvature around a is sometimes
called a skyrmion [12], in analogy with the spin configuration in a mag-
netic monopole.

When at least two of the three A parameters are crystal momenta, be-
cause of their periodicity, we can smoothly deform a sphere surrounding
a into two planes on opposite sides of it, see Fig. Each plane is
a 2D Brillouin zone where each eigenband has its own Chern number.
Therefore, from Eq. (1.18), and keeping into account both the chirality of
the and the flux direction of the Berry curvature, we can write

X =Cp—Cy, (1.19)

where C,, (C,) is the Chern number of the lower eigenband for the upper
(lower) 2D Brillouin zone. If the last parameter is also a crystal momen-
tum, then periodicity along this direction will enforce

Z Xi=0, (1.20)
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Oa5

S T T3

Figure 1.1: Surfaces in parameter space built around a (black star).
First the S sphere is stretched into the cylinder S, and then again into
the two tori S; and S;. Figure adapted from [143].

which is known as the Nielsen-Ninomiya theorem [144].

In the next section, we will see what a is and how Eq.
can shape its topology. We will also describe how it is possible to create
a of tunable topology via light-irradiation of a This will
set the foundation for the first original work of this thesis, presented in

Chapter [2, which concerns the study of the interface states that originate
between two [FWSME.

In the following, we will introduce graphene and show how, via Eq.
the interaction with a substrate can modify its topological properties,
mainly regarding its edge states. This will set the basis for the second
original work of this thesis, presented in Chapter 3| which concerns the
study of the effects in a For this reason, at the end of this Chap-
ter, there will also be a brief description of superconductivity and the

I
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1.4 Tunable Floquet-Weyl Semimetals

In this section, we will give a short pedagogical introduction to [WSMs.
We will also describe one of their main features which is the existence of
metallic surface modes only in a finite portion of a projected 2D Brillouin
zone. Because of this, host a peculiar open Fermi line on the quasi-
2D surface of the material. After this we will quickly introduce a model
for a and show how by shining circularly polarized light on a
it is possible to induce a topological transition to a for this
last part we will follow Ref. [85].

The results of this section will be the starting point for the work done
in Chapter |2/ on the analysis of the interface states that originates between
two regions of a illuminated with light beams of opposite circular
polarization.

1.41 Weyl semimetals

When A = k is the 3D momentum space, we have a 3D crystal with
that is known as a [8/[17,32,33]. As we have discussed in the previ-
ous section, due to the general repulsion between energy levels, in order
to host a non-accidental degeneracy, a needs to have a protecting
symmetry. Because of this, a is generally time-reversal symmet-
ric with broken inversion symmetry or inversion symmetric with broken
time-reversal symmetry [8]. Most importantly, it cannot have both sym-
metries otherwise the Berry curvature of any state would be vanishing, as
we saw previously at the end of section Either one of these symme-
tries protects the existence of in the crystal, meaning that disorder
that does not break the degeneracy and can only shift the position of a
[10,[145]. If a has either TR or I symmetry we can say more
about the population of the [WPk. In these cases the energy spectrum is
symmetric and any at K has a symmetric one at —K. Given what we
said in section about the symmetry aspects of the Berry curvature,
we can write

X(K) = —x(—K), Isymmetry

. 1.21
x(K) = x(—K), TR symmetry 1.2
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Thus, if a possesses I symmetry, a at K is paired by a
of opposite chirality at —K with the same energy, fulfilling the Nielsen-

Ninomiya theorem with a minimal set of [WPs. Conversely, if only TR
symmetry is present, the paired share the same chirality, and the
Nielsen-Ninomiya theorem then requires at least one additional pair of

with opposite chirality.
A simple Hamiltonian describing an I-symmetric with a mini-

mal set of [WP5 is [8]
H(k) = [m ~B (ki +ky + kﬁ)] 0 + vykyoy + 0:k:0%, (1.22)

with mB > 0and PH(k)P' = H(—k), with P = ioy the I symmetry oper-
ator. Note that this is very close to the Dirac Hamiltonian with quadratic
correction that we have discussed in Sec. The eigenenergies of the

Hamiltonian (1.22)) are

Es (k) = i\/[m ~B (K +K+ kg)]z + (vgk,) + (0:k2)2, (123

which are degenerate only at two placed at K+ = (++/m/B,0,0).
Linearizing the Hamiltonian expressed in Eq. around the and
using the definition of Eq. their chirality is found as y+ = F1.

One of the most striking consequences of the presence of is the
existence of open Fermi lines on the surface of the material, known as
Fermi arcs [8,(17,38]. This is a consequence of the bulk-boundary corre-
spondence we described earlier. Because of Eq. (1.19), every 2D projection
of the Brillouin zone that falls between the has a non-trivial Chern
number for its valence and conductance bands. In the case of the Hamil-
tonian of Eq. (T.22), every (ky, k) Brillouin zone for a fixed kx €]K_, K|
has a Chern number C(k,) = 1 for its valence band. As such, it can be
regarded as an effective 2D Chern insulator [37], which is required to host
a metallic edge mode (that cross the Fermi energy, E = 0) due to the bulk
boundary correspondence. If we cut the sample, say in the z direction, for
every k, between the surface projection of the two we find that the
edge mode intersects the Fermi energy, E = 0, at a specific k,. Linking
all the (ky, k) couples so created, a line, known as Fermi arc, develops,
which connects the two projections of the [8]. Outside of these there
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State|
kx T ky
Figure 1.2: Example of energy dispersion in a characterized by
two of opposite chiralities. In blue an red the energy dispersion
originating from the of opposite chiralities, in fuchsia the surface
states dispersion which crosses the Fermi level, in green, generating a
Fermi arc. Figure adapted from [33].

can be no Fermi line because the slices are not topological (they have zero
Chern number) and do not host metallic edge modes. An example of
Fermi arc is shown in Fig. The fact that the Fermi arcs originate and
end at the surface projections of with different chiralities is a general
feature, and its consistency is ensured by the Nielsen-Ninomiya theorem.
The Fermi arcs are an example of an anomaly in the surface band struc-
ture. In fact, an open Fermi line could never exist in an isolated 2D system
or even at the surface of a 3D topological insulator.

The existence of Fermi arcs has been experimentally proven via ARPES
techniques in different materials [3336,(146{152]. The presence of the
WPk in a [WSM] also has two peculiar transport consequence. The first
one, tightly connected to the Fermi arcs, is the anomalous Hall effect
[8,153,[154]. We saw that every 2D plane in momentum space that falls
between the acts as a Chern insulator; as such, every plane con-
tributes with a e?/h of Hall conductivity, from Eq. (T.12), to produce a
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non-quantizied Hall response from the whole[WSM]of || = €2/ (27th)ke,
where k. is the distance between the projected in the direction per-
pendicular to the ab plane. The second one is a negative longitudinal
magnetoresistance linked to an imbalance of charge at the two in
the presence of parallel electric and magnetic field [8,17,154].

1.4.2 Nodal Line Semimetals

Another class of topological materials closely related to [WSMk is the
Unlike the zero-dimensional band touchings in a[WSM] (the WP5),
a features band touchings that form a one-dimensional manifold,
with linear dispersion in all directions perpendicular to the degenerate
line. Depending on the symmetries of the system, there may be one
nodal-line [9,17,22-30,155,156] or multiple with different connectivity
structures [100,157-161]. Materials that present a nodal line of degenera-
cies show peculiar surface and bulk properties, but we will not delve into
it. A review on the topic can be found in [17]. For the rest of this thesis,
we only need a minimal theoretical model to describe a

One of the simplest effective models for a very akin to that of a
in Eq. (and still based on a variant of the Dirac Hamiltonian),
is the following [9]

H(k) = [m ~ B2+ K+ kg)} oy + vk, (1.24)

with mB > 0. This Hamiltonian is symmetric with respect to the M = ioy
z-mirror operator, so that M H (k)M = H(ky, ky, —k-), which enforces a
vanishing ¢, component and allows for a line of degeneracy from the
effective Hamiltonian of Eq. (1.13). Its eigenenergies are

Eyp= :I:\/ [m — BK2)* + v2k2 (1.25)

which creaste a line of degeneracy on the nodal ring defined by k, =
0 and k2 + ké = m/B. As we said before, this line of degeneracy is
protected against all perturbations that conserve the z-mirror symmetry
of the system.
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1.4.3 Floquet-Weyl Semimetal via light irradiation

In this section, we show how, in a semiclassical treatment of the electro-
magnetic field, a beam of circularly polarized light can induce a transi-
tion from a [NLSM] to a FWSM| This section closely follows the results of
Ref. [85].

Let us consider a beam of circularly polarized light that moves in the
x direction, described by the vector potential

A(t) = Ao [0, cos (wt), sin (wt + ¢)] . (1.26)

We shine this beam of light on a described by the Hamiltonian
of Eq. (1.24). Since the vector potential A(t) does not depend on spatial
coordinates, it does not break the crystal translational invariance. Under
the minimal coupling prescription, Eq. becomes

H(k +eA(t)) = {m — B[K* + e A3(cos? (wt) + sin® (wt + ¢))+
+2eAp(cos (wt)ky, + sin (wt + ¢)k;)] for+
+ v[k; + eAg sin (wt + ¢)]0%. (1.27)
where k? = k2 + k; + k2. This Hamiltonian is time periodic and can be
expanded in Fourier modes as H(t, k) = ¥, H,(k)e"t with H,(k) =

— f z H(t, k)e "@!dt and T = 27t/w. The Fourier coefficients are easily

Computed as
Ho(k) = [m — Be2A2 - Bkz} oy + vk.0%,
Haq(k) = —eAg [23 (ky =S ieii"’kz) oy + e %00, | /2, (1.28)
Hiy(k) = —Be?A3 <1 — eii2¢> ox/4,

and H, (k) = 0 for all |n| > 2. Applying Floquet degenerate perturbation
theory, it can be demonstrated [162] that, in the high driving frequency
regime, the system dynamics can be effectively approximated by a time-
independent Hamiltonian, which takes the form

Her (k) )+ Y (Heon (), H- ”(k)] +0 <$) (1.29)

n>1
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The only commutator appearing in Eq. (1.29) that is different from zero is
[Hy1(k), H-1(k)]. Using the Pauli matrix commutation relation [0y, 03] =
2i€e,p.0¢ it can be readily computed as

[Hi1(k),H_ (k)] = {— eA [ZB <ky — iei"’kz> o + ie+i4’vaz] /2,
—eAp [ZB <ky + ie_i‘f’kz> oy — ie_i%az} /2}
e

= {{2B(ky — ie'k,)oy —ie_i"’vaz]-i—

+ [iei"’vaz , 2B(ky + ie’i"’kz)ax} }

— 2 A2Bv [(ikz — e k) — (eky + ikz)] o
= —2¢* AjBu cos (¢)k,oyy = Awkyoy,. (1.30)

Putting together Egs. (1.28] , the final expression for the effective
Hamiltonian is

Heps(k) = [m —~ Bkz} 0 + Akyoy + vkoow + O(1/w?) (1.31)

where
A = —2¢*BvA3cos (¢)/w, (1.32a)
it = m — Be? A2, (1.32b)

The main effect of the driving is to add a ¢ component to the NLSM
Hamiltonian of Eq. which now breaks the z-mirror symmetry. There-
fore, we expect the 1D line of degeneracy to be lifted into a 0D one. In-
deed, the eigenenergies of Eq. are

Eo = 4/ — BR2 + A%k + 02K2 (1.33)

and they intersect at the isolated . K+ = +(+/m/B,0,0). Therefore,
for A # 0, the system will transition into a phase. Due to the peri-
odic driving by light, this phase is referred to as a Additionally,
the 0y, component introduces an imaginary part to the effective Hamilto-
nian, making it impossible to define a time-reversal operator ©® such that
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@H(k)® ! = H(—k). This was expected, as the presence of circularly
polarized light breaks time-reversal symmetry, and, as discussed after
Egs.(1.21), it allows for a with a minimal set of WPk. Indeed, the
effective Hamiltonian can be expanded near the gapless points as
H=+(q) = ¥ji vijq+,joi, where v;; = 9;f; and g+ ; = k — K. We then get

v11 = F2VmB, vy = A, 033 =0 (1.34)

and v;; = 0 for i # j. In this way, we see that the two WDk possess op-
posite chirality, in agreement with the Nielsen-Ninomiya theorem, with
their handedness determined by that of the incident circularly polarized
light, as

X+ = sgn [det (v;;)] = £ sgn (cos¢). (1.35)

Moreover, the locations of the can be tuned by changing the intensity
of the incident light beam, see Eq. (I.32b), and by changing its directions.
For example, the[WPs would be at +(0, \/7/B, 0) for a light beam moving
towards the y-direction.

More in general, the concept of Floquet engineering, which means
tuning the properties of a system via a periodic drive, has gained much
interest in the recent literature [57,59,64,70,72,91]. In particular, this
concept was theoretically applied to topological systems with the results
of inducing topological phase transitions [55}60,(69,81-83,185,88], as we
have just shown, or crating anomalous topological states with no static
counterpart [61,74]. In the latter case even a new topological classification
for these non-equilibrium states was necessary [56,71,75-77,79,[80].

The conclusions of this section are the starting point for the original
results shown in Chapter 2, where we study the electronic surface states
that form at the interface between two half-spaces of a irradiated
by two monochromatic light beams with opposite circular polarization.

1.5 Topology of graphene on a substrate

In this section, we give a pedagogical introduction to graphene and to

how its properties can be modified by the interaction with a substrate.
We will start by introducing the crystal structure of intrinsic graphene

and compute its band structure via a tight-binding procedure. From the
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tight-binding model we move to its low energy description via the con-
tinuum model. This model is based on the Dirac Hamiltonian found
by expanding the band structure around the two non-equivalent Dirac
points. This is where we will make contact with the previous sections
on conical intersection. We will then review some topological proper-
ties that arise because of the Dirac points description, already in intrinsic
graphene. Finally, we introduce the effects of a substrate, reviewing some
of the recent literature on the topic.

This section will set the basis for the results of Chapter 3, In particular,
the continuum model of graphene on a substrate is used to study the
effects of Spin-Orbit coupling in a

1.5.1 Crystal structure and tight-binding model

Graphene is a two-dimensional layer of carbon atoms arranged in a hon-
eycomb pattern [163], see Fig. Its atoms are connected by strong co-
valent bonds that originate from the planar hybridization of sp? orbitals,
guaranteeing its robust structural form. The sp? orbitals form bonds so
strong that they can be completely neglected when considering the elec-
tronic properties close to the Fermi energy. Instead, these are defined by
the remaining p, orbitals which loosely connect to other graphene layers
via van der Waals forces, making it possible to isolate a single graphene
sheet. As we will see shortly, the interaction between p, orbitals in the
peculiar honeycomb arrangement will give rise to an electron gas of mass-
less relativistic-like particles [164].

The honeycomb structure is not a Bravais lattice, so it is instead rep-
resented as a triangular lattice with two atoms per unit cell. The two
triangular sublattices that originates are generally called A and B, and
together they make degree of freedom that creates the graphene two-
band structure (when neglecting spin). Moreover they provide graphene
with a chiral symmetry that will allow it to have a topological classifica-
tion [10,165]. The two lattice vectors for each sublattice and the positions
of the atoms in the unit cell are
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Figure 1.3: Crystal structure of graphene. (a) honeycomb lattice com-
posed of two triangular sublattices A and B; a; are the real space lattice
vectors and J; the vectors connecting nearest-neighboring atoms. (b) re-
ciprocal lattice; b; are the reciprocal lattice vectors, I' and M high symme-
try points (time-reversal invariant momenta) and K and K’ the two non
equivalent Dirac points. Figure adapted from [164].

<\/§,1> dy = (0,0)
1.36
(am) e

where @ ~ 2.46 A is the lattice constant of graphene; and the vectors
connecting nearest-neighboring atoms are

a| —

a
2
a
ﬂ2:§

,1> (1.37)

(1.38)
S =a (_ﬁ'()) ) (1.39)

with |d;| ~ 1.42 A. Using the orthogonality relations a; - bj = 2md;; the
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reciprocal lattice primitive vectors are found as

2 (1

2t (1

The graphene Hamiltonian can be written in a tight-binding form as
(neglecting for now the spin degree of freedom)

H=—t) (clocig + h.c.) (1.42)
(i)

where c;ra (cjp) creates (annichilates) an electron on the i-th cell on sub-
lattice a; t ~ 2.8 eV is the hopping parameter, due to the overlap of
p. orbitals, between nearest-neighboring cells (ij) (avoid double count-
ing). Clearly, as one would expect, if there are no sublattice dependent
interaction the graphene layer is symmetric for the exchange of the two
sublattices, A <+ B; this symmetry is also known as the chiral symme-
try. Fourier transforming the c;, operators based on their position R;, on
the real-space lattice c;, = Y e'Riecy, and substituting in Eq. one
obtains

.I_
H = ; [23_‘;} H(k) [CiA CiB/] (143&)
_ ik-a,-
H(k) = {—tza?e_ik'“i tz‘ge (1.43b)

where a; runs over the lattice vectors of Eq. (1.36) plus the null vector.
The eigenenergies of H(k) are

E(k) = j:\/3 + 2 cos(kya) + 4 cos(kya/2) cos(\/gkya/Z), (1.44)

where the sign + indicates to the conduction or valence band. E(k) of
Eq. (1.44) has two non equivalent points of degeneracy at

2 (1 1
, 2n(1 1
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They are known as Dirac points because the energy dispersion is linear in
their vicinity, as we will see in the next section by expanding the Hamil-
tonian of Eq. (1.43b) to linear order in the momenta.

1.5.2 Continuum model and Dirac Hamiltonian

To find a low-energy model for (spinless) graphene the Hamiltonian of
Eq. (1.43b) can be lineraly expanded around the Dirac points (1.45) to
find [164]

Hg = h’(’)p(f p (1.46a)
HK/ = hUF(T* -p (146b)

where fiop = (v/3/2)at, p = k —K() and ¢ = (0%, 0y) is the Pauli oper-
ator describing the pseudospin (because of the spinorial form) degree of
freedom of the sublattices A, B. These are the two Dirac Hamiltonians
that describe the low-energy, massless relativistic excitations of graphene.
Each of the Hamiltonians of Eq. is the equivalent of the Weyl Hamil-
tonian that we have see previously in Sec.[1.3|and but in two dimen-
sions. K and K’ can be effectively regarded as another degree of freedom
of graphene and are often called valleys, leading to the following compact
form of Eq.

H(p) = hop(oxpx + Toypy) (1.47)

where T = + describes the valley degree of freedom. Note that the
Hamiltonian (1.47) is time-reversal and inversion symmetric and satisfies
the following relations

oxHe(p)oy = H_+(p) (1.48a)
TH:(p)T" = H-(—p) (1.48b)
PHz(p)P" = H_(—p) (1.48¢)

with 7 = 0K the time-reversal symmetry operator, X being the opera-
tor that performs complex conjugation, and with P = ¢ the inversion
symmetry operator. The eigenstates of Eq. (1.47) are

Pelp) = % (563T9k) (1.49)
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corresponding to the eigenvalues E(p) = Chog|p|, with { = &+, and 6 =
arctan(py/py). The massless Dirac Hamiltonians (1.47) commute with the
following valley defined operatmﬂ

hy = %(r : |—£| h_ = oxhioy (1.50)
known as the chirality operator. The chirality operator defines the align-
ment between momentum p and pseudospin ¢ in a given state and it
is closely related to the chiral symmetry of graphene, C = o, which
switches the chirality of any state, Ch:C' = —h;. The eigenstates
have a defined chirality, which is opposite for the ones of the upper and
lower eigenvalues and opposite at the two Dirac points

hy+(p) = ?C%tlﬂi(p)- (1.51)

We can say that the Dirac points are chiral and have opposite chirality.
One of the most striking consequences of the chirality of graphene elec-
trons is that a backscattering process happening at normal incidence, 8;—
must flip the sign of the pseudospin. So in the absence of any sublattice
breaking interaction, the pseudospin will be conserved wich leads to per-
fect transmission, a phenomenon known as Klein tunneling [166].

The well-defined chirality of the excitations near a Dirac point is closely
related to a topological invariant known as the winding number. The
winding number, v, is analogous of the Chern number we saw in Sec.
for 1D closed loops. It can be defined from the eigenstates of the Hamil-
tonian as [167] (that we will use in Chapter

v (I) = %/F <<a)p () % (@), (t)>zdt, (152)

where (o), (1) = (¢(p(t))|c|¢p(p(t))) is the average pseudospin for an
eigenstate (1.49) at the point t along the path I' in momentum space; or
equivalently, it can be defined from the Hamiltonian (1.47) itself [165]

u(r) = 5 [Tl (p)ayhp) - dp, (153)

2There are other basis choices, for example the switch of the A <+ B sublattice wave-
functions on the K’ valley, which simplify the expression of the chirality operator.
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where h(p) = hop(px — iTpy) is the upper right block of the Hamiltonian
(1.47); in both definitions T is a path in momentum space that encloses
the origin, i.e. the Dirac point.

Applying the definitions above to the Hamiltonian one finds
that the Dirac points have opposite winding number v(K) = —v(K') = 1.
Because of the non-vanishing winding number, each eigenstate acquires
a non-trivial Berry phase when computed in a path that encloses a
Dirac point

1) =i [(9e(p)[Vppe(p) -dp = 7 (mod 2. (154)

At this point, one can apply the same reasoning done in section
and say that, because of the periodicity of the Brillouin zone, each Dirac
point has the effect of changing the Berry phase (at this point a Zak phase)
of a 1D Brilluoin zone projection that crosses it; and, similarly, that the
total winding number of the Dirac points in a 2D crystal must vanish
(Nielsen-Ninomiya theorem) [165,168]. In this way, intrinsic graphene
behaves in 2D like a 3D and, similarly (see Sec. [1.4), hosts edge
states for all those boundaries that allow to have a well-defined momen-
tum p between the Dirac points [142,(145,]169-172]. Graphene has two
main boundaries: the zigzag one, which makes a ribbon periodic along
the a; direction in Fig. (or anyone rotated by 71/3 from it); and the
armchair one that is found rotating a zigzag edge by 71/6. The armchair
edge creates short range scattering and forces boundary conditions that
do not preserve the graphene valley degree of freedom [169,(173||174];
as such, it is the only edge that does not host edge modes in intrinsic
graphene. All the other ones may host edge modes, depending on the
width of the ribbon [171,174-176]. This can also be seen explicitly from
Fig. where creating a zigzag edge means projecting the 2D Brillouin
zone on the k, axis, thus preserving the valleys, while creating an arm-
chair edge means projecting on the k, axis, superimposing the valleys.
In intrinsic graphene, these edge modes have zero energy and are dis-
persionless [169], therefore they do not affect the transport properties of
graphene.

In the next section, we explore how these proximity effects with a
substrate can modify the topological properties of graphene. In particular,
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how the graphene phase and the dispersion and robustness of the edge
modes are affected.

1.5.3 Graphene with proximity induced Spin-Orbit Cou-
pling

In this section, we explore the effects on a graphene layer, especially on its
low energy description, of the interaction with a substrate. When placing
two materials in close proximity, their wavefunctions overlap and hy-
bridize at the interface. This can lead to some properties of one material
being transferred to the boundary layers of the other, decaying exponen-
tially into the bulk. This is known as the proximity effect [177-181]]. By its
nature, the proximity effect is stronger in atomically thin materials inter-
acting via van der Waal forces [182], allowing for a new way of material
designing. Graphene, in particular, is emerging as a promising platform
in proximity designed setups [139]. This is due to the strong proxim-
ity induced it can acquire [133,[137,[138}[183-186] that may lead to
promising spintronics applications [134,135,187-190].

From a symmetry breaking point of view, graphene on a substrate
changes its point group symmetry class from Dg, to Cs;,. Because of this
reduction in symmetry the graphene layer may acquire new terms.
In a tight-binding description the most general graphene Hamiltonian
with can be expressed as [191]

2iA
H=—t Y chcis+ Y (Ui — p)cheis + % ) [(§ X dij)z} ChCis
(i,j),s s (i,j),5,s' 58

—_— 2 ; "
* 3V3 Z /\ivi]' [82]5s C;'I-sch’ T 3 Z Abra [ZS X di]'}ss’ C;st/’
((i.f))ss' ((i))s#s'
(1.55)

where i is a composite index characterizing both the position of an atom
and its sublattice A or B; U, is a staggered sublattice dependent poten-
tial and AR is a originating from the breaking of the horizontal
z — —z inversion symmetry. A} = {A#}, AP} is the next-nearest neighbor
intrinsic and, in general, it can differ for the two sublattices; it is
spin conserving and depend on the clockwise (v;; = +) or counterclock-
wise (v;; = —) path connecting site j to site i along the hexagonal lattice.
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Abia = {Ma, ABiA} is a sublattice dependent, spin flipping, next-nearest
neighbor hopping also originating from the horizontal symmetry break-
ing. Since the main effects of the latter on the graphene band structure
happen far from the Dirac points [192], it will not be treated in the present
work. By Fourier transforming and expanding near the Dirac points, as
we did before, the Hamiltonian can be written in its the low-energy form
as [131,/135,/193,194]

(1.56)
+ (U + 5:T2Akm) 0z + AR (8y0x — T25x0)

which acts on an 8-dimensional spinorial space in which ¢, T and s are
the three Pauli matrices that describe the sublattice (A, B), valley (K, —K)
and spin z projection (T, ]) degrees of freedom, respectively; moreover,
Axm = (A 4+ AP)/2 is known as and Ayz = (A —AP)/2 as
All of the above substrate induced terms preserve graphene
time-reversal symmetry, Eq. (1.48b), but only Axy preserves its inversion
symmetry, Eq. Moreover, Ay is the only term that does not pre-
serve the spin projection s,. For this reason we begin analyzing Eq.
without the term, so that s; is still a good quantum number.

Let us start by considering U,. It arises from an asymmetric interaction
of the two sublattices with the substrate [195,(196]. For this reason it
breaks graphene chiral symmetry and, because it completes the form of
a Dirac equation in 2D, is generally known as the mass term. Hence, U,
changes the topology of the graphene layer. The graphene eigenenergy
becomes E(p) = +/(hvp)? + U? so that a 2|U; | gap opens on both valleys.
The fact that the Dirac degeneracy is lifted allows for the computation of
the Chern number from Eq. (1.10). The Berry curvature can be computed
as [129,197]

U, (hv)?
2 (U2 + (o))"
so that for each band, { = &, (), is extremely peaked around the Dirac
points and is exactly opposite on the two valleys, T = =+, a plot of the
Berry curvature can be seen in Fig. [129]. Hence, the total Chern

O.(p) = ¢t (1.57)

3Including spin and valley degrees of freedom the time-reversal symmetry operator
becomes T = isyTy0>K, and the inversion one P = ity0y,.
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Figure 1.4: Example of Berry curvature around the lifted Dirac points in
graphene. The magnetic moment m(p) ~ (e/h)Q.(p). Figure adapted
from [129].

number is vanishing, meaning that graphene remains topologically triv-
ial. Because of its strong localization, one can still approximately de-
fine a valley Chern number that turns out to be exactly half integer
C(t) = tsgn(U;)/2, which, in resemblance to the magnetic case, is
known as half-skyrmion, or a meron [12,198|]. Therefore, one could say
that each valley is independently topological, which can be regarded as
a realization of the parity anomaly [199] and leads, in intrinsic graphene,
to peculiar steps in the Hall conductivities [163[200-202]. Another effect
of the extremely localized Berry curvature of Eq. is the emergence
of valley polarized Hall currents in the presence of an electric field [129].
In fact, following Eqs. (I.11), each valley would respond independently
and in an opposite way to the electric field, with quantized half-integer
Hall conductivity [203}204]. This is a result of the time-reversal symme-
try breaking of each valley independently [205] and could have important
applications in the field of valleytronics, where one tries to harness the
valley degree of freedom for information processing [206-209]. The non-
trivial topology of each individual valley is seen in the existence of valley
polarized, dispersive, zero energy modes at the boundary between two
layers with opposite mass terms [130,170,210-214]. The boundary ef-
fectively creates a change in the Chern number of AC(7) = T, which,
because of the bulk-boundary correspondence, has to be accompanied by
the presence of one metallic mode for each valley. This edge modes are
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known as kink states and make the interface an effective valley filtering
device [215-218]. Note that this is effectively the situation we have seen
at the beginning of this thesis in section

A instead, acts as a valley dependent mass term and com-
bines with the staggered onsite potential to give a total mass term m (1) =
U, + TAxm for each valley. When increasing Axy past U, the gap at one of
the valleys closes and reopens. This means that the system passes through
a in the (px, py, Axm) parameter space. For what we saw in section
the graphene bands in the total Brillouin zone must experience a change
in the Chern number of |[AC| = 1. Each spin degree behaves as a Chern
insulator, with opposite Chern number C(1) = —C(J.), which is described
by the Haldane Hamiltonian [219]]. In this case the topology protects only
an odd number of edge states and for this reason it is not labeled with a
Z integer (like the Chern insulators) but with a Z; = 1,0 index, proper of
topological insulators [4,10]. This is the Quantum Spin Hall State (QSHS)
of graphene [19]. The bulk-boundary correspondence then predicts the
existence of metallic edge modes that live on all boundaries of a sample,
including the armchair one. These edge modes are helical, meaning the
direction of propagation is linked to the spin; a tight-binding computed
band structure is shown in Fig. [I.5a. These edge states are topologically
protected and cannot backscatter in the absence of time-reversal sym-
metry breaking impurities [7,(170,212]. It was predicted that intrinsic
graphene has a small Axy ~ 40 peV due to the interaction between the p,
and other orbitals, but this value is too small to produce observable effects
at appreciable temperatures [132}193|194,220]. Even though the interac-
tion with a substrate seems to not be able to meaningfully increase the
intensity [139]/192]221], some works suggest that the inverted
band structure is still feasible in graphene heterostructures by means of
other induced and exchange interactions [192,222-224].

Independently, Ayz and Ay are the two that do not lift the Dirac
degeneracies. The former shifts the Dirac points to energies Ep = TsAyyz,
opposite for both spin (s = %) and valley (T = +£) degrees of freedom.
The latter mixes the spins and shifts the Dirac points in momenta [225].
Due to the opposite energy shift for different spins, Ayz makes graphene
a proper metal, but the two spins degrees are still independent and can be
treated separately. In particular, since in intrinsic graphene the existence
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Figure 1.5: Tight-binding computed band structures for a ribbon of width
W = 50a, where a is the graphene lattice constant. In (a) we have a
zigzag ribbon with Axy = 3 fiv/W; the system is in the QSHS phase with
helical edge modes that cross the band gap, emphasized by the grayed out
region. In (b) we have a zigzag ribbon with Ayz = 3 hw/W; the system is
in a metallic phase with dispersive edge modes. In (c) we have a zigzag
ribbon with Ayz = 3 hiv/W and Agr = 6 hv/W; the system is in the
QVSHS phase with both pseudohelical and valley localized edge modes
that cross the band gap, emphasized by the grayed out region. In (d) we
plot the band structure for an armchair ribbon with the same parameters
as in (c): the topological triviality of the system shows in the absence of
edge modes along a perfect armchair termination, as emphasized in the
main text.
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of the (zigzag) edge states was found to have a topological origin, we
do not expect them to just vanish in the vicinity of each (shifted) Dirac
point [10]. In fact, this is the case and the previously dispersionless edge
modes are now forced to acquire a dispersion, proportional to Ayz, in
order to connect with the Dirac point at the other valley with the same
spin but opposite energy [131]. An example of this kind of band structure
is shown in Fig. for a zigzag ribbon. Note that this is only valid
for zigzag-like boundaries that preserve the valley degree of freedom.
Indeed, the edge states produced by a are not topological, like in
the case: edge states localized on opposite boundaries but with
the same spin polarization move in the same direction, for this reason
they were dubbed pseudo-helical edge states [131].

The effect of Ar on its own is also that of introducing a small disper-
sion in the graphene edge states, together with a spatial separation of the
spin components [225]. Notably, because of its spin mixing effect, a strong
enough |AR|] 2 |Akm|, breaks the graphene QSHS into a metallic
phase [19]. When Ay is introduced into the metallic phase generated by
Ayz, its effect is to mix the opposite spin bands that cross the Fermi level,
resulting in a gap opening, with a gap width of 2min(Ag, Ayz). Cru-
cially, the already existing dispersive edge states are not influenced by
the presence of Ag. This allows the existence of a topologically-trivial
gapped phase combined with the presence of metallic edge states pro-
tected by time-reversal symmetry [131]. The system triviality is ensured
by the presence of valley polarized edge states that originate from the
bulk band inversion due to the spin mixing. Because of this, the
phase just described was dubbed [131]. A tight-binding com-
puted band structure for this case is shown in Fig. [I.5¢, for a zigzag
ribbon. In Fig. we show the band structure for an armchair ribbon
with the same set of parameters, which explicitly show that the system
is topologically trivial and the existence of the edge states is limited to
zigzag-like terminations.

Recent works suggest that in proximitized monolayer graphene the
dominant induced are indeed of the Ayz and AR types [135,136,
138)[139,226-228].

In Chapter 3 we will study the effects of the proximity-induced terms
appearing in Hamiltonian on the supercurrent of a In partic-
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ular, in the first part of the chapter we will focus on the consequences
in bulk transport and in the second one on edge transport. For this rea-
son, in the next section we give a brief introduction to H]s with particular
emphasis on those built with monolayer graphene.

1.6 Josephson junctions

In this section, we give an introduction to [[Js and in particular on [GJJk.
This will serve as a basis for the model studied in Chapter 3, We will
start by quickly referencing superconductivity, a phenomenon in which
certain metals lose their electrical resistance below a critical temperature,
and its description in terms of the Bogoliubov-de Gennes Hamiltonian.
We will then introduce the [J, which consists of a junction where a non-
superconducting region is interposed between two superconducting ele-
ments. Eventually, we will finish with reviewing a general formulation to

compute the supercurrent flowing in a[J]|in terms of [AR]and

1.6.1 Superconductivity

Superconductivity is a phenomenon in which certain materials, when
cooled below a characteristic critical temperature, exhibit zero electri-
cal resistance and expel magnetic fields from the their bulk, a behavior
known as the Meissner effect [229]]. The first superconductor was discov-
ered in 1911 by H.K. Onnes when studying the electrical behavior of mer-
cury at extremely low temperatures [230]. It was not until the 1950s with
the publication of the macroscopic Ginzburg-Landau theory [231] and the
microscopic BCS theory, from Bardeen, Cooper and Schrieffer [232], that
superconductivity was explained in an organic theoretical framework: it
was found that superconductivity is an emergent quantum phenomena
that survives macroscopic scales.

In a normal metal, the superconductive state is driven by an attractive
interaction between electron. Because of it, in the BCS description, elec-
trons from opposite crystal momenta and opposite spin, (k 1, —k |), form
bosonic particles called Cooper pairs. The BCS Hamiltonian for supercon-
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ductivity can be written in a second quantization form asﬁ

H = Z(Ek — EF) CLT Cko + Z kal C;T Ctki C_li/ Ck’T (158)
ko kK

where V) characterizes the interaction between electrons, cza (Cko) cre-
ates (annihilates) an electron with momentum k and spin ¢ and er is
the Fermi level. The BCS Hamiltonian can be simpliﬁed further in a

+ ot
mean field description by substituting ckT cty L= <ckT ¢l yp) (el —
<CkT ka¢>)' which leads to

where C is a constant and where we have dropped terms of second or-
der in the fluctuations; Ax = Y i Vi (c_k|Ckt) is both a definition and
a self-consistency equation for the superconducting pairing energy Ay.
We can then commute the creation and annihilation operators of the non-
superconducting part for one of the spins, and shift to a Nambu basis
representation to obtairﬁ

_ " ex—er  Ag Chr ) _ +
Hpyg = ; (Cm ka¢> ( ek €F> (CH - ;‘Y H(k)¥
(1.60)
which is the Bogoliubov-de-Gennes representation of the BCS Hamilto-
nian. In this representation, the superconducting pairing describes a cou-
pling between the electron, ciT, and hole, c_j |, degrees of freedom. Diag-
onalizing H(k) one finds that the spectrum of a superconductor is always

gapped

Ere = £/ (e —er)2 + A2, (1.61)

where we have assumed a constant profile of the pairing potential in the

4This is already the reduced form, where one assumes that most of the energy con-
tribution comes from interacting Cooper pairs at zero momentum.

SWe assume ¢ = e_j. Moreover, if there was any interaction between the spins in
the original Hamiltonian, then one would need to double entirely the Hamiltonian
and divide by 2 to avoid double counting.
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Figure 1.6: Energy dispersion (left) and density of states (right) of
Eq. (L.61) for a superconductor with constant pairing potential. Figure
adapted from [233].

momentum spaceﬁ A = Moe'?; and the eigenstates are

1 .
u AO eijarccosh(Ek/Ao)elgo/z
Yo = ) = 5 | o torccosh(Ee/an) —iosa | - (1.62)
Ok, + 2Ej \ eFaarccosh(Ex/ o) o—igp/
A schematic plot of the energy spectrum and the relative density of state

of a superconductor is shown in Fig. The BCS ground state of the
superconductor can then be written as [234]

[WBes) = ie(uk] + [olectrct i) o) (1.63)

where ¢k |1p) = 0. Hence, the superconductor ground state is composed
of Cooper pairs that all share the same phase factor of ¢. This is the
emergent macroscopic quantum behavior of superconductivity. More-
over, from a naive application of the momentum-position uncertainty
principle one can find the average distance between electrons in a Cooper
pair, the coherence length of the superconductor, as [235]

g (1.64)

®An s-wave symmetric superconductor, but there may be pairing potentials with
other symmetries.
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where vr is the Fermi energy of the metal in the non-superconducting
phase.

1.6.2 Josephson effect

When placing a superconductor and a normal material in contact, the
phase coherence between electrons, that characterizes the superconduc-
tor, is transferred (via [236]) to the normal material, over a length
scale comparable to its coherence length ¢. This effect is also an example
of proximity effect as we have seen for graphene on a substrate. Placing
two superconductors on the side of a normal scattering region forms a
A schematics of a[JJ|is shown in Fig. In the early 60s it was predicted
by B. D. Josephson that the overlap between the two superconducting
wavefunction with a different phase would lead to a supercurrent flow
between the superconductors even at zero voltage difference [237]. For
a thin insulating link the supercurrent is sinusoidal in the phase differ-
ence [234]

I; = LI.sin(¢gp — ¢1) = L.sin(¢), (1.65)

which is known as the first Josephson equation. The sinusoidal form of
this is caused by the low transmission channels through the insulat-
ing link, but its shape can change for more transparent materials (such as
semiconductors) to include higher harmonics. Josephson also proposed
another equation describing the evolution of the phase difference in re-
sponse to any applied voltage V across the junction [234]

dp 2V
@t h
which is known as the second Josephson equation. Hence, a constant
voltage causes an alternating current in the junction with a frequency of
2e/h ~ 484 MHz/uV, which was initially used to improve the experi-
mental value of 2e/h and, eventually, in the contest of the inverse AC
Josephson effect [234], led to the definition of the voltage standard in
metrology [238].
A very interesting and important setup is that of a superconducting
loop interrupted by two [[Js. This is known as [Superconducting Quan
ftum Interference Device (SQUID)l Here, the relevant variable is the gauge

(1.66)
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Figure 1.7: Schematic of a [JJ, which consists of two superconductors, Sy
and S with phase ¢1, = +¢/2 (in yellow), connected by a normal ma-
terial N (in gray) that can be either an insulator (in tunnel junctions) or a
metal-semiconductor. In the most general case, the junction is grown on
a substrate (shown in green). Figure adapted from [239].

invariant phase, which links the superconducting phase differences be-
tween the junctions, Ap; and A¢», to the magnetic flux, ®, threading the

loop as [234]
21 d
0

where ®) = I1/2e is the magnetic flux quantum. For two equal junctions
in the this leads to a combined maximum supercurrent of

I, = 21| cos (m®/Dy) |. (1.68)

Because of this, devices are flux to voltage transducers and make
for incredibly sensitive magnetometers [234].
From Egs. (1.65}[1.66) we can compute the energy of aJJ| when used as

a circuit element as

Ej(¢) = /ISth = /IC sin((p)zzedqo = —Ejcos(g), (1.69)

where Ej = I.i/2e is the Josephson energy. When coupled with a ca-
pacitance, the non-linearity of Eq. provides the circuit with an an-
harmonic energy spectrum, that lends itself to perform as a quantum
bit. For this reason, [[Js are at the core of the development in supercon-
ducting quantum computing. In particular, the ratio between the Joseph-
son energy and the charging energy of the capacitance , Ec = 2¢%/C,
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selects the mode of operation of the qubit, making it suitable for dif-
ferent applications [240]. More recently, semiconductor-based [[Js have
attracted much attention in the literature due to the possibility of mod-
ifying the number of carriers of the superconducting element via a gate
voltage. This allows for a gate-tunable Ej/Ec ratio. Implementations of
this kind are sometimes known as gatemons and have been made with
a variety of materials, including semiconducting nanowires [102}[241],
InAs [102],103}241-244], 2D materials [104], van der Waals heterostruc-
tures [105], germanium [106|245-247] and graphene [107,248]. Unlike
0Js with an insulating weak link, semiconductor-based [[Js are generally
characterized by few high transmission channels that produce a skewed
with higher harmonic content [103,[108}109,249]. [Ts of this kind are
being theoretically proposed as a means to realize topological matter in
the phase space [110,/111] and topological superconductivity [112,250].
They were also proven to suppress charge dispersion in transmon-like
qubits [251-254]. Moreover, when arranged in a configuration, it
was demonstrated that the higher harmonics could be used to implement
high-efficiency superconducting diodes [113,[114}246,255|] and also parity
protected sin(2¢) qubits [114+116,246,256-261].

In chapter 3] we show the results for the of a[]]l made with prox-
imitized graphene. We will study the ballistic and short junction regime
and find that this setup allows for a [JJ]| with a highly tunable harmonic
content via external gates and electric fields, which can be appropriate
for electronic applications such as the ones we just discussed.

1.6.3 Andreev reflection and supercurrent

In this section, we describe the supercurrent flowing in a [JJ| in terms of
and[ABSk. After introducing these two concepts, we will show how to
apply them in the computation of the supercurrent via a scattering matrix
formalism [262].

The is a unique process that can occur at the interface between
a normal conductor and a superconductor [263,264]. At the interface,
an electron incoming from the normal conductor can pair with a second
electron in the superconductor to form a Cooper pair; as a consequence
of momentum and charge conservation, a hole with opposite spin and
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momentum is retroreflected inside the normal conductor. We can write
the wavefunction of the process as

P(x) = K(l)) elkex 4y ((1)) eikhx} O(—x)+t (Z) e*s* @ (x) (1.70)

where ©O(x) is the Heaviside function and (u,v) is the positive energy
eigenvector of H(k) in Eq. (1.62). Eq. is only valid in the An-
dreev approximation limit, where we assume that the Fermi level is much
higher than the other energies: in such a way k., ~ ks =~ kr and impos-
ing the continuity of the wavefunction also guarantees the continuity of
its derivative. Setting ¢(0~) = ¢(0") one gets 1 = tu and r = v/u; so
that the acquired phase of the reflected hole is

e—tarccos(E/No)  for E < Ay

—arccosh(E/Ap) for E> Ay (1.71)

r()=e {

e
Similarly, one obtains r(—¢) for the reverse process of a hole being retrore-
flected as an electron. A plot of the probabilities of being reflected,
R = rr*, versus of being transmitted, T = tt*, as a function of the en-
ergy is shown in Fig. Inside the superconducting gap, E < A, there
are no propagating states in the superconductor, so the probability of
retroreflection is unity. Therefore, at subgap energies in a ], the cycle
of retroreflection of an electron into a hole from one superconductor and
again into an electron from the other one can continue indefinitely when
the total acquired phase is a multiple of 27t. The state thus formed is
called an As we saw, in an the electrons and holes move in
opposite direction. In this way, even though there is no quasiparticle
current, there can be a net charge current flowing through the junction,
carried by the [ABSk.

The constructive interference condition can also be stated in a differ-
ent way using the scattering matrix formalism [262]. In order to obtain a
well-defined scattering problem we imagine inserting clean normal leads
between the central region of the []| that we call now the scattering re-
gion, and the superconducting leads. In these leads we can define a
basis of incoming (toward the scattering region) and outgoing (toward
the superconducting leads) modes for both electron and hole degrees of
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Probability

Figure 1.8: Probabilities of an electron to be Andreev reflected, R, and to
be transmitted into the superconducor, T. Figure adapted from [265].

freedom. ¥in = (95, ¥1L) and Your = (P2, ¢l are the components of
a wavefunction in terms of the previously defined basis of incoming and
outgoing modes. In particular, each of the components lpfr’fout refers to
modes on both sides of the scattering region. Using Eq. the effect
of the scattering with the superconductors can be collectively written as

SA(E) = p—tarccos(E/ M) (r(i %) , (1.72)
where )2
e’ =1 0
ra = < 0 e‘i¢/21) (1.73)

is the matrix of phases acquired in a electron to hole and viceversa
for ry. In Eq. (I.73), 1 is the N x N identity matrix, where N is the
number of modes on the two imaginary leads (which we are assuming
equal for simplicity) and the phases of the right and left superconductors
are gr = +¢/2 and ¢ = —¢/2, respectively. The effect of the scattering
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within the central region is given instead by ¥out = SN (E)¥in with

where
s(E) = (Zi :;i) (1.75)

is the scattering matrix for the electrons and s*(—E) that for the holes ﬂ
At this point, we can write the condition for the constructive interference

of an as [110,262]
SASN(E)¥in = Yin, (1.76)

which can be rewritten in the following way

S+(E) 0 0 ra iarccos(E/A
o o).
(67 wlp) (3 §)n= o0

1
We can then use the transformation X — E(X + X~ 1) to obtain

0 A'E)\y _ Ey
(A(E) 0 )‘Ijm—A_OTm/ (178)

1
where A(E) = 5 [ras(E) +sT(—E)ry]. Eq. (L.78) can then be squared to
separate electron and hole subspaces; for the electron subspace we obtain

[A-r(E)A(E)} Pin = (AE())zlPien. (1.79)

In the short junction regime, for L < §, where L is the length of the [J]}
horp/L, known as Thouless energy, becomes the dominant energy scale.
This allows us to neglect the energy dependence of A(E) in the above

7In order for s*(—E) to be the scattering matrix of the hole subsector, the hole modes
of the lead have to be chosen as the particle-hole symmetric of the electron ones. Other-
wise, there may be extra phases or permutations that would need to be addressed.
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equations. Doing so and deriving Eq. (1.79) with respect to the phase
difference across the junction, we obtain [266]

2 +
dﬂ_i< . AA ‘lpm> (1.80)

dp — 2E,
where p runs over the eigenstates of ATA. Finally, using Eq. (T.80) the
supercurrent flowing through the |J]| at zero temperature can be directly
computed via the formul [173,267-270]

>r

E,,<0

(1.81)

which is correct in the short junction approximation, when the super-
current carried by the supragap, |E| > Aj, propagating states can be
neglected [268].

If the scattering region of the junction is time-reversal symmetric, then
we can 51mp11fy the expression for the |[ABSs energy even more. Indeed,

using sT = —s and performing a series of matrlx manipulationg’} we can
transform the eigenvalue problem of Eq. (1.79) into [268]
E? t o2 (9
det [(1 - A—%) 1— tigtiesin (E> — 0, (1.83)

which is solved for E in terms of the eigenvalues, T, of tLRt{R as

Ey = +£80y/1 - Tysin’(¢/2). (1.84)

Eq. (1.84) directly connects the transmission probabilities of the scattering
problem inside the normal region of the junction to the supercurrent via

8In going from Eq. to Eq. we have lost information on the sign of the[ABS
energy and only have access to |Ey|. So, practically, in the next equation we do sum over
all the egienstates of q. and halve the result [266].

9These manipulations involve the use of the folding identity

det <Z Z) = det(ad — aca™'b), (1.82)

which allows us to reduce the dimensionality of the matrices involved.
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Eq. (T81)
_ 2e/g T, (k) sin¢
- h — . 2
p 44/1—T, (k) sin (¢/2)

where the summation is on all transmission channels across the junction
in one direction.

() (1.85)



Chapter 2

Interface System between
Floquet-Weyl semimetals

In this chapter, we study the emergence of electronic surface states at the
interface between two half-spaces of a irradiated by two monochro-
matic light beams with opposite circular polarizations, respectively. Here,
we show how two different light intensities can modify the electronic
band structure and even introduce a Van Hove singularity (VHS) in the
density of states of the interface system. A VHS is a logarithmic diver-
gence in the density of states generally caused by a saddle point in the
energy spectrum of 2D systems [235,271]. When VHSs lie at the Fermi
energy, they enhance electron interactions and can cause electronic insta-
bilities: they can induce phenomena such as superconductivity [272-286],
charge density waves [283,287,288] and spin density waves [282,283,289-
291]]. For these reasons, VHSs in topological systems have attracted great
interest in the aim for exotic correlated quantum states [292-298]|], such
as topological superconductivity [299-301]. Moreover, we find that, by
adding a narrow magnetic barrier at the interface between the two in-
duced [WSM, it is possible to switch on/off a topological phase of the
interface system by using suitable different light intensities.

The results of this chapter have been published by F. Bonasera, S.-
B. Zhang, L. Privitera, and F. M. D. Pellegrino in Tunable interface states
between Floquet-Weyl semimetals, Phys. Rev. B 106, 195115 [302].

This Chapter is organized as follows. In Sec. [2.1| we introduce a sim-

55
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Figure 2.1: Schematic of the system. The lower, z < 0, and upper,
z > 0, half-spaces of the infinite are irradiated by high fre-
quency monochromatic lights of intensities and polarizations (A, ¢r)
and (Ay, ¢u), respectively.

ple two-band model used to describe a z-symmetric it is a simpli-
fied version of the one we presented in Sec. In Sec. following
Ref. [85], we show how, using the Floquet formalism in the high fre-
quency limit [162], the circularly polarized light induces a transition from
INLSM] to WSM;, this is similar to what we already showed in Sec.[I.4.3|but
using the simplified version of the model. In Sec. we study the inter-
face states which lay along the boundary between two induced [WSMk.
Within the two-band model, the interface eigenstates have a spinorial
form, where the components represent the orbital degree of freedom.
Here, we focus on energy dispersion and pseudo-spin texture (o) evalu-
ated on the interface states, where the Pauli matrix vector ¢ acts on the
orbital subspace. Finally, we show in Sec. [2.4] the topological effects on
the interface system of introducing a magnetic barrier between the two
induced WSM.

2.1 Model

In this work, we study the interface states which emerge at the boundary
plane of two half-spaces of an infinite irradiated respectively by
two light beams of opposite circular polarizations. Figure [2.1/ shows the
setup analyzed, where the upper (lower) half-space z < 0 (z > 0) is
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represented by the blue (green) region of the NLSM} and it is irradiated by
a light beam characterized by an intensity Ay (Ay) and a phase ¢, (¢u).
Here, we focus on monochromatic light in the high frequency regime,
such that we can use the high frequency expansion within the Floquet
formalism [162]. Without loss of generality, we consider a light drive
polarized along the y — z plane and described by the following vector
potential

A(t) = A0, cos (wt), sin (wt + ¢)], (2.1)

where ¢ = 0 (¢ = ) corresponds to the right (left) handed circular
polarization.

In Sec. we saw an example of a Hamiltonian with a min-
imal set of WPs. To analyze the interface states which lay along the
plane z = 0, without loss of generality, in the Hamiltonian expressed
in Eq. we disregard the quadratic momentum contribution along
z-direction, proportional to oy. This simplification allows the use of a
fully analytical approach without missing any topological features of the
electron system. In the appendix we show that the numerical results,
obtained including the quadratic k, component, are in full agreement
with the ones we find analytically. Therefore, we describe the low-energy
electronic properties of the using the following Hamiltonian

H(k) = [m —B (ki + k;)} Oy + k505, (2.2)

where {0;} are the Pauli matrices which act on an orbital subspace, and,
for sake of simplicity, we have dropped the electron-hole symmetry break-
ing term proportional to the identity, e(k)oy. It is useful to rewrite the
Hamiltonian as

H(p) = [1 - (P?c + pﬁ)] Ox + Upz0z, (2.3)

where the energies are expressed in units of m, and the dimensionless
momentum and velocity are defined as p = k/b and u = (b/m)v, with
b = /m/B. The eigenenergies of the Hamiltonian (2.3) are expressed as

Ei(p) = i\/ [1 - (P% + P%)r + (up2)®, (2.4)
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where conduction and valence bands touch each other at the circular
nodal ring defined by p2 + pﬁ = 1, on the p, = 0 plane. Finally, as
pointed out in Sec. we notice that the nodal ring is protected by
the z-mirror symmetry, i.e. (iox)H(p.,pz)(—iox) = H(pL, —pz), where
pL = (px py)

2.2 Driving a nodal-line semimetal into a Floquet-
Weyl semimetal

Following Ref. [85], within the Floquet formalism and according to the
high frequency expansion, we show here how a can be driven into
a by shining circularly polarized monochromatic light on it. This
is the same procedure as the one we explained in Sec. We briefly
repeat the procedure here because the Hamiltonian is slightly different,
having neglected the k? term, and also for the sake of establishing a con-
sistent dimensionless notation throughout the rest of the chapter.

In the presence of the vector potential of the form expressed in Eq. (2.1)),
by applying the Peierls substitution p — p + eA(t)/b, we obtain a time
periodic Hamiltonian

H(p, t) = {1 —p2—[py teA cos(wt)}z} Oy (2.5)
+ u [pz +eAsin (wt + ¢)] 02,
where the dimensionless quantity A = A/b is proportional to the light

intensity A. The periodic Hamiltonian above can be expanded in Fourier
series as H(p,t) = Y, Hn(p)e !, where

Ho = [1 —?N%/2 — (pi + pi)} Ox + Up,0; (2.6a)
Hip = —eA (Zprx + ieii‘PuUZ) /2, (2.6b)
Hip = —e* N0, /4, (2.6¢)

and Hi, = 0 for |n| > 2. Within the Floquet formalism, in the high
frequency regime (w > |m|), we resort to a perturbative approach which
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describes the dynamics of the system by the time independent effective
Hamiltonian [162]

Heit(p) = )+ ) H*”’ ]+O( ) (2.7)

n>1

where () = w/m is the frequency of the incident light in units of m. Using
the Fourier coefficients expressed in Egs. (2.6), we obtain the following
commutators

e’ \?
(Hi1,H 1] = 1 [Zpya’x + ieuc, 2py oy — ie” (P(TZ}
e N%upy /.
— = Y (ol 4 g
2 < te ) 02, %]
= —2¢2A%ucos (¢) pyoy, (2.8a)
(Hoo, H o] =0, (2.8b)

which lead to the effective Hamiltonian

Heit(p) = [;52 — (p‘;i + pj)] Ox + Apyoy + up.0z, (2.9)
where

p=V1-2e2A2/2, (2.10a)

A = —2*A%ucos (¢)/Q. (2.10b)

The corresponding eigenenergies are

Ex(p) = i\/ 7 ()] + (p) o+ o), (211)

which are degenerate only at two placed at Py = (£p,0,0). As
already established, by linearizing the Hamiltonian in the WPk, we find
their chiralities as y+ = sgn[Det(v;;)] = 4 sgn(cos¢). These are only
determined by the polarization of the incident light [85].
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2.3 Interface system

In this section, we focus on the states which emerge at the interface be-
tween two regions of an infinite irradiated by two beams of light
with opposite circular polarizations. In the high frequency regime, we
describe each region by the effective Floquet Hamiltonian of Eq. (2.11),
which we denote as Hy (Hp) for the upper (lower) half-space z > 0
(z < 0). These effective Floquet Hamiltonians are expressed as

Hi(p) = P2 — (P2 +1})| o + Ajpyoy + upscr (2.12)

where

pj=1/1-eA2/2, (2.13a)

Aj = —2e2AZucos (¢7)/Q, (2.13b)

A==t (2.13¢)

j € {L, U} denoting the relative half-space, and sgn (AyAr) < 0 because
of the opposite circular polarizations of the two beams of light.

We note here that the assumption we make of an infinitely sharp in-
terface between the two regions does not undermine the results of the
study. Indeed, in this work we study topological interface modes which
are a consequence of the topology mismatch between the two regions and
are thus robust against the details of the system, such as those of the in-
terface. For example, this was shown in Ref. [303] where the authors find
that the degree of smoothness of an interface between topological materi-
als does not interfere with the metallic interface modes and does, instead,
introduce spurious massive interface modes in addition to the topological
ones.

In order to find the interface states, firstly, we solve separately the two
Schrodinger equations associated with each half-space, then we impose
the normalizability of the wavefunction, and its continuity at the z =
0 interface. To do so we replace p, with —id,, while, because of the
translational invariance along the x and y directions, p, and p, remain
good quantum numbers. The stationary Schrodinger equation associated



2.3. INTERFACE SYSTEM 61

with each half-space is expressed as

Hi(pr,pz— —i0z) i (r) = E(p1) 9j (r), (2.14)

where p; = (px, py), € (pL) is the eigenenergy, and all lengths are mea-
sured in units of 1/b. To solve the problem above, we use the following
Ansatz [304]

o j

Pj(r) = e'Pretvy <¢}) el'i?, (2.15)
¥

which is spatially localized close to the plane z = 0 only if Re (yjz) < 0,

where |Re (1) | represents the inverse localization length of the interface

states around the z = 0 plane. By replacing Eq. (2.15) into Eq. (2.14), we
obtain the secular equation for the eigenenergies

det [H; (p1,9. = pj) — £1] =0, (2.16)

which is solved by y; = +ji;, where

A= %\/[ﬁ? ~(B+i)] + () - €2 (2.17)

which can be either a real or a pure imaginary number. For each half-
space j, by setting y; = +ji;, the non-trivial solutions of the homogeneous

N
linear system [H (p |, +fij) — €] (‘Pi,f%,i) = 0 are found as
j 52 (2 £ p2) — i
lp]l,:i: — P]' (pxl_}' py) ZA]Py . (2.18)

For a given p,, the general wavefunction is expressed in the spinorial
form as

¥, (r) = NePePV[@(—2)®L (z) + O(z)®y (z)],  (219)
o
Pj(z) =) C (lp}”> et (2.20)
(=% lljz,g

where j € {L, U}, NV is the normalization prefactor, and ©(z) is the Heav-
iside step function. The coefficients {Cé} are determined by imposing the



62 CHAPTER 2. INTERFACE SYSTEM BETWEEN FWSMS

boundary conditions. The first condition is the the normalizability of the
wavefunction, which is equivalent to impose ¥ (r) — 0 for |z| — co. The
second one is the continuity of the wavefunction at z = 0. The former is
satisfied by setting CY = 0 and Ct = 0. Then, the continuity condition
can be compactly expressed as

MC =0, (2.21)
where U L
_ (Y1 g )
M = ( 2 2.22
1/]5_ _‘PZL,+ ( :

and C = (CY,CL)T. For a given p,, Eq. (2:21) is solved by a non trivial
set of coefficients {CY,CY}, for the values of energy £ for which the
determinant of M vanishes.

2.3.1 Interface electronic band

The secular equation det M = 0 is explicitly expressed as

(—iujiy + &) (ar —iALpy)

2.23
— (iupip + &) (ay — iAupy) =0, 22

where a; = ]5]2 - <p§ + pﬁ) Its solution is obtained performing simple al-

gebraic calculations that are reproduced in Appendix and it is found
as

py { [1 — (pi + pﬁ)] (A2 cos ¢, — A2 cos py) — 5 AZAZ (cos Pr. — cos <PU)}

\/(%)2 (A% — A%)2 + (A% cos pu — A? cos ¢L)2 p?

(2.24)
where the inequality cos ¢y cos ¢, < 0 guarantees a mismatch in topol-
ogy between the two regions and, consequently, the existence of the in-
terface states. For each p,, £(p. ) represents the eigenenergy of an inter-
face state when both Rejip, # 0 and Rejfiy # 0. Otherwise, if Refip = 0
(Rejiy = 0) the solution obtained is delocalized along the lower (up-
per) half-space, and it describes a bulk state. Therefore, the condition
fiLjiu = 0 allows defining the boundaries of the domain of existence in
the two-dimensional (2D) momentum space of the interface states.

E(pL) =

4
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Figure 2.2: Density plots of the energy dispersion of the interface states
as a function of the momentum p; = (px, py). In both panels, the black
lines represent the Fermi line £ = 0, and we set u = 1,Q) = 10, ¢y =
m and ¢, = 0. In panel (a), the light intensities are identical, Ay =
A1, = 3. Here, each green dot represents two coincident with
opposite chiralities, and the solid white line represents the locus where
the interface electronic band merges into the bulk bands. In panel (b), the
light intensities are different, Ay = 2 and Ay = 3. Here, the boundary
solid (dashed) lines are solutions of jiy = 0 (fi, = 0). In particular, the red
(blue) lines describe the merging of the interface band into a conduction
(valence) bulk band. Moreover, red and blue dots represent with
positive and negative chirality, respectively.

We infer that the topological properties of the interface states depend
on the relative arrangement in 2D momentum space ky — k; of the
[Points surface Projection (WPP)| of the upper and lower [FWSMk. In our
system, this relative arrangement is determined by the different light in-
tensities on the two half-spaces of the Indeed, for each
through Eq. (2.10a)), the can be moved closer or farther away from
the origin of momenta by changing the light intensities A;. This degree
of freedom can produce two relevant arrangements. A symmetric case,
using two identical light intensities Ay = Ar, where the of the two
FWSME are coincident, py = pr, and an asymmetric case, using differ-
ent light intensities Ay # Ar, where the of the two are
separated, py # pr. Figure shows the density plots of the energy
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dispersion of the interface states as a function of the momentum compo-
nents p, and py, in the symmetric case, in panel (a), and the asymmetric
case, in panel (b). In Fig. (a), where Ay = A1, = 3, the interface states
are well defined in the whole 2D momentum space with the exception
of the p, = 0 axis (solid white line). Along the p, = 0 axis, for each px
the electronic band composed of the interface states merges into the bulk
conduction (valence) band at the energy E = +|p? — p2| (E = —|p* — p2).
In Fig. (b), where Ay = 2 and A = 3, the interface states are delim-
ited by solid (dashed) boundary lines, which are the solutions of jiy = 0
(jiL = 0). In particular, at the red (blue) boundary lines the interface band
merges into a conduction (valence) bulk band. The Fermi line, black line
in Fig.[2.2|(b), is composed of a circumference that surrounds the origin of
momenta and two segments that lay along the p, = 0 axis. The intersec-
tions of the segments and the circumference of the Fermi line correspond
to two saddle points.

The appearance of the saddle points at the Fermi energy leads to a
Van Hove singularity in the density of interface states (DOS) [235]. Thus,
starting from the dispersion relation of the interface states, we write the
corresponding DOS as

p(©)= [ Parie £, .29

where §(x) is the Dirac delta function. In the symmetric case, setting
the opposite polarizations ¢y = 7 and ¢, = 0 in Eq. (2.24), the energy
dispersion simplifies into the following quadratic form

E(p1) =sgn (py) [P~ Ip.]. (2.26)

From Eq. (2.26) it is straightforward to obtain an analytical expression for
the DOS

(&) = 8i7r ©(-c+p)+0(e+?)], (2.27)

which is shown in Fig.[2.3](a). Figure[2.3] (b) displays the DOS, computed
numerically, in the asymmetric case, where a Van Hove singularity ap-
pears at the Fermi energy £ = 0. A Van Hove singularity always appears
in the DOS when Ay # A, independently of the specific values of Ay
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Figure 2.3: Density of interface states as a function of the energy £, shown
in the blue line in both panels. Panels (a) refers to the symmetric case
(Ay = AL = 3), where the supplemental dashed red [green] line corre-
sponds to the contribution © (€ + p?) /(87) [® (—& + p?) /(87)]. Panel
(b) refers to the asymmetric case (Ay = 2, and Ay, = 3), where at zero
energy a Van Hove singularity occurs. In all panels, we set u = 1,2 = 10,

¢y = mand ¢ = 0.

and Ap. Therefore, we have seen that by tuning the intensities of the
two beams of light, one can change the arrangements, generating
modifications both in the domain of existence of the interface states and
in the shape of the Fermi line. This is the first most important result of
this work: one can engineer a Van Hove singularity in a 2D interface elec-
tron system by illuminating a with two beams of lights of different
intensities and opposite polarizations.

2.3.2 Pseudo-spin texture

Here, we analyze the pseudo-spin texture of the interface eigenstates,
which gives further information on the topological nature of the inter-
face system. For each interface eigenstate, labeled by p,, we define the
corresponding pseudo-spin vector as

(o), = /dr‘I’L(r)o"I’m(r), (2.28)

where ¥, (r) is the wavefunction expressed in spinorial form, accord-
ingly to Eq. (2.19). In the symmetric case (Ay = Ar) the pseudo-spin
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Pz

Figure 2.4: Pseudo-spin texture of the interface states in the asymmetric
case (Ay # Ar), which shows a trivial structure with zero winding num-
ber. The orange solid line represents the Fermi line £ = 0, and the red
and blue dots denote the of positive and negative chirality, respec-
tively. The parameters used are: u =1, =10, Ay =2, AL =3, ¢y =71,
and ¢, = 0.

texture has a trivial pattern. Here, the pseudo-spins are all aligned along
the x-direction, i.e. (o), = (sgn(Apy),0,0). In the asymmetric case
(Ay # Ap) the domain of existence of the interface states is homeomor-
phic to an annulus (see Fig. (b)), and we characterize the topological
properties of the interface system by focusing on the generic closed paths
that cannot be shrunk into points. In particular, we calculate the winding
number [167], which is defined for any closed path I' parametrized by
T€[0,1] as

v () = %(/01 <<g>m (1) x % (), (r)) d, (2.29)

where (), (7) is the interface states” pseudo-spin of Eq. calcu-
lated at the momentum p; corresponding to the parametric variable
T along the curve I'. A nonzero integer v corresponds to |v|-complete
rotations of the pseudo-spin, namely a topologically nontrivial pseudo-
spin texture. Figure shows the pseudo-spin pattern within the do-
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main of existence of the interface states in the asymmetric case, and
the orange solid line represents the Fermi line £(p,) = 0. Along the
circumference at zero energy shown in Fig. and parametrized by

(px,py) = R(cos(B),sin(P)), where R = \/(/\uﬁ% —ALpy) / (Au—AL),
we obtain

(), ()\UR sin®, R? — 72, o) . (2.30)

Despite a nonzero y-component, along this circular path, the pseudo-spin
texture does not make a full rotation, and the winding number is zero.
Hence, independently of values of the light intensities, the pseudo-spin
texture is topologically trivial.

2.4 Magnetic barrier

In this section, we introduce a delta-like magnetic barrier along the inter-
face between the two regions, and we analyze how this additional
term can induce a non-trivial pseudo-spin texture. Firstly, we study the
modifications in the interface states of the setup in Fig.[2.1|by adding the
following magnetic barrier [305]

B (r) = Bpd(z)7, (2.31)

where we remind that all lengths are measured in units of 1/b. Within
our formalism, we introduce the effect of the magnetic field by resorting
to the Peierls substitution p — p + eA/b, where the vector potential Ay
generates the magnetic field through the definition B = bV, x Ay, and it
is expressed as
B

Aj (r) = 2—2 sgn (z)%. (2.32)

For each half-space, the Hamiltonian of Eq. (2.12) is rewritten as

Hi(p) = {ﬁ? - [(Px ~gipo)” + Pzﬂ } Ox
+ Ajpyoy + upz0z, (2.33)

where j € {L,U}, pg = —eBy/(2b?), pj and A; are defined in Eqs. (2.13),
and {y = +1 and {1, = —1. In each [FWSM]| the WPF are placed at P; . =
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Figure 2.5: (a) Density plot of the energy dispersion, and (b) pseudo-
spin texture plot of the interface states as a function of the momentum
components p, and py, with Ay = A, and in the presence of a delta-like
magnetic field at z = 0. In panel (a), the boundary solid (dashed) lines
represent the merging of the interface states” band with the upper (lower)
bulk eigenbands. The red (blue) lines describe the merging into
the conduction (valence) band, and red and blue dots represent
of positive and negative chirality, respectively. Positive (negative) out of
range values are depicted as light (dark) gray areas, and the Fermi line
& = 0 is shown in black in panel (a) and in orange in panel (b). The
parameters used are: u =1, =10, Ay = AL =3, ¢y =7, ¢ =0, and
the magnetic parameter is set at pg = 1/5.

(:tﬁj + ¢ipo, 0, 0). The magnetic term pg induces a rigid shift of each pair
of along the x-direction of the 2D momentum space. Hence, the
intensity of the delta-like magnetic field, parametrized by py, represents
a further knob for modifying the of the [FWSME, in addition to the
intensities and polarizations of the beams of light. Here, we see how this
further degree of freedom can enrich the energy dispersion and alter the
structure of the pseudo-spin pattern. For sake of simplicity, we consider
the symmetric case (Ay = AL = A, ¢y = 7, and ¢ = 0), where the
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dispersion relation assumes the following compact expression
2A? 2 4 24 2
1= 92— (R +p2+12)

\/<%>2 (pxpo)® + (Azpy)z

Figure (a) shows the density plot of the dispersion relation for this
symmetric case. Like in the asymmetric case without magnetic barrier,
there are two saddle points in the Fermi line (black line in Fig. (@)
which cause the appearance of a Van Hove singularity in the DOS. More-
over, in Fig. (a), the solid (dashed) boundary lines are solutions of the
delocalization condition jiy = 0 (jip = 0), where

(2.34)

E(pL) = pyA?

2

i = %\/{ﬁf —[(px=gpor2 + 13|} + (Ajp)* - €2 (2.35)

and red (blue) lines describe the merging of the band composed by the
interface states into a conduction (valence) bulk band. Besides a modifica-
tion of the energy dispersion relation, the presence of the delta-like mag-
netic field has a strong impact on the pseudo-spin texture. Figure 2.5/ (b)
displays the pseudo-spin pattern within the domain of existence of the
interface states in the symmetric case, and the orange solid line repre-

sents the Fermi line £(p, ) = 0. Along the circumference at zero energy
shown in Fig (b) and parametrized by (p, py) = R(cos(f),sin(6)),

where R = |/p? — p3, we obtain
(o), o (Asinf, —2pgcosb,0), (2.36)

where p and A are defined in Egs. (2.10). In this case, the pseudo-spin
pattern has a nontrivial structure. In fact, along this closed path, the
pseudo-spin makes a complete rotation, and we find a non-vanishing
winding number v = +1, where the sign + is given by the counter-
clockwise rotation of the pseudo-spin. This is the second most important
result of this work: the presence of a magnetic barrier along the interface
between the two regions can induce a nontrivial topology in the
pseudo-spin pattern. Specifically, the pseudo-spin structure is nontrivial
under the condition

|pu — Pl < 2|pol < pu+pL, (2.37)
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where p; is defined by Eq. (2.13a). For any given magnetic parameter
|po| < 1, by choosing suitable values of the light intensities, it is possi-
ble to set the values of py and pr, such that they fulfill the conditions
of Eq. (2.37). By conveniently tuning the light intensities, one can also
set the values of py and pr such that the inequalities in Eq. are
not satisfied. Hence, in the presence of the magnetic barrier, it is pos-
sible to switch the topological properties of the interface states by only
modulating the light intensities. We note that the condition in Eq.
can be interpreted in terms of theWPPp arrangement. In particular, both
inequalities of Eq. are satisfied if the inner (outer) have iden-
tical chiralities, an example is shown in Fig. In the previous section,
we have verified that this type of arrangement of the is not reach-
able by exploiting only the light beams, and for this reason, the assistance
of the local magnetic field is crucial.

Finally, we analyse the effects of a magnetic barrier which has a field
component also along the x direction. The magnetic barrier can be written
as

B (r) = 6(z) (Box® + Boy9) (2.38)

which, after the Peierls substitution, leads for each half-space j € {L,U}
to the Hamiltonian

H; (p) = {?]2 - [(Px - @jPO,x)Z + (Py - ijofy)z] } Ox
+Aj (py = Gipoy) oy + up:oz, (2.39)

where (po ., poy) = (—eBoly/(sz),eBo,x/(sz)), {u=+land {; = —1,
and p; and A; are still given by Egs. (2.13). Figures[2.6|(a) and 2.6|(b) show
the energy dispersion and pseudo-spin texture, respectively, of the inter-
face system, derived from the Hamiltonian of Eq. when the x and y
component of the magnetic barrier are equal in strengths, pox = poy. The
meaning of lines and dots is the same as in Fig. It can be seen from
Fig. (b) that the pseudo-spin texture is still non-trivial and all paths
which enclose the origin of momenta will have a non vanishing winding
number. For higher x components of the magnetic barrier, roughly for
Poy = 2P0, the domain of existence of the interface states is no longer
connected, and we cannot properly define its topology through the wind-
ing number of Eq. (2.29). The DOS of the interface system is also slightly
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Figure 2.6: (a) Density plot of the energy dispersion, and (b) pseudo-
spin texture plot of the interface states as a function of the momentum
components p, and py, with Ay = A and in the presence of a delta-
like magnetic field at z = 0 with components both along the x and y
directions. In panel (a), the boundary solid (dashed) lines represent the
merging of the interface states” band with the upper (lower) bulk
eigenbands. The red (blue) lines describe the merging into the conduction
(valence) band, and red and blue dots represent of positive and
negative chirality, respectively. Positive (negative) out of range values are
depicted as light (dark) gray areas, and the Fermi lines & = 0 are shown
in black in panel (a) and in orange in panel (b). The parameters used
are: u = 1,0 =10, Ay = AL =3, oy = 7, ¢ = 0, and the magnetic
parameters are set at pg, = 1/5 and pg,, = 1/5.

affected. In particular, the Van Hove singularity at the Fermi energy is
split into two energy symmetric ones. The energies of these new Van
Hove singularities is numerically found to be linearly proportional to the
strength of the x component of the magnetic field, Eyus ~ +poy (up to
a maximum value, with the given parameters, p, 2 3.5po,x, after which
they no longer exist).
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2.5 Conclusions

In this chapter, we analyzed the boundary states that emerge at the in-
terface between two sides of an infinite that are illuminated by
monochromatic light beams of opposite circular polarizations. In particu-
lar, we focused on the energy dispersion, DOS, and pseudo-spin texture.

[Nluminating the system with lights of opposite polarization generates
two with opposite Chern numbers, and this topology mismatch
leads to the appearance of topological interface states. We have shown
that the topological properties of the interface states strictly depend to
the relative arrangements of the of the two induced WSMk. The
independent tunability of the light intensities represents a knob for mod-
ifying this relative arrangement. As such, by changing the intensities of
the light beams one can modify the domain of existence of the interface
states along the 2D reciprocal space, and the shape of the Fermi line.
In particular, illuminating the system with two different light intensities
induces a transition in the Fermi line with the creation of a Van Hove
singularity in the DOS.

Moreover, we have added a further knob for modifying the interface
states, namely we have introduced a magnetic barrier along the interface
given, for instance, by localized doping with magnetic impurities. The
presence of this local magnetic field together with the tunability of the
light intensity allows to change the relative arrangement of at will.
We have thus found that the y component of this magnetic barrier can
lead to the creation of a novel non-trivial pseudo-spin pattern of the in-
terface states. The x component, on the other hand, works against the
non-trivial topology of the interface system; nonetheless, the system has
a fair degree of robustness, roughly up to By < 2B, in the setup studied.
In this work, we have classified the topology of the interface system in
terms of the winding of the pseudo-spin around the origin of momenta,
and we have shown that by modulating the light intensities it is possible
to switch on/off the non-trivial topology.

Together with the presence of VHSs close to the Fermi level, the dis-
covered tunable topological interface state could provide promising ap-
plications in the search for exotic correlated quantum phases of matter
and for optoelectronics.



Chapter 3

Spin-Orbit Coupling effects in a
Graphene Josephson Junction

In this chapter, we study the through a ballistic in which the
central scattering region of graphene layer is subjected to the inter-
action by proximity effect. We focus on the short and wide junction limits,
in which the junction length is much smaller than the coherence length,
¢, of the superconductors. We employ an analytical approach and use
a low-energy description of graphene based on the continuum Hamilto-
nian [191]. Using the transfer matrix formalism, we compute the trans-
mission probabilities through the junction and directly link them to the
[173]1268-270,[306,307]. The results focus on the critical current and
skewness of the as a function of the chemical potential, showing the
effects of KM-S0OC| [VZ-SOC] and and the onsite scalar potential.
We find that, depending on the modifications of the band structure, these
different terms result in a wide range of effects on the of the junction.
Some of them, such as the on-site potential and the drastically
reduce both the critical current and the skewness. Others, such as the
SOC]act as a spin-valley-polarized chemical potential, increasing both the
critical current and the skewness. Interestingly, the while having
little effect on the critical current of the produces heavy swings in
its skewness, allowing for a tunable harmonic content.

The results of this chapter are published by F. Bonasera, G. A. Falci,
E. Paladino, and E. M. D. Pellegrino in Current phase relation in a planar
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Figure 3.1: Schematic of the system. A consists of a graphene layer
(gray) placed on top of a substrate (red) with superconducting leads
(blue) covering the |x| > L/2 regions.

graphene Josephson junction with spin—orbit coupling, Eur. Phys. ]. Spec.
Top. (2025) [239].

This Chapter is organized as follows. In Sec. we introduce the
continuum Hamiltonian of the inner graphene region, it is the one we
have already discussed in Sec. with a slight rotation of the axis. We
also introduce the transfer matrix formalism, which we use to compute
the transmissions through the junction, together with the formulae that
link them to the of the system. In Sec.[3.2] we present the results of
the study. First, we show the cases without which we were able
to fully compute analytically; then, when also introducing the we
resort to solving the problem numerically and show the results for some
of the most experimentally relevant parameter values. Finally, a summary
of the work and some final comments are included in Sec.[3.3

3.1 Model

Figure 3.1|shows a diagram of the system: a gray graphene layer is placed
on top of a red substrate, with blue superconducting leads that extend
over the areas where |x| > L/2. The width of the junction in the y direc-
tion is treated as infinite, W — oo.

To describe the system, we use a step-like profile for the different re-
gions of the junction. The Hamiltonian of the inner region of the junction
includes the terms induced by the substrate on the graphene layer, the
ones we have discussed in Sec. When expanded to first order in the
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momentum k around the Dirac points is given by Eq. (1.56), which we
rewrite here for simplicitym

(3.1)
+8:T; (AkmOz + Avz) — AR (SyTzUx + Sny) ,

it acts on an 8-dimensional spinorial space in which ¢, T and s are the
three Pauli matrices that describe the sublattice (A, B), valley (K, —K) and
spin z projection (1, ) degrees of freedom, respectively. In Eq. (3.1), uo
is the Fermi level of the graphene layer, U, represents the intensity of the
staggered onsite scalar potential on the A, B sublattices, Ay denotes the
intensity of the [4/19], Ayz refers to the strength of the
and AR represents the magnitude of the

We focus on the short junction limit, L < ¢ ~ hv/Ag, where ¢ is
the coherence length of the superconductors and Ag is the supercon-
ducting gap parameter. As we have discussed in Sec. in the short
junction regime, the supercurrent is essentially carried by [ABSk, at en-
ergies |E,| < Ap, which are localized in the inner region of the junc-
tion [173,268,1269]. Since our setup is time-reversal symmetric, we can
apply Eq. in order to link the energy to the transmission
probability, 7, of normal electrons passing through a ballistic graphene
stripe. We can then use Eq. to evaluate the of the junction.

Based on Eq. (1.84), we calculate the normal-state transmission am-
plitude, 7, as a function of the terms. For this aim, we start from
the setup in Fig. by considering lateral leads in the normal metallic
limit and follow the same procedure as in Refs. [306,307]. We solve the
stationary Schrodinger equation in all three regions and ensure that the
wave function is continuous throughout the device [308,309]. Specifically,
we apply the transfer matrix method within the central region to enforce
wave function matching. Using periodic boundary conditions along the
y-direction, we write the generic eigenfunction, labeled by the wavevector
k and the energy E, in the central region as

Ye (x,y) = T (k E;x) Pue (-L/2) , (3.2)

IThis equation is not exactly the same as Eq. (I.56) because it describes a graphene
sheet with a different alignment: it is rotated by 7t/2 with respect to the previous one.
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where the evolution matrix T satisfies the equation below

dT (k,E;x) A _
T = %T(k,E,X),
A = Z[(]/lo + E) T — /\VZSZ]UX — [/\KMSZ + uZTZ](Ty

+ AR (iSy - erzo—z) + hUkTZO'Z, (3-3)

which, together with the condition T (k,E, —L/2) = 1, has the formal
solution

T (k,E; x) = exp {% (x + L/Z)}. (34)

Ina the typical energy scale for the is E ~ Ay, and in the short
junction regime Ay < L/ (hv), so we can focus on T (k; x) = T(k,0; x), as
explained also in Sec.[1.6.3]

In the presence of metallic leads, the evolution matrix is related to the
transfer matrix by [306,307]

M(k) = Q'T(k,L/2)Q, (3.5)

with O = \[ (0x + 02). Moreover, the elements of the transfer matrix are
linked to those of the scattering matrix across the region as

M(k):< ()" 2 ) (n ()7 ) 36)
—r11 (k) (t21 (k)) (t21 (k)

with t;; (k) (r; (k)) the transmission (reflection) amplitude matrix from
lead i to lead j (i). The transmission probabilities are then found as the
eigenvalues of the Hermitian matrix 1, (k) t15 (k).

-1

3.2 Bulk current-phase relation

In this Section we show the results for the supercurrent flowing through
the [G]]

Firstly, we neglect the setting Ag = 0. This simplification
allows us to handle the transfer matrix analytically, thereby clarifying the
influence of the KM-SOC]| and [VZ-SOC] terms on the supercurrent. In the
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last part of this section, we incorporate the and tackle the problem
using numerical methods [310].

In the absence of AR, the spin z projection and the valley index are
good quantum numbers. So, Eq. can be expressed for the 4-dimensional
spin-valley subspaces as

dTsr (k; x)
dx
where the s (7) index takes on the values s € {+,—} (t € {+, —}), cor-

responding to the spin z-component (valley) 1 and | (K and K’), respec-
tively. We also defined the following renormalized parameters

= T [itgr0x — Yse0y + koz| Tor (k;x), (3.7)

—STA

DCST — ]/lorl—v\le (3.8a)
Uy +stA

Vst = -z oM o KM/ (3.8b)

which depend on the s and 7 indices by their product st. For each couple
of s and 7, we solve Eq. in the following close analytical form

Tse (k;x) = cos [gsc (x + L/2)]

i L/2 3.9
TSln [qST (x + / )] (iOCSTO'x + i’)/ST(Ty + k(fz) , ( )
qst
with
gor = \Jad — 73 — K. (3.10)

Using Egs. (3.6), we can then find the transmission probabilities as the
eigenvalues of the Hermitian matrix t15 (k) tI, (k), which are expressed as

2 (12 2
Tse (k) = i — (kK 75) , (3.11)

— (2 +2) cos? | L/aZ = (P + %) |

Finally, using Egs. (1.81) and (1.84), we obtain the supercurrent carried by
the |ABSs as

[(¢) =

2eAg Tsr (k) sin¢
k574\/1_ o ( )sin2(<p/2)

2eA0 /dk )sm(p
5,T==% 4\/1_

(3.12)

) sin (([)/2)
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where in the last line we have considered the wide junction limit (W —
o0), namely the sum over k is replaced by an integral Yy, — W /27 [ dk.

The results shown in Egs.(3.11) and are formally equivalent to
those found for a short JJ based on intrinsic graphene [308,311], provided
the following replacements

;‘—2 = er, (3.13a)
K — kK + 92 (3.13b)

In particular, Ayz determines the parameter as;, which works as an ef-
fective Fermi level for the spin-valley interaction. Moreover, Axy and
U, determine the 7s; parameter, which creates an effective spin-valley
gap. A non-zero value of s disrupts Klein tunneling at k = 0 [173]312]
and can significantly decrease the total supercurrent passing through the
junction for small values of |p|. In particular, both U, and Axys indepen-
dently open the same size gap in graphene and have the same effect on
the transmission probability of Eq. (3.11), which depends quadratically on
7st- The difference between the two terms is that Axy; opens an inverted
(topological) gap, meaning that the conduction band has a different A, B
sublattice polarization at the two Dirac points; see Eq. and the dis-
cussions in Sec. [4,[19,[131)[191]. For this reason, when they are both
present, their effect is enhanced in one spin-valley subspace, while it is
decreased in the other one, as can be seen from the expression of s; in
Eq. (3.8a). The competition between these two terms is not trivial, and
it was also recently used in bilayer graphene (where U, comes from the
difference between the chemical potentials of the upper and lower layers)
to probe its topological state [313].

To characterize the equilibrium supercurrent, I (¢), flowing through
the junction, we use the critical current, defined as its maximal value

I. = mq?x (). (3.14)

For any given set of microscopic parameters, from the definition above,
we call ¢max the corresponding phase difference that maximizes the su-
percurrent, and we define the supercurrent skewness as

2(Pmax - 7T
7T

S

, (3.15)
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Figure 3.2: a) critical current I. and b) skewness S, as a function of
the chemical potential y for each substrate-induced term independently,
when Ag = 0. For reference, dashed black refers to the intrinsic case
(substrate-independent terms). Solid lines consider the effect of the
Avz = 2hv/L (blue), and of the AxMm = 2ho/L (red). The
dashed green line denotes the case with the staggered onsite potential
U, = 2hv/L. ¢) critical current I. and d) skewness S, as a function of
the chemical potential pg for different parameter sets given a non-zero
AR. Again, the dashed black line denotes the intrinsic case for reference,
the solid green line denotes the effect of a high AR = 5hv/L,
the solid blue one the case with a strong Rashba and a smaller
AR = 5hv/L, Ayz = hv/L, and the solid red one that with a strong [R-SOC|
and a smaller AR = 5hv/L, Axm = hv/L. All the energy pa-
rameters are scaled in units of iv/L and the critical current is in units of
eAgyW/ (hL).

which quantifies the deviation from a sinusoidal
To keep the junction dimensions general, in the following, the inverse
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length 1/L is used to scale the wavenumber k, 7v/L is used as the en-
ergy scale unit, while the critical current, I., is considered in units of
(eAgW/hL). Fig. 3.2/ shows the results for a) the critical current I. and b)
the skewness S, as a function of the chemical potential yp, when Ag = 0.
The dashed black line represents intrinsic graphene, where all substrate-
induced parameters are set to zero. The other lines refer to the case with
a single non-zero substrate-induced parameter: for the solid blue line,
we set Ayz = 2hv/L, for the solid red one Axy = 2hv/L, and, finally,
for the dashed green one U, = 2iiw/L. In particular, Figs. a) and b)
clearly show that the gap opening due to the terms U, and Ak, in the
lnol < |Akwml, |Uz| region indicated by the vertical dashed lines, drasti-
cally reduces both the critical current and, by eliminating the transpar-
ent modes due to Klein tunneling at k = 0, also the skewness of the
In addition, a nonzero Ayz term enhances the critical current when
the chemical potential is close to yg ~ 0. Also, because of the form
of asr in Eq. (3.8a), the critical current stays approximately constant for
1ol < [Avzl-

In the second part of this Section, we include a nonzero Rashba SOC,
AR # 0. Here, the spin z-projection is no longer a good quantum number
and is involved in the dynamics. For this reason, with a finite Rashba
SOC, we numerically solve Eq. for some specific sets of parameters.
Recent works suggest that in a graphene monolayer proximitized by a
substrate with a large the term is typically the dominant
one [137,[138,226]: the values are estimated to be Ag ~ 10 — 15
meV, Ayz ~ 1 —3 meV and negligible Ax; ~ 0. Thus, among all the
possible combinations of [SOC| parameters, from now on we focus on a

high [R-SOC}, A, combined with a smaller secondary one of the KM-50C
kind, Axm, or [VZ-50OC| one, Ayz. Figure shows ¢) the critical current
and d) the skewness of the supercurrent flowing through the junction

with a high Rashba SOC, Agx = 5hv/L. In both Figs. c) and d), the
dashed black line illustrates the scenario for pristine graphene, where
all parameters induced by the substrate are zero. The green solid line
indicates the setup with only AR = 5hv/L, the blue solid line
refers to the case with Ag = 5hv/L and a smaller Ayz = hv/L,
and the red solid line represents the condition with A = 5hv/L and
a smaller Axm = ho/L. With a typical short junction length of
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Figure 3.3: a) color map of S(Ag, po). Here, the green dotted line refers
to the condition yy = 2Ag, where the Fermi level coincides with the
bottom of the graphene upper band. The red dashed line represents
the maximum of the skewness, S(AR), within the range of the
AR € [3,7]hv/L. b) maximum skewness, S(AR), as a function of Ag; the
global maximum (red triangle) is well visible for the optimal value of
ARa =~ 4.7hv/L. The inset shows the peculiar, nearly step-like transmis-
sion probability as a function of k occurring at Ar,. All energies are
scaled in units of iv/L and the wavenumber k is represented in units of
1/L.

around 100 nm [140], the parameter values used here are thus of the same
order of magnitude as what can be expected experimentally. Again, the
main features of the critical current stem from the proximitized graphene
band structure. A term alone modifies the linear band structure
of graphene as Eg = AR + 1’ [K2 4+ k2 + AR, with 7,7" € {+,—},
introducing a parabolic dispersion close to the charge neutrality point,
with the effect of moving and sharpening the Fabry-Perot resonances, as
can be seen from the green line in both Figs. 3.2 c) and d). Including a
smaller Ayz (blue solid line) opens a gap of magnitude 2|Ayz| in the band
structure; while including a smaller Axy shifts the charge neutrality point
of graphene at —Axy, as can be seen from the asymmetry of the critical
current as a function of y( (red solid line in Fig. ¢)). Note that the
splitting of the Dirac points due to the Rashba interaction is a second-
order effect in the ratio Ag/t [225], where t ~ 2.8 eV is the graphene
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hopping parameter. For the values of Ar/t that we are considering here,
this effect can be safely neglected, even at short junction lengths.

It is noteworthy that the despite not significantly impacting
the critical current, produces noticeable swings, compared to the intrinsic
case, in the skewness of the supercurrent at low chemical potentials. In
particular, it can considerably increase the number of transparent modes,
with 7 & 1, within the junction. From Eq. we see that, in general, a
single mode of low transmission, 7 < 1, contributes to the supercurrent
as I (¢) o T sin(¢) with vanishing skewness, S ~ 0, while a transparent
mode, 7 ~ 1, contributes as I7(¢) o sin(¢/2) with maximum skewness,
S = 1. For a strong this leads to highly pronounced peaks in the
skewness of the supercurrent, as illustrated in Fig. d). Figure a)
shows S(Ag, 1) as a function of and the chemical potential. Here,
the dotted green line represents yg = 2AR; when the chemical potential
o exceeds 2AR, the upper graphene band is involved in conduction, dis-
rupting the distinct resonances typical of the region with lower chemical
potentials. Moreover, we define the function S(Agr) = maxy, S(jo, Ar),
which corresponds to the maximum value of skewness as a function of
the chemical potential yg for a fixed value of AR. In Figure a), the
red dotted line denotes S(AR) as a function of Ay in the range [3,7]#v/L.
In the main plot of Fig. 3.3| b), S(Ag) is reproduced within the range
AR € [3,7]hv/L, and there is a global maximum around Ar, =~ 4.7hv/L.
The inset of Fig. b) shows the nearly step-like transmission proba-
bilities as a function of the momentum k at the value of the chemical
potential yp which maximizes the skewness for AR = Ag,. Thus, by
influencing AR, such as through the application of a transverse electric
tield [135,189,193,194], one can potentially enhance the higher harmonics
into the of a wide and ballistic [G]]| by increasing its skewness.

3.3 Conclusions

In this Chapter, we studied the current-phase relation in a ballistic in
which the inner graphene layer is subjected to different spin-orbit cou-
pling interactions because of the proximity effect with a substrate. We
focused on the short and wide limits, at zero temperature. We found an
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explicit analytical expression for the combined effects of the onsite scalar
potential, Kane-Mele, and valley-Zeeman spin-orbit couplings. This ex-
pression for the transmission probabilities can be written in the same
form as the intrinsic case with a suitable renormalization of the two pa-
rameters agsr and ysr. In particular, the valley-Zeeman term combines
with the chemical potential to produce an effective spin-valley Fermi
level. Instead, the Kane-Mele interaction combines with the onsite scalar
potential to make a spin-valley-dependent gap, which lowers the super-
current transport for small chemical potential values.

The effects of a Rashba spin-orbit coupling were studied numerically
for experimentally relevant cases that include a high Rashba interaction
with a smaller secondary one. Again, most of the results about the su-
percurrent phase relation stem from band structure modifications of the
proximitized graphene; a small valley-Zeeman term opens a gap, while
a small Kane-Mele term shifts the charge-neutrality point of graphene.
Interestingly, we found that the Rashba interaction can sensibly boost
the number of transparent modes through the junction, producing heavy
swings in the skewness of the current-phase relation, which could have
applications for devices needing tunable harmonic content.
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Chapter 4

Finite-width effect in a graphene
Josephson junction with
spin-orbit coupling

In this Chapter, we extend the analysis of the previous Chapter by con-
sidering finite-width effects in a[GJ]| subjected to proximity-induced
We still retain the short junction and Andreev approximation limits while
still considering the zero temperature case. Given the complexity of the
transport problem, which now includes the contribution from the edge
states described in Sec. we rely on numerical tight-binding simu-
lations based on the KWANT Python package [314]. Due to its richer
edge behavior, thanks to the presence of both pseudohelical and valley
edge states, we are mainly going to address the gapped phase.
In particular, we focus mostly on the parameter values we have already
explored in the previous section, namely, Ag ~ 5 iv/L and Ay =~ hv/L,
which seem to be experimentally relevant [137}138,226]. At first, as done
previously, we compute the transmission probabilities through a non-
supeconducting junction and then use Egs. to calculate the
supercurrent flow. Using this framework, we also investigate the robust-
ness of the edge contribution to the supercurrent against scalar disorder
in the form of edge imperfections. The results show a sizable supercur-
rent edge contribution which exhibits heavy Fabry-Perot resonances in
the non-disordered case, especially for terminations with a high zigzag
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content, and which is fairly robust against small and high edge disor-
der. We then follow with an analysis of the magnetic interference pattern
of the junction, for which we use the more general formulation of the
scattering problem of Eqs. (1.80JT1.81), since the system will no longer be
time-reversal invariant. We find a high residual critical current at strong
magnetic field values, which is consistent with the fact that most of the
supercurrent is carried via the edges of the sample. We also find that
the inversion-breaking interactions, that generate the phase,
together with a perpendicular magnetic field, break the reciprocity of the
supercurrent, producing a strong in the junction.

This Chapter is organized as follows. In Sec. we begin by intro-
ducing some numerical aspects of the simulations, such as the validity of
the scaling procedure, together with the notation for the different edge
terminations; we then proceed to show the results for the critical super-
current against the chemical potential, for both the clean and disordered
cases, where we investigate the relative contribution of the edge chan-
nels. In Sec. we introduce a perpendicular magnetic field threading
the junction and study the interference magnetic pattern of the critical
current. We first analyze behavior of the critical current at high magnetic
fluxes, which is an indicator of localized (edge) transport in the junction.
Afterwards, we study the interference pattern at low magnetic field, and
investigate the origin of the non-reciprocity of the supercurrent, produc-
ing, eventually, a simple analytical model to describe the resulting

4.1 Edge states contribution

In the scattering region of the junction we numerically implement the
tight-binding Hamiltonian for graphene on a substrate that was intro-
duced earlier in Eq. (1.55). For clarity purposes, we rewrite it here, al-
ready neglecting the U, and Apjs terms
2iA
t t R 3 t
H=—t) cicjs—n Zciscis += Y. [(s X d,-]-)z] . CisCe
(i)s 1S '
i ,
o= L M8 i
3V3 (s
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where t is the graphene hopping parameter, y is he Fermi level, Ay is the
intensity of the and Al = {A#}, AB} denote the intrinsic next near-
est neighbor hoppings for the two sublattices, which combine to make the
Am = (M +AB)/2,and[VZ-SOC], Avz = (A — AB) /2. We aim
is to simulate a |GJJ|with a length of around 100 — 200 nm. In recent trans-
port measurements for graphene on transition metal dichalcogenides, in
particular on WS;, junctions of this length were found to still behave bal-
listically [140]. To reduce the computational resources needed, we use a
scaling procedure that simulates the junction using a larger lattice con-
stant as¢, where s; is the scaling factor, with a renormalized hopping pa-
rameter t/s¢ to make sure that the intrinsic graphene energy spectrum,
given by Eg = (1/3/2)at|k|, is unchanged [315]. The validity criterion
for the scaling procedure is given by s; < 3t7/|Emax|, Where |Emax|
is the maximum energy of interest that needs to be investigated [315].
So, taking a Ar ~ 15 meV, the validity criterion in our case becomes
sf K 3/{—17; = % ~ 1760. For our simulations, we take s; ~ 13. As
in the previous Chapter, the leads are considered to be made of pristine
graphene in the high doping limit. Numerically we set the Fermi level
in both leads to yu; = 0.2t, in such a way as to be much higher than the
energy scales used in the scattering region of the junction, but still in the
linear regime of the graphene Dirac cones without trigonal warping ef-
fects [164]. In this section, we are also going to address different edge
terminations which we label using two values (m, n) based on how many
zigzag sections, m, and armchair sections, 7, are present in the vector that
defines the periodicity of the edge. More details on this are present in the
Appendix

A plot of the band structure of a zigzag terminated graphene ribbon
with Ag =5 hv/L and Ayz = hiv/L and a width of W = 2954 is shown in
Figld.Ta. As we have already discussed in Sec. the system is in the
with a bulk gap of 2min(Ag, Ayz) = 2Ayz = 2hv/L, highlighted
from the grayed region in Fig. f.1a. It hosts a pair of pseudohelical and
valley edge modes. The pseudohelical ones cross E = 0 around k = 7t and
they are both spin and sublattice polarized, with spin up states moving
in one direction (but on different edges) and spin down ones moving in
the opposite. Instead, the valley edge states cross E = 0 close to the Dirac
points and are neither spin nor sublattice polarized, since they originate
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Figure 4.1: (a) band stucture of a zigzag terminated graphene ribbon
with Ag =5 hv/L meV and Ayy = hv/L and a width of around 295a4; the
grayed out region defines the bulk band gap of 2min(Ag, Ayz) = 2Ayz =
2hv/ L. The ribbon hosts a pair of pseudohelical edge states that cross the
gap at k = 7t and a pair of valley edge modes that cross the gap around
the Dirac points. The dashed horizontal line is the energy at which the
Fabry-Perot resonance shown in (b) vanishes. (b) critical current of a GJ]|
for chemical potentials around the gapped region of the graphene layer;
the parameters used are AR = 5 Iw/L, Ayz = hv/L and a junction length
and width of L = 59a, W = 5L. In red the results for a pure zigzag
ribbon with (m,n) = (1,0), in purple (green) those for a (m,n) = (2,1)
((m,n) = (1,2)) termination. In blue we show the results for a pure
armchair ribbon, (m,n) = (0,1) and, as reference, in cyan we show the
results computed in the previous section for a bulk system.

from the|[R-SOC]interaction between states of opposite spin and sublattice.

In Fig. we show the critical current for values of the chemical
potential close to the gap: in red the results for a pure zigzag edge, in
purple those for a mostly zigzag, (m,n) = (2,1), termination, in green
those for a mostly armchair, (m,n) = (1,2), one; these results are com-
pared to those of a pure armchair edge, in blue, that does not host edge
modes, see Sec. and to the previously computed bulk ones in cyan.
We can make a few observations about the supercurrent in Fig. #.1p. First,
we see that, as we expected, the critical current for the proper armchair
termination, in blue, closely follows the one we computed in the previ-
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ous section, for a value of W/L = 5, originating only from bulk states,
shown in cyan. The slight deviation over the gap is due to finite size
effects that depend on the divisibility by 3 of the number or rows in the
armchair tight-binding simulation [169], and it reduces with increasing
chemical potential (not shown in the image). Second, we see that for
non true armchair terminations, the contribution of the edge states is ev-
ident. Moreover, we can divide it into two parts. From Eq. we
know that every transmission channel with unit transmission probabil-
ity, 7, ~ 1, contributes to the supercurrent a factor of %. The first
part of the edge contribution comes from 2 channels with unit transmis-
sion probability: we attribute it to the pseudohelical edge modes, since it
was already proven in previous works that they are insensitive to back-
scattering in time-reversal invariant systems [131]. The second part of the
edge contribution comes, instead, from 2 other channels with non-unit
transmission probabilities that undergo resonant tunneling with increas-
ing chemical potential. We attribute it to the valley edge modes. This
is corroborated by the fact that the Fabry-Perot resonances vanish before
reaching the bulk gap, which is in line with the effective energy range
of the valley edge modes, as highlighted by the dashed horizontal line
in Fig. f.Ta. Moreover, we see that the resonant tunneling effect is more
pronounced the more zigzag content there is in the edge termination: it
barely shows for a mostly armchair edge with (m,n) = (1,2) (green),
and it becomes extremely frequent for a pure zigzag one (m,n) = (1,0)
(red). Notably, the pseudohelical contribution to the supercurrent seems,
instead, to be insensitive to the edge termination, as long as there is a
small zigzag content. This is in line with previous works on the general
boundary conditions for honeycomb lattices [174].

We now analyze the robustness of the edge contribution against dis-
order in the form of edge roughness. We first consider the case of small
disorder for the (m,n) = {(1,0),(2,1),(1,2),(0,1)} terminations and of
heavy disorder for the (m,n) = {(1,0),(0,1)} ones. For the former,
when building the graphene layer, we introduce a 0.2 probability that
an edge atom, defined as having less than 3 nearest-neighbor atoms, gets
removed; after this process the edge is cleaned of dangling atomsﬂ also

1 Atoms with less than two nearest-neighbor hopping atoms [314].
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Figure 4.2: (a) critical current of a GJJ] with small edge disorder (1 layer)
for chemical potentials around the gapped region of the graphene layer;
the parameters used are AR =5 hiv/L, Ayz = hv/L and a junction length
and width of L = 59a, W = 5L. In red the results for a zigzag ribbon
with (m,n) = (1,0), in purple (green) those for a (m,n) = (2,1) (m,n) =
(1,2)) termination. In blue we show the results for an armchair ribbon,
(m,n) = (0,1). (b) same as (a) but with heavy edge disorder (3 layers). In
red the results for a zigzag ribbon with (m,n) = (1,0) and in blue those
for an armchair ribbon, (m,n) = (0,1). In both images, as reference,
in solid (dashed) cyan we show the results for a zigzag (armchair) non-
disordered ribbon, showed in Fig.

known as Klein defects [316]. For the latter, we repeat the previous pro-
cess 6 times, which, on average, produces a maximum damage of depth
3-4 a on the edge, which is slightly more than 1% of the width of the
junction. We then calculate the I.(¢) plots for 10 different realizations
of disorder for every edge type considered and average the results. The
computed averages are shown in Fig. for the small disorder cases
and in Fig. for the high disorder ones. In both figures we show, as
reference, the zigzag (armchair) clean edge case in solid (dashed) cyan.
From Fig. we see that the edge contribution is only slightly reduced
for the edge types considered that have a zigzag conteniﬂ In contrast,
the armchair termination seems to be completely insensitive to small dis-

ZWe also note that, independently, for each realization of disorder, the junction shows
supercurrent peaks due to resonant tunneling, as we saw for the clean edge case. How-
ever, the intensities of these peaks are drastically reduced by the averaging procedure.
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order. The situation changes when we consider heavy disorder. In this
case, the edge contribution to the supercurrent for both disordered zigzag
and armchair terminations tends to roughly the same value, as can be
seen from Fig. #.2b. For the armchair termination, this is an example of
disorder-induced transport. Indeed, as we saw previously, a clean arm-
chair sample does not host edge modes in the phase of graphene.
Therefore, introducing zigzag defects increases transport along the edges
of the sample.

4.2 Magnetic interference pattern

We study the interference pattern of the supercurrent when the is
threaded by a perpendicular magnetic field. As we said at the beginning
of the previous section, we are modeling a with a total surface area
of around Ay = 0.05 — 0.2 yum?. The interference pattern arises with
magnetic fields of the order of By, = ®g/Ag ~ 10 — 40 mT, and the
Zeeman splitting energy for these magnetic fields is far below any other
energy scale we have considered, Ez ~ 2ugBg, ~ 0.6 — 2.3 ueV. For this
reason, we will include only the orbital effects of the magnetic field in
the tight-binding simulations while neglecting the Zeeman coupling. In
particular, the orbital effects are included in the tight-binding simulations
via the Peierls substitution, which changes the hopping from site i to site
jas

e [
tl']' — tijexp {—l%/i Adl} (4.2)

In our simulations, the junction is oriented so that its width spans the x
direction and its length the y one. We can thus use the Landau gauge

A = (0, —B.x,0) (4.3)

to describe a perpendicular magnetic field B = (0,0, B;), which substi-
tuted into Eq. gives us

. DX + x;
tij — tijexp {1”50 5 (y; _]/i)} , (4.4)
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where &y = h/2e is the superconducting magnetic flux quantum, ® =
B.(LW) = B;Aj is the magnetic flux threading the junction and x (y) is
measured in units of W (L). Using the gauge of Eq. (¢.3), we can con-
sider a constant superconducting phase for each superconducting leads,
allowing us to use the scattering matrix formalism introduced in Sec.
leading to Eq. for the[ABS|energy. Moreover, according to Ref. [315],
the scaling parameter now also has to satisfy s; < Ig/a ~ 5700/ /B, [mT],
where g = +/Ii/eB; is the magnetic length. Even for high magnetic fluxes
of ® = 30Py we are a full order of magnitude within the validity of the
scaling, sy ~ 13 < 190, which gets much better for smaller magnetic
fluxes.

4.2.1 Supercurrent robustness at high magnetic fluxes

In this section, we analyze the robustness of the supercurrent in a prox-
imitized against a magnetic flux threading the junction. From an
analytical perspective, for the evaluation of the supercurrent one can im-
plement the effects of a magnetic field by considering the gauge-invariant
phase difference across the junction é¢ = d¢ — (271/Pg) [ A - dr, where
0p = @ — ¢ is the superconducting phase difference between the su-
perconductors [234]. Using the gauge of Eq. we can then write the
gauge-invariant phase picked by a Cooper pair moving along the vertical
path x € [-W /2, W /2] across the junction as
21D x

Therefore, from a semiclassical point of view, we can imagine the vertical
trajectories of the supercurrent effectively experiencing an evolving phase
difference from one edge of the junction to the other, due to the presence
of the magnetic field. In general, superconducting transport in a [JJ| can
be composed of delocalized contributions, which are spread along the
width of the junction, and more localized ones, which are instead highly
spatially confined. In the former case, the supercurrent contribution is
sensitive to the spatial variations of the gauge-invariant phase difference
of Eq. (#.5), resulting in a contribution that averages out for high magnetic
fluxes. An example of this is the typical Fraunhofer pattern in the critical
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Figure 4.3: Critical current in function of the magnetic flux. In blue the
Fraunhofer pattern, typical of tunnel junctions where most of the super-
current is carried by low-transmission bulk channels. In red the periodic,
non dampened behavior of two J-localized edge modes of unit transmis-
sion.

current of tunnel junctions, I.(®) = I.(0)|sin(w®/Dy)/ (7P /Py)|, aris-
ing from low-transmission bulk contributions. An example of the latter is
that of two d-localized contributions of unit transmission at the edges of
the junction; because of the extreme localization, these are insensitive to
the gauge-invariant phase variation and produce a periodic critical cur-
rent as

Le(®) = (1c(0)/2) (1 + [ cos (1P /Dy)]|), (4.6)

which persists indefinitely in the magnetic field strength [317]. An exam-
ple of both behaviors is shown in Fig. Therefore, the persistence of the
critical current at high magnetic fields is an indicator of the supercurrent
degree of 1ocalizatio

As already stated at the beginning of the Chapter, in the setup we

3In the simpler case of low-transparencies, one can apply the Dynes and Fulton de-
scription [318] to write the total supercurrent as

W72 2nd x
1(@,9) = [ " dxj(x)sin @+ 20 ), 47
(@)= [ ) (sv ¢0W> (4.7)
from which it is possible to Fourier transform to directly obtain the supercurrent density
profile of the[f]| j(x). Unfortunately, it is not possible to apply this formalism when the
junction has channels with high transmission probabilities.
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Figure 4.4: Critical supercurrent in function of the perpendicular mag-
netic field threading the junction. The parameters used are Ag =5 hv/L,
Ayz = hv/L and a junction length and width of L = 594, W = 5L. In
(a) we show the clean edge case with different edge terminations; in red
the results for a pure zigzag ribbon with (m,n) = (1,0), in purple (green)
those for a (m,n) = (2,1) ((m,n) = (1,2)) termination, and in blue the
ones for a pure armchair ribbon, (m,n) = (0,1). In (b) we show the same
plot as in (a) but for junction with disordered edges; in particular, in red
(blue) we show the results for a zigzag (armchair) edge with small dis-
order, in purple (green) those for a zigzag (armchair) edge with heavy
disorder, in solid (dashed) cyan we plot the clean zigzag (armchair) case
for reference. The inset in (b) shows a zoom in the high field regions of
the heavy disordered edges results.

are studying here, a proximitized in the (QVSHS| phase, the transport

behavior is quite complex. In particular, when the Fermi level resides in-
side the gap, we have in general contributions from both evanescent bulk
states with vanishing transparencies (similar to the tunnel junction case)
and from edge states with different localizations and different transmis-
sion probabilities, as we have seen in Sec. For this reason, we calculate
the magnetic interference pattern numerically. Specifically, after defining
a tight-binding system with scaled dimensions, as highlighted in Sec.
we use the KWANT Python package to compute the scattering matrix of a
non-superconducting junction, from which, using the formalism leading

to Egs. (1.80J1.81), we eventually arrive at the of the [266,314].

The resulting interference pattern for the critical supercurrent, defined
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as I. = maxg |I (go)ﬁ computed at zero Fermi energy for various edge
terminations is shown in Fig. f.4a. The parameters are the same as
those used in Sec. namely, AR = 5 hv/L, Ayz = hv/L and a junction
length and width of L = 594, W = 5L. In blue we plot the results for
an armchair termination with (m,n) = (0,1), in red those for a zigzag
one, (m,n) = (0,1), and in purple (green) those for a mostly zigzag (arm-
chair) one with (m,n) = (2,1) ((m,n) = (1,2)). From Fig. 4.4a we can
make a few observations. First, we confirm that, due to the absence of
edge states and thus localized currents, the residual critical current at
high magnetic field is vanishing for an armchair termination, which is
consistent with the model introduced in Sec. and with our
previous findings of Sec. All other terminations analyzed show, in-
stead, a non-vanishing residual critical current, a sign of localized edge
transport. Another feature we observe is that all non-armchair edge ter-
minations show a beat around ®/®; ~ 7. This is the result of two os-
cillating patterns of the kind we saw in Eq. with slightly different
frequencies. Our interpretation is that one frequency is due to the pseu-
dohelical edge states that, being extremely localized at the edges of the
sample width, experience the whole magnetic flux threading the junction,
while the second frequency is due to the valley edge states that, being
more delocalized [131]], experience a lower effective flux compared to the
total one. With increasing magnetic flux, the contribution to the total crit-
ical current of the valley edge states averages off, and for ®/®dy 2 20
most of the remaining critical current is due only to the pseudohelical
edge states. Lastly, we observe that with increasing armchair content in
the edge termination, the residual critical current diminishes, which is
again consistent with the less localized nature of the edge states [174].
We also study the magnetic interference pattern for disordered edge
terminations. We again distinguish small and heavy disorder, which are
implemented in the same way as described in Sec. The results are
shown in Fig. #.4b. In solid (dashed) cyan we plot the same results as in
(a) for a clean zigzag (armchair) termination as reference. In red (blue)

4This is a slightly different definition from the one in Eq. that we used in Chap-
ter 3| The reason is that, as we will see in Sec. with the introduction of a perpen-
dicular magnetic field, the under study shows non-reciprocity of the supercurrent
for which in general we can have maxg |I(¢)| # max, I(¢@).
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we show the results for small disorder in a zigzag (armchair) edge, and
in purple (green) the same ones for heavy disorder. We find that for light
disorder the interference pattern is quite robust for the zigzag case; in-
deed, it shows the same features we discussed about the clean case, with
only a slight reduction in the residual critical current, which is due to an
increase in the localization length of the edge states involved in the trans-
port. For the armchair termination, small disorder has virtually no effect,
in accordance with our previous results of Sec. For heavy disorder
we find that the zigzag termination follows the same trend: it exhibits
the same features as before but with a further lowering of the residual
critical current, again, we attribute this to an increased localization length
of the edge states contributing to the transport. For the armchair termi-
nation, instead, the situation is the opposite. We find that heavy disorder
actually increases both the supercurrent at low magnetic fluxes and the
residual critical current at high magnetic fluxes, as can be seen by the
inset of Fig. . This means that, because of the edge disorder, more of
the transport occurs in a localized fashion near the edges of the sample:
this is an instance of disordered induced transport. The disorder along
the armchair edge creates zigzag defects that, because the graphene layer
is in the phase, can locally host edge states. This is in line with
previous results on bilayer graphene, where the authors find an asymp-
totic behavior of the Anderson localization length with increasing edge
disorder, independently of the starting edge termination [319].

4.2.2 Superconducting Diode Effect

In the previous section, we have analyzed the behavior at high magnetic
fluxes of the critical current of the junction, defined as I. = max, [I(¢)|.
The reason for which we have defined I, from the absolute value of I(¢) is
because our system shows a degree of non-reciprocity for transport in op-
posite directions. In particular, when we introduce a perpendicular mag-
netic field threading the junction, we obtain max, I(¢) # —miny I(¢). In
this section, we explore this feature of our setup in more detail.

The non-reciprocity of the supercurrent is known as |[Superconducting]
IDiode Effect (SDE)|[320], in analogy with the non-reciprocal transport, the
diode effect, in a p-n semiconducting junction. The two main quantities
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that are used to characterize the are the non-reciprocal supercurrent,
Al., defined as the difference between the supercurrents flowing in the
opposite directions, and the diode efficiency, 1, which characterizes the
relative asymmetry of the superconducting diode. In a [J]J, they can be
expressed in terms of the critical currents as [321-324]

Al = max I(p) + m(;n I(g), (4.8)
Al
T= maxy I(¢) — ming I(¢) (49)

In Fig. [4.5/we show the results for the efficiency and the non-reciprocal
supercurrent for a in the phase with zigzag edge termina-
tions. We find that the junction reaches a maximum efficiencies close
to 7 ~ 0.6, while maintaining a non-reciprocal supercurrent comparable
with the values of the critical current at zero magnetic fluxes, as can be
seen by comparing with the right panel of Fig. We also find that most
of the behavior occurs in a Fermi level region close to the gap, for
u S 1.25 hv/L. Moreover, we obtain that there are certain Fermi level
values for which the system does not exhibit any sizable non-reciprocal
behavior (the white strips in the lower half of the plots); by comparing
with the right panel, one can see that these values of the Fermi level
correspond to those at which the Fabry-Perot resonances, due to the edge
states and discussed in Sec. occur. Given the aforementioned features,
together with the fact that the same junction with armchair terminations
does not show non-reciprocal behavior, we conclude that the observed
is a consequence of the edge transport in the junction. In particular,
as we will see shortly, it is caused by an asymmetric transport between
the two edges of the junction. This is in contrast to other observed
in literature in planar [JJ] with coupling [323-326]]. In fact, in those
systems, the is observed when the system is coupled with a Zeeman
splitting due to a magnetic field parallel to the junction. In our system,
instead, this behavior originates purely from the orbital effect of the mag-
netic field, as we have neglected any Zeeman coupling in the junction, as
explained at the beginning of Sec.

We now further explore the edge transport asymmetry of our system.
In order to do so, we analyze a simpler junction composed only of two
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Figure 4.5: Efficiency, , (left panel) and non-reciprocal supercurrent, Al,
(middle panel) for a[GJ]|in the phase with zigzag edge termina-
tions, in function of the Fermi level of the graphene layer (vertical axis)
and the magnetic flux threading the junction (horizontal axis). As ref-
erence, the right panel shows the critical current (horizontal axis) as a
function of the Fermi level (vertical axis) for a junction with zigzag edges
at zero magnetic flux, the same result shown in Fig. #.Ip. The [SOC| pa-
rameters used are the same as in the previous sections: Agx = 5 fiv/L,
Ayz = hv/L with a junction length and width of L = 592, W = 5L.

leads, the left one made of a zigzag graphene ribbon in the phase
and the right one made of pristine graphene with Fermi level yj = 0.2t.
A schematics of the junction is shown in Fig. In the left panel of
Fig. we show the band structure of the left lead for Fermi values u
around the gap region. This is the same band structure we showed in
Fig. #.Tp, but we have highlighted here the edge localization of the edge
modes inside the gap: in blue (red) the states are localized on the bottom
(top) edge of the ribbon. We note that because of the strong in-
teraction, this lead naturally shows a degree of asymmetry between the
two edges. For example, we see that for any given value of Fermi level
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Figure 4.6: Schematics of the simpler two leads junction. The left lead
is made of zigzag graphene in the phase with parameters
AR = 5 hv/L, Ayz = hv/L with a ribbon width of W = 2954, while the
right lead is made of pristine graphene with Fermi level y; = 0.2t. The
current is injected from the right lead and pictorially represented by black
dashed arrows. For values of the Fermi level inside the energy gap, the
left lead hosts four edge states, two on the top edge (in red) and two on
the bottom one (in blue), compare to the band structure of Fig.

different than u = 0 the velocities of the left moving states on the two
edges are different. This asymmetry becomes extremely evident close to
the bulk energy gap where all the edge modes are localized only on one
edge of the ribbon, see the regions between the gray and black dashed
horizontal lines in the left panel of Fig.[4.7] In the right panel of Fig. [4.7]
we show the Landauer-Biittiker conductance obtained from injecting cur-
rent from the right lead of the junction. The conductance is resolved into
two contributions corresponding to outgoing current flowing on the op-
posite edges of the left lead, and they are color coded accordingly to the
left panel. The edge resolved conductance is calculated in the following
way. Solving the scattering problem returns us the transmission matrix
tLr (1) from the right to the left lead at a given Fermi level y. From t; g we
can compute the transmission probabilities, T, by solving the eigenvalue

problem
T T
bt [4’ } - [‘/’ ] (4.10)
LRILR | B ] B .
where ' is the component of the i-th left moving propagating state in
the left lead, at energy j, as explained in Sec.[1.6.3; T and B are collective



100 CHAPTER 4. FINITE-WIDTH EFFECTS IN A GJ]

p [hv/L]

Figure 4.7: The left panel shows the band structure of a graphene zigzag
ribbon in the phase with parameters AR = 5 hiv/L, Ayz =
hv/L with a ribbon width of W = 295a; the edge states inside the gap
are highlighted in blue (red) if they are localized on the bottom (top)
edge of the ribbon. The right panel shows the conductance computed for
transport simulations where the current is injected from the right pristine
lead of the junction with Fermi level p; = 0.2t; the total conductance
is split into two contributions, each referring to the conduction channels
with corresponding colors in the left panel. In both panels the horizontal
dashed black lines define the bulk energy gap and the area between black
and gray horizontal lines represent the energy regions where the edge
states are localized only on one edge of the ribbon.

indices for the top edge localized (in red) and bottom edge localized (in
blue) propagating states in the band structure of Fig. Having solved
the eigenvalue problem of Eq. (4.10) we define the edge resolved conduc-

tance as . ) -
G 2e (\gb | )
G = = — T T . 4.11
(GB) 2T\ gbp @.11)

GT (GP) corresponds to the red (blue) line in the right panel of Fig. @
and the sum extends to all transmission eigenvalues. A strikingly odd
feature of the computed conductance is that it does not respect the lead
band structure symmetry between positive and negative values of Fermi
level. In particular, we find that, for all the energy region between the
dashed lines, the computed outgoing current in the left lead clearly prefers
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one edge of the ribbon to the other one.

To get a better understanding of the problem, we further simplify the
setup and consider a left lead made of graphene in the phase with
Axm = ho/L, while maintaining unchanged the right lead. As we de-
scribed in Sec. the edgesina graphene ribbon are symmetric,
each hosting two helical edge states with opposite spins and moving in
opposite directions. This is pictorially represented by the dashed red
and blue edge states that cross the band gap in the band structure plot
of Fig. , where the color coding is the same as in Fig. In this
case, while the edge resolved conductance, as computed using Eq. .11,
results in a symmetric split between the two edges, we find a clear asym-
metry in the valley polarization of the incoming current. The incoming
current polarization is computed in a similar way as the edge resolved
conductance. In particular, we solve the transposed eigenvalue problem

to Eq.

fot [IPK] =7 {‘/’K] (4.12)

tLR LR II]K/ T l/)K/ T, .
so that now ¢’ is the component of the i-th left moving propagating state
in the right lead, at energy p; = 0.2t, and the superscripts K (K’) collec-
tively indicates all the propagating modes of the K = 27t/3 (K’ = 471/3)
valley. The K valley polarization of the incoming current, which is plotted
in the right panels of Fig. 4.8 is then computed as (¥; [¢X|?) /(L |¢X|? +
|wX'12) Pl We see that, in the case, the incoming current is entirely
polarized in the K valley for almost all Fermi level values inside the en-
ergy gap. Our explanation for this behavior is the following. Consider
the left moving edge states in the band structure of Fig. #.8a. We
can see that, for different values of the Fermi level, y, these edge states
span the subspace of valence holes in the K’ valley, close to the bottom of
the energy gap, and of conduction electrons in the K valley, close to the
top of the energy gap. While electron from the K’ valley and holes from
the K one are prerogative of the right moving edge states. For this reason,
when injecting valley unpolarized current from the conduction band at
ur = 0.2t from the right lead, the wavefunction matching condition at the

SSimilarly, the K’ valley polarization of the incoming current is going to be 1 —

(Ze [WKP) /(e [P+ 1K ).



102 CHAPTER 4. FINITE-WIDTH EFFECTS IN A GJ]

Figure 4.8: On the left the band structures of a zigzag graphene ribbon
in the with Axy = hv/L, in (a) and in the with Ag =
5 hv/L and Ayz = hv/L, in (b). On the right the valley polarization of
the incoming current, as defined in the main text, for Fermi level values
inside the energy gap. The Fermi level of the pristine lead is u; = 0.2t
and the color coding is the same as in Fig.

interface heavy favors electrons from the K valley as opposed to electrons
from the other valley. This holds true until, eventually, at the bottom
of the energy gap, the valley degree of freedom takes dominance in the
matching condition compared to the electron/hole one. We then extend
this reasoning to the pseudohelical edge states of the in Fig.[4.8p.
Now, the induced K valley polarization of the incoming current, due to
the pseudohelical edge states, lends itself to a better matching condition
for the valley edge states of the K valley, which are localized on the bot-
tom edge (blue color), more than for the ones of the K’ valley, which are
localized on the top edge (red color). A plot of the valley polarization of
the incoming current for the case is shown on the right panel of
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Fig. 4.8b, which has to be compared with the edge resolved conductance
previously shown in Fig.

Finally, we return to the original junction composed of zigzag graphene
in the as scattering region and pristine graphene with y; = 0.2f
in the leads. The picture we unveiled is that, overall, there are four edge
channels contributing to the transport across the junction: two of these,
a pseudohelical and a valley edge state, are localized on one edge of the
junction and contribute to transport with a high transmission probability,
for almost all values of the Fermi level; while the other two are localized
on the opposite edge of the junction, they have a lower baseline transmis-
sion and undergo resonant tunneling with varying the Fermi level value,
see, for example the right panel Fig. At this point, we can introduce
the magnetic field as outlined in Sec. and build a minimal model as

sin(m®/®) . 2e/\ Trsin(@ + 1®/Py)

(¢, ®) = Iz

sin(¢) +
/D h 2\/1 — trsin?(( + 1®/ D) /2)

T sin(p — 7d/Dy)

_|_
2\/1 T sin?(( — P/ Pg)/2)

(4.13)
where the first term accounts for the delocalized bulk contribution [234,
327] and the other two for the localized ones from the top and bottom
edges; the general formula for the supercurrent due to a single mode
with transmission 7 is the same as the one shown in Eq. (1.85). Clearly,
Eq. only holds for small magnetic fluxes for which the spatial ex-
tension of the edge states can be neglected. For what we said before, we
have 3 ~ 1, while 71 ranges from as low as 0.25 to 1 depending on the
resonance condition. When 7y is in an off resonance condition, the edge
contribution of Eq. mixes two harmonics in the of the junction
as

2€A0 {1 . (qo—ncb/cbo) T .
~ 2811’1 —_—

7 > + sin(¢ + 1P/ ) |, (4.14)

which was recently proposed in literature as a general way to generate
non-reciprocal supercurrent in Josephson interferometers [113]. In our
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Figure 4.9: Solid (dashed) lines represent the results from the numeri-
cal simulation (minimal analytical model) and in red (blue) max, I(¢) (
ming, I(¢)), on the left (right) the off (on) resonant case.

system this is realized in a single device. When 77 is, instead, in an reso-
nant condition the edge contribution reverts back to the periodical one of
Eq. (.6). In Fig. 4.9 we compare the minimal model of Eq. with the
numerical simulated results shown in Fig. for the two just outlined
cases. Specifically, we plot in solid (dashed) the results from the numer-
ical simulation (minimal analytical model) and in red (blue) max, I(¢)
( ming, I(¢)), on the left (right) the off (on) resonant case. The transmis-
sions of the edges, Tr, and the value of Ig used in the minimal model are
taken by solving the scattering problem for a non-superconducting junc-
tion at zero magnetic flux. We can see that the model reproduces quite
well the simulated results, corroborating the result that the observed
originates from an asymmetry in the edge transport of the junction.
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4.3 Conclusions

In this Chapter, we have studied the finite-width effects on the supercon-
ducting transport of a ballistic in which the inner graphene layer is
in the phase due to the interaction with a substrate. We still fo-
cused on the short junction limit at zero temperature. Using numerical
tight-binding simulations, performed using the KWANT Python package,
we were able to account for the edge contribution to the supercurrent and
analyze it for different edge terminations and various implementations of
disorder. We found that the edge contribution is composed of four chan-
nels, two with high transparency and two with low transparency; these
last ones undergo resonant behavior when varying the Fermi level inside
the energy gap, which produces heavy Fabry-Perot oscillations in the crit-
ical current of the junction. These features are highly evident for a pure
zigzag termination and become less visible the more the armchair content
of the edge. Eventually, as expected from the literature, a pure armchair
termination has no contribution from the edge states. We also confirmed
that the edge contribution is quite robust to scalar disorder in the form
of edge roughness. Interestingly, disordering a pure armchair edge in-
troduces zigzag defects which actually increase the edge transport in the
junction, an example of disorder induced transport.

We then studied the magnetic interference pattern of the critical cur-
rent in the junction. The persistence at high magnetic fields of the critical
current is an indicator of localized transport, as the one occurring along
the edges of the sample. We found that the interference pattern is charac-
terized by beating due to the difference localization properties of the edge
states present in the graphene phase, and we found a residual
critical current that is consistent with the results at zero magnetic field.
Finally, we discovered that the system under study exhibits a strong non-
reciprocity of the supercurrent, which leads to a with a maximum
efficiency close to 60%. The root cause of this behavior was established to
lie in an asymmetric transport between the edges of the junction.
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Conclusions

In this thesis, we have analyzed tunable properties of Dirac materials.
In particular, in the first part of the thesis, we have studied Floquet-
engineered interface states that emerge when two regions of a are
irradiated with circularly polarized light of opposite polarization. Indeed,
the light polarization mismatch generates interface states that display a
rich structure due to the tunability provided by the external drive. We
have focused on the band structure and pseudo-spin texture properties
of the system. Our analysis revealed that the relative positioning of the
across the interface crucially determines the dispersion and topol-
ogy of these boundary modes. We found that by varying the intensity of
the incident light beams, it is possible to modify the Fermi line geometry
and, in particular, to induce van Hove singularities in the interface den-
sity of states. The presence of such singularities near the Fermi level is of
great significance, as it enhances correlation effects and can trigger elec-
tronic instabilities leading to exotic ordered phases, such as unconven-
tional superconductivity or charge density waves. Moreover, we showed
that additional control can be achieved by incorporating a magnetic bar-
rier at the interface. Specifically, we have discovered that a topological
non-trivial phase of the interface system itself can be determined and
switched on/off by the external drive parameters. Taken together, these
results provide promising platforms for optoelectronic applications and
for the controlled realization of correlated quantum phases.

The second part of this thesis shifted the focus to superconducting
transport in a with particular attention to the modifications induced
by substrate-engineered In this context, we studied how different
types of interactions influence the of ballistic in the short

and wide limits and at zero temperature. We developed a fully analytical
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treatment for the combined effects of onsite scalar potentials,
and terms. We found that the transmission probabilities across
the junction can be expressed in a compact form, identical in form to
its pristine graphene counterpart, by introducing renormalized parame-
ters that encapsulate the spin-valley-dependent modifications to the band
structure. In particular, we found that the term acts as a spin-
valley-dependent chemical potential, effectively shifting the Fermi level,
and enhancing, at low chemical potentials, both the critical current and
the skewness of the junction Instead, the term combines
with the scalar potential to open spin-valley-dependent gaps that sup-
press superconducting transport near the charge neutrality. We have
also analyzed numerically the effects of a high combined with a
smaller secondary interaction, a situation that seems experimentally
relevant. Numerical analysis revealed that coupling enhances the
number of highly transmitting channels and induces pronounced oscilla-
tions in the skewness of the thus providing a knob for engineering
junctions with tunable higher harmonics. Such control could be relevant
for applications in multiterminal superconducting devices, superconduct-
ing diodes, and qubit implementations that rely on non-sinusoidal [CPRk.

In the last part of the thesis, we extended the analysis of proximitized
to include finite-width effects, focusing on the short junction limit
at zero temperature. Using numerical tight-binding simulations with
the KWANT Python package, we were able to resolve the edge contri-
bution to the supercurrent for different edge terminations and disorder
configurations. Our analysis revealed that the edge contribution consists
of four channels: two with high transparency and two with low trans-
parency. The low-transparency channels exhibit resonant behavior when
tuning the Fermi level within the energy gap, producing pronounced
Fabry—Perot oscillations in the critical current. These features are most
prominent for pure zigzag edges and progressively diminish as the arm-
chair content increases, vanishing entirely for pure armchair termina-
tions. Interestingly, we observed that the introduction of edge disorder
in armchair edges can create zigzag-like defects, enhancing edge trans-
port, an example of disorder induced transport. We also investigated
the magnetic interference pattern of the critical current. Its persistence at
high magnetic fields confirms the localized nature of edge transport in
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graphene. The interference pattern exhibits a beating structure
due to the differing localization properties of the edge channels, with a
residual critical current consistent with the zero-field results. Finally, we
uncovered a strong non-reciprocity in the supercurrent, giving rise to a
with an efficiency approaching 60%, which we traced to asymmetric
transport between the two edges of the junction.
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Appendix A

Interface System between
Floquet-Weyl semimetals

A.1 Numerical results

In this appendix, we present the numerical results for the energy disper-
sion and the pseudo-spin texture of the interface system obtained from
a two bands continuous model of the by including the quadratic
momentum contribution along all directions. We obtain qualitative agree-
ment with the findings of the main text, where we found analytical results
by instead neglecting the quadratic term in p,. In particular, we show that
the neglected term has no impact on the topological characterization of
the interface system. We describe the electronic system with the following
Hamiltonian

H(p) = [1 — (p?c +p,+ p%)} Oy + Up,0s. (A.1.1)

Similarly to Sec. of the first chapter, we illuminate two regions of
a with two beams of light, where each one is characterized by a
vector potential of the form expressed in Eq. (2.1)). Each side of the
can be effectively described, in the high frequency regime, by the Floquet
Hamiltonian [85]

Hi(p) = |72 = (P + P2+ p2) | 0w + Aipyoy + upc, (A1.2)
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Figure A.1.1: (a) Density plot of the energy dispersion, and (b) pseudo-
spin texture plot of the interface states as a function of the momentum
components p, and p, in the asymmetric case (Ay < Ar), by holding
the quadratic term in p, in the Hamiltonian which describes the
In panel (a) the boundary solid (dashed) lines represent the merg-
ing of the interface states’ band with the upper (lower) FWSM|bulk eigen-
bands. The red (blue) lines describe the merging into the conduction
(valence) band, and red and blue dots represent of positive and
negative chirality, respectively. The Fermi line £ = 0 is shown in black
in panel (a) and in orange line in panel (b). The parameters used are:
u=10=10, Ay =2, AL =3, ¢y = 71, ¢, = 0.

where

pi=1/1- e2A]2, (A.1.3a)

Aj = —2e*AFucos (¢;)/Q, (A.1.3b)

A== (A.1.3¢)

with j € {L,U} and b = v/m/B. A quantitative difference with the model
used in the main text is visible in the definition of the term p;, in fact
in Eq. (2.13a) of the main text one has pi = J1 = eZA]Z /2. We follow

the algebraic procedure used in Sec. Firstly, we solve the eigenvalue
problem for each half-space by using the ansatz shown in Eq. (2.15). Af-
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Figure A.1.2: (a) Density plot of the energy dispersion, and (b) pseudo-
spin texture plot of the interface states as a function of the momentum
components p, and py, with Ay = A, and in the presence of a delta-like
magnetic field along the interface z = 0, by holding the quadratic term
in p, in the Hamiltonian which describes the In panel (a)
the boundary solid (dashed) lines represent the merging of the interface
states’” band with the lower (upper) bulk eigenbands. The red
(blue) lines describe the merging into the conduction (valence) band, and
red and blue dots represent of positive and negative chirality, re-
spectively. Positive (negative) out of range values are depicted as light
(dark) gray areas, and the Fermi line £ = 0 is shown in black in panel (a)
and in orange line in panel (b). The parameters used are: u = 1, () = 10,
Ay = AL = 3, ¢y = 7, ¢ = 0, and the magnetic parameter is set at
po =1/5.

terwards, we impose the continuity of the wavefunction and of its deriva-
tive at the interface z = 0. Finally, we force the normalizability of the
wavefunction in the entire space. These conditions lead to a problem
similar to that shown in Sec. but here the matrix M becomes four-
dimensional. The doubling of the dimension of the matrix M makes the
problem hard for an analytical approach, then we face it with a numerical
approach [310].

In the symmetric case (Ay = Ar), the energy dispersion of the inter-
face electron system has the same features of the analytical expression
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shown in Fig. (a). Here, the interface states are defined in the whole
2D momentum space with the exception of the p, = 0 axis, where the
interface band merges with the bulk bands, and the Fermi line at £ = 0
is composed by two semicircumferences that meet at the |WPPs. More-
over, by using the definition of the pseudo-spin <U>m in Eq. (2.28), one
tinds that the pseudo-spin has a trivial pattern, in particular, it is parallel
(antiparallel) to the £ axis for p, > 0 (p, < 0).

We now consider the interface system obtained in the asymmetric
case, namely the intensities of the light beam are different (Ay < Ap).
Figure shows the energy dispersion, panel (a), and the pseudo-
spin texture, panel (b), of the interface states. We have chosen the same
values of the parameters u, (), Aj, ¢j used in Sec of the main text. In
Fig. (a) the interface states are defined in a region of the 2D momen-
tum space delimited by the solid (dashed) lines which represent a merg-
ing of the interface band with the bulk bands delocalized along
the upper region z > 0 (lower region z < 0). Moreover, red (blue) lines
represent a merging of the interface band with a conduction (valence)
band, while red (blue) dots are of positive (negative) chirality. The
pseudo-spin texture of Fig. (b) shows a trivial pattern in terms of
the winding number defined in Eq. (2.29). Apart from quantitative dif-
ferences, mainly given by the modifications of the [WPPk, both the energy
dispersion and the pseudo-spin texture are qualitatively unaffected by the
presence of the quadratic p, term in the Hamiltonian (A.1.1).

To conclude, we introduce the delta-like magnetic barrier at the inter-
face z = 0 described by Eq. (2.31). Figure (a) is the density plot of
the energy dispersion of the interface states, while Fig. (b) repre-
sents the pseudo-spin texture, the parameters are set at the same values
used in Sec Here, we obtain that both the energy dispersion relation
and the pseudo-spin texture are qualitatively in agreement with the ana-
lytical analysis of the main text. In particular, the non-vanishing winding
number of the pseudo-spin texture defined in Eq. occurs exactly
like in the main text.
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A.2 Solution of the continuity problem

We need to solve the following equation

U L
det (1[)% ¢1,+) = (—iufiy +€) (ocL — i)\pr)

Y5 v, (A2.1)

— (iufip + &) (ay — iAupy) =0,

where a; = ﬁ]Z — (p% + pﬁ) Moving the second term of Eq. (A.2.1) to the

right hand side, dividing by (iufip + &) (ap + iAp py)ﬂ and rationalizing,
we obtain

(€ — iufiu) (€ —iufiy) _ (aw — idupy)(ar — idipy)

= , A22
&2+ (uir? w2+ (ALpy)? (8.2.2)

which can be simplified by noting that
af + (ALpy)® = €+ (orfi)*. (A2.3)

Hence, equating the real and imaginary parts of Eq. (A.2.2) we are left
with the following two equations

£ — (W fufir) = ayar — /\u/\LP]%, (A.2.4a)
Eu(fiu + L) = py(Auar + Aray). (A.2.4b)

Squaring the first hand side of the second of these equations and using

both Eq. (A.2.3) and Eq. (A.2.4a) we obtain

E2[(unu)? + (ufip)* + 2ufiyfir] =
= E%[afy +of + (Aupy) + (ALpy) — 2(82 — v fufiL)] =
= E(wu — ar)” + (Au+ AL pyl- (A2.5)

!Indeed, this quantity is always non vanishing: {a;, p,} can both be zero only at the
WPk, but we are studying a region inside of them; and {jiy, £} cannot simultaneously
be zero because at Fermi energy the interface state cannot be fully delocalized inside of
the semimetals, otherwise it would be a bulk state.
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Therefore, using Eq. (A.2.4b) we get

Pi()\u!xL + )\L(Xu)z
(e —ar)? + (Au +AL)?p5

2
pﬁ { [1 — (pfc + pi)} (A? cos ¢, — A} cospy) — %A%A% (cos ¢, — cos ch)}
5 :
(£ (AL = A})" + (A} cos gy — Af cospr)” p}

£ =

(A.2.6)

where we have substituted Eqs. (2.13). Computing the square root of
Eq. gives us two solutions, which have to be combined in order to
satisfy Eq. (A.2.4b). Doing so leads us to the final solution for the energy
of the interface state, Eq. of the main text.

A.3 Winding number and pseudo-spin texture

In the main text we characterize the topology of the interface system
through the winding number of Eq. (2.29) as

v(I) = % /01 (<a>m (1) x % (@), (T))Zdr, (A3.1)

where T € {0,1} parametrizes a closed path I' in momentum space that
surrounds the origin of momenta. Equation is intuitive in that
it simply keeps track of whether the pseudo-spin is rotating clockwise
or counterclockwise during its evolution in 7. Mathematically, since the
pseudo-spin is a normalized quantity we can write it as (o), (1) =
(cosB (1),sinf (7)) (neglecting the irrelevant z component), where 6 (7)
defines the direction of the pseudo-spin in the x — y plane. Substituting
this expression in Eq. we obtain

v(T) :% /01 Z—i (cosf(7),sinf (1)) x

X (—sin®(7),cos6 (1)) dt
1

— -0 (0)]=v,
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where in the last line we have used the fact that I is a closed curve and
assuch 0 (1) — 6 (0) = 2mv.
The pseudo-spin vector is defined through Eq. (2.28):

— 2N\ (Re ( 1,_1/;2,_) ,Im ( ng_)) ) (A32)

_ (U u \*(,,u u \T .
where Ny = Y1 s Y1 ¥y ), o= (01,072) (as said before,
we neglect the z component), and where we could use only the upper
space spinor because of the continuity condition at the interface. For the

asymmetric case of Sec. substituting Eq. (2.18) into Eq. (A.3.2) and

calculating the result along the circumference at zero energy shown in
Fig. 2.4 and parametrized by (px, py) = R(cos(6),sin(f)), where R =

\/(/\Uﬁ% —ALpG) / (Au — Av), we get

(o), = ! (MuRsing, R?~ %), (A33)

\/ (AuRsin8)? + (R2 — %)

which is the normalized version of Eq. (2.30); A; and p; are defined in

Egs. (2.13). Finally, inserting Eq. (A.3.3) into Eq. (A.3.1)), the resulting
winding number is vanishing

- — ]9 /2” /\UR cos 6

_d6 =0, (A3.4)
(AyRsin8) + (R2 — p?))

On the contrary, performing the same calculations for the magnetic
case of Sec.[2.4along the circumference at zero energy shown in Fig[2.5/(b),
which is parametrized by (px, py) = R(cos(8),sin(0)), where R = /2 — p3,
we obtain

1

Wl = (Aysin8)® + (2p, cos §)? (Ausind, =2pocosf) (A.3.5)
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for the pseudo-spin vector, and

. )\UPO /277 1
T Jo (Aysin®)® + (2pgcosb)?

for the winding number.

v a0 = +1 (A.3.6)

A.4 Non-triviality condition

In Sec. 2.4 of the main text, we mainly focused on the setup with a mag-
netic barrier between two which are illuminated by light beams
with opposite polarizations and same intensities. If we also allow for the
intensities to be different on the two then the energy dispersion
of the interface system will be expressed as

it = My = [(P+ 3+ P3) (Au — ML) + 2popx (Au + Ad) |
\/(?%1 —pi+ 4P0Px)2 + [py (Au — AL)}Z
(A4.1)

which has to be compared with Eqgs. (2.24) and (2.34). Similarly to the
main text, see Fig. the circumference at zero energy, £ (p,) = 0, is
now given by:

7

E(pL) =rpy

px = pc+ Rcos®,

- AA42
py = Rsin®, ( )
with
Au+A
Pe=— OAZ — AL, (A.4.3a)
o Aupr — ALp?
RroMuPLT MNPy AAudn o (A.4.3b)

Au—AL (/\U — /\L)z Po
Performing the same calculations as in Appendix the pseudo-spin

vector along this curcumference can be expressed as

(0),, = - x

P \/(AUR sin 9)2 + (R? + p2 — p% — 2Rp cos 0)2 (A.4.4)
X (/\UR sin6, R? + p2 — p5; — 2Rp, cos 9) :
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Hence, the non-triviality condition of the pseudo-spin pattern is given
by the "rotation" of the second component of the pseudo-spin vector in

Eq. (A.4.4), namely:
R+ p2— ph| < [2Rpe]. (A.4.5)
It can then be numerically checked that Eq. is satisfied when:
[Pu—pLl < 2|pol < pu+pL, (A4.6)
which is Eq. 2.37).
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Appendix B

Spin-Orbit Coupling effects in a
Graphene Josephson Junction

B.1 Edge states localization with spin-orbit cou-
pling

In Sec.[L.5.3]we have seen that the combination of and can
create a topologically trivial graphene phase in combination with the ex-
istence of metallic time-reversal symmetry protected edge states, dubbed
pseudohelical. In this section, we give a brief description of the local-
ization properties of these pseudohelical edge states as a function of the

strength of the underlying interaction.

The degree of localization of edge states is characterized by the pene-
tration depth, [, defined via the exponential decay of the electron density
away from the edge p(y) o« e ¥//». For graphene ribbons of a given width,
W, the states at the opposite edges may overlap and hybridize to produce
a finite splitting in the band structure which is related to the penetration
depth as Aw o e/l [328]. Except for a true zigzag termination, it was
found that increasing the Axm, enhances the localization of the
helical edge modes by decreasing their penetration depth, I, [151}328].
Contrary to the case, and despite being necessary to have dis-
persive edge modes, we find that increasing Ayz actually increases the
penetration depth of the edge modes and, as such, delocalizes them. A
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similar but greater effect occurs with increasing Ag, which we expected
since, eventually, a very strong AR opens a real gap in the edge states,
which are no longer zero-energy modes, breaking both the and the
[131].

To this end, we consider a combination of with a given norm
A, (Avz, AR) = A(cosb,sinf). In FiglB.1.1p) we show the value of A, as
a function of the angle 6, at which the pseudohelical modes split over
a given energy threshold. We plot the results for various edge termina-
tions. Figure B.1.Th) shows the periodicity vectors that define the edge
terminations we considered. Every edge termination is characterized by
two numbers (m,n) where m (n) indicates the number of zigzag (arm-
chair) sections in the periodicity vector. In Fig. B.1.Tp), from blue to
purple, the edge termination has increasing armchair content, in order:
(m,n) = (3,1),(2,1),(1,1),(1,2), (1,3).

From Fig. [B.1.1b) we can make a few observations. First, we see that
the degree of armchair content in the edge termination has a drastic ef-
fect. In particular, at a given width W, the higher the armchair content,
the less overall A, is needed to produce a given energy splitting
in the edge states. This is consistent with the fact that, eventually, a
true armchair termination cannot host edge states with only the Ay and
AR @ interactions [131], as we have already discussed more deeply in
Sec. Second, as anticipated above, the AR, has the great-
est impact on the energy splitting of the edge states. Indeed, with in-
creasing content, for higher 6, the value of A needed to produce
the given threshold energy splitting is generally less. However, inter-
estingly, this behavior is not monotonic. In particular, for zigzag-like
terminations (see in Fig. B.1.1b) the blue and orange lines corresponding
to the (m,n) = (3,1),(2,1) terminations), there is a region in 6 where
increasing the proportion of Ar actually reduces the finite width gap,
Aw. This means that, in this parameter region, A has a localizing effect
on the edge states. To make this more clear we plot in Fig. [B.1.1f) (in
solid black) the splitting energy Ag(6), between the pseudohelical edge
states at zero energy for the (m,n) = (3,1) termination, along the blue
dashed cut of Fig.[B.1.1p). We observe that, when increasing the A con-
tent around the (0, 71/8) region, the splitting Ag(6) is reduced by several
orders of magnitude to then increase suddenly after a critical value. This
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non monotonic behavior can be compared to that of a mostly armchair
termination, (m,n) = (1,2), in Fig[B.1.1d), which follows the red dashed
cut in Fig[B.1.Tp). In this case, we do not observe the localizing effect of
AR, but we also see a sudden increase of the splitting after a certain 6
value. We associate the energy splitting Ag prior to these sudden jumps
with finite-size effects, depending on the localization length of the edge
states, hence Ag = Aw; while after these jumps the intensity of Ay is al-
ready high enough to open a real gap between the edge modes, which
no longer cross zero energy. To confirm this, in Fig. [B.1.1c)-d) we plot, in
blue, Ag(6) for a ribbon of smaller width W' ~ 0.7W, compared to the
solid black case. Before the sudden jump, Ag(f) increases consistently
with the reduction of width, while after the jump, Ag(6) is independent
on the size and close, in order of magnitude, to the bulk gap Ag(6), shown
in dashed black. This proves that, contrary to what one would expect, be-
fore breaking the of graphene, AR has a strong localizing effect
on the edge states of a ribbon with zigzag-like terminations.
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Figure B.1.1: a) graphene lattice on top of which we plot the vectors
that define the periodicity of a given edge termination. From blue to
purple the edge termination has increasing armchair content, in order:
(m,n) =(3,1),(2,1),(1,1),(1,2),(1,3), where the first (second) value in-
dicates the number of zigzag (armchair) sections in the periodicity vector.
The colors are consistent with the other plots. A specific boundary cell
is shown for the (m,n) = (1,3) edge, where in light blue (bright red) we
plot the armchair (zigzag) sections. b) intensity A of the combined @ at
which the pseudohelical edge states split over a given energy threshold.
To compute it we performed tight-binding simulations using a ribbon of
width W = 85a and a threshold value of the energy of 10~7 [t]. The dif-
ferent colors denote different edge termination with increasing armchair
content from top (blue) to bottom (purple), as in a). c-d) in solid black we
show the evolution energy splitting, Ag (in units of t), between the pseu-
dohelical edge modes, along the cuts shown in b); the threshold energy
value used in b) is shown in dashed gray. In particular, c) and d) refer to
the (m,n) = (3,1) edge case and d) to the (m,n) = (1,2) one. In blue we
plot the same metric but using a ribbon of width W’ = 0.7W, in order to
differentiate between the finite size effects and the [R-SOC]induced sepa-
ration in the energy dispersion of the edge modes. In dashed black we
plot the value of the bulk bandgap, Ag = 2min(Ag, Ayz).
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