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a b s t r a c t
Inspired by some composite ﬁber reinforcements used in aeronautical engineering and by the need of
conceiving new metamaterials, some discrete models including (quasi-) inextensible elasticae are considered. A class of continuum models approximately describing the macroscopic mechanical behavior of
introduced structures is then heuristically proposed. Some of these continuum models can be regarded
as a special kind of second-gradient elastic media, in which the higher-gradient elasticity is conferred
by the ﬂexural stiffnesses of elasticae constituting the microscopic lattice. The discrete models are studied by means of suitably tailored numerical codes designed to avoid numerical instabilities and locking
and a comparison of discrete versus continuum models is attempted. The obtained results show that the
theory of generalized continua may be useful in some engineering applications and it plays a relevant role
in the mechanics of woven composites. The introduced discrete and continuum models are used to
describe the so-called bias extension test on woven fabrics and it is shown that a good choice to correctly
reproduce the targeted phenomenology is to use a second gradient continuum theory. However, as discussed throughout the paper, in the context of rigorous micro–macro identiﬁcation procedures there still
remain many open problems to be solved, especially when dealing with systems subjected to particular
constraints, such as inextensibility.
Ó 2014 Elsevier Ltd. All rights reserved.

1. Introduction
As it happens for every mathematical model intended to be used
for natural phenomena, the continuum model of deformable bodies
developed following Cauchy’s point of view, although may be very
effective to carefully describe a wealthy of systems, cannot be universally applied. As a matter of fact, already at a very early stage of
Cauchy formulation of the basic ideas of continuum models, Piola
(in preparation), with a stringent mathematical study, analyzed its
limits and proposed some more general models which are nowadays
widely used. More than one century later Piola’s ideas resurfaced
(for a discussion of these phenomena of re-discovery the interested
reader should consult the work by Russo (2004)) and a group of
scientists (Koiter, 1964; Mindlin and Tiersten, 1962; Mindlin,
1964, 1965; Mindlin and Eshel, 1968; Toupin, 1962, 1964; Green
and Rivlin, 1964a,b,c, 1965; Germain, 1973b,a; Eringen, 2001;
⇑ Corresponding author at: INSA de Lyon, 20 avenue Albert Einstein, 69621
Villeurbanne cedex, France. Tel.: +33 (0)4 72438463; fax: +33 (0)4 72438521.
E-mail address: angela.madeo@insa-lyon.fr (A. Madeo).
http://dx.doi.org/10.1016/j.ijsolstr.2014.12.014
0020-7683/Ó 2014 Elsevier Ltd. All rights reserved.

Eringen and Suhubi, 1964,) reformulated, accepted and understood
the objections and observations pushed forward by Piola and restarted and developed his work. Although, for some reasons to be
investigated, the impetus of this ﬂow of ideas was relented until the
beginning of XXI century, they are now ﬂourishing and constitute
those ﬁelds which are variously named as: generalized continuum
models, multi-scale models, second or higher gradient (or higher
grade) continua, microstructured continua, multipolar continua,
enhanced continuum models and so on (see e.g. dell’Isola et al., in
press; Pideri and Seppecher, 1997; Camar-Eddine and Seppecher,
2002, 2003; Bouchet and Brechet, 2009; Auffray et al., 2010; Auffray
et al., in press; Svendsen et al., 2009; Neff and Forest, 2007).
In this paper we propose to show that such generalized continuum models can be useful to characterize mechanical systems
composed by nearly inextensible ﬁbers with relatively low bending
stiffness. To these systems was dedicated the interesting work
Spencer (1972), Spencer and Soldatos (2007), which represents
an unavoidable reference in the ﬁeld. Such work has been followed
by several researchers (e.g. Qiu and Pence, 1997; Holzapfel et al.,
2000; Merodio and Ogden, 2005) and extended to the case of
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statistically distributed families of ﬁbers, (e.g. Lanir, 1983; Federico
et al., 2004; Gasser et al., 2006; Federico and Herzog, 2008;
Federico and Gasser, 2010) and porous media (e.g. Federico and
Grillo, 2012; Tomic et al., 2014).
We start by presenting two discrete models which are inspired
by, but do not exactly coincide with, some woven fabrics constituted by nearly inextensible ﬁbers (see e.g. Boisse, 2012; Cao et al.,
2008; Ferretti et al., 2013):
 A simple two-dimensional structure consisting of (long) elasticae (as models for nearly inextensible ﬁbers) connected to each
other by means of perfect internal pivots, in the manner of a
pantographic lattice (the internal pivots do not interrupt the
continuity of the ﬁbers). These ﬁbers, and associated pivots,
are assumed to be uniformly distributed in the plane. We
assume that the ﬁbers are (nearly-) inextensible elasticae with
equal ﬂexural stiffnesses. Once a corresponding homogenized
model is introduced we get a generalization of Pipkin’s theory
of perfectly ﬂexible inextensible nets with shear resistance
(Pipkin, 1980; Pipkin, 1981; Pipkin, 1984; Steigmann and
Pipkin, 1991), the latter manifesting itself as a dependence of
the strain-energy function on the shear angle between intersecting ﬁbers. This type of shear resistance vanishes in the present model of ideal pantographic lattices characterized by ideal
pivots in which there is no concentrated rotational elastic stiffness. Similar structures that exhibit such ﬂoppy modes (modes
with vanishing associated energy) are discussed comprehensively in Kuznetsov (1991) and closely resemble those studied
in Alibert et al. (2003). Here, we recall that (see dell’Isola and
Steigmann, 2014) the compatibility of the ﬁrst gradient of the
deformation is shown to imply a direct connection between
the gradient of ﬁber shear and the ﬁber bending strains: this effect
is associated with the second gradient of deformation. Accordingly, the pantographic substructure leads naturally to a particular second-gradient continuum theory of elasticity. This is
indeed a very particular generalized continuum, where no extra
kinematical descriptor is introduced: the only difference of the
model which we present here when compared with standard
Cauchy continua consists in the introduction of second gradient
of displacement as an independent variable in the constitutive
equation for deformation energy.
 Another way to model a metamaterial with a microstructure
consisting of nearly inextensible ﬁbers is given by the introduction of local constraints in the discrete continuum model at the
ﬁnite element (FE) level. More particularly, the elementary cell
of the discretization is composed by standard quadrilateral elements with the addition of very stiff diagonal bar elements joining the opposite corner nodes (mimicking the behavior of
ﬁbers) with an axial stiffness which is very high with respect
to the in-plane stiffness of the considered FE. Basically, this
strategy consists in a penalty for the deformations along particular directions in the plane of the material, (TPM, Truss
Penalty Method). This strategy is a weak version of the one presented in Hamila and Boisse (2013) in which the authors have
implicitly imposed the inextensibility constraint locally at each
Gauss points of the FE. The strategy presented in this work
imposes the inextensibility constraint globally at the element
level. Moreover, in this way it is possible to generalize the
method for a n-family of constrained directions. In this paper
we present a 2-family ﬁber reinforcement that in the following
is denoted by TPM-2 and which will be seen to be useful for the
description of so-called bias extension test.
On the basis of the informations obtained by means of the considered discrete models we ﬁnally investigate the continuum
description of ﬁbrous composite reinforcements and we end up

with the conclusion that a second gradient theory is indeed necessary in order to account for the bending stiffness of ﬁbers at the
microscopic level. We are of course aware that the particular second gradient continuous model which we present here may not
be general enough to describe carefully all the macroscopic phenomenology of considered mechanical systems: we may need to
introduce continua endowed with microstructure ﬁelds (see e.g.
Eringen, 2001; dell’Isola et al., 1997, 1998) as, for instance, directors. Moreover, the most general constitutive modeling of 2D
anisotropic structures made of ﬂexible nets of ﬁbers should rely
on the methods based on the material symmetry groups (see e.g.
Bouchet and Brechet, 2009; Eremeyev and Pietraszkiewicz, 2006;
Eremeyev and Pietraszkiewicz, 2012). Inertia damage, plastic
deformation or dislocation effects1 are not included in the present
model and would require the introduction of some extra kinematical
descriptors in order to account for those phenomena of energy distribution, trapping and ﬂow which were studied – in different contexts – in the papers (Carcaterra, 2002; Carcaterra and Akay, 2004;
Culla et al., 2003; Ko et al., 2005; Luongo, 2001; Neff et al., 2013b;
Madeo et al., 2013). The phenomenology of ﬁbrous reinforcements
is rich of instability and bifurcation phenomena due to the interest
which has to be directed towards their large deformation conﬁgurations (see e.g. Bel et al., 2012; Boisse, 2012; Hamila et al., 2009; Yu
et al., 2005; King et al., 2005). Indeed, one can observe wrinkling
(see e.g. Boisse et al., 2011; King et al., 2005), plies and plastic deformations, etc.: for a comprehensive description of the relevant phenomenology see e.g. Bel et al. (2012), Boisse (2012), Cao et al.
(2008), Ferretti et al. (2013), Indelicato (2008), Willems et al.
(2008), Fetfatsidis et al. (2013) and Yu et al. (2005). One of the possible applications of the presented model could involve the study of
the static and dynamic instabilities together with the analysis of the
corresponding bifurcations: in this case many perturbation and
numerical methods (see e.g. Luongo, 1991, 1995, 2001; Di Egidio
et al., 2007;Reccia et al., 2012; Luongo et al., 1986; Contento and
Luongo, 2013; Luongo and Pignataro, 1988; Pignataro and Luongo,
1994) applied to structures similar to the one considered in the present paper could represent a powerful tool.
When presenting the numerical simulations associated to the
introduced continuum models, we will point out that some numerical errors related to the high contrast between the tensile stiffness
and the bending stiffness of yarns may arise. These phenomena are
known as tension locking phenomena (see e.g. Hamila and Boisse,
2013) and are mitigated here by choosing suitably reﬁned meshes
and ﬁnite elements of suitably high order. These numerical difﬁculties resemble and often parallel those already confronted for
studying (eventually generalized) shell (Garusi et al., 2004;
Cazzani and Lovadina, 1997; Cazzani and Ruge, 2012; Ciancio
et al., 2006; Contro et al., 1988) and beam (Cuomo and Ventura,
2002; Contro et al., 1988; Cuomo et al., in press; Greco and
Cuomo, 2013, 2014) models. In this context the results and methods presented in Ciancio et al. (2006), Contrafatto and Cuomo
(2005), Cuomo and Contrafatto (2000), Cuomo and Ventura
(1998), Hamila and Boisse (2013) and Badel et al. (2009) also seem
to be able to supply useful tools.
2. Materials with strong contrast of the mechanical properties
at the microscopic level
It is known (see e.g. Seppecher et al., 2011) that materials which
have strong contrasts of the mechanical properties at the microscopic level are likely to behave as generalized continua when sub1
one can think, for instance, to situations where the contact area between two
ﬁbers changes in time in either reversible or irreversible way (in this context it could
be possible to use the methods presented e.g. in Badel et al. (2009), Cuomo and
Contrafatto (2000), Oliveto and Cuomo (1988) and Cuomo and Nicolosi (2006)).
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jected to particular loading and/or boundary conditions. It has
been recently shown (see Ferretti et al., 2013) that a particular
class of engineering materials, known as ﬁbrous composite reinforcements, show exotic mechanical properties when considering
particular loading conditions and kinematical constraints. Fibrous
composite reinforcements are woven fabrics which present a very
high tension stiffness in the warp and weft directions together with
a very low shear stiffness. In other words, the yarns constituting
such materials are very stiff in tension, while the angle variation
between two superimposed yarns (warp and weft) can occur very
easily. These characteristics make ﬁbrous composite reinforcements a topical example to better understand which types of
microstructures must be considered in order to obtain second or
higher order continua at the homogenized level.
In virtue of the importance of the mechanical modeling of these
materials for engineering, it is essential to establish which theoretical and numerical models must be adopted to better describe
their macroscopic and mesoscopic properties.
Fig. 1 shows the macroscopic engineering component of ﬁbrous
composite reinforcement, its mesoscopic scale (warp and weft) and
the microstructure of each yarn. We are interested here to the
mesoscopic and macroscopic scale of such materials and we will
try to model from a theoretical and a numerical point of view some
peculiar deformation patterns of 2D woven composites at the scale
of warp and weft and then at the scale of the whole engineering
component. As already discussed, we propose here to address the
modeling of the mechanical behavior of 2D ﬁbrous composite reinforcements both by considering.
 discrete mechanical systems mimicking at best the characteristics of the underlying mesostructures,
 continuum models which are able to correctly catch the overall
mechanical behavior of such systems.
We will show the limits of the considered discrete modeling
while capturing from them some essential features which are
needed to understand the correct way of exploiting generalized
continuum theories via ﬁnite element methods.
In this paper, we target to reproduce a very common
experimental test on woven composites which is known as bias
extension test: we will use this example as a reference case for
testing the efﬁcacy of all the introduced discrete and continuum
models. The bias extension test is a mechanical test which is
widely used in the ﬁeld of ﬁbrous composite materials. This test
is useful to characterize the mechanical behavior of woven ﬁbrous
composites undergoing large shear deformations.
The bias extension test is performed on rectangular samples of
woven composites, with the height (in the loading direction)
relatively greater (at least twice) than the width, and the yarns
initially oriented at ±45-degrees with respect to the loading

Fig. 1. Macroscopic, mesoscopic and microscopic scale of a woven fabric.
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direction (see Fig. 2). The specimen is clamped at two ends: one
end is maintained ﬁxed and the second one is gradually displaced
of a given amount. The relative displacement of the two ends of the
specimen generates angle variations between the warp and weft.
The deformed conﬁguration consists of three different regions A,
B and C, in which the shear angle between the yarns remains
almost constant (see Fig. 3 and references Bel et al. (2012), Cao
et al. (2008) and Harrison (2012)). More particularly, the ﬁbers in
regions C remain undeformed, i.e. the angle between ﬁbers
remains at 45° also after deformation. As far as considering the
other regions A and B, the angle between ﬁbers becomes much
smaller than 45°, but it keeps almost constant in each region.
The main characteristics of the bias extension test are summarized
in Fig. 3 in which both the undeformed and deformed shapes of the
considered specimen are schematically depicted. In Ferretti et al.
(2013) it has also been put in evidence that another important phenomenological aspect of the bias extension test must be taken into
account. In particular, at the transition lines between two different
regions at constant shear angle the presence of thin transition layers can be identiﬁed which allow a smooth transition from a region
with constant shear angle to the adjacent one (see Fig. 4). These
layers will be called shear transition layers and their thickness
can be associated to the gradient of shear angle variation between
yarns (or equivalently to the in-plane bending stiffness of the
yarns). It is clear that a complete predictive model of the bias
extension test must necessarily include an accurate description
of such shear transition layers.
In the reminder of this paper, we will propose different discrete
and continuum models for the description of the bias extension
test and we will point out which ones of the main characteristics
of this test are well described (or not) in each model.
3. Discrete mechanical systems including strong contrast at
lower scales
As it has been previously discussed, ﬁbrous composite reinforcements exhibit a strong contrast between the tension and the
shear stiffnesses at the mesoscopic level. In this section we propose
two different discrete systems which can be built-up by means of
available softwares and which include the possibility of accounting
for such kinds of strong contrasts.
3.1. Pantographic lattices
As a ﬁrst example of discrete modeling of ﬁbrous networks, we
introduce a modular pantographic structure which can be
described, at the mesoscopic level, as a structure constituted by
nearly inextensible but ﬂexible Euler–Bernoulli beams connected
by pivots at their intersection points. It is worth noting that the
considered structure is different from a truss-like structure since
the internal pivots do not interrupt the continuity of each beam.
In other words, in presence of appropriate loading and boundary
conditions, the bending moment in each beam is not vanishing
as in truss structures, but it is instead fundamental to characterize
the global structural response. The considered beams have an elliptical cross section, in which the major and minor axis are respectively denoted by D1 and D2 : the major axis lies in the
considered plane and the orientation of the beams is at ±45° with
respect to the global reference frame (see Fig. 5). The yarns are supposed to be constituted by carbon ﬁbers and the used elastic and
geometric parameters are summarized in Table 1.
The considered beams are linear-elastic beams i.e. no geometrical nor material linearities are included in this model. We assume
that external actions and external constraints are applied at intersection nodes only. In the next section we will show numerical
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Fig. 2. Reference conﬁguration of a specimen of ﬁbrous composite reinforcement for a bias-extension test.

distance between two closest contact zones, the model of Euler
beam does not seem always applicable for describing their behavior when they are included in woven fabrics. On the other hand, in
the next subsection, we present a structure constituted by elasticae
whose section is small when compared to the distance between
the closest introduced pivots which are inter-connecting them,
so that every ﬁber can be always effectively modeled as Euler
beam.
3.2. Truss Penalty Model

Fig. 3. Simpliﬁed description of the deformation pattern in the bias extension test.

Fig. 4. Shear transition layers in a ﬁbrous composite reinforcement subjected to a
bias extension test.

simulations in which this pantographic lattice is used to model a
bias extension test and we will discuss the obtained results.
The reason for which the presented discrete lattice cannot be
regarded as an always effective model of the ﬁber reinforcements
considered e.g. in Cao et al. (2008) is simple. Indeed, it is true that
the ﬁbers which form these fabrics may effectively be individually
modeled as beams and that their contact can be in some circumstances be modeled as pivots (see e.g. Wang et al., 1999): however,
as they have a section whose diameter can be comparable with the

A second way to model networks of almost inextensible yarns is
the Truss Penalty Model (TPM). The discretization of the problem is
obtained by constraining in a suitable way a standard quadrilateral
shell element available in a software like ADINA. In particular, we
choose to constrain a quadrilateral shell ﬁnite element by means of
two rigid bars which are connected to the corners of the element
by means of internal pivots (see Fig. 7). The rigid diagonal bars
are not connected by an internal hinge at their intersection, as
for the pantographic lattices case, but they are free to slide in a
relative motion (see Fig. 6). We call the obtained ﬁnite element
TPM-2. We choose this kind of ﬁnite element because it is very
robust and accurate. Moreover, this ﬁnite element is formulated
with a full quadrature scheme (using all Gauss points) so in this
way a speciﬁc strategy to control the in-plane hour-glass mode is
not necessary. It is worth noting that, this kind of ﬁnite element
is a shell-element, but in this numerical investigation the out-ofplane displacement of the element are forbidden and then the rotational degree of freedom are not activated for the plane geometry
and in-plane load condition considered. Summarizing, only the
in-plane deformation part is considered and the inextensibility constraint in the ﬁber direction is accounted for by adding rigid bars as
diagonals of the ﬁnite element. The introduction of the diagonal
truss element constraint penalizes some deformation modes of the
ﬁnite element: in particular, the global shear deformation mode
with respect to the spatial reference frame at the element level.
The admissible deformation modes associated to TPM-2 elements are depicted in Fig. 6: it can be noticed that the presence
of the diagonal rigid bars forbids the classical shear modes of the
element thus reducing the degrees of freedom from 8 to 6. We
can summarize with reference to Fig. 6 by saying that the TPM-2
element only allows the three rigid modes (1, 2, 3), the extensional
deformation mode (4) and the two hour-glass deformation modes
(5, 6). The introduced penalty method can be interesting for further
developments oriented towards the design of speciﬁc ﬁnite elements. For example, it is possible to conceive a quadrilateral ﬁnite
element in which the inextensibility constraint along the two diagonals can be implicitly formulated, adopting a reduced integration
scheme to overcome the in-plane shear locking and adopting a stabilization strategy for the hour-glass modes analogously to Hamila
and Boisse (2013) and Hamila and Boisse (2013), (or introducing
in-plane bending stiffness). In the numerical simulations based
on the TPM-2 elements which will be presented in the next section,
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Fig. 5. Module of the pantographic lattice.

Table 1
Properties of the bars constituting the pantographic lattice.
E (Gpa)

m (–)

D1 (mm)

D2 (mm)

6

0.3

1.5

0.6

Fig. 7. A periodic modular pattern of TPM-2 discretization (2-family inextensible
directions).

Fig. 6. TPM-2: deformation modes for the base cell obtained by means of the
constrained ﬁnite element.

the considered constitutive model for the bars is simply linear elastic. Table 2 summarizes the values used for the Young modulus Em
of the membrane, for the Young modulus Eb of the internal bars
and for the corresponding Poisson ratios mm and mb . Moreover,
the diameter D of the bars is also given in this table. This linear
constitutive assumption will be shown to be sensible for relatively
small imposed displacements, but will be seen to be too restrictive
to describe the bias extension test for high imposed displacements
of the top surface.
The main advantages of this strategy used to account for the
inextensibility conditions are: (i) the numerical implementation
is very easy to be performed, (ii) the inextensibility condition is
not imposed locally at the Gauss points, but a global formulation
of the inextensibility conditions is considered for the whole ﬁnite
element, and (iii) it is possible to obtain a parametric modulation
of the stiffness of the constraining bars in order to obtain solutions
which are close to the experimental deformed shapes. On the other
hand, only linear constitutive equations have been implemented
in this model for the sake of simplicity. This fact limits the

applicability of the TPM-2 to the case of imposed displacements
of the top surface which only activate geometric non-linearities
and not material ones. Indeed, as it will be more deeply discussed,
geometrical non-linearities are not sufﬁcient to describe large
shear angle variations in the bias test which are associated to high
displacements of the top surface. In order to catch such strongly
non-linear behavior, material non-linearities have also to be introduced in the constitutive model.
Notwithstanding these limits of the considered TPM-2 ﬁnite
element for what concerns the highly non-linear regime, we show
that it is indeed well adapted to describe the overall behavior of 2D
ﬁbrous composites at moderate strains. Of course, a generalization
of the considered FE including the possibility of material non-linearities is possible, but is not attempted in the present paper. Such
generalization would, in fact, lead to the difﬁculty of choosing the
correct material behavior and, in a second time, induce a long procedure of calibration of the introduced parameters to ﬁt at best the
experimental behavior at high strains. The main task of the present
paper being that of showing the limits of the considered discrete
model with respect to the description of the observed transition
layers, we limit ourselves to consider a simpliﬁed linear case.

4. Equilibrium shapes of introduced discrete systems
Table 2
Elastic properties of the TPM-2 bars.
Em (MPa)

Eb (GPa)

mm (–)

mb (–)

D (mm)

0.168

20

0.3

0.3

0.6

In this section we show the results of the numerical investigations obtained with the different discrete methods presented
above. In the next sections, we will instead present two continuum
models which will be seen to be better adapted than the discrete
ones to the description of the mechanical behavior of 2D ﬁbrous
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composites also at high strains. In Fig. 8 we schematically present
the three different approaches which we use in this paper to simulate the bias extension test: two particular discrete systems and a
continuum approach. The characteristic sizes of the specimen are
the same for all numerical simulations treated in this paper:
 basis: 100 mm
 height: 300 mm
In this section we show the strong and weak points of the proposed
discrete approaches and we leave to the following sections the
treatment of the bias extension test by means of continuum
theories.
4.1. Pantographic lattices
Employing the discrete pantographic lattice model introduced
in Section 3.1, we compute the equilibrium shape of the specimen
subjected to an imposed displacement of the top surface. Fig. 9 displays the current conﬁguration of the testing sample for an
imposed displacement of 55 mm: the color distribution indicates,
for each yarn, the angle variation ﬁeld of the yarn itself with
respect to its reference conﬁguration. In particular, we can see that
the three characteristic regions denoted by A, B and C in Fig. 3 are
recovered in the considered discrete numerical simulation. The
portion of yarns lying in the triangle C basically stay undeformed
and indeed the angle rotation of each ﬁber with respect to its reference conﬁguration is vanishing as it can be easily deduced from
Fig. 9. The two orders of ﬁbers lying in the region A actually rotate
of the same amount (almost 20°) with respect to their reference
conﬁguration: this is equivalent to say that the total angle variation in the region A is of almost 40°. The situation is slightly different for the portion of yarns lying in the region B. Indeed, it can be
recognized that one order of yarns almost remains parallel to the
reference conﬁguration (no angle variation). On the other hand,
the second order of ﬁbers rotates of almost 20° with respect to
the reference conﬁguration: this means that the total angle variation in the region B is of almost 20°. Clearly, it is possible to directly
relate the angle variation to the in-plane cross-section rotation of
beams due to the fact that the beams are bending in a small transition zone from one triangle at constant shear strain to the adjacent one. Indeed, it is possible to remark that in Fig. 9 the
presence of the so called shear transition layer can be detected.
The thickness of this transition layer is directly related to the

Fig. 8. Schematic representation of the bias extension test simulated with the
discrete and continuum models. Basis: 100 mm, height: 300 mm.

in-plane bending stiffness of ﬁbers. The performed numerical
simulations on the pantographic lattice structure allow us to conclude that the presence of the shear transition layer at the macroscopic level is indeed naturally stemming from the particular
mesostructure of the considered medium. In particular, we are able
to claim that the onset of such transition layers is due to the fact
that the shear angle gradually varies from one constant value to
another constant value: this variation is made in a thin transition
zone in which a rapid gradient of the shear angle variation can be
observed. The thickness of such transition layers is clearly related
to the in-plane bending stiffness of the ﬁbers. These observations
ﬁt with the theoretical results presented in dell’Isola and
Steigmann (2014) in which a direct relationship between the inplane bending strain of ﬁbers and the gradient of shear strain is
found. It is hence possible to claim that, in this context, the need
of a higher gradient theory is directly stemming from microstructural effects.
Fig. 10 shows the bending energy and the axial energy of the
pantographic lattice, respectively. As we could expect, it can be
noticed that the bending energy is concentrated in the shear transition layer which determines the transition between two regions
at constant shear angle. On the other hand, the axial energy is concentrated on few beams close to the corners of the specimen.
4.2. TPM elements: mesh-dependence of the thickness of the shear
transition layer
In Fig. 11, we consider the set up for the problem in study by
means of TPM-2 ﬁnite elements.
We remark that, in virtue of symmetry, we are able to implement only one fourth of the structure (see Fig. 11). Fig. 12 shows
simultaneously the undeformed conﬁguration for the TPM-2 material, the deformed one and a schematic representation of the solution for the bias test in which the three zones at constant shear
angle are indicated here as 1, 2 and 3 (see also Fig. 3). Large deformation assumption is accounted for in the numerical simulations
only because of geometrical non-linearities. More precisely, the
constitutive relations for the single beams are the classical linear-elastic ones (quadratic energy in the deformation measures),
but the considered strain measures are nonlinear.
The obtained solution (Fig. 12(b)) reproduces quite precisely the
solution for the bias test on a ﬁbrous composite reinforcement, at
least for imposed displacements up to 50–55 mm. The obtained
solution presents the previously discussed three different zones
at constant shear angle: these zones being characterized by a
homogeneous deformation process, they show constant strain (or
stress) ﬁeld. It is worth noticing that the representative deformation modes which allow for the transition from one region to the
adjacent one are the hour-glass deformation modes 5 and 6 as indicated in Fig. 6. More particularly, these deformation modes are also
inﬂuenced from the imposed boundary conditions which indeed
ﬁx two of the four sides of the TPM-2 elements which remain
undeformed. In this context, it is evident how the thickness of
the transition layer which is responsible of the transition between
two zones at constant shear angle strongly depends on the size of
the chosen elements: the transition always occurs on one and only
ﬁnite element. This fact is underlined in Fig. 13 in which the transition deformation strips are highlighted by means of a different
color. This fact must systematically be taken into account when
looking for FEM solutions for the bias extension test: a model in
which each ﬁnite element deforms independently of the deformation of the adjacent ones cannot account for the description of the
transition zone in which high gradients of the shear angle variation
occur.
The three in-plane Cauchy stress components obtained by
means of the TPM-2 model are shown in Fig. 14. In this ﬁgure
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Fig. 9. Fiber angle variation in the pantographic lattice for a displacement of 55 mm.

Fig. 10. From left to right: bending energy (J/m) and axial energy (J/m) of the pantographic structure.

one can appreciate the homogeneity of the response and the high
strain jumps corresponding to the two transition zones are also
evident. Furthermore, we observe that in the limit of very high
axial stiffness for the truss there are strong concentrations of the
reaction forces in the corners of the specimen, as it is indicated
in Fig. 15: all the other reactions are negligible in comparison with
respect to those which are highlighted in this picture. This is coherent with the results obtained by means of the panthographic structure model. We explicitly remark that the main features of the
obtained response strongly depend on the ratio between the stiffness of the internal diagonal truss and that of the membrane.
When decreasing the truss stiffness, all the observed peculiarities
of the solution vanish and a standard elastic solution is recovered.
In fact, as it is depicted e.g. in Fig. 16, decreasing the stiffness of
the truss of the TPM-2 discretization, the strong gradients disappear compared to the previous high stiffness case. Analogously,
the strong concentration at the corners of the reaction ﬁeld disappears as well. These results allow us to deduce that the typical

solution of the bias extension test in which three zones at constant
shear angle are present, is indeed deeply related to the strong contrast between the high tensile stiffness of the yarns and the low
shear angle variation stiffness. Consequently, this strong contrast
of the mechanical properties at the mesoscopic level is also responsible for the onset of shear transition layers between the transition
zones: these transition zones cannot be properly taken into
account by the considered TPM-2 model. As suggested by the
homogenization techniques proposed in Alibert et al. (2003), when
considering truss structures with strong contrasts of the mechanical properties, one possible solution to correctly model the structure itself is to consider a second (or higher) gradient continuum
model. In the light of these considerations, we are led to the conclusion that one possible strategy for the correct modeling of 2D
woven fabrics is indeed that of considering a generalized continuum theory which allows for the description of high strain gradients concentrated in thin transition layers. The development of
such continuum theory will be presented in the next section.

8
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Fig. 13. Transition deformation zones.
Fig. 11. Set up of the problem and its discretization by TPM-2 mesh.

Fig. 12. Initial conﬁguration (a); ﬁnal conﬁguration (b); homogeneous strain zones
(c).

In summary, the TPM-2 model is able to catch the basic features
of the bias extension test, but it is not able to correctly describe the
thickness of shear transition layers. The geometric non-linearities
included in the TPM-2 model allow us to test here the material
behavior for imposed displacements up to 55 mm. The solutions
obtained by means of the proposed ﬁnite elements are reliable
and no tension locking problems are encountered.

2005; Duhovich et al., 2011; Gereke et al., 2013; King et al.,
2005). Nevertheless, when modeling with a continuum theory
materials which have strong discontinuities of the mechanical
properties at the microscopic scale, then a standard Cauchy continuum theory may not be sufﬁcient to fully describe their
mechanical behavior at the homogenized scale (see Alibert et al.,
2003). This is the case for woven composite reinforcements, at
least for certain cases in which particular boundary and/or loading
conditions are applied to the considered specimen. Indeed, an
orthotropic, ﬁrst gradient, constitutive law which is able to account
for the presence of privileged directions with very high tension
stiffness, is not sufﬁcient to catch all the characteristic deformation
patterns which woven fabrics may experience. In order to describe
the experimentally observed shear strain high gradients related to
the bending of ﬁbers at the mesoscopic level, one has to complete
the orthotropic continuum model by considering a generalized,
second gradient, continuum theory.
The anisotropic behavior of woven composites, due to the presence of very stiff yarns in the warp and weft directions, can be
modeled in a continuum framework by means of well established
representation theorems (see e.g. Raoult, 2009; Ferretti et al., 2013;
Charmetant et al., 2011; Charmetant et al., 2012 and references there
cited). These theorems state that orthotropic material behaviors can
be described in a continuum framework by choosing constitutive
relations which express the strain energy density as function of
some invariants of the Cauchy-Green deformation tensor which
also take into account the presence of particular orthotropic directions. In particular, for an in-plane 2D problem the quoted
orthotropic invariants can be introduced as

i4 ¼ m1  C  m1 ;

i6 ¼ m2  C  m2;

i8 ¼ m1  C  m2 ;

ð1Þ

where m1 and m2 are orthonormal vectors in the warp and weft
5. Generalized continuum modeling of ﬁbrous composite
reinforcements
In this section we introduce and discuss the interest of using
continuum models for the description of the mechanical behavior
of ﬁbrous composite reinforcements, also by comparison with
the previously discussed discrete numerical simulations. Continuous approaches have been widely used in the last decades to
model such class of engineering materials (see e.g. Badel et al.,
2009; Boisse et al., 2011; Hamila and Boisse, 2013; Wang et al.,
1999; Lomov and Verpoest, 2006; Willems et al., 2008; Yu et al.,

directions, C ¼ FT  F is the classical Cauchy-Green deformation tensor and F ¼ rv is the gradient of the placement map v. Clearly, the
displacement ﬁeld can be also introduced as a function of v as:
u ¼ v  X, where X is the Lagrangian position of material particles
in the reference conﬁguration X of the body. It is worth noticing
that the ﬁrst two invariants i4 and i6 are related to changes of length
in the directions m1 and m2 respectively, while the invariant i8 is a
measure of the angle variation between two yarns. Indeed, it can be
checked that the total angle variation c of two superimposed yarns
with respect to the reference conﬁguration can be directly related to
the introduced invariants by means of the relation
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Fig. 14. Stress components of the membrane obtained by means of the TPM-2 discretization approach:

9

rYY (left), rXY (center), rXX (right).

Fig. 15. Reactions force concentration in the TPM-2 model.

!
i8
c ¼ arcsin pﬃﬃﬃﬃﬃﬃﬃ :
i4 i6
It is worth noticing that when one wants to consider orthotropic
materials which experience plastic deformations, then an evolution
of the considered anisotropy should be taken into account. This
would lead to the deﬁnition of a more general constitutive framework with respect to the one considered in this paper (see e.g.
Cuomo and Fagone, 2009). Different 2D orthotropic materials can
be modeled by choosing particular constitutive expressions of the
strain energy density in terms of the three introduced invariants.
Indeed, orthotropic constitutive relations are able to account for
the presence of an orthotropic mesostructure in the considered continua, but they are not able to fully describe the effect of this
mesostructure on the macroscopic deformation of the continuum
when concentrations of stress and strain occur. For example, it
has already been remarked that, when considering the bias extension test, thin transition layers exhibiting concentration of strain
appear at the transition between two regions at constant shear

Fig. 16. TPM-2 Model: (a) High diagonal truss stiffness; (b) Low diagonal truss
stiffness.

angle. We also remarked, on the basis of the discrete models presented in the present paper, that the thickness of these transition
layers is directly related to the bending stiffness of the ﬁbers. Moreover, when considering the TPM-2 element, we highlighted the fact
that the size of the shear transition layer is directly related to the
size of the considered mesh. On the other hand, when considering
the pantographic structure, the size of the transition layer is seen
to be well described and to directly depend on the bending stiffness
of considered beams. In order to be able to describe the onset of
shear transition layers in the framework of a continuum theory,
higher gradient theories are known to be needed. On the basis of
the quoted remarks and of other phenomenological considerations
on the bias test, the constitutive expression of the strain energy
density considered in this paper is of the form

10

W¼
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K4
K6
K8
A8
a
2
2
2
8
ði4  1Þ þ ði6  1Þ þ
ði8 Þ þ
ði8 Þ þ ri8  ri8 :
2
2
2
2
2
ð2Þ

The coefﬁcients K 4 and K 6 represent the tensile rigidity in the m1
and m2 directions respectively, K 8 is the shear angle variation
stiffness which is valid for small strains (up to an imposed external
displacement of 55 mm) and A8 is instead the shear stiffness for the
non-linear regime (external displacements higher than 55 mm).
Finally, the coefﬁcient a is the second gradient elastic coefﬁcient
which allows to account for high gradients of the shear angle variation and which is capable to describe the onset of shear transition
layers.
5.1. Principle of virtual powers and equations in weak form
In this subsection, the least action principle needed to describe
the mechanical behavior of ﬁbrous composite reinforcements in
the quasi-static regime is set up. In particular, the action functional
for our generalized orthotropic continuum can be written as

A¼

Z

W ði4 ; i6 ; i8 ; ri8 Þ dX;

X

where X is the volume occupied by the ﬁbrous specimen in its reference conﬁguration and the constitutive expression for the strain
energy density W is given in Eq. (2). It is worth noticing that considering this expression for the action functional, we are implicitly
assuming that all inertial effects can be neglected and that the phenomenon that we are studying can be considered to be quasi-static.
As classically done, the power of internal forces of the considered
generalized continuum can be written as the ﬁrst variation of the
action functional as: P int ¼ dA. Relying on the principle of virtual
powers we can hence write the governing equations for the considered ﬁbrous system in the following weak form

dA ¼ P ext ;

ð3Þ

where P ext is the power of external forces that, in the framework of
the considered second gradient model, we choose to take the particular form

P ext ¼

Z


 Z
ext
f  du þ

@X

ðs4  di4 þ s6  di6 þ s8  di8 Þ;

@X

where du is the virtual displacement ﬁeld, while di4 ; di6 and di8 are
the virtual variations of the three invariants introduced in Eq. (1).
The virtual variations of these invariants can clearly be expressed
in terms of the virtual variation of displacement and of its space
derivatives by means of the deﬁnitions (1). The quantities s4 ; s6 ,
and s8 , represent the external actions expending power on the elongation of the two orders of ﬁbers and on the shear angle variation
respectively, while f

ext

is the classical surface external force.

5.2. Numerical simulations
The numerical simulations of the continuum model presented
in the previous subsection are intended to be directly implemented
in the weak form (3) by using the code COMSOL Multiphysics.
Indeed, in order to improve the stability of the numerical simulation, the second gradient simulations are implemented via the constrained micromorphic approach presented in Ferretti et al. (2013)
to which, to the sake of simplicity, we refer for details on the relation between second gradient and constrained micromorphic theories. Indeed, it is known that second gradient theories can be
obtained as suitable limits of micromorphic theories subjected to
precise kinematical restrictions (see e.g. Bleustein, 1967; Madeo
et al., 2013; Neff et al., 2013a,b).

Table 3
First and second gradient constitutive parameters for the considered orthotropic
continuum model.
K 4 (GPa)

K 6 (GPa)

K 8 (MPa)

A8 (MPa)

a (MPa m2)

6

6

0.0428

0.18

2  105

Table 3 shows the values of the ﬁrst and second gradient parameters appearing in Eq. (2) which are used in the numerical
simulations proposed here. The geometry of the problem in study
is of the same type as the one considered in the discrete approaches. More particularly, we consider a rectangular specimen of the
same dimensions as the ones considered for the discrete numerical
simulations (see Fig. 8). As for the boundary conditions we choose:
 vanishing displacement of the bottom surface (du ¼ f0; 0g),
 imposed vertical displacement of the top surface
(du ¼ f0; 55 mmg),
 vanishing angle variation at the bottom and top surfaces
(di8 ¼ 0),
 vanishing double-tractions at the top and bottom surfaces
(s4 ¼ 0, s6 ¼ 0).
It is worth to discuss with some more details how the aforementioned problem and, in particular, the used boundary conditions have been implemented in the numerical code. The
continuum numerical simulations presented in this paper have
been performed via the code COMSOL Multiphysics by directly
implementing the principle of virtual powers (3). The boundary
conditions listed above have been imposed in weak form as well
by means of suitable Lagrange multipliers. More precisely, instead
of imposing locally that the displacement is vanishing on one side
of the specimen, we impose a global integral constraint on the
whole line by using a Lagrange multiplier. This approach allows
us to directly obtain the value of the resultant reaction force on
the basis of the specimen which is indeed directly the value of
the introduced Lagrange multiplier. This approach permits to avoid
numerical errors in the post-processing phase related to line integrations of the reaction force ﬁeld on the basis of the specimen.
We start showing the results for the total angle variation
obtained via the ﬁrst and second gradient theory. Indeed, Fig. 17
shows the total angle variation between yarns when imposing a
displacement of the top surface of 55 mm. Fig. 18 shows the same
quantity obtained by using a second gradient theory. As already
proven in Ferretti et al. (2013), it can be seen that when considering the numerical simulation obtained by using a classical ﬁrst
gradient Cauchy theory (see Fig. 17), the solution sensibly deviates
from the experimental one, especially for what concerns the
description of the shear transition layers. Indeed, as it will be
better pointed out in the remainder of this section, the size of
the transition layer which is obtained in the framework of a ﬁrst
gradient theory strongly depends on the size of the considered elements. Fig. 18 shows the second gradient solution for the total
angle variation: it can be seen that the description of the transition
layer is much more accurate and the transition between two zones
at constant shear angle actually takes place on smooth transition
layers. Moreover, the thickness of the transition layer is seen to
be mesh-independent when considering a second gradient theory.
Fig. 19 shows in detail how the thickness of the transition layers
strongly depend on the size of the considered mesh in the case
of the ﬁrst gradient solution, while Fig. 20 actually shows that this
mesh-dependency disappears in the case of second gradient solution when a sufﬁciently small mesh is considered. It is in fact clear
that the characteristic size of the used mesh must be smaller of the
thickness of the transition layer in order to obtain the correct solu-
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Fig. 17. Total angle variation c for an imposed displacement of 55 mm: ﬁrst gradient theory.

Fig. 18. Total angle variation c for an imposed displacement of 55 mm: second gradient theory.

tion in the transition layer region. It is for this reason that a sufﬁciently ﬁne mesh is necessary also in the case of second gradient
solution in order to be able to catch the correct solution of the considered problem.
More particularly, it can be remarked that, independently of the
size of the considered mesh, in the ﬁrst gradient solution the thickness of the transition layer is always comparable to the size of one
element of the considered mesh (as happened for the TPM-2 solution), while in the second gradient solution, as far as the mesh is
small enough to catch the characteristic features of the considered

phenomenon, the thickness of the transition layer keeps constant
also when considering smaller and smaller meshes. This phenomenon of mesh-dependency is better underlined in Figs. 21
and 22 in which the solution restricted to one section passing
across the transition layer is depicted for three different mesh
sizes. In these ﬁgures the blue line corresponds to the shear angle
variation obtained by means of the coarser mesh, while the green
and the red line represent the solution corresponding to the medium and the ﬁner mesh respectively. The discussed mesh-independency related to the second gradient solution appears clearly in

12
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Fig. 19. Dependency of the ﬁrst gradient solution on the size of the considered mesh.
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Fig. 20. Independency of the second gradient solution on the size of the considered mesh.
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Fig. 21. Dependency of the ﬁrst gradient solution on the size of the considered
mesh.

Fig. 22: indeed, the solutions obtained with the medium and ﬁner
mesh (green and red lines) are almost perfectly superimposed.

6. Force–displacement curves: discussion about the occurrence
of tension locking and comparison of discrete and continuum
models
An important physical parameter which directly allows for the
comparison of the numerical simulations with the experimental
tests is the evolution of the overall force on the bottom surface
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s
Fig. 22. Independency of the second gradient solution on the size of the considered
mesh.

of the specimen as a function of the displacement imposed at the
top surface. Indeed, the force calculated starting from ﬁnite element solutions based on continuum models is seen to be often subjected to what is called numerical tension locking (see e.g. Hamila
and Boisse, 2013). In particular, the search of a numerical solution
for a system which exhibits strong differences between the tension
stiffness and the shear angle variation stiffness can lead to numerical errors which give rise to equilibrium conﬁgurations in which
the ﬁbers appear to be artiﬁcially stretched. This implies that the
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calculated values of the reaction force on the basis of the specimen
appear to be of many orders of magnitude bigger than the expected
ones. In Hamila and Boisse (2013) the authors show that the phenomenon of tension locking can be avoided when using bi-linear
ﬁnite elements, by means of (i) meshes adapted to the directions
of the ﬁbers and (ii) stabilization techniques based on reduced
integration. Indeed, the phenomenon of tension locking can be also
seen to be related to (i) the non-linearity of the considered constitutive behavior and (ii) the type and order of considered ﬁnite
elements.
Fig. 23 shows that, when considering bi-linear Lagrange square
ﬁnite elements in the ﬁrst gradient continuum simulation, the
force–displacement curve is over-estimating of three orders of
magnitude the expected values of force which is normally included
between 0 and 30N. When decreasing the mesh size one gets better
and better approximation of the calculated force–displacement
curve in spite of an increment of calculation time. On the other
hand, Fig. 24 shows that when considering quadratic Lagrange elements the convergence to the expected solution is much quicker
than in the case of linear elements.
We can summarize by saying that the fact of using continuum
theories with constitutive equations of the type (2) in which strong
contrasts of the mechanical properties at the mesoscopic level are
present, may give rise to numerical errors which are known as tension locking phenomena. This is why the convergence of the calculated solution must always be checked by controlling the
corresponding force–displacement curve. The continuum model
proposed in the present paper do not show tension locking when
considering quadratic elements with a reasonably reﬁned mesh.
Once that the convergence of the continuum solution has been
checked, it can be compared with the discrete solutions. Fig. 25
shows the comparison of the force–displacement curve in the linear regime (0–55 mm) as obtained with the pantographic structure, the TPM-2 and the continuum ﬁrst gradient model
respectively. It can be seen that, when considering a range of small
imposed displacements (0  55 mm), then the discrete models and
the ﬁrst gradient continuum one are all suitable to describe the
force–displacement curve for the bias extension test. It is worth
to remark that solution obtained with the pantographic lattice
slightly overestimates the value of the force and that the force–
displacement behavior is perfectly linear. The perfectly linear
behavior of the force–displacement curve obtained via the pantographic lattice is related to the fact that the deformation measures

Fig. 23. Comparison of the force–displacement curves for different mesh sizes: the
case of bi-linear square ﬁnite elements.
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Fig. 24. Comparison of the force–displacement curves for different mesh sizes: the
case of bi-quadratic square ﬁnite elements.

Fig. 25. Comparison of the force–displacement curve obtained via TPM-2 elements
and via the continuum ﬁrst gradient theory: the case of small imposed displacements (up to 55 mm).

of the considered Euler–Bernoulli beams are linearized. On the
other hand, the solutions obtained via the TPM-2 and the continuum model show a slightly non-linear behavior which is related
to the presence of geometric non-linearities. As already observed,
material non-linearities have not been implemented in the pantographic lattice and in the TPM-2 models, while they are taken into
account in the continuum model by means of a non-linear constitutive equation for the deformation energy density (A8 – 0 in Eq.
(2)). Fig. 26 shows the comparison of the ﬁrst gradient (a ¼ 0) continuum solution with linear and non-linear material behavior. The
value of the non-linear coefﬁcient A8 has been calibrated in order
to ﬁt at best the experimental force–displacement curve.
Finally, we want to highlight which is the effect of the second
gradient constitutive behavior (a – 0) on the force–displacement
curve. To this task, we refer to Fig. 27 in which the ﬁrst and second
gradient solutions are depicted both for the linear and non-linear
case. It can be immediately noticed that the global effect of adding
a second gradient term in the constitutive equation is that of
obtaining a stiffer material, at least for what concerns high
imposed displacements. This stiffening effect is much more evident
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Fig. 26. Force–displacement curves obtained via the continuum ﬁrst gradient
theory: linear and non-linear constitutive assumption.

Fig. 27. Force–displacement curves obtained via the continuum ﬁrst and second
gradient theories: linear and non-linear constitutive assumptions.

when considering a linear ﬁrst gradient model (A8 ¼ 0 ) than in the
non-linear case (A8 – 0). The stiffening effect related to second gradient can be associated to the fact that the model accounts for the
bending stiffness of the yarns at the mesoscopic level differently to
what happens in the ﬁrst gradient case.

7. Conclusions and perspectives
In this paper it is proven that simple physical mesostructures
(which resembles closely some mesostructures used in the technology of ﬁber reinforced composites) can induce, in the corresponding macroscopic continuum model, a dependence of
deformation energy on strain gradient (second gradient theory).
The second gradient macroscopic constitutive equation for deformation energy is heuristically determined in terms of the geometry
and the mechanical properties of the considered ﬁbrous material.
The results obtained in the present paper urge to be rigorously
framed in the context of mathematical homogenization techniques
of the kind presented in Alibert et al. (2003).

On the basis of the comparison between discrete and continuum models, we conclude that one possible way to correctly
describe the behavior of ﬁbrous composite reinforcements is to
use a simpliﬁed continuum macroscopic description of microscopically complex (i.e. constituted by heterogeneous parts connected following a speciﬁc geometric pattern) mechanical
systems. One of the main physical feature which leads to conclude
that a ﬁbrous composite reinforcement must indeed be modeled as
a second gradient continuum is represented by the strong contrast
between the very high tensile stiffness of the yarns constituting the
lattice and the very low shear angle variation stiffness. Indeed, the
yarns of considered woven fabrics can be considered to be almost
inextensible, while two superimposed yarns can easily rotate one
with respect to the other. In the limit case of inextensibility the
introduction of suitable Lagrange multipliers (remarked already
by Piola (in preparation)) cannot be avoided. In the present paper
we limit ourselves to consider models in which the tensile stiffness
of the yarns is much higher than the shear stiffness. The study of
the limit case of inextensible networks by the introduction of
Lagrange multipliers presents numerous conceptual difﬁculties
which need to be carefully addressed. We henceforth leave the
investigation of this delicate case to future work. In this paper,
we show how the fact of considering strong contrasts of the
mechanical properties at the mesoscopic level actually leads to
the conclusion that a second gradient deformation energy must
be introduced at the homogenized level. We hence focus on the
description of the so-called bias extension test by means of the
introduced discrete and continuum models. We ﬁnd out that:
 The pantographic lattice discrete model is able to account for
the description of the basic features of the bias extension test
on woven composites, including the description of the onset
of shear transition layers. This is possible since each yarn is
modeled as a unique Euler–Bernoulli beam with its own bending stiffness: the connection between different beams is realized via perfect internal pivots which do not interrupt the
continuity of each yarn. The basic information provided by this
discrete model is that if one wants to use a continuum model
for the description of the bias extension test, then the possibility of the description of shear transition layers related to
the bending stiffness of the yarns at the mesoscopic level must
necessarily be taken into account. This result naturally leads to
the conclusion that the thickness of the shear transition layers
which are observed at the macroscopic scale is indeed directly
related to the bending stiffness of the yarns at the mesoscopic
scale. This fact must be accounted for when considering a continuum theory for the description of the bias extension test. In
particular, following the reasonings presented in dell’Isola and
Steigmann (2014), higher gradients of the shear strain must
be considered in order to describe the effect of bending stiffness
of the yarns on the overall mechanical behavior of the material
at the macroscopic level.
 The TPM-2 model is suitable to account for the basic features of
the bias extension test, but it shows some limits related to the
fact that TPM-2 elements are not actually able to mimic the
continuity of yarns. Indeed, the connections between two elements is made by internal pivots, but the bars constituting
the rigid truss are not continuous when passing from one element to the adjacent one. This interruption of the continuity
of yarns does not create particular problems for the description
of the overall behavior of the bias extension test, but it forbids
the correct description of the onset of shear transition layers.
This limit is related to the fact that no shear angle gradients
can be accounted for due to interruption of yarns’ continuity.
Indeed, we show that the transition from one region at constant
shear angle to the adjacent one is made on one single ﬁnite
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element: non-local bending of ﬁbers is not allowed in the
TPM-2 model. This means that the solution is mesh-dependent
for what concerns the description of the thickness of the shear
transition layers. The main information provided by this discrete model is that when using ﬁnite elements, non-local material behaviors must be conceived in order to be able to describe
gradual bending of the yarns on more than one element. This
information can be added to the preceding ones to conclude
that higher order theories are needed for the correct modeling
of woven fabrics.
 Continuum models are seen to be suitable to describe in a satisfactory way the basic features of the bias extension test. First
gradient models are able to catch most of the features of the
considered solution, except for what concerns the correct
description of transition layers. Indeed, the thickness of the
transition layers predicted by means of the ﬁrst gradient model
strongly depend on the size of the considered mesh (the transition layer is always localized on one element as happened for
the TPM-2 model). On the other hand, a second gradient continuum model is able to cure this mesh dependency and the
thickness of the shear transition layer remains indeed ﬁxed
when decreasing the mesh size. The fact of introducing higher
gradients of shear strain in the proposed continuum theory
has been seen to be necessary on the basis of precise mesoscopic considerations. In particular the fact of considering such higher gradients of the shear strain allows to account for the
bending stiffness of the yarns at the mesoscopic level.
In virtue of the aforementioned remarks, we can conclude that a
second gradient continuum model is a possible framework to precisely treat the bias extension test from a theoretical and also from
a numerical point of view. Nevertheless, one must be aware of the
fact that when looking for ﬁnite element solutions of continuum
models in which such strong contrasts of the mechanical properties exist, numerical errors related to so-called locking phenomena
can be easily introduced (see e.g. Hamila and Boisse, 2013). As a
consequence, the numerical integration schemes to be used, in
order to apply the formulated model to technologically relevant
problems (e.g. bias tests Harrison, 2012; Ten Thije et al., 2007,
shear tests Harrison et al., 2008 or (pre) forming of reinforcements
Hamila et al., 2009; Badel et al., 2009; Bel et al., 2012; Fetfatsidis
et al., 2013; Yu et al., 2005; Duhovich et al., 2011) need to be able
to confront the corresponding difﬁculties. In particular, the convergence of the solution must be carefully checked when considering
highly-contrasted media, for example by checking that the
obtained solution does not change when reﬁning the mesh of the
considered domain.
Further investigations will involve some immediate and interesting developments of presented analysis. These will include the
study of:
 pantographic lattices constituted by inextensible ﬁbers by using
Lagrange multipliers
 pantographic lattices constituted by different kinds of ﬁbers,
having for instance different bending stiffnesses, and showing
eventually material gradients of mechanical properties, so that
their continuum modeling may require the introduction of
inhomogeneous constitutive equations
 more general microstructures with different inextensibility
directions in order to more closely aid the design of new
meta-materials
 dynamics of pantographic lattices, including eventually phenomena of excitation of internal degrees of freedom (Following
the methods used in Boutin et al. (2011) or in Porﬁri et al.
(2004), Rosi et al. (2010), Porﬁri et al. (2005))
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 well-posedness properties (e.g. of the kind studied in Jeong and
Neff (2010) and Neff (2006)) for the class of nonstandard deformation energies arising in the class of generalized continua we
introduced here.
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