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A BSTRACT. We present a theoretical study of the low-field electron mobility in rectangular
gated silicon nanowire transistors at 300 K based on a hydrodynamic model and the selfconsistent solution of the Schrödinger and Poisson equations. The hydrodynamic model
has been formulated by taking the moments of the multisubband Boltzmann equation, and
closed on the basis of the Maximum Entropy Principle. It includes scattering of electrons
with acoustic and non-polar optical phonons and surface roughness scattering.

1. Introduction
As transistor sizes shrink down to the nanoscale, alternative structures and devices have
been investigated during these years. Existing Metal-Oxide Semiconductor Field Effect
Transistors (MOSFET) are expected to evolve from planar to 3-D nonplanar devices at
nanometer sizes. A possible device approach that has attracted much attention recently
because of its possibility of enhanced electrostatic control, is the use of nanowire transistors.
Nanowire transistors of diameters even down to 3 nm have already been demonstrated by
various experimental groups (Guerfi and Larrieu 2016; Singh et al. 2006). For engineering
applications it is important to understand accurately electronic transport at the temperature
at which circuits usually operate (300 K). Transport in such semiconductor nanowires is
quasi-1D, because electrons are confined in two transverse directions and they are free to
move only along the axis of the wire. It has been proved that the main quantum transport
phenomena in nanowires at room temperature, such as the source-to-drain tunneling, and
the conductance fluctuation induced by the quantum interference, become significant only
when the length of the wire is smaller than 10 nm (Wang and Lundstrom 2002). Therefore,
for longer lengths, semiclassical formulations based on the 1-D multisubband Boltzmann
Transport Equation (MBTE) can give reliable terminal characteristics when it is solved
self-consistently with the 3-D Poisson and 2-D Schrödinger equations in order to get the selfconsistent potential, subband energies and wavefunctions. During these years, numerical
solutions of the MBTE have been obtained using Direct Simulation Monte Carlo (Lenzi
et al. 2008; Ramayya and Knezevic 2010; Ramayya et al. 2008), or deterministic solvers
(Jin, Fischetti, and Tang 2007; Lenzi et al. 2008; Ossig and Schürrer 2008), at expense of
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huge computational efforts and statistical noise (Muscato, Di Stefano, and Wagner 2013;
Muscato and Wagner 2016; Muscato, Wagner, and Di Stefano 2010, 2011).
In alternative, hydrodynamical models can be obtained from the moment equations of
the MBTE suitably truncated at a certain order. The truncation procedure requires solving
the following two important problems: (i) the closure problem, and (ii) the modeling of
the production terms. These problems can be tackled by means of the Maximum Entropy
Principle (hereafter MEP) of Extended Thermodynamics (Lebon, Jou, and Casas-Vázquez
2008; Mascali and Romano 2010, 2012), in which the distribution function used to calculate
the higher-order moments and the production terms is assumed to be that which maximizes
the entropy under the constraints of the given set of moments. We want to underline that
the distribution function obtained with the MEP is an approximation of the real one but,
from the other side, this distribution is useful to determine analytically without any fitting
procedure the higher-order moments and the production terms.
Taking advantage of this methodology, recently a new hydrodynamic model for Silicon
Nanowires (SiNW) has been obtained (Castiglione and Muscato 2017; Muscato and Castiglione 2016; Muscato and Di Stefano 2012, 2014). In this paper we shall adopt this model
for studying charge transport in Silicon Nanowire Transistors (SiNWT), where the nanowire
transistor is a nanowire with an added gate.
2. Quantum confinement
In bulk Silicon (Si) the lowest conduction band is formed by six equivalent valleys near
the X-point of the Brilloiun zone. In SiNW the band structure is altered with respect to the
bulk case depending on the cross-section wire dimension, the atomic configuration, and
the crystal orientation Neophytou et al. 2008. Since we want to skip all the difficulties
introduced by the real band structure, and concentrate into the numerical issues, in this
paper we shall employ a single valley, with an effective mass m∗ = 0.32 me , me being the
free electron mass.
In the following, we shall consider a SiNW in which electrons are spatially confined
in the x-y plane and are free to move in the orthogonal z direction, having dimension Lz .
Hence, it is natural to assume the following ansatz for the electron wave function
eikz z
φ (x, y, z) = χν (x, y) √
Lz

(1)

√
where χν (x, y) is the wave function of the ν-th subband and the term eikz z / Lz describes
an independent plane wave in z-direction confined to the normalization length, with wave
number kz . The conduction electrons moving in the wire will react to the confining potential
U(x, y), such as by a discontinuity in the band gap at an interface between two materials,
and to the presence of all other free electrons in the system. The simplest approximation
which takes into account the presence of many electrons, called Hartree approximation, is
to assume that the electrons as whole produce an average electrostatic potential energy V ,
and that a given electron feels the resulting total potential energy Vtot , i.e.
Vtot (x, y, z) = U(x, y) − eV (x, y, z)
where e is the absolute value of the electric charge.
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The spatial confinement in the (x, y) plane is governed by the Schrödinger-Poisson
system (SP). The electron wavefunction and energy level of each subband are obtained by
solving the Schrödinger equation in the Effective Mass Approximation with Vtot (x, y, z), in
each z-th cross section of the device
⎧
H[V ] χνz [V ] = ενx [V ] χνz [V ]
⎪
⎪
⎪
⎨
(3)
(
)
⎪
⎪
⎪ H[V ] = − h̄2
∂ 2 + ∂ 2 +U − eV
⎩
2m∗ ∂ x2 ∂ y2
which is coupled to the Poisson equation
∇ · [ε0 εr ∇V (x, y, z)] = −e(ND − NA − n[V ])

(4)

where the electron density is
n[V ](x, y, z,t) = ∑ ρν (z,t)|χνz [V ](x, y,t)|2

(5)

ν

ε0 is the absolute dielectric constant, εr is the relative dielectric constant, and ND , NA are
the assigned doping profiles (due to donors and acceptors). The total electron energy is the
sum of the quantized energy in the ν-th subband and the free-motion energy which, in the
quasi-parabolic band approximation, writes
h̄2 kz2
2m∗
−1
where α = 0.5 eV . The parabolic band approximation is obtained by setting α = 0.
The term ρν is the linear density in the ν-subband
∫
2
fν (z, kz ,t)dkz
(6)
ρν (z,t) =
2π
which must be evaluated by the transport model in the free movement direction.
Moreover we shall assume that the cross-section Ω of the wire is surrounded by an oxide
which gives rise to a deep potential barrier,
{
0 if (x,y) ∈ Ω
U(x, y) =
(7)
4.05 eV otherwise.
Eν = ενz + Ez (kz ),

Ez (kz ) [1 + αEz (kz )] =

where 4.05 is the height of the energy barrier at the Si-oxide interface.
3. Kinetic transport equations
We have implicitly assumed that the description of low-dimensional systems in terms
of the solutions of the effective mass equation is still a good solution to the problem
in the presence of disorder. The use of the effective mass approximation is probably
valid for semiconductor nanowires down to 5 nm in diameter, below which atomistic
electronic structure models need to be employed (Zheng et al. 2005). In low-dimensional
systems, we consider the perfect system to be defined by the static lattice, with perfectly
smooth boundaries defining the system, free of impurities or other random inhomogeneities.
Moreover we assume that the broadening of the energy levels due to disorder (i.e. the real
part of the self energy) is small, so that crystal momentum conservation is approximately
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preserved. In this weak coupling limit, we can then construct a kinetic equation in which
the particle density function (or distribution function) evolves in time under the streaming
motion of external forces and spatial gradients, and the randomizing influence of nearly
point-like (in space-time) scattering events.
If the characteristic length of the device is order of tens of nanometers, the transport of
electrons in the z-direction can be considered semiclassical within a good approximation.
In a quantum wire, the quantum mechanical confinement splits up the band into subbands.
Electrons in each subband are considered as different populations whose dynamics is
described by a semiclassical distribution function, obeying to different Boltzmann equations.
Therefore the description of electron in the transversal direction is included by adding the
Schrödinger-Poisson equations. The distribution function for the electrons in a quantum
wire, with linear expansion in z-direction, depends on the z-direction in real space, the wave
vector in z-direction kz and the time t, i.e.
fν = fν (z, kz ,t)
for each subband (ν). The MBTE reads (Ferry, Goodnick, and Bird 2009)
∂ fν
∂ fν 1
∂ fν
+ vz (kz )
− Ee f f
= ∑ Cη [ fν , fν ′ ]
h̄
∂t
∂z
∂ kz ∑
ν′ η

(8)

where h̄ is the Planck constant divided by 2π, and vz the group velocity
vz =

1 ∂ Eνz
h̄kz
= ∗
,
m [1 + 2αEz (kz )]
h̄ ∂ kz

Ee f f = −

1 ∂ Eνz
e ∂z

(9)

In the low density approximation (not-degenerate case), the collisional operator writes
Cη [ fν , fν ′ ] =

Lx
2π

∫

{
}
dkz′ wη (k′ , k) fν ′ (kz′ ) − wη (k, k′ ) fν (kz )

(10)

where wη (k, k′ ) = wη (ν, kz , ν ′ , kz′ ) is the η-th scattering rate. When ν = ν ′ we have an
intra-subband scattering, otherwise we have an inter-subband scattering. In our model we
have included the following scattering rates:
• Bulk acoustic phonon. In the elastic equipartition approximation, the transition
rate is (Ferry, Goodnick, and Bird 2009)
′

wac (k, k′ ) = sac Gνν δ (Eν ′ − Eν )

,

sac =

2πD2A kB TL
ρ h̄v2s Lz

(11)

where DA is the acoustic deformation potential (9 eV), TL the lattice temperature,
′
ρ the mass density ( 2.33 g/cm3 ), vs the sound speed (6960 m/s), and Gνν the
confinement factor
′

Gνν =

∫

|χν ′ (x, y)|2 |χν (x, y)|2 dxdy

• Optical phonons. In this case
[
]
1 1 νν ′
′
wop (k, k ) = sop g0 + ∓
G δ (Eν ′ − Eν ∓ h̄ω 0 )
2 2

.

(12)

,

sop

=
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where D0 is the optical deformation potential (11.4 108 eV/cm), h̄ω 0 the effective
optical phonon energy (63 meV), and g0 the Bose-Einstein phonon occupation
number.
• Surface roughness scattering (SRS). In silicon nanowires it is the key scattering
mechanism as it yields a very strong dependence of the low-field electron mobility
on the silicon transversal dimension as well as on the effective field. If we consider
the wire interface along the x-z plane (whose normal is the y direction), then ∆(x, z)
is a random function which describes the deviation of the actual interface from the
ideal flat interface. This fluctuation changes directly the confining potential U, and
it induces a change in the other potentials. Therefore, the subband wave functions
and energy bands depend explicitly from x. Following Ferry, Goodnick, and Bird
(2009) and Ramayya et al. (2008) we shall consider a simpler model, in which the
SRS accounts for deformations only for the potential V (not the wave functions),
where the matrix element is
Hsr = eEy (x, z)∆(x)

(14)

Ey = −∂V /∂ y being the electric field normal to the surface. In this case we have
√
4 2e2 m∗ Θ(a)
λ ∆2
√ [Fνν ′ (Ey )]2
wsr (kz , kz′ , Ey )
=
×
3
a
(kz − kz′ )2 λ 2 + 2
h̄ Lz
(
[ ( ′ √ )
√ )]
(15)
δ kz − a + δ kz′ + a
where Θ(x) is the Heaviside function, ∆ (0.3 nm) the root mean square value of the
roughness fluctuations, λ (1.5 nm) the autocovariance length which roughly may
be interpreted as the mean distance between bumps along the surface, and
∫
2m∗
a = kz2 +
(εν − εν ′ ), Fνν ′ (Ey ) = χν⋆ (x, z)Ey (x, z)χν ′ (x, z) dxdz.
(16)
h̄
4. The moment system and its closure by the MEP
By multiplying eq. (8) by the weight functions (1, vz , Ez , Ez vz ) and integrating over
2/(2π)dkz , one can obtain the following balance equations for the macroscopic quantities
associated to the flow (Castiglione and Muscato 2017)
′
∂ ρ ν (ρ ν V ν )
+
= ρ ν ∑ Cρνν ,
∂t
∂z
′
ν

(17)

′
∂ (ρ ν V ν ) ∂ (ρ ν U ν ) e ν
+
+ ρ Ee f f Rν = ρ ν ∑ CVνν ,
h̄
∂t
∂z
ν′

(18)

∂ (ρ ν W ν ) ∂ (ρ ν Sν )
νν ′
+
+ ρ ν eEe f f V ν = ρ ν ∑ CW
,
∂t
∂z
′
ν

(19)

′
∂ (ρ ν Sν ) ∂ (ρ ν F ν ) e ν
+
+ ρ Ee f f Gν = ρ ν ∑ CSνν ,
h̄
∂t
∂z
ν′

(20)

where ρ ν is the subband density, V ν the subband velocity, W ν the subband energy, Sν the
′
′
νν ′ , Cνν ′
subband energy-flux, U ν , Rν , Gν , F ν are the higher-order fluxes, and Cρνν , CVνν , CW
S
are the production terms (i.e. the moments over the collisional operator). The moment
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equations (17-20) do not constitute a set of closed relations. If we assume as fundamental
variables (ρ ν ,V ν ,W ν , Sν ), which have a direct physical interpretation, the closure problem
consists in expressing the high-order fluxes and the production terms as function of the
fundamental variables. The Maximum Entropy Principle (MEP) gives a systematic way
for obtaining constitutive relations on the basis of information theory (Lebon, Jou, and
Casas-Vázquez 2008; Mascali and Romano 2010, 2012) and has been widely used in the
simulation of 2D nanoscale structures (Camiola, Mascali, and Romano 2012, 2013), and for
simulating the 3D electron transport in sub-micrometric devices, in the case in which the
lattice is considered as a thermal bath with constant temperature (Di Stefano and Muscato
2012; Muscato and Di Stefano 2011d) or when the phonons are off-equilibrium (Mascali
2015, 2016, 2017; Muscato and Di Stefano 2011a,b,c, 2013, 2015). According to the
MEP, if a given number of moments are known, the distribution function fˆ, which can be
used to evaluate the unknown moments, corresponds to the extremum of the total entropy
density under the constraint that they yield the known moments. In this way one obtains the
following distribution function which is function of the prescripted moments, i.e.
( λν
){
(
)}
fˆν = exp −
− λWν Ez 1 − τ λ̂Vν vz + λ̂Sν vz Ez ,
(21)
kB
where the quantities (λ ν , λWν , λ̂Vν , λ̂Sν ) are known functions of the fundamental variables
{ρ ν ,V ν ,W ν , Sν }. By using the MEP distribution function (21) one can evaluate the unknown
functions appearing in the balance equations by integration such as the higher-order flux
terms and the production terms (Castiglione and Muscato 2017; Muscato and Castiglione
2017). In this way a physics-based hydrodynamic model has been obtained, which is free
of tunable parameters.
5. Silicon Nano Wire Transistor
The SiNWT considered in this study has a parallelepiped geometry with a metal gate
wrapped around it, in such a way we have a three contact device with source, drain, gate
(see Figure 1) called Gate-All-Around SiNWT. Such devices have been designed during
these years in order to maintain a good electrostatic control in the channel (Guerfi and
Larrieu 2016). In the following we shall consider a very simple SiNWT having the channel
homogeneously doped to ND = 3 1015 cm−3 and very long (Lz = 120 nm) with respect to
the transversal dimensions (Lx = Ly = 10 nm), where the oxide thickness is tox = 1 nm.
Our aim is to determine the low-field mobility, which has a surprisingly strong influence
on the performance of short-channel devices. For this reason, it is still used as a figure of
merit for benchmarking different technology options and device architectures. We fix an
uniform electric field F along the channel of 1 kV/cm, and then we compute the low-field
mobility
1 ∑ν ρν Vν
µlow =
(22)
F ∑ν ρν
as a function of the gate voltage VG . The subband density ρν and velocity Vν are determined
with the following steps (Ramayya and Knezevic 2010):
(1) equilibrium solution
First of all we determine the thermal equilibrium condition, which is obtained when
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F IGURE 1. Cross sections of a GateAllAroundSiNWtransistor.
no voltage is applied to the contacts, i.e. VS = VD = VG = 0, and no current flows.
In this case the electron distribution function is the maxwellian,
⎛ 22
⎞
h̄ kz
∗ + εν − EF
(eq)
⎠
fν (kz ) = N0 exp ⎝− 2m
(23)
kB T
where EF is the Fermi level and T the electron temperature which we shall assume
to be the same in each subband and equal to the lattice temperature. The condition
of zero net current requires that the Fermi level must be constant throughout the
sample, and it can be determined by imposing that the total electron number equals
to the total donor number in the wire. Then, the linear density (6) at equilibrium
writes
[
]
[
]
(eq)
(eq)
ND Lx Ly
−ε
−ενz
(eq)
νz
ρν (z) =
exp
, Z (eq) = ∑ exp
(24)
kB T
kB T
Z (eq)
ν
(eq)

where the subband energies ενz are obtained by solving the SP system (3)-(5)
using eq. (24). The SP solver has been described in the Appendix A.
(2) quasi-equilibrium solution
Now we consider the quasi-equilibrium regime, where a very small axial electric
field frozen along the channel (1kV/cm) is applied, and we turn on the gate. In such
a case the system is still in local thermal equilibrium, the distribution function is
Atti Accad. Pelorit. Pericol. Cl. Sci. Fis. Mat. Nat., Vol. 97, No. S1, A18 (2019) [16 pages]
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the maxwellian, but some charge flows in the wire. The linear density writes
[
]
ND Lx Ly
ενz
ρν (z) =
exp
−
(25)
kB T
Z (eq)
where the only difference between eqs. (24), (25) is in the energy subbands ενz ,
which now are obtained solving the SP system (3)-(5) with VS = 0.012 V, VD = 0
V, and for some values of VG .
(3) charge transport determination
The charge transport is governed by the hydrodynamic model (17)-(20). Since
the wire is uniformly doped, with a frozen electric field along its z-axis, we can
skip the spatial dependence in this model, which reduces to a system of Ordinary
Differential Equations.
The energies ενz and wave functions χνz for each subband are imported from the
previous steps (and kept fixed), as well as the linear density (25) which is used as
initial condition. The other initial conditions are
1
(26)
Vν (0) = 0, Wν (0) = kB T, Sν (0) = 0 .
2
The hydrodynamic system has been solved using a standard Runge-Kutta algorithm.
The simulation stops when the stationary regime has been reached obtaining the
subband densities and velocities, and finally the low-field mobility (22) has been
evaluated.

density (1019 cm−3)

1.5

1

0.5

0
5
5
0

y (nm)

0
−5

−5

x (nm)

F IGURE 2. Electron density (5) in the cross-section at z = 72 nm, under
a 0.3 V gate bias.
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F IGURE 3. Electron density (5) in the cross-section at z = 72 nm, under
a 1 V gate bias.

Figures 2-3 show the electron density (5) obtained with gate voltage VG = 0.3 and 1
respectively, in a transversal cross-section of the SiNWT. For VG = 0.3 V, the geometrical
well confinement is dominant and the volume charge is peaked around the center of the
wire, as shown in Figure 2. For VG = 1 V, a surface inversion layer is formed, similar to a
usual MOSFET channel with the electron density peaked close to the oxide interface (see
Figure 3). The bandbending at the interface forms the quantum well for electrons, which
has a characteristic signatures in the mobility.
In Figure 4 we plot the low-field mobility versus the gate bias VG , obtained in the parabolic band approximation and by including/excluding the Surface Roughness Scattering
mechanism (15). From this Figure one can see how is fundamental such scattering mechanism especially for large gate voltage, when the surface inversion layer is formed. Similar
results are shown in Figure 5 obtained in the quasi-parabolic band approximation. The effect
of the quasi-parabolic band approximation is to lower the low-field mobility with respect to
the parabolic case. These results are in qualitative agreement with simulations available in
literature (Lenzi et al. 2008; Ramayya and Knezevic 2010), proving that our model works in
an appropriate manner. We remember that our model has been implemented using a single
conduction valley, and the results can change with a more realistic band structure. The
problem of identifying the appropriate band structure in SiNW as a function of geometry
and crystal orientation has been addressed by means of atomistic simulations, obtaining
a variety of theoretical studies with non unique solutions (Gnani et al. 2007; Nehari et al.
2006; Neophytou and Kosina 2011).
Atti Accad. Pelorit. Pericol. Cl. Sci. Fis. Mat. Nat., Vol. 97, No. S1, A18 (2019) [16 pages]

A18-10

O. M USCATO ET AL .

F IGURE 4. Low-field mobility (22) versus the gate voltage (VG ), obtained
in the parabolic band approximation.

6. Conclusions
In this paper we have introduced a hydrodynamic model coupled to the SchrödingerPoisson equations, to study the charge transport in SiNWT. The hydrodynamic model has
been formulated by taking the moments of the multisubband Boltzmann equation, and by
closing the obtained hierarchy of balance equations with the use of the Maximum Entropy
Principle. Relevant scattering mechanisms, such as scattering of electrons with acoustic and
non-polar optical phonons and surface roughness, have been included. A self-consistent
Schrödinger-Poisson-hydrodynamic solver has been developed to study the effect of 2D
spatial confinement on the low-field mobility of electrons in a Gate-All-Around SiNWT. The
obtained results show a good qualitative agreement with data available from the literature.
The inclusion of a more realistic band structure in our model will be published in the next
future.
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F IGURE 5. Low-field mobility (22) versus the gate voltage (VG ), obtained
in the quasi parabolic band approximation.
Appendix A: the SP block solver
The SP system (3)-(5) forms a coupled nonlinear PDEs, which it is usually solved by an
iteration between Poisson and Schrödinger equations. Since in a simple iteration by itself
does not converge, it is necessary to introduce an adaptive iteration scheme. We have used a
predictor-corrector type approach (Trellakis et al. 1997), where a modified Poisson equation
has been introduced. The scheme will start using the equilibrium solution (24), i.e.
n(0) = n(eq) ,

V (0) = V (eq)

.

(1) For l=0: Niter.
Solve the 3D Poisson equation (see Appendix B for the details) with a predicted
density ñ
[
]
(
[
])
⎧
(l+1) = −e N − N − ñ V (l+1) ,V (l)
⎪
∇
·
ε
ε
∇V
r
D
0
A
⎪
⎪
⎪
⎨
(27)
[
]
⎪
⎪
(l+1)
(l)
⎪ [ (l+1) (l) ]
q(V
−V
)
⎪
(l)
⎩ ñ V
,V
= n exp
kB T
and obtain V (l+1) (x, y, z).
(2) For each z, solve Schrödinger equation
(l+1)

H[V (l+1) ]χνz

(l+1) (l+1)
χνz

= ενz
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(l+1)

(l+1)

and obtain ενz , χνz .
(3) Evaluate the exact density
n(l+1) (x, y, z) =

ND Lx Ly
Z (eq)

[

(l+1)

ε
∑ exp − kνzB T
ν

]

⏐
⏐
⏐ (l+1) ⏐2
⏐χνz ⏐

(29)

(4) IF



 (l+1)
− n(l) 
n

 ∞ < tolerance
n(l+1) 
∞

(30)

EXIT (end l loop) ELSE continue (goto 1) .
If



 q(V (l+1) −V (l) ) 



≪1


kB T

we can expand the exp function, and the eq. (27) writes
}
{
[
]
]
qn(l) [ (l+1)
(l+1)
(l)
(l)
∇ · ε0 εr ∇V
V
−V
= −e ND − NA − n −
kB T

(31)

Appendix B: the Poisson equation solver
The equation for the potential V (l+1) , in non dimensional form, is the following:
[
]
{
[
]
}
∇ · εr (x, y, z)∇V (l+1) = β n(l) (x, y, z) V (l+1) −V (l) − ND (x, y, z)

(32)

The potential is assigned on the gate and on the bottom and top surfaces (Dirichlet condition),
while on the rest of the boundary we assume that the derivative of V (l+1) along the normal
direction of the boundary is zero (Neumann condition). Therefore, the problem for the
potential V (l+1) can be written as:
[
]
− ∇ · εr (x, y, z) ∇V (l+1) + δ V (l+1) = f in Ω
(33)
V (l+1) = V
∂V (l+1)

on

Γbottom ∪ Γtop ∪ Γgate

(34)

on ∂ Ω − (Γbottom ∪ Γtop ∪ Γgate ) ,
(35)
{
}
where δ = −β n(l) (x, y, z), f = β n(l) (x, y, z)V (l) + ND (x, y, z) ,
Ω = [a, b] × [c, d] × [e, f ], Γbottom = [a, b] × [c, d] × {e}, Γtop = [a, b] × [c, d] × { f }, Γgate =
{(x, y, z) ∈ ∂ Ω : z1 ≤ z ≤ z2 }.
The domain Ω is split into two subdomains Ωi and Ωe such that
∂n

=0

Ωi = {(x, y, z) ∈ Ω : x∗ ≤ x ≤ x∗∗ , y∗ ≤ y ≤ y∗∗ }
where a < x∗ < x∗∗ < b, c < y∗ < y∗∗ < d) and Ωe = Ω − Ωi . The coefficient function
εr (x, y, z) is discontinuous across Γ = ∂ Ωi − ∂ Ω and therefore the standard central finitedifference method (that is second order accurate on regions with smooth solutions) cannot be
used to discretize Eq. (33) close to the interface ∂ Ωi , since there is a jump in the derivative
of V (l+1) across the interface that would degrade the order of accuracy. In order to employ
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a finite-difference method that maintains the second order of accuracy (Coco and Russo
2012, 2013, 2018), a proper interface condition must be considered:
(
)
(
)
∂V (l+1)
∂V (l+1)
lim
εr
=
lim
εr
,
(36)
∂n
∂n
Ωi ∋(x,y,z)→(x̄,ȳ,z̄)
Ωe ∋(x,y,z)→(x̄,ȳ,z̄)
where (x̄, ȳ, z̄) ∈ Γ and n is the normal direction to Γ.
The domain Ω is discretized by a uniform Cartesian grid:
(xi , y j , zk ), i = 0, . . . , n, j = 0, . . . , m, k = 0, . . . , p,

(37)

where xi = a + i ∆x, y j = c + j ∆y and zk = e + k ∆z, with ∆x = (b − a)/n, ∆y = (d − c)/m
and ∆z = ( f − e)/p. The Cartesian grid is chosen in such a way that x∗ = xi∗ , x∗∗ = xi∗∗ ,
y∗ = yi∗ , y∗∗ = yi∗∗ for some integers 2 ≤ i∗ < i∗∗ ≤ n − 2, 2 ≤ j∗ < j∗∗ ≤ m − 2.
The unknown function V (l+1) is therefore represented by a grid function defined over
the cartesian grid (37), namely by a vector v ∈ R(n+1)(m+1)(p+1) . The approximation of
V (l+1) (xi , y j , zk ) is represented by the s-th component of the vector v, with s = 1 + i + (n +
1) j + (n + 1)(m + 1)k. We observe that the relation s = 1 + i + (n + 1) j + (n + 1)(m + 1)k
represents a one-to-one map between the grid and the set of the first (n + 1)(m + 1)(p + 1)
integers, i.e.:
M : {0, . . . , n} × {0, . . . , m} × {0, . . . , p} −→ {1, . . . , (n + 1)(m + 1)(p + 1)} ,

(38)

M (i, j, k) = 1 + i + (n + 1) j + (n + 1)(m + 1)k.

(39)

where

In the following, we can use the notation vi jk to refer to the vector component vs , with
s = M (i, j, k).
The vector v is found by solving a (n + 1)(m + 1)(p + 1) × (n + 1)(m + 1)(p + 1) linear
system obtained as follows. Let s be a generic integer such that 1 ≤ s ≤ (n+1)(m+1)(p+1)
and let (xi , y j , zk ) be the grid point corresponding to M −1 (s). If (xi , y j , zk ) ∈ Γbottom ∪Γtop ∪
Γgate the s-th equation of the linear system is obtained from the Dirichlet boundary condition
(34):
vi jk = V (xi , y j , zk ).
If (xi , y j , zk ) ∈ ∂ Ω−(Γbottom ∪ Γtop ∪ Γgate ) the s-th equation of the linear system is obtained
by discretizing the Neumann boundary condition (35) on (xi , y j , zk ) with second order
accuracy as follows (assume that i = 0, since the other cases are treated similarly):
3v0 jk − 4v1 jk + v2 jk
= 0 ⇐⇒ 3v0 jk − 4v1 jk + v2 jk = 0.
2∆x
If (xi , y j , zk ) ∈ Γ the s-th equation of the linear system is obtained by discretizing the
interface condition (36) on (xi , y j , zk ) with second order accuracy as follows (assume that
i = i∗ , since the other cases are treated similarly):
3vi∗ , j,k − 4vi∗ +1, j,k + vi∗ +2, j,k −3vi∗ , j,k + 4vi∗ −1, j,k − vi∗ −2, j,k
−
= 0.
2∆x
2∆x
⇐⇒ 6vi∗ , j,k − 4vi∗ +1, j,k + vi∗ +2, j,k − 4vi∗ −1, j,k + vi∗ −2, j,k = 0.
For all the other grid points, namely (xi , y j , zk ) internal to Ωi or Ωe , the s-th equation of
the linear system is obtained by discretizing (33) on (xi , y j , zk ) with central second order
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accuracy as follows:
)
)
(
(
1
1
1
+
+
+ αi jk vi, j,k
2εi, j,k
∆x2 ∆y2 ∆z2
εi−1/2, j,k
εi+1/2, j,k
εi, j−1/2,k
−
vi−1, j,k −
vi+1, j,k −
vi, j−1,k
2
2
∆x
∆x
∆y2
εi, j+1/2,k
εi, j,k−1/2
εi, j,k+1/2
−
vi, j+1,k −
vi, j,k−1 −
vi, j,k+1 = fi jk ,
∆y2
∆z2
∆z2
where εi jk = ε(xi , y j , zk ), εi+1/2, j,k = ε(xi +∆x/2, y j , zk ), αi jk = α(xi , y j , zk ), fi jk = f (xi , y j , zk ).
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