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Abstract

Let X = (X, B) a 4-cycle system of order v =1+ 8k. A c-colouring
of type s is a map ¢:B — C, with C set of colours, such that exactly
¢ colours are used and for every vertex x all the blocks containing z
are coloured exactly with s colours. Let 4k = gs +r, with ¢,7 > 0. ¢ is
equitable if for every vertex x the set of the 4k blocks containing z is
parted in r colour classes of cardinality ¢ + 1 and s —r colour classes of
cardinality q. In this paper we study tricolourings, for which s = 3, with
the hypothesis that either v =9 mod 24 or v =17 mod 24, determining
an upper bound for c.
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1 Introduction

Block colourings of 4-cycle systems have been introduced and studied in [5, 7].
For any vertex x these colourings require particular conditions on the colours
of the blocks containing x.

Let K, be the complete simple graph on v vertices. The graph having
vertices ay, as, ..., ax, with k£ > 3, and having edges {ax, a1} and {a;,a;,;} for



2882 Paola Bonacini and Lucia Marino

i=1,...,k-11is a k-cycle and it will be denoted by (a,as,...,ax). A 4-cycle
system of order v, briefly 4C'S(v), is a pair X' = (X, B), where X is the set of
vertices and B is a set of 4-cycles, called blocks, that partition the edges of K.
It is known that a 4C'S(v) exists if and only if v = 1 + 8k, for some k > 0.

A colouring of a 4CS(v) X = (X,B) is a mapping ¢: B — C, where C is a
set of colours. A c-colouring is a colouring in which exactly ¢ colours are used.
The set of blocks coloured with a colour of C is a colour class. A c-colouring
of type s is a colourings in which, for every vertex z, all the blocks containing
x are coloured exactly with s colours.

Let X = (X,B) a 4CS(v), with v =1 + 8k, let ¢: B — C be a c-colouring of
type s and let 4k = gs+r, with ¢,r > 0. Note that each vertex of a 4C'S(v), with
v =1+ 8k, is contained in exactly % = 4k blocks. ¢ is equitable if for every
vertex x the set of the 4k blocks containing x is parted in r colour classes
of cardinality ¢ + 1 and s — r colour classes of cardinality q. A bicolouring,
tricolouring or quadricolouring is an equitable colouring with s = 2, s = 3 or
s=4.

The colour spectrum of a 4C'S(v) X' = (X, B) is the set:

2,(X) ={c]| there exists a c-block-colouring of type s of X'}.

It is also considered the set 2,(v) = U £2,(Y), where X varies in the set of all
the 4C'S(v).

Let us recall that the lower s-chromatic index is x,(X) = min 2,(X) and
the upper s-chromatic index is Y,(X) = max 2,(X). If 2,(X) = @, then we
say that ) is uncolourable.

In the same way we consider x’.(v) = min 2,(v) and X.(v) = max 2,(v).

Bicolourings, i.e. colourings where s = 2, has been studied in [5] and the
following result has been proved:

Theorem 1.1 ([5, Theorem 2.4]). For 4-cycle systems we have £25(1+8k) =
@ if k is odd, 25(1+8k) ={2,3} if k is even.

Tricolourings, i.e. colourings where s = 3, has been studied in [5, 7].
Theorem 1.2 ([5, 7]). The following results hold:

e 3,4¢((1+8k) for any k >1;

e (25(9) ={3,4,5};

o (3(1+24h)=1{3,4,5,6,7} for any h>1;

e X5(9+24h) <9 for every h>1;

e Y4(17) < 10;
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o X5(17+24h) <9 for every h > 1.
Quadricolourings, i.e. colourings where s = 4, has been studied in [5].

Theorem 1.3 ([5]). The following results hold:

4e 24(1+8k) if and only if k=0 mod 4,
e 24(9)={6,7,8,9};

o ¥,(17) < 13;

o \,(1+8k) <14 for k=3,4,5;

o X1(1+8k) <15 for every k > 6.

Other results on equitable colourings for a generic s, in the case that s |k,
appear in [3]. The problem arose as a consequence of colourings of Steiner
systems studied in [4, 8, 9, 11]. In this paper we study tricolourings for v = 9
mod 24 and v = 17 mod 24, giving better bounds for the upper chromatic
index. Other results about these type of colourings appear in [1], [2] and [6].

2 'Tricolourings for v =9 mod 24

In this section, keeping the previous notation, we prove the following result.
Theorem 2.1. X5(v) <7 forv=9 mod 24.

Proof. Let v =9+ 24k, for some k > 0. By 1.2 we can suppose that £ > 0 and
we know that X5(v) < 9. Let X' = (X,B) a c-tricolourable 4-cycle system of
order v, for some ¢ € N, with ¢<9. Let A ={A;,..., A.} be the set of colours
and let X; = (X, B;) be the 4-cycle family whose blocks are coloured with the
colour A;, for ¢ = 1,...,¢, and X; is the union of the blocks of B;. For any
i=1,...,clet Y; the set of vertices of X; that belongs to 4k + 2 blocks of B;
and Z; the set of vertices of X; that belongs to 4k + 1 blocks of B;. Then:

(4k + 2)|Y3| + (4K + 1)| Z}]

B’i:
8, y

This implies that |Z;| is even and so it must be | X;| = 8k +4+k;, for some k; > 0.
Since Y5, | Xi| = 3(9 + 24k), we immediately get that ¢ < 8.

Let ¢ = 8. By X%, |Xi| = 3(9 + 24k), we sce that Y5, k; = 8k — 5. Let
xz,y € X;nX,, with ¢ # j and  # y. Then:

o if v € Z;nY), then y is either one of the k; + 1 vertices of X; not forming
an edge in Y; or one of the k; — 1 vertices not forming an edge in X;
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o if v € Z;nY], then y is either one of the k; — 1 vertices of X; not forming
an edge in Y; or one of the k; + 1 vertices not forming an edge in Xj;

o if v € Z;nZ;, then y is either one of the k; +1 vertices of X; not forming
an edge in Y; or one of the k; + 1 vertices not forming an edge in ;.

This implies that | X; n X;| < k; + k; + 3. So:

8
3(9+24k) =Y | Xy n X < Y (ki +kj+3)=T) ki +84=T(8k-5) +84 = k < 1.
i<j i<y i=1
Let k=1. Then ¥, k; = 3, so that we can suppose that k; = 0 for 1 <7 <5 and
| X;| =12 for 1 <4 <5. In particular it must be X; = Z; for 1 <i < 5. However,
Y% |Zi| = 2v = 66, so that |Zs| +|Z;| + |Zs| = 6. This means that kg, k7, ks > 1,
but, since kg + k7 + ks = 3, we get kg = kr = kg = 1 and |X¢| = | X7| = | X3| = 13.
Since for every i:
21X:| - |Zi|

4 Y
we get that |Z;] € {2,6} for i = 6,7,8. This implies that |Z;| = 2 and |Y;| = 11
for ¢ = 6,7,8. However, this means that any x € Z;, for i = 6,7,8 , appears in
11 edges in X;, which gives a contradiction. O]

|Bi| = | Xi| +

3 Tricolourings for v =17 mod 24

Given the results in Theorem 1.2, we prove the following theorems.
Theorem 3.1. There exists a 5-tricolourable 4-cycle system of order 17.
Proof. Let X = (Z17,D) be the 4-cycle system on Z,7 defined as follows:
D=B,uByuB3uB,uBs,
where:

By ={(1,3,2,4),(1,5,2,6),(1,7,2,8),(3,6,4,5), (3,7,4,8), (5,7,6,8)}
B, ={(9,11,10,12), (9,13, 10, 14), (9, 15, 10, 16), (11, 14, 12, 13),
(11,15,12,16), (13,15, 14, 16)}
B; ={(1,2,10,9), (3,4,12,11), (0,1,11,2), (0,3,9,4), (0,10, 1, 12)}
By ={(5,6,14,13),(7,8,16,15), (0,5,15,6), (0,7,13,8), (0, 14,5, 16)}
Bs ={(1,13,2,14), (3,15,4,16), (1,15,2,16), (2,9, 5, 12),
(9,6,16,7),(9,0,15,8), (5,10,6,11), (10,3, 14, 4),
(10,7,14,8), (11,7,12,8), (11,0, 13,4), (12,3, 13,6)}.

Assigning the color A;, for i = 1,2,3,4,5, to the blocks belonging to B;, we
obtain a tricolouring of X' with five colours. n
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Theorem 3.2. X5(v) <7, for v=17 mod 24, with v + 17.

Proof. Let v = 17 + 24k, for some k > 0. By 1.2 we know that Y3(v) < 9. Let
Y = (X, B) a c-tricolourable 4-cycle system of order v, for some ¢ € N, with
c<9. Let A={A,..., A} be the set of colours and let X; = (X, B;) be the
4-cycle family whose blocks are coloured with the colour A;, for i = 1,...,¢,
and X, is the union of the blocks of B;. For any 7 = 1,...,c let Y; the set of
vertices of X; that belongs to 4k + 3 blocks of B; and Z; the set of vertices of
X, that belongs to 4k + 2 blocks of B;. So we have:

X =51+ 72k (1)
i=1

Moreover, since:

(4k + 3)|Y3| + (4K + 2)|Zi]
1 ;

| Xi| > 8k + 6 for every . This implies by (1) that ¢ < 8.

Let ¢ = 8. Let | X;| = 8k+6+k;, for some k; > 0. Then by (1) %, k; = 8k +3.
Moreover, |X; n X;| < k; + kj + 1. Indeed, if 2,y € X; n X, with = # y, then
cither v € Z;nY; or Z;nY; or Y;nY;. The edge {z,y} is not contained either
in B; or in Bj, so:

|Bi| =

o if x € Z;nY}, then y can be one of the k; +1 vertices that do not form an
edge with = in X or one of the k; — 1 vertices that do not form an edge
with z in Yj;

o if x € Z;nY;, then y can be one of the k; -1 vertices that do not form an
edge with = in X or one of the k; + 1 vertices that do not form an edge
with z in Yj;

o if x € Y;nYj, then y can be one of the k; — 1 vertices that do not form an
edge with x in X or one of the k; — 1 vertices that do not form an edge
with z in X;.

This implies that |X; n X;| <k; + k; + 1. So:

Z |XZOXJ|S Z (k’i-i-k’j-i-l)

1<i<j<8 1<i<j<8

8
= 3(17 + 24k) < (i) +73 k; = 16k < -2.

i=1

Soc<T. O]

Theorem 3.3. X5(17) <6.
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Proof. As in Theorem 3.2 we see that X5(17) < 7. Let X = (X,B) a 7-
tricolourable 4-cycle system of order 17. With the same notation of Theorem
3.2 we see that Y., |X;| = 51. Then we can suppose that [X;] < 7.

If | X;| = 6, then it must be Y} =@ and |Z;| = 6.

If | X4 =7, then by the formula:

i+ 21Zi) fori=1,...,7

|Bil =
we see that either Y| =2 and |Z;| =5 or |Y1| =6 and |Z;| = 1. If |Y}| = 6 and
|Z1| = 1, then the element in Z; would belong to 6 edges in B;. So it must be
[Y1| =2 and |7, = 5.

Suppose that there exist 4,7,k € {2,...,7}, pairwise distinct, such that
X0, [X1,1X] < 7. This would imply that |Zy] + | Zi| + |Z;| +|Zi| > 20, which
contradicts Y7 _, | Z,| = 17.

Suppose that there exist 4,7 € {2,...,7}, with i # j, such that | X;|,|X;| < 7.
We can suppose that ¢ = 2 and j = 3. It cannot be |X;| = |Xs| = |X3] = 6,
because it would be |Z;| +|Zs| + | Z3| = 18. So 19 < |X3| + | X3| + | X5] < 21, which
implies:

30 < | Xy| + | X5| + | Xe| + | X7| < 32.

However, we can suppose that |X4|, | X5/, |Xs|,|X7| > 8 and so it must be | X},
| X5/, [ X6, | X7| = 8 and | X1| + | Xa| +|X35]| = 19. So we can suppose that |X;| =
| Xo| =6 and |X3| =7, so that |Y1]| =|Y2| =0, |Y3| =2, |Z1] =|Z2| = 6 and |Z5] = 5.
Moreover, since Y _, |Z,| = 17, we have |Z;| = 0, for i = 4,...,7. So |Y;| = 8 for
i=4....T.

Note that |Y; nY;| <2 for any ¢ # j. Indeed, if i € {4,...,7} and z,y,z € Y],
then there exists in X; a path connecting x,y, z. Since |Yj| = ¥;,; [Y; nYj| for
every i, this means that |Y; nY3| > 2 for any ¢ =4,...,7, i.e. Y3 Y for any
i=4,...,7. This would imply N/, Y; # @, which is impossible. O
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