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DEALING WITH THE BIAS OF THE
DISSIMILARITY INDEX OF SEGREGATION1
Angelo Mazza

1. Introduction
Ethnic residential segregation has long been investigated, especially in the USA
and South Africa. A series of papers, dating back to the late 1940s and early 1950s
and mostly published in the American Sociological Review, address the issue of
measuring segregation and introduce a wide variety of indices (e.g.: Wright (1937),
Jahn, Schmid, and Schrag (1947), Williams (1948), Jahn (1950), Cowgill and
Cowgill (1951), Bell 1954).
In 1955 in a celebrated article Duncan and Duncan provided a systematic
analysis and critique of these segregation indexes, showing that all of them could
be regarded as functions of a single geometrical construct, the "segregation curve".
This implies that these indexes are related and have mathematical properties that
often lead to difficulties of interpretation. This brought Duncan and Duncan (1955)
to assert “the status of the empirical work already done with segregation indexes is
questionable, and their validity for further research is undetermined”. The authors
also proved that most of the previously proposed statistics were mathematically
related to the dissimilarity index D (see next paragraph for its definition).
For nearly twenty years, D served as the undisputed segregation measure,
routinely employed to measure segregation between social groups. The consensus
among a vast variety of scholars, comprising geographers, sociologists and even
some economists, was so unanimous that this period has been described by Massey
and Denton (1988) as the “Pax Duncana”.
In 1976 the Pax Duncana came abruptly to an end, with the publication on the
American Sociological Review of a critique of the dissimilarity index by Cortese,
Falk, and Cohen. The major objection of Cortese and his coauthors to D is that it
postulates the expectation of evenness as the opposite of segregation, whereas in
most cases it is not as useful as the concept of randomness.
In fact, D takes its minimum value of zero only under the condition of exact
even distribution, which usually is not possible because individuals, families, and
1
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households cannot be distributed in fractional parts, as it is often needed to achieve
exact even distribution (Taeuber and Taeuber 1965; Fosset, 2017). As written by
Voas (2000), “even a completely random distribution of individuals could produce
areas of an uneven composition, just as a well-shuffled deck of cards will still
produce hands with unbalanced suits”. At the opposite, within a model of random
distribution, in which race and neighborhood are statistically independent, an exact
even distribution is a highly unexpected outcome and its occurrence can signal that
race is ‘systematically’ associated with residence through some kind of structured
social dynamic, such as a group quota allocation process (Fosset, 2017).
Because of these factors, D is inherently subject to an upward bias. The random
effects are not great when the sets concerned are large, but if the area population is
small or group proportion is very low, the index can be highly misleading. As a
result, the fact that D is affected by differences in the proportion of the minority in
the population and by the size of the areal unit of analysis (number of households),
can result in misleading assessments of the level of segregation, and makes
problematic intercity comparison, including the same city at another point in time.
It is worth noting that the above critics apply to other indices of segregation,
like the Gini index, the Atkinson index, the Hutchens square root index, and the
Theil entropy index.
In the following, we will give more details on the issue of the index bias and
we will outline the main paths followed in literature to deal with this problem.

2. Inferential framework and notation
Consider an area subdivided into k spatial units denoted by j  1, , k , and
populated by n individuals characterised by a dichotomous attribute 𝑐, with 𝑐=0,1,
such as black or white, male or female sex, and so on. The number of individuals
0
1
c
with status c is denoted by n , with n  n  n . There will be n cj individuals in
c
unit j having status c , with n 

k

 n

c
j

.

j 1

It is important to note that the settlement observed is just one of the possible
realizations of an underlying allocation process P .
If it is plausible to assume that individuals allocate themselves independently
and that unit sizes are not fixed, then the process will be governed by the
conditional probabilities
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𝑗 = 1, … , 𝑘,

𝑐 = 0,1

(1)

that an individual i will belong to the unit j , given his/her status c .
Social scientists are usually interested in making inferences on a particular
function of these probabilities; this function, commonly called “segregation index”,
should express the degree of segregation that characterize the process P .
There is systematic segregation when there is at least one spatial unit where
individuals of the two groups have a different probability to allocate themselves,
i.e.:

 j : p1j  p 0j .
Among the many segregation indexes proposed, the most popular is the
dissimilarity index
1

𝐷 = 2 ∑𝑘𝑗=1 |𝑝𝑗1 − 𝑝𝑗0 |.

(2)

Dissimilarity measures the percentage of a group’s population that would have to
change residence for each neighborhood or area to have the same percentage of
that group as the metropolitan area overall. The index ranges from 0 (absence of
systematic segregation) to 1 (complete systematic segregation) and D  0 if, and
only if
p1j  p 0j  j .
However, in real life application we only know the crude counterpart of D
𝑘

̂=
𝐷

𝑘

𝑁𝑗1 𝑁𝑗0
1
1
∑ | 1 − 0 | = ∑ |𝑝̂𝑗1 − 𝑝̂𝑗0 |
2
𝑛
𝑛
2
𝑗=1

(3)

𝑗=1

where pˆ cj is the plug-in estimator of p cj . This is beacuse the observed settlement
pattern is only one of the numerous possible patterns arising from P , each of them
with probability given by the product of two independent multinomial
distributions, one for c  0 and one for c  1 (see Allen et al., 2009):
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𝑃(𝑛1𝑐 , … , 𝑛𝑘𝑐

|

𝑝1𝑐 , … , 𝑝𝑘𝑐 , 𝑛𝑐 )

=

∏𝑘𝑗=1 ∏1𝑐=0 𝑛𝑐 !

(𝑝𝑗𝑐 )

𝑛𝑐
𝑗

𝑛𝑗𝑐 !

(1)

.

In this view, the observed dissimilarity D̂ is merely an estimator of a true but
unknown level of dissimilarity in the population D . Therefore, it should be clear
why this randomness also holds even if the index is computed on a full-count
census data (Altavilla, Mazza, Punzo, 2012).

3. Bias of of the dissimilarity index
We mentioned earlier that the value of the dissimilarity index D̂ computed over
the data observed is an estimator of the unknown systematic segregation D , so we
can define its bias as

 

 

Bias Dˆ  E Dˆ  D.

(1)

The expectation in (5) can be explicited as follows:
nj
 k 1
0
 k 1 c p cj 
n
n
1
j
j
E Dˆ 
       n ! nc ! 
2  n10 ,,nk0 :n0  n11 ,,n1k :n1  j 1 n1 n0  j 1 c 0
j



 

 

c

(2)

where the first two summations run across all possible patterns n1c , , nkc
satisfying the constraint

 n
j

c
j

 nc .

 

It is important to note that Bias Dˆ

tends to be positive, that is, D̂ tends to

overestimate the systematic segregation D . This is due to the fact that the index is
based on absolute values; an intuitive explanation is that if, for instance, systematic
segregation were 0, any sampling variation would result in an upward bias
increase.
The problem of the index bias has received regular attention for over forty
years; an early discussion is in Taeuber and Taeuber (1965), later Cortese et al
(1976) and Winship (1977) addressed the issue.
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Carrington and Troske (1997), Ransom (2000) and Allen et al. (2009) proved,
using simulations, the nonnegativity of the bias, and it has been shown how it
increases when dealing with small unit sizes, a small minority proportion, and a
low level of segregation. Figure 1 shows the behaviuor of the bias as a function of
minority proportion p, average size of spatial units E(nj), and systemic dissimilarity
D.
Eventually, a mathematical proof of the nonnegativity of the bias was provided
in Mazza and Punzo (2015).

4. Current practices for dealing with the index bias
Most researchers are aware that the index bias can have substantial impacts on
results. However, because direct solutions to this problem have not been available,
scholars most often rely on practices that Fosset (2017) defined as informal “rules
of thumb”, such as:
• restricting segregation studies to comparisons involving large and relatively
balanced population groups;
• use larger spatial units such as census tracts;
• assess segregation using full count data;
• weight cases differentially, lowering cases presumed to be distorted by bias,
when assessing variation in segregation over time or across groupings of cases.
Fosset (2017) argued that even if these practices for dealing with the bias did
work, they still would have the undesirable consequence of restricting the scope of
segregation studies. Furthermore, they preclude analyses at finer spatial scales, or
involving populations small in absolute size. For instance, due to the concerns
about index bias, studies assessing segregation at smaller spatial scales, once
common, are currently very rare in literature.
More rigorous techniques for assessing the potential bias do have been proposed
in literature. Analytic formulas have been proposed by Winship (1977), whereas
Carrington and Troske (1997), Allen et al. (2009), and Mazza and Punzo (2015)
proposed bootstrap-based methods. However, eliminating problematic cases, even
if in a more formal way, would still narrow the scope of segregation studies.
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5. Bias correction
If unbiased index scores were available, there would not be any need to exclude
cases due to concerns about bias. Therefore, in time, several solutions for dealing
directly with the index bias have been proposed, among others by Cortese et al.
(1976), Winship (1977), Carrington and Troske (1997), Allen et al. (2009), and
Mazza and Punzo (2015).
The bias reduction methods proposed are based on adjusting the index scores
downward, in order to eliminate the effect of upward bias due to random
allocation. These methods are based on the estimation of the expectation in (5),
which requires the sampling distribution of D. Note that, as shown in Altavilla et
al. (2009), being the bias a function of the systemic level of segregation, these
corrections are only able to reduce the bias but not to eliminate it.
Mazza and Punzo (2015) showed that previous bootstrap-based bias correction
could be obtained analytically, so without resorting to time-consuming resampling
techniques. Mazza and Punzo also propose a new estimator; its rationale consists

̃ that minimizes
in choosing a value 𝐷
̂ |𝑝̃10 , … , 𝑝̃𝑘0 , 𝑝̃11 , … , 𝑝̃𝑘1 , 𝑛0 , 𝑛1 ) − 𝐷
̂
𝐸(𝐷
1

(2)

̃ = ∑𝑘𝑗=1 |𝑝̃𝑗1 − 𝑝̃𝑗0 |.
with 𝐷
2
̃ ; the authors chose to
Obviously, there may be different criteria for choosing 𝐷
0
1
constrain the differences |𝑝̃𝑗 − 𝑝̃𝑗 | to a flattened variant of their observed
̂ −𝐷
̃ ≥ 0,
counterpart. Flattening is obtained by spreading the difference Δ = 𝐷
0
1
0
̂
among the 𝑘 differences |𝑝̃𝑗 − 𝑝̃𝑗 |, proportionally to the residuals 𝑑𝑗 = |𝑝̂𝑗 − 𝑝̂𝑗1 |.
An optimization procedure, which adopts a combination of golden section search
and successive parabolic interpolation, is described in Mazza and Punzo (2015).
In Altavilla, Mazza and Punzo (2014), following a multinomial framework, the
performance of four bias reduction techniques, based on bootstrap, grouped
jackknife, double bootstrap and the procedure of Mazza and Punzo (2015) have
been compared using Monte Carlo simulations. The procedure of Mazza and Punzo
performed better than its competitors did, although for reliable estimations,
minority proportion and unit sizes did not have to be both very small.
Most of the methods proposed do this using computation-intensive techniques.
Fosset (2017) observed that these options introduce complexity and substantial
computational burdens and so are unlikely to be widely adopted by researchers.
This is indeed true; especially the lack of user-friendly computer programs has
strongly affected a wider adoption of these proposals.
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6. Conclusions
There is a widespread awareness that the index of dissimilarity, as much as
other indices based on the segregation curve, are inherently subject to an upward
bias. The index bias may not be relevant when the sets concerned are large, but if
the area population is small or the minority proportion is very low, the index can be
highly misleading.
Common strategies used in literature to deal with the index bias rely on the use
of informal rules of thumb, which at least have the side effect of restricting the
scope of segregation studies.
In time, solutions for dealing directly with the index bias have been proposed.
They are based on adjusting the index scores downward, and require the
computation of the sampling distribution of the index. Most of the methods
proposed use computation-intensive techniques that have the drawback of
introducing complexity and substantial computational burdens. The lack of userfriendly computer programs implementing these methods has strongly affected
their wider adoption.
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Appendix
Figure 1  Bias of the index of dissimilarity as a function of p, E(nj), and D.

Results are obtained by Monte Carlo simulations using the parabolic segregation curves of Duncan and Duncan
(1955) to generate the conditional probabilities (Mazza and Punzo, 2015)
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SUMMARY
Dealing with the bias of the
dissimilarity index of segregation
The dissimilarity index is widely used to evaluate the extent of segregation in
the allocation of a minority group in two or more spatial units. There is a
widespread awareness that due to its sensitivity to random allocation, it is
inherently subject to an upward bias. This bias may be irrelevant when the sets
concerned are large, but if the area population is small or the minority proportion is
very low, the index can be highly misleading.
Common strategies used in literature to deal with the index bias rely on the use
of informal rules of thumb, which at least have the side effect of restricting the
scope of segregation studies.
In time, solutions for dealing directly with the index bias have been proposed.
These solutions are based on adjusting the index scores downward, and require the
computation of the sampling distribution of the index. Most of the methods
proposed use computation-intensive techniques that have the drawback of
introducing complexity and substantial computational burdens. The lack of userfriendly computer programs implementing these methods has strongly affected
their wider adoption.
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