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Abstract: In this paper the focusing capability of a radiating aperture
implementing an inward cylindrical traveling wave tangential electric field
distribution directed along a fixed polarization unit vector is investigated.
In particular, it is shown that such an aperture distribution generates a
non-diffractive Bessel beam whose transverse component (with respect to
the normal of the radiating aperture) of the electric field takes the form
of a zero-th order Bessel function. As a practical implementation of the
theoretical analysis, a circular-polarized Bessel beam launcher, made by
a radial parallel plate waveguide loaded with several slot pairs, arranged
on a spiral pattern, is designed and optimized. The proposed launcher
performance agrees with the theoretical model and exhibits an excellent
polarization purity.
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1. Introduction

In recent years growing interest has been gained by the so-called diffractionless beams, among
which Bessel beams assume a relevant importance, since their early introduction by Durnin [1].
On the other hand, several attempts have been made to practically generate Bessel beams [2, 3],
both at optical frequencies [4, 5, 6] and at radio frequencies [7, 8, 9].

Whereas Bessel beam launchers usually adopt a standing wave (Bessel function) aperture
distribution [10], in [11, 12, 13] it has been shown that Bessel beams can be alternatively gener-
ated synthesizing an inward cylindrical traveling wave (Hankel functions) aperture distribution.
Namely, in [13] a tangential electric field polarized along the radial unit vectorρ̂ and shaped as

an inward cylindrical traveling waveH(1)
1 (kρaρ) produces a Bessel beam with the longitudinal

component (i.e. normal to the radiating aperture) of the electric field shaped asJ0(kρaρ)e− jkzaz,
in a well-defined conical region centered on the axis of symmetry of the radiating aperture.
With reference to [14], the excited vector Bessel beam is theN0 TM vector wave function.

In this paper, we extend the results obtained in [13], showing that a tangential electric field
aperture distribution polarized along a fixed unit vectorp̂ generates a Bessel beam with the
same arbitrary transverse polarizationp̂. Again, with reference to [14], the excited vector Bessel
beam is a proper superposition ofM±1 andN±1 vector wave functions (see example 4 in [14]
for vector Bessel beam linearly polarized alongp̂ = x̂).

As in [13], the electromagnetic field radiated by an infinite aperture is calculated in a closed
form and split in its Geometrical Optics (GO) and Space Wave (SW) contributions, that is writ-
ten in closed form in terms of the incomplete Hankel functions [15] and can be asymptotically
interpreted as a space wave arising from the aperture center. In addition, the case of finite ra-
diating aperture is analyzed numerically, showing that the finiteness of the aperture implies a
maximum non-diffractive range, beyond which the Bessel beam starts diffracting.

Finally, to implement a circular-polarized (CP) Bessel beam launcher with a transverse in-
ward cylindrical traveling wave equivalent aperture distribution, a radial parallel plate waveg-
uide (PPW) loaded with several slot pairs arranged on a spiral is designed and optimized. The
slot pairs are orthogonally located and excited in quadrature [16], thus allowing the generation
of a circular-polarized field.

The presented low profile launcher can profitably find practical application in the field of
medical imaging and of ground penetrating radars (GPR), both at millimeter waves and at
Terahertz.

2. Analytical formulation for infinite apertures

The geometry of the problem is shown in Fig. 1. An inward cylindrical traveling wave is as-
sumed for the tangential electric field distribution over the radiating apertureEt(ρ ,z= 0) =
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Fig. 1. Pictorial representation of a tangential field distribution directed along a fixed̂p unit
vector. The reference system for the subsequent formulation is highlighted.

Et(ρ ,z= 0)p̂, wherep̂ is a complex unit vector identifying a generic polarization state, namely
linear, circular or elliptical. A time dependenceejωt , ω = 2π f being the angular frequency, is
assumed and suppressed. The electric field radiated by such a tangential electric field aperture
distribution [17] at the observation pointr = ρρρ + zẑ, with ρρρ = ρρ̂ρρ = ρ(cosφ x̂+ sinφ ŷ), is

E(ρ ,z) =
1

4π

∫ +∞

∞e− jπ
Ẽt(kρ)

[

H(2)
0 (kρ ρ)p̂+ j

kρ

kz
H(2)

1 (kρ ρ)(ρ̂ρρ · p̂)ẑ
]

e− jkzzkρdkρ , (1)

Ẽt(kρ) = 2π
∫ +∞

0
Et(ρ ,z= 0)J0(kρ ρ)ρdρ , (2)

wherek is the free-space wavenumber,kρ andkz=
√

k2− k2
ρ are the radial and the longitudinal

spectral variables, whereasJn() andH(m)
n () are then-order Bessel and Hankel functions of the

m-th kind, respectively. By assuming an inward cylindrical traveling wave aperture distribution

Et (ρ ,z= 0) = H(1)
0 (kρaρ), with kρa = ksinθa (Fig. 2(a)), its Hankel transform (2) is calculated

in closed form as

Ẽt(kρ) =− 4 j
k2

ρ − k2
ρa
. (3)

By following the analytical procedure outlined in the Appendix, the radiated field is written
as the sum of the GO and SW contributions, namely

E(r) = EGO(r)+ESW(r), (4)

where

EGO(ρ ,z) =
[

2J0(kρaρ)U(θa−θ )+H(1)
0 (kρaρ)U(θ −θa)

]

e− jkzazp̂

+ j
kρa

kza

[

2J1(kρaρ)U(θa−θ )+H(1)
1 (kρaρ)U(θ −θa)

]

e− jkzaz(ρ̂ρρ · p̂)ẑ, (5)
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(a) (b)

Fig. 2. (a) Schematic representation of the electric field transverse component, according
to the analytical formulation for infinite apertures. In theyellow region, a Bessel profile
J0(kρaρ) is achieved in the transverse component of the electric field (θ < θa), whereas
in thered regions an inward cylindrical traveling wave aperture distribution is present. (b)
Map of the magnitude of the transverse component of the electric field in a vertical plane
orthogonal to the radiating aperture.

and

ESW(r) =
[

H(2)
0 (kρaρ ,w+

0 )e
jkzaz+ sgn(w−

0 )H
(2)
0 (kρaρ , |w−

0 |)e− jkzaz
]

p̂

− j
kρa

kza

[

sgn(w−
0 )H

(2)
1 (kρaρ , |w−

0 |)e− jkzaz−H(2)
1 (kρaρ ,w+

0 )e
jkzaz

]

(ρ̂ρρ · p̂)ẑ

∼ 2
πk

1
cos2 θa− cos2 θ

e− jkr

r
r̂ × (p̂× ẑ), (6)

in which r̂ = sinθ cosφ x̂+ sinθ sinφ ŷ+ cosθ ẑ, kza =
√

k2− k2
ρa = kcosθa, H(n)

m (Ω,w0) are

them-th order,n-th kind incomplete Hankel functions [15],w±
0 = tanh−1cosθ ± tanh−1cosθa,

andU(·) denotes the unit step function.
The GO field comprises a longitudinal (p̂) and a transverse (ẑ) part, showing that an infinite

aperture is able to generate a non-diffractive Bessel beam with the transverse component of the
electric field shaped as a zero-th order Bessel beam in the regionθ < θa around thez-axis (Fig.
2(a)). The SW contribution is also written in a closed-form by means of the incomplete Hankel
functions, as in [13, 15], and its asymptotic evaluation reveals that it behaves as a spherical
wave with an elevation pattern. On the shadow boundary (θ = θa) the non-uniform asymptotic
evaluation fails, thus predicting a diverging field, whereas the exact expression provides the
correct transitional behaviour of the SW. It is worth noting that, as revealed by its asymptotic
expression, the SW contribution to the field decays as 1/r moving far from the radiating aper-
ture, thus the most significant term at a sufficiently large distance from the aperture is the GO
contribution. Figure 2(b) shows the magnitude of the transversep̂-component of the electric
field calculated accordingly to (5)–(6) forf = 60GHz andθa = 10◦.

It is worth noting that once the polarization statep̂ is defined, similar results for the radiated
field can be achieved using the vector approach proposed in [14]. However, such approach
requires a combination of cylindrical modes to generate a defined Bessel beam. The proposed
technique only requires an inward cylindrical aperture field distribution to generate arbitrary
polarized Bessel beams.

In the next Section, the extension to the case of finite radiating aperture is discussed numeri-
cally.
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3. Numerical field evaluation for finite apertures

The radiation of a finite inward cylindrical aperture distribution has been treated numerically
as in [13]. The Hankel transform of the tangential electric field aperture distribution becomes

Ẽt(kρ) =− 2
k2

ρ − k2
ρa

[

2 j +πkρaaH(1)
1 (kρaa)J0(kρa)−πkρaH(1)

0 (kρa)J1(kρ a)
]

, (7)

in whicha is the radius of the radiating aperture.

(a) (b)

(c)

Fig. 3. (a) Schematic illustration of the transverse component of the electric field radiated
by a finite aperture implementing an inward cylindrical traveling wave distribution. In the
centralyellowregion, the Bessel beam is generated, whereas in thered (resp.blue) regions
an inward (resp. outward) cylindrical traveling wave is present. (b) Map of the magnitude of
the transverse component of the electric field in a vertical plane orthogonal to the radiating
aperture, obtained by evaluating numerically the integral (1), in which the expression of the
tangential electric field aperture distribution for finite apertures (7) is used. (c) Magnitude
of the transverse component of the electric field on the longitudinalz-axis atρ = 0.

The electromagnetic field radiated by such a distribution can be calculated by the numerical
evaluation of the integral in (1). In Fig. 3(a) the transverse component of the electric field is
schematically depicted for the case of a finite radiating aperture with radiusa = 15λ at the
operating frequencyf = 60GHz, by imposingθa = 10◦, thenkρa = ksinθa ∼ 0.17k. Figure
3(b) provides the numerical evaluation of the radiated field for the same aperture.
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As in [13], the Bessel beam is established inside the highlighted region close to the aperture
axis of symmetry up to a finite distance, called non-diffractive range, namelyNDR= acotθa ∼
85λ . Beyond that distance the beam starts spreading out, thus the assumption of diffractionless
Bessel beam is no more valid.

It is worth noting that on the longitudinalz-axis (ρ = 0), the field amplitude oscillates, as
clear from Fig. 3(c). Such a phenomenon is due to the finiteness of the radiating aperture and
consequent on-axis interference of the diffracted rays from the aperture rim.

4. Implementation of a circular-polarized Bessel beam launcher

In this Section, a practical implementation of a circular-polarized Bessel beam launcher is pre-
sented. A radial parallel-plate waveguide (PPW) filled with a foam of relative dielectric permit-

(a) (b)

Fig. 4. (a) Pair of radiating slots, generating a circular-polarized field. (b) Pictorial illustra-
tion of the radial PPW loaded with several slot pairs generating a circular-polarized radiated
field. The geometry of the each slot pair is highlighted and the total equivalent magnetic
dipole moment of the slotsM tot(ρ,φ) = M in(ρ,φ)+Mout(ρ,φ) is graphically shown.

tivity εr = 1.04 and thicknessh= 1.575mm, loaded with several radiating slot pairs has been
designed in order to synthesize an inward cylindrical wave aperture distribution of the form

Et (ρ ,z= 0) = H(1)
0 (kρaρ)p̂, with p̂ = (x̂− j ŷ)/

√
2 denoting the right-handed circular polar-

ization (RHCP) unit vector. The excited vector Bessel beam polarization is in turn a RHCP,
and its expansion in terms of vector wave functions [14] comprises a superposition of theM1

andN1; namely the expansion coefficients of (3) of [14] areα(+)
n = αδn1 andα(−)

n = 0, with
δnm denoting the Kronecker symbol andα an arbitrary amplitude. Each pair comprises two
orthogonal slots (making an angle of±45◦ with respect to the radial direction), which are
λd/4= λ0/(4

√
εr) apart to be fed in quadrature by the outward feeding wave in the PPW, thus

radiating a RHCP (Fig. 4(a)). In addition, the slots are arranged along a spiral to recreate the
same phase profile of the target inward traveling wave aperture distribution (Fig. 4(b)). The
design parameters are those used in Sec. 3 for the numerical analysis of finite radiating devices.

The optimization technique developed in [16] and profitably used in [13], together with an
in-house Method of Moments for the analysis of the electromagnetic field distribution [18] have
been used to synthesize the focusing system.

The co-polar component (RHCP) of the electric field is presented together with its cross-
polar component (LHCP), both in theρ − z plane (Fig. 5(a)-(b)) and in the transversex− y
plane atz= NDR/2 = 42.5λ (Fig. 5(c)-(d)), showing an excellent polarization purity of the
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launcher. By comparing Fig. 5(a) to Fig. 3(b), a clear consistency between the synthesized field
and the theoretical model is revealed.

(a) (b)

(c) (d)

Fig. 5. (a,c) Co-polar (RHCP) and (b,d) cross-polar (LHCP) components of the electric
field radiated by the designed focusing system, evaluated in theρ −z (a,b) andx−y (c,d)
planes atz= NDR/2. The cross-polar component is almost everywhere less than−20dB,
demonstrating a good rejection of the undesired cross-polarization.

5. Conclusion

In this paper, the capability of an inward cylindrical traveling wave aperture distribution di-
rected along a fixed unit vectorp̂ to generate a non-diffractive Bessel beam in the transverse
component of the electric field has been demonstrated. Moving from the analytical formulation
for an infinite radiating aperture, the electromagnetic field has been split into the GO and SW
contributions, showing that the SW contribution can be written in a closed form by using the
definition of the incomplete Hankel functions and asymptotically reveals its spherical wave na-
ture. Moreover, the analytical model for infinite apertures has been extended numerically to the
case of finite radiating aperture. In the second part, a CP Bessel beam launcher has been de-
signed and optimized. The achieved results clearly show a nice agreement with the theoretical
analysis and a remarkable polarization purity.
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Appendix

By using the vector potentialF(r), according to its definition [19], the electric field can be
calculated by differentiation as

E(r) =−1
ε

∇×F(r), (8)

where

F(r) = ε
∫∫

slots
E(r ′)× ẑ

e− jkR

2πR
dS′, (9)

in whichR= |r − r ′| is the distance between the source and the observation point.
The integral in (9) is the convolution of the tangential electric field and the scalar Green’s

function for an unbounded semi-infinite medium. In the spectral domain, (1) can be written as
(z> 0)

F(r) =
ε

4π j
p̂
∫ +∞

∞e− jπ
Ẽt(kρ)H

(2)
0 (kρ ρ)

e− jkzz

kz
kρdkρ , (10)

that can be related to the scalar potentialS(r) introduced in [13] by the relationF(r) =
εkρaS(r)(p̂× ẑ), therefore the GO and SW contributions of the potential can be easily cal-
culated by following the Appendix of [13] as

FGO(r) =
ε

jkza
e− jkzaz

[

2J0(kρaρ)U(θa−θ )+H(1)
0 (kρaρ)U(θ −θa)

]

(p̂× ẑ),

and

FSW(r) =
ε

jkza

[

H(2)
0

(

kρaρ ,w+
0

)

ejkzaz− sgn(w−
0 )H

(2)
0

(

kρaρ , |w−
0 |
)

e− jkzaz
]

(p̂× ẑ).

According to (8), the GO contribution to the electric field can be determined by differentiation,
thus

EGO(ρ ,z) =
[

2J0(kρaρ)U(θa−θ )+H(1)
0 (kρaρ)U(θ −θa)

]

e− jkzazp̂

+ j
kρa

kza

[

2J1(kρaρ)U(θa−θ )+H(1)
1 (kρaρ)U(θ −θa)

]

e− jkzaz(ρ̂ρρ · p̂)ẑ, (11)

whereas the SW contribution is

ESW(r) =
[

H(2)
0 (kρaρ ,w+

0 )e
jkzaz+ sgn(w−

0 )H
(2)
0 (kρaρ , |w−

0 |)e− jkzaz
]

p̂

− j
kρa

kza

[

sgn(w−
0 )H

(2)
1 (kρaρ , |w−

0 |)e− jkzaz−H(2)
1 (kρaρ ,w+

0 )e
jkzaz

]

(ρ̂ρρ · p̂)ẑ (12)

To highlight the wave nature of the SW contribution to the electric field, the non-uniform
asymptotic expansion of the incomplete Hankel functions is provided, namely

H(2)
ν (Ω,w0)∼

ejνπ/2

π
coshνw0

jΩsinhw0
e− jΩcoshw0, (13)

from which the SW contribution to the vector potential (11) is asymptotically evaluated as

FSW(r)∼ 2
πk

1
cos2 θa− cos2 θ

e− jkr

r
r̂ × (p̂× r̂), (14)

which reveals the spherical wave nature of the space wave contribution of the electric field.
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