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We propose a protocol for the deterministic preparation of entangled NOON mechanical states. The system
is constituted by two identical, optically coupled optomechanical systems. The protocol consists of two steps.
In the first, one of the two optical resonators is excited by a resonant external π -like Gaussian optical pulse.
When the optical excitation coherently partly transfers to the second cavity, the second step starts. It consists
of sending simultaneously two additional π -like Gaussian optical pulses, one at each optical resonator, with
specific frequencies. In the optomechanical ultrastrong coupling regime, when the coupling strength becomes a
significant fraction of the mechanical frequency, we show that NOON mechanical states with quite high Fock
states can be deterministically obtained. The operating range of this protocol is carefully analyzed. Calculations
have been carried out taking into account the presence of decoherence, thermal noise, and imperfect cooling.
DOI: 10.1103/PhysRevA.94.013817
I. INTRODUCTION

Cavity optomechanics studies optical cavities and mechanical resonators interacting via radiation pressure and
mechanical back-action. The manipulation and detection of
mechanical motion in the quantum regime using radiation
pressure is promising for applications in quantum information
processing [1,2], where optomechanical devices could serve as
coherent light-matter interfaces which may allow for storage
of quantum information in long-lived phonon states [3].
Specifically, hybrid systems, consisting of electromagnetic
resonators and mechanical oscillators constitute a promising
platform for realizing quantum memory or quantum state
transfer among different nodes of a quantum network [4–7].
Mechanical oscillators in the quantum regime are also
systems with great potential in sensing and quantum metrology
[8–15]. Moreover, they could offer a route to new tests of
quantum theory at unprecedented size and mass scales. These
experiments could help the understanding of decoherence
processes in massive objects. These systems are promising
as a means to control and observe quantum superpositions of
macroscopic objects [16–18]. The optomechanical interaction
can also be exploited to create interesting quantum states
in both the optical and the mechanical subsystems and to
create entangled states between the two subsystems or between
different mechanical systems. One of the most straightforward
applications of quantum optomechanics, regarding the manipulation of the photon quantum states, consists of squeezing
the noise of the light beam [19–21]. A review of the current
efforts toward demonstrating shot-noise effects and squeezing
in optomechanical experiments can be found in Ref. [22].
The realizations of cavity optomechanical systems with both
atomic clouds and photonic crystal cavities have allowed the
demonstration of mechanical-induced optical squeezing at the
quantum level [23,24].
The generation of nonclassical mechanical states requires
cooling of the system to its ground state. Experimentally,
ground-state cooling with conventional cryogenics can be
reached only for high-frequency mechanical oscillators.
The first demonstration of quantum control at the singlephonon level was demonstrated with a ∼6-GHz piezoelectric
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mechanical oscillator cooled below 50 mK [25]. For lowerfrequency mechanical oscillators, ground-state cooling can be
obtained by combining cryogenic precooling with dynamical
back-action laser cooling. Optical feedback cooling based on
the radiation pressure force was demonstrated in the vibrational modes of a macroscopic end-mirror [26]. Radiationpressure cavity cooling, for suspended micromirrors [27] and
for microtoroids [28], has also been demonstrated. It has been
shown that, starting from the system ground state, it is possible,
in principle, to synthesize arbitrary mechanical quantum states
in a completely controlled and deterministic manner [29]. The
general strategy for creating such states was described by
Law and Eberly in the context of cavity QED [30]. Quantum
state engineering of the electromagnetic field of an optical
mode has been demonstrated in the context of cavity quantum
electrodynamics and in circuit quantum electrodynamics
[31–34]. The approach by Xu et al. [29] applies to optomechanical systems the protocols developed for the synthesis of
arbitrary motional states of a trapped ion [35–37], inspired by
the Law and Eberly protocol [30]. Recently, Garziano et al.
proposed a different cavity-optomechanics protocol working
in the ultrastrong-coupling (USC) regime, which in a single
step forces the ground state of a mechanical oscillator to evolve
into the target quantum state in a completely controlled and
deterministic manner, the only limitation being the strength of
the optomechanics interaction [38].
The classification of the different interaction regimes based
on the interaction strength is not universal. In analogy with
cavity QED, the USC regime can be referred to as the
regime where the coupling strength gM becomes comparable
to the transition frequency of the mechanical resonator ωM
[38]. This regime is also known as beyond Lamb-Dicke
[37,39]. The regime where the radiation pressure of a single
photon displaces the mechanical resonator by more than its
zero-point uncertainty, corresponding to gM  ωM , has been
designated as the single-photon strong-coupling regime [40].
Optomechanics experiments are rapidly approaching the USC
regime [11]. Achieving it in optomechanical systems will
facilitate the creation of quantum mechanical states of the
mechanical resonator, as well as the characterization of such
states by measuring the cavity photon field [40–42]. USC is

013817-1

©2016 American Physical Society

V. MACRÍ et al.
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attracting great interest also in cavity QED because it can give
rise to novel quantum effects [43–49].
In the single-photon strong-coupling regime, it has been
shown that, starting from a superposition of photon states
inside the cavity, it is possible to create a Schrödinger
cat-type state, where a microscopic degree of freedom (the
optical cavity mode) is entangled with a “macroscopic” degree
of freedom (the vibrating mirror) [31,50,51]. Experimental
schemes for obtaining entanglement between mechanical
motion and the optical cavity have also been analyzed for the
continuous-variable case [52,53]. Recently, it has been shown
that a suitable time-dependent modulation of the drive can
improve the efficiency of photon-phonon entanglement [54].
Several different protocols and techniques have been
proposed in order to create entanglement of spatially separated mechanical oscillators, exploiting radiation pressure
[55,56]. A heralded probabilistic scheme, working in the
optomechanical USC regime, to generate mechanical NOON
states [57,58] with arbitrary phonon numbers by measuring
the sideband photons has been proposed [59]. Using sideband
excitations, it has been shown that arbitrary entangled states
of vibrational modes of different membranes embedded inside
a cavity can be produced in principle by sequentially applying
a series of classical pulses with specific frequencies, phases,
and durations [39]. In the case of two mechanical resonators
coupled to the same driven cavity mode, a realistic protocol
for the heralded preparation and readout of mechanical Bell
states has been proposed [60,61]. A scheme to transfer
continuous variable entanglement from the squeezed light to
the mechanical motion of movable mirrors has been recently
proposed [62].
Here we propose a protocol for the deterministic preparation of entangled NOON states or even more general
mechanical states between two identical, optically coupled
optomechanical systems. Two key features of this scheme are
the following: (i) entanglement can be generated with a few
steps independently of the highest phonon number present in
the entangled state, and (ii) the protocol is deterministic. This
approach extends a recently proposed scheme for a single-step
arbitrary control of mechanical quantum states in a single
optomechanical system in the USC regime [38]. The system
here studied has already been proposed to generate quantum
entanglement between two mechanical resonators involving
zero- and one-phonon states [63], by considering a large
photon hopping regime. The protocol here presented is an
example of how the USC regime can favor the generation and
control of mechanical quantum entangled states.

II. MODEL

We start by considering two identical, optically coupled
optomechanical systems (see Fig. 1). We mainly focus on the
USC regime, although we also present results obtained for
lower coupling rates.
The total Hamiltonian of the system is ( = 1)

ĤS =

2

i=1

Ĥ0(i) + ĤI ,

(1)

ωN

ωN

ω0

âreadout
1

âreadout
2

â1

â2

b̂2

b̂1

FIG. 1. Schematic setup of two identical optically coupled optomechanical systems. Each mechanical oscillator, with frequency
ωM , is parametrically coupled with a single-mode optical resonator
and/or cavity, which can be driven by external π -like Gaussian optical
pulses with specific central frequencies. One cavity mirror can be
added to the end of both the optomechanical systems for optical
readout.

where
†

†

†

†

Ĥ0(i) = ωR âi âi + ωM b̂i b̂i + gM âi âi (b̂i + b̂i )

(2)

describes the two uncoupled optomechanical systems and
†

†

ĤI = gR (â1 â2 + â1 â2 )

(3)

describes their optical coupling, where gR is the coupling
rate between the two optical resonators. In Eq. (2), ωR
is the resonance frequency of the optical resonator, ωM
is the mechanical resonance frequency, and gM = ωR xZPF
is the optomechanical coupling. Here xZPF = (2M ωM )−1/2 ,
representing the zero-point uncertainty, where M is the mass

is the derivative of the
of the mechanical oscillator and ωM
resonator energy with respect to the mechanical oscillator
position. The operators âi and b̂i are, respectively, the standard
Bosonic annihilation operators for the ith cavity mode and the
mechanical oscillator. In Eq. (3), the counter-rotating terms
† †
proportional to â1 â2 and â1 â2 have been dropped, owing
to the smallness of the coupling strength between the two
optical resonators, with respect to their resonance frequency,
considered in this work.
The two optomechanical systems interact only via optical
coupling. When gR = 0, i.e., there is no interaction between
the two cavities, each Hamiltonian in Eq. (2) conserves its
†
photon number ([âi âi ,Ĥ0(i) ] = 0), and it can be diagonalized
separately. In each n-photonic Fock subspace, the Hamiltonian
describes a harmonic oscillator with frequency ωM which
2
is displaced by −nx0 , where x0 = 2xZPF gM
/ωM is the
displacement caused by a single photon. The eigenvalues of
n2 g 2
(i)
= nωR − ωMM + mωM ,
the Hamiltonian in Eq. (2) are Enm
and the corresponding eigenstates can be expressed as
†

(4)
|n,mi = |ni enβ0 (b̂i −b̂i ) |mi ,
√
†
where β0 = gM /ωM and |mi = (1/ m!)(bi )m |0i . The |1,0i
state represents the mechanical ground state of the n = 1
manifold displaced harmonic oscillator. It corresponds to a
mechanical coherent state that can be expanded in terms of the
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bare mechanical states |mi with the well-known expression
|1,0i = |1i

∞


dm |mi ,

|1, j

(5)

m=0

with
(−β0 )m − 1 β02
dm = √
e 2 .
m!

|1, 0

ω

(6)

|0, j

If gR = 0, the eigenstates of the Hamiltonian in Eq. (1) can be
written as
|n1 ,m1 ,n2 ,m2  = |n1 ,m1 1 ⊗ |n2 ,m2 2 ,

ω

(7)

where the integers ni and mi represent, respectively, the
number of photons and vibrational excitation in the ith
optomechanical system.

|0, 4

III. THE PROTOCOL

|0, 3

We first describe the two-step protocol for the deterministic
preparation of mechanical entangled NOON states:
|ψ̄ = α|0,N,0,0 + βeiϕ |0,0,0,N,

α,β ∈ R+ .

We consider that the two optical cavities are interacting
(gR = 0), and the system is initially prepared in its ground
state |0,0,0,0 (no photons in the cavities and the mechanical
oscillators are in their ground state). We neglect the coupling
of the system with its environment, in this initial presentation,
in order to focus on the key points of the protocol. The
influence of pulse width and transition matrix elements on the
achievement of the target quantum state is discussed below
under the subsection “Operating limits.”
The first step consists of the excitation of one of the
two optical resonators (e.g., resonator 1) by an external
π -like Gaussian optical pulse resonant with the transition
|0,0,0,0 ↔ |1,m,0,0 (pulse 1). Since the system is totally
symmetrical, results do not change if we apply pulse 1 to
either cavity 1 or cavity 2. In the following we consider the
case where pulse 1 is sent to cavity 1. In the regimes here
investigated, where the optomechanical coupling induces the
photon blockade, the resulting state is |1,m,0,0. For gR = 0
this state is not an eigenstate of the Hamiltonian in Eq. (1). As
a consequence, the system will undergo Rabi-like oscillations
and the time evolution of the state of the system will be given
by
|ψ(t) = cos(gR t)|1,m,0,0 − i sin(gR t)|0,0,1,m.

|0, 2

(8)

(9)

This energy exchange between the two resonators can be
interrupted by sending simultaneously two additional optical
π pulses, (pulses 2 and 3, one exciting each cavity) resonant
with the transition |1,mi → |0,Ni (step 2). If we want to
create a NOON state with specific probability amplitudes
β = sin(gR t ∗ ), α = cos(gR t ∗ ), these two additional optical
pulses must be sent at t ∗ = gR−1 arctan (β/α). A key point
is that the ket |0,0i will remain unchanged after the arrival
of such pulses, because the central frequency of the pulse is
very far from the transition frequency of |0,0i → |1,0i as
schematically shown in Fig. 2. This will produce the desired
entangled mechanical state. If the two optical pulses have the

|0, 1
|0, 0
FIG. 2. Scheme of the lowest energy levels for a single optomechanical system. If the system is in the state |1,0, a resonant
optical π pulse, described by the blue arrow, induces the transition
|1,0 → |0,2. If the system is in the state |0,0, no transitions can
be induced by the same pulse.

same phase, the following state is obtained,
|ψ̄ = α |0,N,0,0 − iβ |0,0,0,N ,

(10)

which, dropping the factorized photonic kets, can be also
written as
|ψ̄mech = α |N,0mech − iβ |0,N mech .

(11)

The highest mechanical number state N that can be obtained
in this NOON state strongly depends on the normalized
mechanical coupling strength β0 .
We now proceed to a more detailed description of the
protocol. The total system Hamiltonian in the presence of the
input optical pulses (dissipation and decoherence effects are
described later by the master equation approach) reads
Ĥ = ĤS + Ĥd(0) (t) +

2


Ĥd(i) (t),

(12)

i=1

where
Ĥd(0) (t) = E0 (t) cos(ω0 t)X̂1

(13)

describes the√ external driving pulse 1 (first step),
with E0 (t) = κ A0 G (t − t0 ). Here, A0 is the pulse
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FIG. 3. Transition matrix elements 0,N |X̂|1,m between the intermediate state |1,m and the mechanical state |0,N  as a function of the
vibrational quantum number N for different values of the optomechanical coupling rates gM /ωM = 0.1 (blue solid circles), gM /ωM = 0.5
(green solid squares), and gM /ωM = 1 (red solid triangles), when the ancilla state has phonon numbers (a) m = 0, (b) m = 1, (c) m = 2, and
(d) m = 3.

amplitude, κ is the cavity√damping rate, and G (t − t0 ) =
exp [−(t − t0 )2 /(2 2 )]/(
2π ) is a normalized Gaussian
†
function describing the pulse shape. Moreover, X̂1 = â1 + â1
and ω0 = E1m − E00 is the energy gap between the ancilla
state |1,m,0,0 and the ground state |0,0,0,0. We now move
to the frame that diagonalizes the system Hamiltonian ĤS
by expressing the driving Hamiltonian in the dressed basis
of the system energy eigenstates, and we can focus our
attention on the case in which the driving fields are resonant
with the transitions |1,m,0,0 ↔ |0,0,0,0. In the interaction
picture (with respect to ĤS ) and neglecting the nonresonant
time-oscillating terms, Ĥd(0) reduces to the following effective
driving Hamiltonian:
(0)
Ĥeff
= Em (t)|0,0,0,0 1,m,0,0| + H.c.,

(14)

where the effective amplitude Em (t) of the driving field is given
by
E0 (t)
0,0,0,0|X̂1 |1,m,0,0.
(15)
2
The necessary and sufficient condition to ensure that the
ancilla state
 ∞ is completely populated by external drive
pulse is −∞ |Em (t)|dt = π . This condition is fulfilled
√
if A0 κ| 0,0,0,0|X̂(1) |1,m,0,0| = π . As described above,
since the two cavities are optically coupled, after the arrival
of the first pulse at cavity 1, the excitation spontaneously
transfers towards the second cavity, and the resulting state
is the superposition in Eq. (9).
The last term in Eq. (12) describes the equal (except for a
possible phase factor) external driving pulses that are sent to
both the cavities in the second step. The driving Hamiltonian
Em (t) =

Ĥd(i) corresponding to excitation of the ith cavity can be
expressed as
Ĥd(i)

=

k




Ej (t) cos ωj t + ηj(i) X̂i .

(16)

j =1

In order to depopulate the intermediate ancilla state |1,mi
towards the |0,m i states, two optical π -like pulses at both
cavities have to be sent, at the same instant of time t ∗ .
Then, the target NOON state |ψ̄, in Eq. (8), can be obtained
by sending, at each cavity, one quasimonochromatic optical
pulse with central frequency ωN = E1m − E0N . Following the
above-described procedure, Ĥd(1) can be approximated by the
effective driving Hamiltonian:
(1)

(1)
Ĥeff
= Em,N (t)eiηN |0,N,0,0 1,m,0,0| + H.c.,

(17)

where the effective amplitudes Em,N (t) of the driving fields are
given by
Em,N (t) =

E1 (t)
0,N,0,0|X̂1 |1,m,0,0,
2

(18)

√
with E1 (t) = κA1 G (t − t1 ). In this case, the complete transfer of the excitation from the ancilla states to the mechanical
states
√ |0,N,0,0 or |0,0,0,N  is obtained if the condition
A1 κ| 0,N,0,0|X̂1 |1,m,0,0| = π is fulfilled. Once such a
transfer is completed, the desired NOON state in Eq. (8) is
obtained, provided that the two pulses display the following
phase difference:
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FIG. 4. Time evolution of the occupation probabilities P|1,0
(t), P|1,0
(t), P|0,3
(t), and P|0,3
(t), under the influence of three external π -like
Gaussian pulses (gray solid curves). The first pulse, of central frequency ω0 , excites cavity 1. The other two, of central frequency ω3 , have the
same arrival time and are sent one to each cavity. The amplitude,
phase, and central frequencies of the pulses are chosen in order to generate the
√
target NOON state |ψ̄mech = (|3,0mech − i|0,3mech )/ 2. The time evolution of the fidelity F is also shown. Calculations are displayed for four
different coupling mechanical rates: (a) gM /ωM = 1.0 (FMAX = 0.98), (b) gM /ωM = 0.7 (FMAX = 0.95), (c) gM /ωM = 0.5 (FMAX = 0.87), and
(d) gM /ωM = 0.4 (FMAX = 0.77). For both optomechanical systems the other parameters are ωR /ωM = 500, κ/ωM = 5 × 10−5 , γm /κ = 0.1,
and gR /ωM = 8 × 10−3 .

We observe that this protocol can be extended to the
implementation of general entangled states. Actually, it is
possible to obtain entangled mechanical superpositions of the
given
| ¯  = α| 1 ⊗ |0,02 + βeiϕ |0,01 ⊗ | 2 ,

(20)

which
refer to as the OO states, where | i =
N we
(i)
m=0 cm |0,mi are arbitrary superpositions of one mechanical oscillator. In this case the first step needs no modifications,
while the driving Hamltonian in Eq. (16) (second step) includes additional optical pulses (k > 1). The effective driving
Hamiltonian, describing the j th pulse is
(j )

(1)
Ĥeff
= Em,m (t)e
(j)

(j )
iηm,m

|0,m ,0,0 1,m,0,0| + H.c.,

The complete excitation transfer from the ancilla state to
the final mechanical superpositions requires the following
√
(1)
condition: Aj κ| 0,m ,0,0|X̂1 |1,m,0,0| = |cm
 |π .
In order to correctly describe the quantum dynamics
of the system, dissipation induced by its coupling to the
environment needs to be considered. We adopt the master
equation approach. In the USC regime the description offered
by the standard quantum optical master equation breaks down.
Following Ref. [64], we exploit a master equation in the
dressed state basis, which works for arbitrary optomechanical
coupling strengths,

(j )

(22)
013817-5

2


γmj (nth + 1)D[Ĉj ]ρ(t)

j =1

(21)

where the effective amplitudes Em,m (t) of the driving fields
are given by
Ej (t)
(j )
0,m ,0,0|X̂1 |1,m,0,0.
Em,m (t) =
2

ρ̇(t) = i[ρ(t),Ĥ ] +

+

2


†

γmj nth D[Ĉj ]ρ(t) +

j =1

+

2

j =1

2


κj D[âj ]ρ(t)

j =1

φγj D[N̂j ]ρ(t),

(23)

V. MACRÍ et al.

1

PHYSICAL REVIEW A 94, 013817 (2016)

P|1,1

(1)

P|03

(1)

(2)
P|1,1

(2)
P|03

F
gM /ωM = 0.5

P|10

(1)

P|03

(1)

(2)
P|10

(2)
P|03

F
gM /ωM = 1

(b)

(a)

0.6

0.2
0

260
(1)
P|1,2
(2)
P|1,2

1

(1)
P|0,6
(2)
P|0,6

0

320

F
gM /ωM = 1

200

(1)
P|10
(2)
P|10

(c)

(1)
P|03
(2)
P|03

(1)
P|0,1
(2)
P|0,1

300

F
gM /ωM = 1

(d)

0.6

0.2
0

260

0

320

140

170

10 γ m
5

10 γ m
5

FIG. 5. Examples of√time evolution of occupation probabilities and fidelities F for different entangled target states. (a) |ψ̄mech =
(|3,0mech − i|0,3mech )/ 2. The dynamics is calculated exploiting the
√ancilla state |1,1 and for gM /ωM = 0.5. The achieved maximal fidelity is
is calculated exploiting the ancilla state |1,0 and for
FMAX = 0.963. (b) Target state: |ψ̄mech = (2 |3,0mech − i|0,3mech )/ 5. Here the dynamics
√
gM /ωM = 1, with FMAX = 0.993. (c) Target state: |ψ̄mech = (|6,0mech − i|0,6mech )/ 2. We calculate the dynamics by starting from the ancilla
√
¯
¯
¯
state |1,2 and for gM /ωM = 1, with F
√MAX = 0.933. (d) The target state is the OO state, | mech = (| mech |0mech − i|0mech | mech )/ 2,
where | mech = (|1mech + |3mech )/ 2. The dynamics is calculated exploiting the ancilla state |1,0 and for gM /ωM = 1 and FMAX = 0.993 is
obtained. For both the optomechanical systems and for all four panels the other parameters are ωR /ωM = 500, κ/ωM = 5 × 10−5 , γm /κ = 0.1,
and gR /ωM = 8 × 10−3 .

where D[Ô]ρ̂ = 12 (2Ô ρ̂ Ô † − ρ̂ Ô † Ô − Ô † Ô ρ̂) describes
dissipation effects arising from the resonator and the mechanical reservoirs, and Ĉj = b̂j − (gM /ωM )N̂j and N̂j =
†
âj aj are the displacement operator and the photon number
operator, respectively. The optical cavity modes are affected by
temperature-dependent pure dephasing effects, induced by the
optomechanical coupling [64]. Such pure dephasing is taken
into account by the last term of Eq. (23), where the coefficients
j
j
2
φγ = 4KB T γm gM /ωM
represent the decoherence rates.
Once the target state has been synthesized, there remains
the problem of detecting it experimentally, or at least of
quantifying its entanglement. The nonclassical nature of this
mechanical state can be demonstrated by applying a readout
laser on the lower sideband to map the phononic state to a
photonic mode and performing an autocorrelation measurement [60,65]. The mechanical excitation is thus coherently
mapped onto the external optical cavity âireadout . Alternatively,
a full quantum tomography of the mechanical state might be
carried out. The quantum state can be univocally characterized
by employing Wigner tomography. Following the scheme

developed by Leibfried et al. [66], the reconstruction of the
density matrix and the Wigner function of the mechanical
quantum state can be obtained. Once the target state is synthesized, the reconstruction mapping can be realized by applying
to this state coherent displacements provided by a classical
driving field of frequency ω0 with different amplitudes and
phases and then measuring the number-state populations. In
analogy with Wigner tomography for trapped ions, a proposal
for reconstruction of optomechanical quantum states has been
recently presented by Vanner et al. [67].
Operating limits

We briefly discuss the requirements that the system parameters and external driving amplitudes have to fulfill for the
correct working of this protocol. We observe that Eqs. (13)
and (16), beyond the desired resonant contributions shown in
Eqs. (14) and (17) respectively, contain also nonresonant (timeoscillating) terms which may induce undesired transitions. In
order to face this problem, we can reduce it to a two-state
system in the presence of an external pulse. This problem
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FIG. 6. Time evolution of occupation probabilities P|1,0
(t), P|1,0
(t), P|0,3
(t), and P|0,3
(t), and of the fidelity F during the generation of
√
the target NOON state |ψ̄mech = (|3,0mech − i|0,3mech )/ 2. Here the effects of thermal noise and pure dephasing have been included. In
each panel the initial state corresponds to a thermal mechanical state at equilibrium with the mechanical reservoir. Panel (a) has been obtained
considering a zero-temperature mechanical reservoir ( b̂† b̂ = 0). Panels (b) and (c) have been obtained considering reservoirs with increasing
values of thermal noise. The increase of noise determines the lowering of the fidelity. For both the optomechanical systems the other parameters
are ωR /ωM = 500, κ/ωM = 5 × 10−5 , γm /κ = 0.1, gM /ωM = 1, and gR /ωM = 8 × 10−3 .

can be easily solved when the central frequency of the pulse
is equal to the transition frequency as in Eqs. (14) and (17).
However, the general solution for an arbitrary exciting field
is much more complicated [68]. It is simpler if the system is
subjected to a rectangular exciting pulse. Assuming this pulse
shape in Eqs. (13) and (16) [Ej (t) = E], according to the Rabi
problem [68], the probability of undesired adjacent transitions
is small if E/ωM < 1. Since we are actually considering
a Gaussian pulse, we replace the√constant amplitude
E
√
with its peak value, thus obtaining: kAXN±1 /( 2π ωM )
< 1 where XN±1 = 0,N ± 1,0,0|X̂1 |1,m,0,0. Since we are
using a π pulse for the desired transition between the ancilla
states |1,mi and the zero-photon mechanical
states |0,N i ,
√
the amplitude A is determined by κA = π/XN . We thus
obtain ωM > (XN±1 /XN ). Of course the pulse duration has
to be much smaller than the damping rates. Hence the protocol
works if the following condition is fulfilled:
QM  ωM

>

XN±1
,
XN

(24)

where QM = ωM /γ is the mechanical quality factor, and we
assume γ > κ. Equation (24) shows that the protocol may fail

for ratios XN±1 /XN  1. In general, a normalized coupling β0
not much smaller than 1 ensure ratios not much larger than 1.
We complete this section analyzing how the coupling
β0 influences the matrix elements. The matrix elements in
Eqs. (15) and (18) can be easily derived using Eqs. (4)–(6):
0,N,0,0|X̂1 |1,m,0,0
√
m

m! N !
β0k dN−m−k . (25)
=
k!(m
−
k)!(N
−
m
−
k)!
k=0
Figure 3 shows the transition matrix elements
0,N,0,0|X̂1 |1,m,0,0 as a function of the vibrational quantum number N for different values of the optomechanical
coupling rates gM /ωM and considering the cases in which the
ancilla state has, respectively, phonon number m = 0, 1, 2, and
3 . We note that in order to create NOON states with increasing
N , higher values of gM /ωM are required, because if the
coupling rate is not strong enough, i.e., the system is not in the
optomechanical USC regime, only the first mechanical states
can be coupled. In order to synthesize the target state, the protocol requires that both the transitions |0,0,0,0 ↔ |1,m,0,0
and |1,m,0,0 ↔ |0,N,0,0 are possible; namely, Eqs. (15)
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and (18), 0,0,0,0|X̂1 |1,m,0,0 and 0,N,0,0|X̂1 |1,m,0,0,
have to be significantly different from zero. Figures 3(a)–3(d)
clearly show that, if the coupling rate gM /ωM is too low (blue
circles), this last condition is not fulfilled. In fact, for every
fixed value of the ancilla state phonon number m the only
relevant transition matrix elements 0,N,0,0|X̂1 |1,m,0,0 are
those with m = N . Specifically, when m = 0 and for low
values of the optomechanical coupling rate only the first
mechanical states can be coupled. On the other hand, when
m > 0 the result is that 0,0,0,0|X̂1 |1,m,0,0 always displays
a very small value and this implies that the ancilla state cannot
be efficiently populated.

IV. NUMERICAL RESULTS

In this article, unless otherwise stated, we consider
the following system parameters for the two identical optomechanical systems:ωR /ωM = 500, gM /ωM = 1,
κ/ωM = 5 × 10−5 , γm /κ = 0.1, and gR /ωM = 8 × 10−3 .
(1)
(2)
We use P|n,m
(t) = n,m,0,0|ρ(t)|n,m,0,0 and P|n,m
(t) =
0,0,n,m|ρ(t)|0,0,n,m to indicate, respectively, the time
evolution of the occupation probabilities for the states of
system 1 and system 2.
In Figs. 4 and 5, we present numerical calculations
carried out considering the system at T = 0 K, i.e., in the
absence of thermal noise. Figure 4 displays the time evolution
(1)
(1)
(2)
of occupation probabilities P|1,0
(t), P|0,3
(t), P|1,0
(t), and
(2)
P|0,3
(t) under the influence of three external π pulses of
central frequency ω0 and ω3 chosen in order to generate the
target NOON state |ψ̄mech = √12 (|3,0mech − i|0,3mech ) for
optomechanical coupling rates gM /ωM = 1.0 (a), gM /ωM =
0.7 (b), gM /ωM = 0.5 (c), and gM /ωM = 0.4 (d). Following
the protocol described in Sec. III, in order to synthesize the mechanical NOON state |ψ̄mech = √12 (|3,0mech − i|0,3mech ), a
π pulse (first gray solid curve) of central frequency ω0 was sent
to system 1 in order to completely populate the ancilla state
(1)
(t)  1. Then, at the instant of time t ∗ = π/4gR
|1,01 : P|1,0
we sent two additional π pulses of central frequency ω3 (second gray solid curve) to both systems in order to depopulate the
superposition |ψ(t) state in Eq. (9), towards pure mechanical
(1)
(2)
(t) = P|0,3
(t) = 0.5. In
states |0,31 and |0,32 , so that P|0,3
order to quantify the correspondence between the achieved and
the target states, we exploit the fidelity. We observe that when
gM /ωM decreases, the transition matrix elements between the
intermediate ancilla state and the mechanical states decrease
contributing toa decrease of the occupation probabilities. The
fidelities F = ψ̄|ρ|ψ̄ between the desired target states |ψ̄
and the density matrices ρ of the synthesized states are, from
Figs. 4(a) to 4(d), F = 0.98, 0.95, 0.87, and 0.77. This shows
that, choosing the state |1,01 as the ancilla state, the protocol
is less efficient for low values of the mechanical coupling
rate gM /ωM .
In Fig. 5(a) we show the dynamics describing the
synthesis of the same mechanical NOON state |ψ̄mech =
√1 (|3,0mech − i|0,3mech ) as in Fig. 4(c), choosing as the
2
ancilla state the state |1,11 rather than |1,01 . Numerical
results show that, for the same value of the optomechanical

coupling rate (gM /ωM = 0.5), the choice of a higher-energy
ancilla state leads to an improvement in the synthesis of the
target state, as confirmed by the higher value of the fidelity
[F = 0.963 compared with F = 0.87 in Fig. 4(c)]. Figure 5(b)
shows the dynamics leading to the synthesis of the target
quantum NOON state |ψ̄mech = √25 |3,0mech − √i 5 |0,3mech .
In this case the second Gaussian pulse must be sent at the
instant of time t ∗ = gR−1 arctan (1/2). Figure 5(c) shows how
it is possible to apply the here present protocol to realize
mechanical NOON states with a higher mechanical Fock-state
number N. Specifically, it displays the realization of the NOON
state |ψ̄mech = √12 (|6,0mech − i|0,6mech ) by choosing the
state |1,21 as the ancilla state. From Fig. 3(d), it would
seem more convenient to use the ancilla state |1,31 , being
0,6,0,0|X̂1 |1,3,0,0 > 0,6,0,0|X̂1 |1,2,0,0. However, numerical calculations show that a choice of the ancilla state
|1,31 implies a longer time training which could lower
the probabilities of synthesizing the state in the presence
of thermal noise. Finally, in Fig. 5(d) we realize the target quantum state | ¯ mech = √12 [ √12 (|1,0mech + |3,0mech ) −
i √12 (|0,1mech + |0,3mech )], showing how the here proposed
protocol can be effectively used to synthesize, with high

FIG. 7. The effects of thermal noise on the calculation of the
fidelities when we apply the protocol for the synthesis of √the
target quantum NOON state |ψ̄mech = (|3,0mech − i|0,3mech )/ 2.
(a) Trend of the fidelity as a function of nth when the system is
initially prepared in a thermal state with the mean occupation number
b̂† b̂ = 0.05, in the presence and in the absence of pure dephasing
φγ . The fidelity decreases faster when the effects of dephasing
are taken into account. (b) Trend of fidelities as a function of nth
when the system is initially prepared in different thermal states with
increasing mean occupation number b̂† b̂ and in the presence of pure
dephasing φγ . For both optomechanical systems the other parameters
are ωR /ωM = 500, κ/ωM = 5 × 10−5 , γm /κ = 0.1, gM /ωM = 1, and
gR /ωM = 8 × 10−3 .
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fidelity, more general entangled mechanical superposition
OO states.
In real optomechanical systems, ground-state cooling is
never complete and the interaction with a finite-temperature
reservoir also has to be taken into account. In order to describe
the influence of the dissipation and decoherence processes,
we solve numerically the dressed master equation, Eq. (23).
Figure 6 shows the effects of thermal noise on the synthesis
of the state |ψ̄mech = √12 (|3,0mech − i|0,3mech ), when the
system is initially prepared in a thermal state with mean
occupation numbers b̂† b̂ = 0 (a), 0.05 (b), 0.1 (c), and 0.2
(d). Here we consider the case where the mechanical system
is in thermal equilibrium with the reservoir. The effects of the
pure dephasing φγ induced by the optomechanical coupling,
described in the last term of Eq. (23), are also considered.
It can be observed that the effects of thermal noise can be
relevant as confirmed by the lower values of the fidelities
obtained as the temperature increases. In Fig. 7 we consider
the effects of thermal noise on the calculation of the fidelities
when we apply the protocol for the synthesis of the target
quantum NOON state |ψ̄mech = √12 (|3,0mech − i|0,3mech ).
Specifically, Fig. 7(a) shows the trend of the fidelity as
a function of the mechanical reservoir noise nth when the
system is initially prepared in a thermal state with a small
mean occupation number b̂† b̂ = 0.05. Calculations have
been performed both in the presence and in the absence of pure
dephasing φγ . It can be observed that, for increasing value of
temperature, the fidelity decreases faster when the effects of
dephasing are taken into account [see Eq. (23)]. Finally, in
Fig. 7(b) we show the trend of fidelities as a function of the
mean occupation number nth of the mechanical reservoir when
the system is initially prepared in different thermal states with
increasing mean occupation number b̂† b̂ = 0, 0.05, 0.1, and
0.2 and in presence of pure dephasing φγ .
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We presented a strategy for the preparation of the maximally
entangled mechanical NOON states in optomechanical systems in a completely controlled and deterministic manner. In

the optomechanical USC regime, when the coupling strength
becomes a significant fraction of the mechanical frequency,
we have shown that NOON mechanical states with quite
high Fock states can be deterministically obtained within a
few-step protocol. The framework presented here provides an
example of how the USC regime can favor the generation
of entangled mechanical quantum states. Such states can
be viewed as a benchmark for multimode state preparation
and coherent control capabilities. Moreover they play an
important role in quantum metrology and sensing [69,70]. The
generation of mechanical NOON states offers a route towards
fundamental tests of quantum mechanics, such as the effects
of decoherence on many-particle entanglement [71,72] and
the quantum-classical crossover in a parameter regime beyond
microscopic sizes and masses [73].
One key feature of the protocol presented here is that it
consists of a few operations independently of the specific Fock
state in the target NOON states. In the ideal case the system
starts in its ground state. The protocol starts sending a π pulse
to one optical resonator with central frequency equal to the
frequency difference between an ancilla state |1,j  and the
ground state. Then, the system is subject to a spontaneous
Rabi-like oscillation able to partly transfer the excitation to
the second optomechanical system. The final step consists of
sending simultaneously two additional π -like Gaussian optical
pulses, one at each optical resonator, with a central frequency
corresponding to the frequency difference between the ancilla
state and the final desired mechanical Fock state.
The operating range of this protocol has been carefully
analyzed. We tested the efficiency and robustness of this
protocol by applying it to different situations, calculating
fidelities in the presence of decoherence and thermal noise,
and including the effects of dephasing and imperfect cooling.
This approach can also be exploited for obtaining more general
entangled states. For example, we have shown that, within
a two-step operation, OO states can be synthesized.
These many-body entangled states realize the situation where
one of the two resonators is in an arbitrary superposition
of Fock states, with the other in its ground state and
vice versa.
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